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§1. Introduction

Let §2 be a bounded simply-connected domain in R? of class C>® for some
a > 0. Let ¥ be a diffeomorphism of class C2* from 32 onto the boundary of
a convex domain J C R2. Assume that ¥ is so oriented that its degree is one.
We consider the variational problem of minimizing the functional

(1.1) W) = / FDUYdX
I7;
in the class

A ={UeWh@2;R? :U = ¥on 882}

A theorem of RADG [R] states that for the Dirichlet integral \Eth F(P) = |P|?

and m = 1, the minimizer is a homeomorphism from £2 onto (. In this paper,
we prove that minimizers for a class of integrands F(-) given in terms of |P|
and det P are homeomorphisms.

We consider

(1.2) F(P) = G(|P|?, detP) = (i + |P|))" + G(|P}?, det P)
for 2 x 2 matrices P. Our structural hypotheses are

(1.3) uw=>0 m=>1I,

(1.4) G e C3([0, 00) x R) and G = 0,

(1.5) é(sz, d) is a convex function of s and d for (s, d) € [0, 0c0) x R.
(1.6) 392G = 0,

(1.7) 34G(s%,0) = 0 for s > 0,
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(1.8) there is a constant C > 0 so that
lim |P)>%" - |DYF(P) — C|P|*™| = 0.
[P|—o0

Under these conditions minimizers are known to exist. Moreover, they are locally
Lipschitz continuous in £2.
Our principal result is

Theorem 6.1. Assume F satisfies (1.2)—(1.8) and U is a minimizer for W) in
. Then U is a homeomorphism from 2 onto M. Moreover,

1.9) lim detDU > 0 for all X € £2.
R—0JBr(X)

This work is motivated by problems from two-dimensional nonlinear elas-
ticity where one considers an image set .l and seeks a univalent mapping
U:2 — M such that U: 92 — 9. is prescribed and U minimizes a stored-
energy functional

(1.10) %(U)Z/E(DU)dX.
2

One of the most elementary integrands considered is a perturbation of the neo-
Hookean model

(1.11) EP) = e(1 + |P|H™ + |P|* + H(det P)

where ¢ > 0, H > 0, H is convex, limy_ o+ H(d) = oo and H(d) = oo for
d<0.IfH blows up sufficiently rapidly at d = 0, BALL has shown that a
univalent minimizer for € in & exists ([B]). To date, though, neither is there
a regularity (i.e., a differentiability) theory for this solution, nor is it known to
satisfy the Buler equation dpE(DU) = 0.

For these reasons, one considers a sequence of approximate variational prob-
lems with

Fr(P) = e(1 + |P|>)"™ + |P|* + Hy(det P)

where 0 < Hi(d) < oo for all d € R, Hy is convex, |[Hi(d)| + |dH(d)] =
C(k) < oo and Hy 1 H as k — oc. It is not hard to show that given a sequence
(U} C o of minimizers for W with F = Fy, there is a subsequence converging
in Wh2m(£2: R?) whose limit is a minimizer for the elasticity problem (1.10),
(1.11). Moreover, each U satisfies its corresponding Euler equation. In general,
though, the U; were not known to be one-to-one.

In Theorem 6.2, we apply Theorem 6.1 and results on null-Lagrangians to
prove that the conclusion of Theorem 6.1 holds if G is replaced by G + H(d),
where H is smooth and convex, but H’(O) is not necessarily zero. An immediate
consequence is:
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Corollary. If M is convex and m > 2, then minimizers for

WD) :/Fk(DU)dX
2
are homeomorphisms. Moreover, (1.9) holds.

The main difficulty that we encounter in this paper is that minimizers for W(-)
are not known to be classical (although partial regularity is known). The paper
is organized as follows. In §2, we collect the known properties of minimizers. In
§3, we show that the Euler equation for W'(-) uncouples into elliptic equations
for the components of U separately. Minimizers are shown in §4 to be one-to-one
on a large subset of £2. In §5, property (1.9) is established, and Theorems 6.1
and 6.2 are proved in §6.

§2. Preliminaries

A function F(P) that can be expressed as a convex function of the minors of
P is called polyconvex. In two dimensions, a function is invariant fo rotations
of the image and domain if

F(P) = F(QP) = F(PQ) for all Q € SO(2).

Such a function can be given in terms of |P| and det P. A class of functions both
rotationally invariant and polyconvex are of the form F(P) = @(IP |, det P) when
@(-, -) is convex and increasing in its first variable. Functions F satisfying (1.2)~
(1.6) are of this class. Existence results for minimizers of W in &, assuming
(1.2)—(1.6) can be found in DACOROGNA [D]. The assumption m > 1 implies

that U € C'~=(2;R?) for minimizers. Condition (1.8) is a strong statement
of convexity at infinity. GIAQUINTA & MobicA [G-M] have shown that (1.8)
implies minimizers are locally Lipschitz continuous

(2.1) DU |2y £ C(82, 2, W(U)) for all 2’ € £2.

A fundamental result that follows from (1.2)—(1.8) is that a minimizer is classical
(of class C%%) on an open set £2, C £2 such that |2\ §2o] = 0 (due to Evans
[E-1]). We need the following criterion. Denote the average of DU on Br(X)
by

(DU)x g = ][ DU.
Br(X)
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From §7 in [E-1] (or §4 in [E-2]), given M < oo there exists a constant (M) > 0
so that

if Be(X) C 2, |(DU)xzl <M and ][ IDU — (DU)xrl*" < e,

(2.2) Br(X)

then X € £2p.
Notation. Denote
092G =G,1, 3,G=G,,.
From (1.2)—(1.7) there is a constant v(u, m) > 0 such that
(2.3) Gi12v, d-G,z0.
The second inequality follows from the facts that G is convex in d for s? fixed,
and G, (s%,0) = 0.

We use |v|g, g0 to denote the norm of v € C*F(O;R*) and ||v]| 1,p:0 to denote
the norm of v € WP (O; R®).

§3. Elliptic Equations for the Components

Let X = (x,y) and U(X) = (u(x, ), v(x,y)) be a minimizer. From the
hypotheses (1.2)—(1.8) it follows directly that the first variation, 3, W U + e®),
at ¢ = 0 exists for all & ¢ W(l)’z’”(s?; R?). (See GIAQUINTA [G].) Thus U is a
weak solution to the equilibrium equations

(2G,1 ux)x + (ZG’l uy)y + (G»2 Uy)x - (G92 vx)y =0,

3.1
(2G,1vyx)x + 2G,y Uy)y — (G2 Z'ty)x + (G, ux)y =0

in £2. Using (1.7), we first show that (3.1.1) can be rewritten as a homogeneous
elliptic equation for u, and (3.1.2) as a homogeneous elliptic equation for v.

Lemma 3.1. The components u and v satisfy the equations

(ailjuxl.)xj =0 in £2,
(3.2)
(@vs)y, =0 in £,
where [a}j] and [alzj] are positive definite and the a}j and afj are locally bounded.

Proof. We define g by

G,o=d-g(s*,d) = vy — vey)g  ford £0
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with g(s%,0) = G,» (s%,0). From (1.4) and (1.7), the function g is of class
C! for s> > 0 and d € R. From (2.3) we see that g > 0. Using this in (3.1),
we have

([2G,1 +v3glux + [—v,vy8luy)x

+ ([—vyv,8lur + [2G,; +v2gluy), =0 in £2,
(3.3)
([2G +u§g]vx + [_ux”yg]vy)x

+ ([~uxuy glue + [2G, +uglvy), =0 in 2.

These can be viewed as linear equations in divergence form for u# and v, re-
spectively. Since DU is locally bounded, the coefficients are locally bounded.
Moreover, since G,; 2 v > 0 and g 2 0, it follows that the coefficient matrices
[a}j] and [alzj] are positive-definite. Thus the equations are uniformly elliptic with
bounded measurable coefficients on compact subsets of §2. [J

Corollary 3.2. A component of U cannot be constant on an open subset of £2.

Proof. Consider (3.2.1). From this equation it follows that there is a function ¢
such that

1 1 1 1 :
Pxy = Appltyy + Aplhyy,  —@x, = Ay lhyy + gy, in £2.

This is a first-order elliptic system for (¢, u) of the type analyzed in [B-J-S,
Part II, Ch. 6, Eq. (1)]. For these systems, it is shown that a solution which is
constant on an open subset of §2 is identically constant on all of £2. Since u is
not constant on 952, the assertion holds for the component .

The same argument applies to v as well. [

Definition. Let V € W!?(£2; R?) for some p > 2 and let A be a component of
R? \ V(8£2). Then the degree of V in A is

deg(V; A) = / o(V (X)) det DV(X)dX
2

where p is any nonnegative element of C.(A) with [ L pdU = 1.

It follows that deg(V;A) is integer-valued and depends on V only through
Viag.

The rotation or translation of a solution through either the x, y or u, v variables
is again a solution to an equivalent problem. We use this together with the
uncoupling of the system (3.2) to show that U(£2) = M.

Lemma 3.3. U(£2) = M.
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Proof. By hypothesis, deg(U; M) = 1. Let M = {Y € M : UTHY) *+ @}
By requiring the support of p to be in a sufficiently small neighborhood of
an arbitrary point in J, it follows from the definition of deg(U; M) that A is
dense in M. The continuity of U and the fact that U(952) = 3 then imply that
M = M. Hence, M C U(£2).1

Since Al is convex, to prove that U(£2) C JM, it suffices to show that
U(2) ¢ £ where & is an arbitrary open half plane containing Jl. By rotat-
ing and translating the u, v variables, we can assume that £ = {(u, v) : v < 0}

and U(9§2) ¢ &. Thus we have v < 0 and v % 0 on 3£2. We must show that
v < 0 in £2. From Lemma 3.1, v satisfies an equation of the form

(@ (X)vs)x, =0 in 2

where (x,y) = (x1, x2), the aj; are locally bounded and [47] is positive-definite.
Thus by the strong maximum principle, v < 0 in £2. O

We remark that weak maximum principles for related polyconvex problems
can be found in [F-H] and [L-1].

§4. The Structure of U on {X € 2y : det DU(X) =+ 0}

Let

21 = {X € 2 : det DU(X) + 0}.

In this section, we prove that U is one-to-one on £2; (Theorem 4.5) and as a
consequence that det DU > 0 in £2;. It will be clearer if the ideas are outlined
first.

By translating the solution if necessary assume there are two points X|,
X, € £21 such that U(X;) = U(X,) = 0. Since these points are in £2; C £,
there are disjoint disks Bss(X1) and B4s(X») on which U is of class C>%, Set

ep = (cos @, sinf), eg = (—sin6, cos6) for 0 £ 0 £ 7.
Let vg = U - €3 and note that

4.1) {X1, Xo} € {X :ve(X) =0} for all 6.

If, in fact, U € C*(2;R?), then we have a continuity argument which shows
that (4.1) leads to a contradiction. Since it is not known if U is globally regular,
we approximate it by a function U € C*%(£2;R?) such that U = ¥ on 942, and
U is close to U, both in W'2"(£2; R?) and in C?(B35(X;) U B35(X2); R?). Now
U is not an equilibrium. To adjust for this, we set ity = U - ¢} and define vy as
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the solution to the scalar minimum problem:
Wa(vg) = inf Wy(z)
z€H4,
where

Wo(z) = W(zez + ﬁgeé),
Ag = {z € WP (2) : z = vy on 382).

We prove that the minimizer exists, that it is unique and of class C>%(£2) and
that it varies smoothly with 8. Our idea is to work with vg in place of wvs.
Now, {X;, X,} is not necessarily contained in the zero level set of vg as in (4.1).
Nevertheless, if & is small enough and U is sufficiently close to U, it follows that
{X : vp = O} intersects both Bys(X1) and Bys(X») for all 8 in a simple way. The
continuity argument mentioned above is then adapted to derive a contradiction.

We begin by showing that the mapping: U € C>*(2; R)Nsd — v € C>*(2)
is well defined.

Lemma 4.1. Let U € C**(2;R?) such that U = W on 352. For each 0 in [0, 7]
there is a unique minimizer, Vg, for Wy(-) in sl y. Moreover, vy € C**(2) for
all 6 and vy = —v,.

Proof. For 6 fixed, since {e}, e3} is a positively oriented orthonormal basis of
R2, we have

0W’e(Z):/ Go(Vz, X)dX
2
where

42)  Gy(Vz, X) = G(z: + 2 + it (X) + i1, (X), zyidgs(X) — z.ilgy(X))

and uy = U - eé. Since G is polyconvex, it is rank-1 convex. Hence Gy is a
convex function of Vz. From (1.2)—(1.8), we have

(4.3) Gg 2 0,
(4.4) Gy € C**(R? x 2),
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4.5 there are constants A = A(|Viylo,0) < 00 and

A= )\.(lVljtglo,Q) > 0 so that

xw+wﬁwwﬁgi?@5%@§Aw+mﬁW%P
pi0p;

forall Xe 2, peR%: reR?
(4.6) there is a constant A; = A;(|Vigl1.2) < oo so that

3Gy

< A(u+ pH™ !

0x;dp;
forall X = (x;,x) €2, pe R2.

It follows from the standard theory for convex muitiple integrals that Wy has a
unique minimizer in sy and that this function, ¥y, is the unique weak solution
to the elliptic equilibrium problem

@7 3,Gg, (VT6, X) + 3,Gg, (Viig, X) =0 in 82,

4.8) g =W-ej on dR2.

Under conditions (4.3)—(4.6), this problem has a classical solution in C>%(£2).
(See GILBARG & TRUDINGER [G-T, Theorem 15.11].) Since a classical solution
is also a weak solution, we have Uy € C>%(£2). This proves the first part of the
lemma.

To prove that —uy = Uy, We note that by definition, i, =U -el = —U - ¢} =
—ty. Thus, Go(~p, X) = G,(p, X) and A, = {v: —v € p}. It follows that
—7g € A, and minimizes W.(-). O

Remark. It follows from the above proof that two minimizers for W'(-) which
agree in one component must agree in the second component as well.

Lemma 4.2. 7, € C([0, ]; C2(2)).
Proof. We first derive a number of a priori estimates. From (4.2) we have
V,Gg - p = 2G,1 Ip|* + G2 -(pails, — p1its,)

where G,; and G,; are evaluated at s*> = |p|> + |Vitel* and d = pyitg, — pidy,.
Thus, from (2.3),

V,Gs - p 2 vlp|*.
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Let ¢ = max(vg, max vg) — max vp. Using ¢ as a test function in (4.7), we have

v/ |V D|2dX < / V,Gy - VodX = 0.
{vg>maxuvg} 2

a

Thus,
g S max vy < |Wo.s0-
p = Ma o = [Yloae
A similar statement holds for —vy, and we find that

4.9 [Valo;z < [Wlospe-

Now Gy depends upon 6 only through iy, for which we have uy € C({0, 7];
C**(R2)) and |iigl2. 0.0 < |Ul2,02- Thus, using (4.4)—(4.6), we apply the a priori
estimates from [G-T, Theorems 13.2, 14.1, 15.9] to conclude that

[Vgla.e S C(Ul2m0, |Vslo2)-

Since (4.7), (4.8) has a unique solution, it follows from compactness, elliptic
estimates, and the smooth dependence of G on @ that 7, € C([0, 7]; C2(2)). O

Assume that 0 € M. Since Al is convex for each 6, the line through e}
intersects o/l at two points. As ¥ is a diffeomorphism of 952 onto d.l, there
are exactly two points {X}, Xg} C 952 such that l_)g(Xé) = 'l_)g(Xg) = 0. Set

No=1{X € Q2:9g=0}
Lemma 4.3. Assume that 0 € M and that U is as in Lemma 4.1. Then for each
0, Ny is a connected imbedded C' curve with endpoints {Xé, Xé}. Moreover, Ny
varies continuously with respect to 0 in the sense that given k > 0, there exists

n > 0 so that if |6 — 8’| < n, then

No: C{X € 2 : dist(X, Ny) < «}.

Proof. As in the derivation of (3.3.2), it follows from (4.2) and (4.7) that v
satisfies the Dirichlet problem
(4.10) ([2G.\ +ig, g1ve, + [—ito, ils, 815, )

+ ([—ile, 9,815, + [2G,1 +itg glvg,)y, =0 in £2,

(4.11) Up = W-e} on dR
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where G,; and g are evaluated at

s* = |Vugl® + | Vitgl®,  d = g, Vg, — i, Vo,
Note that (4.10) is of the form
4.12) (aj(X)vg, )x; =0 in £

where the equation is elliptic and the a;;(X) are of class C}(£2). We use (4.11)—
(4.12) to study the zero set of vg, namely Np.

We have Ng N 382 = {X}, X3}. Let 0¥/ds denote the derivative of ¥ with
respect to the arc length of 9£2. Consider d¥/0s evaluated at X}. Since ¥ is
a diffeomorphism ¥/ds + 0, and since M is convex, the tangent line to M
determined at ¥(X}) by 8¥/ds cannot pass through 0 € L. Thus, 2¥(X}) is not

parallel to e}. Hence 2% (X}) = ¢} - 2£(X}) % 0. Similarly, £%(X) 0. Thus,
Np is a C! curve in neighborhoods of X} and X3, respectively, intersecting 92
at these points nontangentially.

Since vy satisfies the elliptic problem, it follows from HARTMAN & WINTNER
[H-W] that v, has at most isolated critical points in Ny N £2. Moreover, in a
neighborhood of any such point, Ny is made up of 2k (k 2 2) arcs meeting
at this point. If a critical point exists, then since Ny N 952 consists of just two
points, it follows that Ny must contain a closed loop, that is, some component
9% of {vy & 0} has 3% C N,. Since vy satifies (4.12) on 9, it follows from the
maximum principle that vp = 0 on ¥, which is a contradiction. Thus, Vg + 0
on Ny. Hence, Ny is an imbedded C! curve. It must be connected since if not,
then as before, it would contain a closed loop.

The last assertion of the lemma follows from the fact that the mapping 0 — vy

is of class C([0, 7]; C*(£2)). O

We now show that we can choose U sufficiently close to U to ensure that vg
is close to U - ¢} for all 6.

Lemma 4.4. Let U be a minimizer, K a compact subset of 2y and & > 0. Then
there is a function U € C*>*($2;R?) with U = W on 352 such that if we denote

(4.13) Wo = Tgea + iigey for 0 <0< m,
then

U — Wslox < &,

U —Wslli,2ma < &
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Proof. Let £2/, £2” be open sets such that K C 2" € 2’ € $§2y. For each
integer n (using a partition of unity) we can define

U,=7,+®, where &,ecC**2:RHNHA,

1
suppY, € 2, U,=U on -Q/a v — Un”l,Zm;.Q < Z

Let (75); be a mollification of 7,. Fix { = &(n) sufficiently small so that
Up= T+ P, € o,

(4.14) U = Ulpz.0r <

E.l’—* [ =

(4.15) IU = Unlli 2m2 <

This is possible since 7, € C>%(22; R?). For n sufficiently large, U, satisfies
the lemma. To see this, let W} be defined via U, as in (4.13). It suffices to show
that

lim |U — Wylyx = lim [|[U — Wg|l12mae = 0,
n—>CC n—oo

where the limits are to be uniform in 4. To this end, let {0,} C [0, 7], lim 6,, =
1> 00

Oy and W; = W; Assume first that there is a 85 > 0 so that

(416) ”U - W,‘”I,zm;g 2 3() for all 7.

From (4.15) it follows that {U,} is a minimizing sequence for W(-) in .
By construction {W;} C s and W'(W,) < “W'(U,,). Hence, {W;} is a minimizing
sequence as well. It follows from Evans & Gariepy [E-G, § 1] that a sub-
sequence (still denoted {W;}) converges in W?™(£2) to a minimizer Z. Now
lm eéﬂl_ = eéo and by definition

i—00

1

1 . 1 7T 1
Z . 600 = _l)l’gloWl . egni = ll—I)I})lo U”i . eé”i = U . 690
where the limits are taken in W?". Thus Z and U agree in one component. It
follows from the remark following Lemma 4.1 that Z = U. Hence (4.16) is not
possible.

Assume next that

(417) |U — WiIZ;K 2 80 for all i.
From (4.14), i; = Uy, -e;, = W;-ej converges to U-e} asi — oo in C>5(22),

and v; = W; - e(%n_ satisfies (4.7). From a priori interior estimates, we find that
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for K € 2" e 2",

|Vil2, 2,07 = Cluil2, 3.0, [Vilo,0)-

Using (4.9) we have

1Vilo,2 £ |Wlose.

Hence {|vil2,2;0+} is uniformly bounded. From the first part of this proof, we
can assume that {v;} converges to U - ego pointwise. Thus from compactness a
subsequence {0y} converges to U - ¢ in C*(K). This contradicts (4.17). O

Now using our approximations, we show that U is one-to-one in £2;.

Theorem 4.5. Let U be a minimizer and {X1, X»} C $21 such that U(X,) =
U(Xz) Then X1 = Xz.

Proof. Assume that X; X, and without loss of generality that U(X) = 0.
Choose &g, § > 0 so that
(4.18) 1) 108 < | X; — X»|-
2) U : Bys(X;) > U(Bys(Xp)) is a C? diffeomorphism for i =1, 2.
3) For each v € R? with |v] = 1 and each function W such that |U —
W, < 8o we have 0 € W(Bs(X)) and the set {X € Bos(X;) :
v-W(X) = 0} is a connected C' curve for i = 1, 2.
Note that U is of class C? in a neighborhood of {X1, X»} and the det DU(X;) %
0 for i = 1,2. Thus, (4.18) can be verified for sufficiently small &y and § by
applying the inverse function theorem.
We apply Lemma 4.4 to fix U by setting K = B35(X;) U B33(X2) and
e = 8. We obtain Wy from (4.13), which, by Lemma 4.2, is of class
C([0, 7]; C?*(£2; R?)) and satisfies (4.18.3) for each 6.
Let ¥ = (Y1, Yr). By Lemma 3.3 we have 0 € M. Since M is convex, there
are unique points {X}, X3} C 312 so that

W(XY) = (Y1 (XP), 0), W(XP) = (Y1 (XP), 0)

with (X)) > 0 and ¥ (X3) < 0. We write 382 \ (X}, X3} = I U I, where
each I is a connected curve. We can assume that ¥,(X) > O for X € I} and
Y2 (X) < 0 for X € I',. Thus, ¥ determines a homeomorphism

X©) :[0,7] - T3

such that X(0) = X} and X(7) = X3.

For @ € [0, 7], we have Ny = {Ug = 0} and ¥y = Wpy-e2. By Lemma 4.3, Ny is
a connected non-self-intersecting C! curve with two endpoints, one in I3 U{X}}
and one in I U {X3}. We define an orientation for Ny such that its initial point
is X(6).
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Fix 0. From (4.18.3) with v = ¢7 and W = Wy, we find that Ny N Bs(X;) %=
@ and that Ng N Bys(X;) is connected for each i. Thus, starting at f(@) and
moving along the curve Ny, one enters each Bys(X1) and Bps(X,) once and only
once. Moreover, due to (4.18.1) the disks are passed through in a well-defined
consecutive order. Finally, using the stability of § — N, proved in Lemma 4.3,
we prove (in Lemma 4.6 below) that the order remains the same for all 8/ near
0.

Since a locally constant function defined on a connected set is globally con-
stant, we see that the order remains for all 0 € [0, 7]. Without loss of generality,
we may assume that each directed curve Ny first intersects B,s(X;) and then
intersects Bs(X>).

From Lemma 4.2, we have v, = —uvy. Thus, N, is just Ny with the reverse
orientation. This would mean that N, first intersects B,5(X5) and then intersects
By5(X1), a contradiction; thus, X; = X,. O

Lemma 4.6. For 6 € [0, 7] and all 8’ sufficiently close to 0, the curves Ng and
Ny intersect {B25(X1), B2s(X3)} in the same order.

Proof. Assume that N, intersects Bps(X;) first. Let X(z) for 0 < t < fbe a
parametrization of Ny. Let 0 < #; < £, < f be such that

O, ={X(@) : 11 <t <t} CBs(Xy),
and set

O1={X@®:051 1),
={X®):p <1<,
K = L—l‘min (dist(Ql, 03), dist(01, Bzs(X2)), a) > 0.

Let n = n(%) be as in Lemma 4.3. Thus, for |§ — 0| < n, Ny is in a i
neighborhood of Ny. Finally, we set

P, = {X . dist(X, Q1) < «}.
We assume that 8’ is so close to 6 that
0—0'1 <n, |1X(©O —X©6| <k,

where X (+) is the homeomorphism from [0, 7] into 352 defined in the proof of
Theorem 4.5.

N Let Ny: be given by Y (1) for 0 < v £ 7. We have |Y(0) — X(0)| = l)?(f)’) —
X(0)| < k. Thus, Y(0) € P,. We shall show at the first 7* for which Y (t*) € §P,.
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one has Y (z*) € By(X;) as well. By construction, {Y(7) : 0 < 7 < v} € P,
and P, N Bys(X>) = . Thus, the lemma will be proved.

By the choice of 7, there exists X* € Ny such that |[X* — Y (z*)| < §. Now
X* must belong to exactly one of Q;, Q», Q3. Since Y (7*) € d%,, it follows that
X* & 0. If X* € O3, then since Y (7*) € oP,, there exists X™ € (; such that
| X** — Y (r*)] = k. Hence

dist(Q1, 03) < |X* — X™| £ 2« £ 1 dist(Q, 03)

which is impossible. Thus, X* € Q2 C Bs;(X1). By the choice of «, Y(z¥) €
Bys(Xp). U

Remark. Our proof of Theorem 4.5 was inspired by an argument of PAYNE [P].

Corollary 4.7. Det DU(X) > 0 in §21.
Proof. If not, there are disks Bs C £2, and B, C M so that det DU < 0 on Bs
and B, C U(B;). From Theorem 4.5, we have £, NU~1(B,) C Bs. Let p > 0 be

as in the definition of deg(U; M) with supp p C B, and f 5, pdU = 1. Recalling
that det DU = 0 almost everywhere on £2 \ £2;, we find that

1 :/ p(U(X)) det DU(X)dX :/ pU(X))detDU(X)dX <O
2 B

which is impossible. [

§5. Positivity of the Jacobian

From §4, we have det DU 2 0 almost everywhere in 2. In this section, we
prove that

5.1 lim detDU > 0 for all X € £2.
R—0JBr(X)

Definition. We say that V is a relarive minimizer in a bounded open set O if
V e WH?m(0) and

/F(DV)dX < /F(D(V+§D))dX
0 9

for all ¢ € Wi>™(0; R?).

We first use this to show
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Lemma 5.1. If V is a relative minimizer on O and det DV = 0 almost everywhere
on O, then V € C*%(0).

Proof. The function V satisfies the system (3.1) in O. But since G,, (|DV|?,0) =
0 in O by (1.7), we see that (3.1) reduces to the Euler equation for the functional

J(@;0) = / G(DP%, 0)dX.
[¢]

Since F satisfies (1.8) and the function s — G(s?, 0) is strictly convex, a result
of UHLENBECK implies that a local minimizer is classical (see [U] and [G-M]).
Thus, V is of class C>* on 0. O

Next we use the partial regularity theory for minimizers to show that if
X € 2\ £, then JCBR (x det DU is bounded away from zero.

Theorem 5.2. Let 2’ € £2. There exists 0($2') > 0 such that if Bp(X) C 2/
and

7[ det DU < o,
Br(X)

then X € £2;.

Proof. We give an indirect argument. Assume there is a sequence {Bg,(X,)} such
that By, (X») C 82/, {5y ,detDU < L and X, ¢ £2. Consider the normalized
sequence of functions

Uy(X)= le—[U(RnX + X, —UX,)] for X € B,.

By hypothesis, ||[DU| .0 £ M < o0. Thus, |[DU,|leo, < M for all n. Each
U, is a relative minimizs:r in By. It follows from QE—G, Theorem 2] that for
a subsequence, U, — U in W3:2"(B;;R?) where U is a relative minimizer.

Moreover, det DU = 0. To see this, note that

lim detDU, = lim detDU = 0.

n—>00 B n—oQ BR,, (Xn)

Since det DU, = 0 almost everywhere, we have detDU, — 0 in L!(B;). But
DU, — DU in L2 _(B)), and hence det DU = 0 almost everywhere in B;. Thus,

loc

from Lemma 5.1, U € C>%(By 5; R?).
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We now invoke EVANS’ partial regularity criterion. Let e(M) be as in (2.2).
Since U is of class C!, we may choose 0 < 7 < % such that

][ DU ~ (DB < 6.
B.(0)

Since U, — U in W'2"(B,;R?), we see that

][ |DU, — (DU )o:|*" < &
B(0)

for n large enough. Thus,

][ |DU — (DU)x, &,1™" < €,
Bar(Xn)

and it follows from (2.2) that X, € £2,. This is a contradiction. [

It follows from Theorem 5.2 that (5.1) holds for all X in £\ £2. To prove
(5.1) for all X in £y, we need the following lemma:

Lemma 5.3. Let f and g be nonconstant and harmonic on an open connected
set Q. Assume there is a function k such that

(5.2) Vf =k(x,y)Vg
for all (x,y) such that Vg % 0. Then k = constant and Vf = kVg in ©.

Proof. Since the zeroes of Vg are isolated points in O, it is sufficient to prove
the lemma by assuming that Vg # 0 in O. Taking the divergence of (5.2), we
have Af = Vk - Vg + kAg. Thus,

kxgx+kyg, =0 in 0.
Now taking the curl of (5.2), we obtain

kyg: —kygy =0 inO.

These two equations imply that Vk =0 in C. O

Theorem 5.4, Det DU > 0 in £2.

Proof. Assume that 0 € 2, and that det DU(0) = 0. By a translation and
rotation of the u, v variables, we can also assume that u(0) = v(0) = 0 and
Vu(0) = 0. Now U is a classical solution to (3.1) in some disk Bz(0) = Bg.
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From Lemma 3.1, u and v satisfy

(aj(X)uz)x; =0 in Bg,
(@2 (X)vy)y, =0 in Bp.

By Corollary 3.2, neither u nor v can vanish identically on Bg. We split our
argument into two parts.

Case I Assume that Vu(0) = 0. Thus, DU(0) = 0, and it follows directly
from (3.3) that a}j(O) = aizj(O) = 2G,1 (0, 0)8;;. We apply a result from [H-W]
stating that there are positive integers [ and »n so that

wX) = f1(X) +o(X],
Vu(X) = VA(X) +o(IX|",
v(X) = gu(X) +o(IX["),
Vu(X) = Vgu(X) + o(|X]" ™)

in Bz where f; and g, are nontrivial homogeneous harmonic polynomials of
order / and n, respectively. We have

Iu, v) _ 3(f1, gn)
o(x,y)  9(x,y)
Since 3(” ”) > 0 (by Corollary 4.7) and 3;{)’6"’;')‘) is a homogeneous polynomial of

order l -l— n — 2 in By, it follows that azg,(f, i')’) > 0.

Suppose that ! £ n. The components of Vf; and Vg, are of the form
(ar*=1cos(I — 1)0+br'~1sin(—1)6) and (cr* ! cos(n— 1)8-+dr"! sin(n—1)8),
respectively. The integral of the product of such functions over Bz(0) is zero.
Thus, %L &) = 0. This implies that Vf; = k(x, y)Vg, for (x,y) such that
Vg, & 0. From Lemma 5.3, k is constant. Thus, f; = kg,, which is impossible
since f; and g, are of different order.

Assume now that [ = n. From [H-W]

detDU =

+ 0(|X|n+l‘2).

fi _ |11 Cn2 r! cos(16)
(53) ( 81 - Ca1 C22 I’l sm(lé‘) ’
Let C = [c;;]. We have 5180 £) — det C - 2| X|¥'=. Thus detC 2 0. If det C =0,

b1 b2

we choose A € SO(2) such that AC = [ 0 0

}. If we set U = (i, D) so that
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then U is another solution with leading terms fl and g, such that the order of

]71 equals /, and the order of g, is greater than /. This is just as in the previous
case and leads to a contradiction in the same manner.
If detC > 0, then we have

det DU = det C - P|1X[*72 + o(1X|*?) in Bg

where / > 1. Thus, detDU > 0 in B,(0) \ {0} for r sufficiently small. Hence,
BA{0} C £21. By (5.3), (f1, &) is an [-to-one map from B, \ {0} onto a punctured
neighborhood of the origin with / > 1. Also,

rN(fLg)l 2 e>0 and r7H(fi —u, g — v)| = o(1) on 3B, as r — O.

Thus, by degree theory for r sufficiently small, U is an /-to-one map on B,\{0} C
£2;. This contradicts Theorem 4.5.
Case II. Assume that Vu(0) &= 0. Let L be a 2 x 2 matrix with detL > 0.

Set X = LY and U (Y) = U(LY). This can be done so that equation (3.2.2)
transforms to (@;dy,),, = 0 with @;(0) = 8;;. From [H-W],
aY) = f1(¥) +o(I¥)),
Vi) = VA1) + o(1),
0Y) =2 (Y) +o(Y"),
VoY) = Vgu(Y) + oY "),

where n > 1 since Vv(0) = 0. Again, g, is a homogeneous harmonic polynomial
of order n and f is linear (hence harmonic). We then arrive at a contradiction,
just as in Case I. [

Remark. Our proof is similar to the one of LEwy [L-2] where he proves the
nonvanishing of the Jacobian of a homeomorphism whose coordinate functions
are harmonic.

Corollary 5.5. For all X in £2, lim det DU > 0.
R—0 JBg(X)

Proof. If X € 2\ £2, the assertion follows from Theorem 5.2. If X € £2, this
is just Theorem 5.4. [J

We remark that by Corollary 5.5, we have 2y = £2;.

§6. Univalent Minimizers

In this section, we apply the results of §§3, 4, and 5 to prove:
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Theorem 6.1. A minimizer U for W (-) in s is a homeomorphism from 2 onto
M that is locally Lipschitz continuous in §2 and satisfies

6.1) lim detDU > 0 forall X € £2.
R0 JBr(X)

Proof. By Lemma 3.3, U is a continuous mapping of §2 onto il and U (£2) = M.
Since U(0£2) = ¥(352) = oM, it suffices to prove that U is one-to-one from £2
onto J.

Let ¥ € M. It follows from BALL [B, Theorem 1] and Corollary 5.5 that
U~1(Y) is a compact connected subset of £2. Suppose U~ (Y) contains more
than one point. First, we point out that U~!(¥Y) N 2y = @. Indeed, if not, let
XeU ') NKRy=U"1(Y)N 2. Since U is locally one-to-one near X € £2;,
we deduce that U~ (Y) admits a separation, which is a contradiction.

Second, we remark that a connected set in R?> with more than one element
has positive one-dimensional Hausdorff measure. Thus, there is a constant / > 0
such that #L({U~'(¥)) > L.

For each & > 0 we cover U!(Y) by a finite family of disks with centers in
U=1(Y), {B,(X:)}, such that

(6.2) > Xy ¥ G,
i

where C is independent of €. Note that

(6.3) > IBo(X)] 2 3le
i

for all £ sufficiently small.
Now, since U is locally Lipschitz continuous and dist(U~'(Y), 382) > 0, we
have

DUl 0o:8,xy = M < 00

for all 7 and for all & sufficiently small. Thus U(B.(X;)) C By, (Y) for all i.
From this and Corollary 5.5, it follows that

/ det DUAX = |U(U;B.(X)| < wM?e?.
UiB:(X;)

On the other hand, since each X; € 2\ §2, it follows from Theorem 5.2 that
there exists o > 0 (independent of & for £ small enough) so that

/ detDUdX 2 o|B.(X))|.
Be(X:)



180 P. BAuMAN & D. PHiLLips

Hence, using (6.2) and (6.3), we have

1
M*e* > / detDUdX 2 =Y / det DUdX
UB. (X)) C = Jpwy

>—Z|B Xl 2 2%,

for all ¢ sufficiently small. This is a contradiction. OJ
We now show that we can adjust F(P) so that we can treat approximate
energies from nonlinear elasticity. Let H € C3(R), H > 0, H be convex and
assume that
lim |d|'"""(|H'(d)| + |dH" (d)]) = 0.
d—+oo
Let F(P) satisfy (1.2)—(1.8) and set

F(P) = F(P) + H(det P).
Theorem 6.2. Assume that m > 2. A minimizer for
W) = / F(DUYdX
2

in o is a homeomorphism from 2 onto M that is locally Lipschitz continuous
in 2 and satisfies (6.1).

Proof. Consider the functional

N(V):/detDVdX for ve .
2

Then N'(V) is constant on A (cf. [D]). Thus for V € A, the functional
°1/T/(V) = / (F(DV) — H'(0) det DV)dX
o)

differs from W(V) by a constant. Moreover, since m > 2, its integrand satisfies
(1.2)—(1.8). As a result, °W( ) and °W( ) have the same set of minimizers in A,
and we can apply Theorem 6.1 to any minimizer for W. o
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