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On the Asymptotic Behavior and
Radial Symmetry of Positive Solutions of
Semilinear Elliptic Equations in R"

II. Radial Symmetry

Y1 L1 & WEI-MING N1

Communicated by J. SERRIN

The main purpose of this paper is to prove Theorems 1 and 2 of the
preceding paper, Part I, together with their extensions and related symmetry
results. To make this part essentially self-contained, we shall apply the method
developed in Section 2 to equations with radial symmetry. Combining the
asymptotic behavior and the ‘‘moving plane’’ technique, we are then able to
obtain the desired results.

Throughout this part of the paper we shall consider, for simplicity, bound-
ed positive solutions of '

Au+ K(|x|)f(u) =0

in R", n = 3. For the convenience of the reader, we list all the hypotheses on

K and f that we shall need from time to time although perhaps not always

simultaneously.

(K1) K=z 0 in R", KeC*(R") for some a>0 and K(x|) =O0(x|™"
near x = o for some 7 =0.

(K2) K(r) is nonincreasing in r >0.

(K3) There exists a constant C such that

[K(x)) = K(yD)| = Cllx] = [yl Ux] Iy~ + |x] My 77
for all x,y € R" with |x|, |y| large.
(f1) f(u) > 0 if u >0, and f(u) is Lipschitz continuous for u = 0.

(f2) f(u) = O(w") near u =0 for some p = 0.
(f3) There exists a constant C such that

|f(u) —f(0)] = Clu—v] (u|P~ + |v[P7)

for all u, v small and positive.
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We should remark that in case K is in C', then (K3) is equivalent to
|K'(t)] = Ct~ D for ¢ large. Similarly, if fis in C', then (£3) is equivalent
to | f(¢#)| = C#~! for >0 and small.

3. Asymptotic Behavior for Equations with Symmetry

One key ingredient in proving our symmetry results is a more detailed
asymptotic behavior of solutions of the equation

(3.1 Au+ K(|x|)f(u) =0 in R*, nz3.

Our first result deals with the zero limit case.

Theorem 3.2. Suppose that (K1), (1), (£2) and (£3) hold with p > max {1";5} .
Let u be a positive solution of (3.1) such that n—2

o(Jxmn05730) " i 2,
(3.3) u(x) = |
o((loglx|)pTl) ifr=2

near . Then

S S L p(=
GH o ue) —Ix;n—2+|xr"-2W(lx|) “*(122)

near oo, where

r t

(3.5) W(r)=—S ! S(o(s)s”“ldsdt

tn—l

0 0

for some function ¢ such that @(s)=0(s""?) near s=0 with
y=p(n—2)+1t—n, and R is a Lipschitz function with R(0) = 0.

Note that W defined in (3.5) is the same as W{(¢) defined by (2.69).

Proof of Theorem 3.2. First, observe that u(x) = O(|x|>™") near oo. (This
follows from Theorem 2.9 and the proofs of Theorems 2.25 and 2.31 in [LNT1].
In fact, Theorems 2.25 and 2.31 in [LN1] are proved for radial solutions only,
but their proofs work for general solutions after very minor modifications.)
Then Theorem 2.4 in Part I applies and we may proceed as in the proof of
Theorem 2.16. Setting

(3.6) y=ﬁ; v(x) =122 u() =y " 2uly) = C + v (x),
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where v;(x) = 0(|x|ﬁ‘£) near x = 0 with # = minf{y, 1} for all £€(0,§) and
C; >0 (by (2.6)), we have

(3.7) 0=Av+|x| " %K (ﬁ) F(lx|""2v)
\|x
= Av+|x| "2K (ﬁ) flx|"7 € + fi(x)
where
1
70 =Ja] 2 ([ U2 Gt A2 Gl = 054470
near x = (. Setting
Wi(r) = — S tnl_l Ss_”_zK (i> F(s"72C)) s Ldsdt
s
0 0
we obtain from (3.7) that
(3.8) v(x) = Cp + Wi(|x]) + 0 (x)

with v,(x) = O(|x|™®L7+F=8)) near x = 0. (The function W; defined here is
clearly related to the W, defined in (2.70). This abuse of notation should not
cause any confusion.) Noting that W;(Jx|) = O(|x|?) near x =0 and that
min{l,y + B — e} = B if ¢ is small, we have v(x) = C| + v (x) with v (x) =
W (|x]) + v(x) = O(|x|?) near x =0. Returning to (3.6) we see that the
original estimate on v, is improved from O{/x|#7¢) to O(/x|#) near x = 0.
Repeating the above arguments, we again obtain (3.8) but with v,(x) =
O(|x|™niL7+8y near x =0.

Now, substituting this (3.8) into (3.7) we deduce similarly that near x =0

0=Av+|x| " K (ﬁ) FOx|"2[C + Wi(|x 1) + f(x),

where f, is defined by the last equality, and f,(x) = O(|x|? "2 T™nf.7+A) near
x = 0. Let k be the integer such that ky = 1 < (k+ 1) y. Then iterating the
above argument k times we arrive at

1
3.9) 0=Av+|x|"?K <m> FUx"72 L0+ We((xD1) + fipr (2)

near x = 0, where
fer1(x) = O(|x 72wt EEDAy = o(|x |77

near x =0, and
r t
1 1
(3.10) Wy(r) = - § o SS_HK (;) FG"2C + Wi_(9)]) 8" Lds dt
0

0
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for I=1,2,...,k+ 1 with Wy(r) =0. From (3.9) we conclude that
3.11) v(x) = C + Wiy ((|x|) + R(x)

where R(x) is the sum of the Newtonian potential of f;.; and a harmonic
function and R(0) = 0. Thus R is in C'*? and in particular R(x) = O(|x))
near x =0. Q.E.D.

For the positive limit case we have to assume that 7> 2 in (K1) in view
of Theorem 3.10 in [N], and then Theorem 2.32 in Part I applies. (The more
general nonlinear term f(u) causes no extra difficulties at all in the proof of
Theorem 2.32.) Here we further divide the case into two subcases: 7> n and
n=zt>2.

Theorem 3.12. Suppose thar (K1), (f1) and (f3) hold with © >n and that u is a
bounded positive solution of (3.1). Then C,=Ilim,_ ,u(x) always exists.
Moreover, if Cy> 0, then

—er=S Loy (L) L g
(313) u(x) - CO + |xln—2 +len_2 W(|xl) +IXIn_2R (|xl2)

near x = o where

t

(3.14) W(r) =— S nl_l S @(s)s" dsdr
0

t
0

for some function ¢ such that ¢(s) = O(s*""2) near s=0, and R is a
Lipschitz function with R(0) =0.

Proof. The fact that Cy = lim,_,,, u(x) always exists follows from the proof of
Theorem 2.32 (Lemma 2.8 in {LN1], to be precise). We now proceed as in the
proof of Theorem 2.41. First, we set y =7 — n, and u(x) = Cy + uy(x) where

1 S K(y)f(u(y))dy.

lx —y|*?

Then the arguments used in the proof of Theorem 2.4 imply that

1

3.15 lim |x|"~2 =
@19 im0 =

SK(y)f(u(y))dyE Gy > 0.

R"

Now letting

y= ﬁi v(x) =[x|*""u (y) = C; + v (x)
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where v, is defined by the last equality, we see that v;(x) = O(|x|#~%) near
x=0, where f=min{l,y} and &€ (0,8), again from the proof of
Theorem 2.4. Then straightforward computation shows that

0=Av+|x| ™" 2K (L>f(cO + |x|"2v)

x|

= Av + x| 7"2K <ﬁ) G +1x]"72C) + fi(x)

where
fitx) =|x| 7" K (ﬁ) LG+ 1x]"72(Cr + v)) —f(Co +|x|"72C)]

— 0(|x|r+,8—4—8)

near x =0. Noting that 1+ -4 —e>n—4++¢e> —1, we conclude
similarly as before (see, e.g., the proof of Theorem 3.2) that

v(x) = C; + W(x|) + R(x)
near x = 0 where

r 12
(B.16)  W(r) = — Szﬂl—l SS—HK <l> f(Co+5"72C) 5" dsdr
N

0 0

and R is a C! function near x = 0 with R(0) =0. Q.E.D.

Theorem 3.17. Suppose that (K1), (f1) and (f3) hold with 2 < 7 = n and that u
is a bounded positive solution of (3.1). Then C, =lim, . u(x) always exists.
Moreover, if Cy > 0, then

(3.18) u(x) = Co + Nygy(x]) + 222 +|x|i_2W( 1) +~1—R< ad )

|x ]2 Ix1) " x)m2 T \Jx 2

near x = oo, where k is the first integer such that k(t1—2)<n-—2=<
(k+ 1) (v —2) and Ny is given by (2.93) in Part 1, R is Lipschitz continuous
near 0 with R(0) =0 and

r

t
(.19 W(r)=~'g ! S(a(s)s”_ldsdt
4]

tn—l
0

with ¢(s) = O(—s""*logs) near s = 0.
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Proof. We only consider the case 2 < 7 < n, because the case 7 = r may be
treated similarly. As in the proof of Theorem 2.94 or 2.75 (by the arguments
leading to (2.64), (2.65)) we have

(3.20) u(x) = G+ Npgp1(|x]) + s (x)

near x = oo, and

Cr+2 1
) = 15 0 ()

near x = o for all § <min{1,#} with # =t — 2 and

1
(B21) 2= m SK[f(Co + Neg + ug1) — f(Co + Npi)l

R?

where Ng; and u.,, satisfy the appropriate estimates between (2.59) and
(2.64). (Note that the function N;; defined by (2.93) is radial since K is
radial, and that the constant ¢;,, here may be zero or negative. However, if
we assume that f is monotone, then ¢, is always positive as in
Theorem 2.75.)

We now proceed in the usual manner. Setting

v(x) =|x|> "y (I;xl—z> = Cryr + v1(X)

for x near 0, where v, is defined by the last equality, we have v, (x) = O(|x|%)
near x =0 for all § < min{1, #}, and

o= a0 i () fr(Cor s (1) ol 4 200
)
= s a2k (1) {7 (Gt M (1) + aalel )
- (e (1)) oo

where f; is defined by the last equality, and it follows from (2.61) that
fi(x) = O(|x|7972) near x = 0 for all § < min{1, #}. Therefore we conclude
similarly as before that

v(x) = cgrz + Wi([x]) + v2(x)
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near x =0 where v,(x) = O(|x|™"+%1) pear 0 and

t

] 1
wi(|x|) =~ St”l_l SS_"_2K <%) {f (Co + Nk (:) + Ck+25n_2>
0 0
—f (CO + Ngy, (i)» s"dsdt.
s

Iterating the above argument # times where h is the first positive integer such
that (A + 1)y > 1, we arrive at

0=Av+|x] ™" 2K<I1!> { <C0+ o <| l) +1x]"72 (G2 + Wi 1(|x|))>
e () v

near x =0 with f,(x) = O(|x|"*°~2) near x =0 for all § <min{1,#} and
W, 1=0,1,2,...,h, defined recursively as follows: Wy=0, and

[

t

] 1 1 1
Wir)=— St”“l SS_"_ZK (s) {f(co +Ners1 (;) +5"  (cryr + Wt—x($))>
0 0
—f(cO + Ny (l>)} s"Ydsdt.
)

Since hnp + 6 — 2 > —1 if § is sufficiently close to minf{1, #}, it .follows that

(3.23) v(x) = cyo + Wi((x|) + R(x)

near x = 0 where R(x) is in C' and R(0) = 0. It is easy to see from (2.61)
that W, takes the form (3.19) with the desired estimates. Q.E.D.

4, Some Technical Estimates

In this section we collect a number of technical estimates which will be
needed in proving our symmetry results in the next section.

Let x = (x1,x,...,%,) be a point in R"; we denote its reflection with
respect to the hyperplane T ={y = (y,...,¥,) €R" |y, =4} by x*; ie.,
x* = (24 — x, %, ...,x,). First observe that

@.1) x| - |x| = %.'TIBO if 4> and A > 0.
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Lemma 4.2. Suppose that 4 > 0, m = 1. Then for x € R" with |x| > 2 and x; < A
the following estimates hold:

42(4 — x1) 1 1 dmA (A — xy)
4.3 = — = R
@ T (e D SR S e ] D
x x* AmA (A —x;) 2(A —x1)>
4.4 X <
@4 Pk —(|x|m-llx*1<|x1+|x*|> =L

Moreover, if R is Lipschit; continuous in the unit ball with R(0) = 0, then

X 1 x* 1
R{(Z)— —r(2
(lxlz) |x|™ (lx ) )Wlm
4d(m+2)Y (A —x;p) Z(A—xl)]

Bk E (IR N P ko

where C(R) is the Lipschitz constant for R in the unit ball.

4.5)

= C(R) [

Proof. Since
mbm—l(b _ a) = b — g™ = bm—-l(b ___a)

for b = a >0, (4.3) follows immediately from (4.1). For (4.4) we have

X .xk X X X .x,l
FEE RN RN
3 1 1 L (x —x*)|
=l T

and then (4.3) applies. Finally using (4.3) and (4.4) we have

\ <W) el (ﬁ) F

=

X 1 X 1 X 1 x’l) 1
<|rR(Z)— -r (> +R (= ~R o
= (lxl‘)lxl”‘ (lxlz)lx*l'” ‘ (H)W (le ]

X 1 1 1 X x4

\R(W) = | (le2) (IxW)
C(R) 4mA (A — x;) C(R)| x x*
=T F e 22D | R T
4ml(l—xl) S)L(A—xl) 2(},-){:1)
=) [|x|m+1|x*|<1x|+|xﬂ|> [ x] + ) lxﬂ’"“]’

and then (4.5) follows since |x| <|x*|.
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Lemma 4.6. Let F(x) = O(|x| %) near o for some q > n and
F
u(x) = S—Ly%dy, x€R™
[x =]
RR
Suppose that
@.7) (F(x) — F(:) (4 — x,) = 0(x| 9
near o for every suﬂiczently close 1o Ay. If 4; > Ay and {x % is a sequence of
points in R" such that x' > o as i > o and xi < A, then
A=t ’l”

(4.8) (u(x) u(x*)) = 2(n—2) § (F@) = F™)) (Ao —y;)dy

A~ 1 <Al

as i — oo,

Proof. We first observe that

u(-x) - u(-xl) = S l:;x f(;)])n—z - lf(y)|ﬂ—2] dy

|x* —y
Rﬂ
1 1
- g o [Ix—yl”‘z_lxl—yl”‘z] Y
[y, <4]
1 1
- d
¥ Sf(y) [!x—yl"‘2 lxl—yl”"z] i’
[y;>4]
1 1
= [()—(A)]< — — _)d,
[S“fy f& P AT ly
n<

where a change of variables from y to y* is used for the integral over the
region [y; > A]. Next we note that as i — oo,

Edk 1 1
= - > 2(n—2) (Ao —
}'i _xll ‘xt _yin—Z 'leli __y'n—Z) (l’l ) ( 0 yl)

uniformly on compact subsets of R”. Now the proof is similar to that of
Lemma B in Part I (see Appendix A in pp. 394-397 in [GNN]) and therefore
the details are omitted. Q.E.D.-

Our next lemma is important and interesting in its own right.

Lemma 4.9. Ler F(x) = O(|x| ~9) near o for some q > n and let (4.7) hold
near oo for every A€R. Then the function I(1) defined by

(4.10) = ][F(y) —FOMT (A =y dy

[y; <A
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has the property that

(4.11) ) =14 = (A= A) [Fy) dy
Rn

for every A, A’ €R.

Proof. Let r be a large number and A be fixed. Then

Q)= | (FGo)—FO") (A—y)dy + 0" 9)
[y;<AINB,(0)

= | FO)G-ywa+ [ FO)(L—y)dy + 09
[y, <A1NB.(0) [y,>A1nB,{(04)

= §O)F<y> (A—y)dy+ SI F(y) (A —y)) dy + O("9)

where 0% = (24, 0,...,0) is the reflection of 0 with respect to T, and
§= {{([M <41 N B.(0)) u (Iy; > Al n B.(0"))I\B,(0) if 1= 0,
B.(0)\{([ys <Al n B.(0)) U ([y; > Al nB,(0%))} if A<0.

In case A =0, then |S| = C[(r +21)" — r"] = C;r"~! where the constant C,
depends on A. Similarly |S| < C,r*~! if 1 < 0. It then follows that

SI [F(y) (A —y)|dy = Cr?*|S| = 0(r"9)
for r large. Thus

(4.12) I(A) = | FG) (A —y)dy+0@"9),
B,.(0)

which in turn implies that

@.13) IA) = I(X) = | F() (A=) dy + 09,
B,(0)

and (4.11) follows immediately by letting r — oo in (4.13). Q.E.D.

Remark 4.14. 1t follows from (4.11) (by setting A’ = 0) that I(1) =cA + 1 (0)
where ¢ =§RnF (y)dy. In particular, this implies that there exists a unigue
A such that I(A) = 0 unless = Constant (i.c., SRnF(y)dy = 0).

It will be necessary to estimate the function W defined by (3.5), (3.14) or
(3.19). Observe that they all take the form

r 13

(4.15) W(ry =— S tnl_l S @ (s) s Ldsdt
0 0

where ¢(s) = O(s*™2) near s =0 for some 0 < f < 1.
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Lemma 4.16. Let W be given by (4.15). Then
“.17 (W(r)| = C**  for r near 0,

W<i> —W<—1—>. L G120 = x)] (max{jx|, | |)'~F

|x] |x*| lx1x*[ (x| +1x*])

for |x| and |x*| large.

4.18)

Proof. Inequality (4.17) follows directly from (4.15). For (4.18) we compute
1/)x] ! 1x|

() ()] =| | o fowaalse] | o

1= 0 1/]24]

semn () () S

x| %
Our conclusion then follows from (4.3) and the assumption that
f=1. QE.D.

Finally we come to the estimates of Ny, in Theorem 3.17. Recall that
f=1-2 and

Nei(x) = dy, 1=1,2,...

1 K(|yDf(Co+Ngyi_1(»)
n(n —2) w, lx —yfe2

Rﬂ
with Ngo=0. Note that N, is radial for every /, as we pointed out in the

proof of Theorem 3.17, and that we can virtually duplicate the proofs of
(2.59)—(2.61) to obtain

(4.19) OsNy(x)=CA+[x])7", I=1,2,...k+1,
(4.20) INgi(|x]) = Ny ((x])) = €A+ [x)78, 1=1,2,...,k,
(4.21) N1 (x]) = Nee(ix )| = €+ x> "log (x| +2),

for all xeR" It then follows from (4.19) that lim, o, Ng;((x]) =0 and
therefore

t

g K(S)f( CQ + Nf,l—l (S)) Sn-_1 dsdt.
0

tn——l

(4.22) Ng(lx]) = S
[x}

The estimates we need are given by the next lemma.

Lemma 4.23. Suppose that (K1) and (f1) hold with 2 < t = n. Suppose further
that K(r) =2 C(L + ) ™! for all r z 0 and for some constant C > 0. Then Sor
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x€R"\By(0) with x; <1 and A >0,

CAL(A — xy) log| x|
|2 "2 (x| + |x*])

(4.24) Ne([x]) ~ N2 ]) =

for 1=1,2,...,k+ 1.

Proof. Since N;; =z 0 and >0 in R*, from (4.22) we have

Jx%| t
1
Ney(|x]) = Ny(|x*]) = S o] SK(S)f(Co + Ny—1(s)) s" L dsadt

x| 0

¥}
bl 1 : n—1

=zC — dsdt
" 1+s"
|x| 0
| 4]

log (1 + ¢ !
=C§ig%:_)dth10g(l+lx|")<_%§ —Wﬁ)’

x| |x
3

and our conclusion (4.24) follows from (4.3). Q.E.D.

The last preliminary result we need is the following version of Hopf’s
Strong Maximum Principle and Boundary Point Lemma.

Lemma 4.25. Let u be nonnegative and satisfy the inequality
Au+c(x)u=0 in Q,

where Q2 is an open set in R" with 082 smooth and c € Li3.(Q). Then either u=0
in Q or u(x) >0 for all x€ Q. Moreover, if u=£0 in Q and u(x) =0 for some
point X €909, then (du/dv) (X) <O where v is the unit outer normal of 02 at
X

The proof is standard; see for instance Chapter 3 of [GT].

5. Symmetry

We are now ready to prove our main results in this paper concerning radial
symmetry of positive solutions of the equation

(5.1) Au+ K(Jx|) f(u) =0

in R*, n = 3. We remark again that our method of proof does apply to more
general equations (see Remark 5.18 at the end of this section). First, we treat
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the zero limit case. In case K= constant and fis ‘“‘nice”’, the following result
improves Theorem 1 in [GNN].

Theorem 5.2. Suppose that (K1)—(K3) and (f1)—({f3) hold with

p> max{i,n T}. Let u be a positive solution of (5.1) such that

n—2
. -2
O(IX‘mm{O’pTZ}) l:ffihz,
(5.3) u(x) = {
o((oglx|)"71) ifr=2
near x = oo, Then u must be radially symmetric about some point 7 in R" (z

must be the origin if K is not a constant) and u, <0 for r =|x —z| > 0. Fur-
thermore,

1
5.4 u(r) = rn—(ii + 0 (r""“ﬁ) near r = oo,
where § =min{l,y} and y =7+ p(n—-2) —n.

Proof. In order to apply the moving plane and reflection device, we set

(5.5)

A= {AERIu(x) > u(x*) for all x¢ R* with x, < A and g_u_<0 on T,l}.
X1

(Recall that T, is the hyperplane perpendicular to x;-axis at x; = 4.)

Step 1. 1€ A for all sufficiently large A.

Since u >0 in R” and u(x) -0 as x — o, we have that for every r = 2,
there exists A(r) > r such that if A = A(r), then u(x) > u(x*) for all |x| =~

On the other hand, by Theorem 3.2, u satisfies (3.4). Thus for A = A(r),
jx| >r=2 and x; < 4, we have, by (4.17), (4.18), (4.3) and (4.5), that

(5.6)

R 1 1 1 1 1

_ = - C el - i

HE) —uto) <le"‘2 WI”‘Q)[1+W<|xl>]+|xlt”‘2[w<ixl)
1 1 x 1 x*
—wi—— —— rR{ =y - —— e
(m)]*m"” <1x12) |x*|"—2R(|xi|2)

- 45 (% —x1) [ __C_]_cm—xl) (max{|x],[x*[})'~#
Tlx A (] + D LT x) "] (|x | + [2*])
4nd (A — x;) 2(A — x1)
— C(R) +
[|x|"-1|xi|<|x|+|xﬂ|> |x* | ]
- _—— - e -

4A(A — xy) [ C nC(R) C(R)]
Tl A D LT P x| 2
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since |x| <|x*| and

AA—x) P aG=x) x|
L L O e G e N P

S Mmm)
TPt ] + ) (2]

Choosing r so large that C; > Cr P+ (n+ 1) CR)r~!, we see that
u(x) > u(x*) for all A= A(r) and for all x with x; < A.

It remains to show that du/dx; <0 on T, for all A = A(r). This follows
easily from the Maximum Principle (Lemma 4.25). For A = A(r), in the region
fx€ R"|x; < 1} we have u(x) — u(x*) >0, and

flux) = f(ulx

u(x) —u(x*)

= (K(x*]) — K(x])) f(u(x")) =0

A
6.7 Alu(x) —u(xh)) + K(|x|) ) (u(x) — u(x"))

since |x| <|x*| and K is monotone. Observe that u(x) — u(x*) =0 on Tj;
thus Lemma 4.25 implies that (8/dx,) (u(x) —u(x*)) <0 on 7. Since
(8/3x1) u(xt) = — (8/0x;) u(x) for xeT,, our assertion is established.

Step 2. Let F(x) = K(|x|) f(u(x)) for x€ R" and for A€R let

I = § [F(x) — F(x")] (A = x;) dx.

[x; <Al

Then I(1) = CA + I(0) where C = fRnF(y) dy > 0. In particular, there exists a
unique 2 such that I(1) = 0.

This follows immediately from Lemma 4.9 and Remark 4.14 provided that
F defined here satisfies the hypothesis of Lemma 4.9. Since F(x) =
K(|x|)f(u(x)) = O(|x| ""P""2)) near o by Theorem 3.2, it remains to
verify that F satisfies (4.7). By (K1), (K3), (f3), (4.1), (4.3), Theorem 3.2 and
a computation similar to (5.5), we obtain

|F(x) = F(x")| = K@) | f(ux)) — F(uxh)] + |K(x) = KM | f(uxh))
= Clx| _’"(”‘2)(P_1)|u(x) - u(x'l)l

+ Cllx| =[x (%] 77| 7h o+ [x] T xH T 2P P

A(A —
<c n—-|2 (}1 x1) | _ x|t~ (=2 =D
|l [* 75 % [ (x| + {x*])

[A(A —xp)] ( 1 1 )
12D e o] e

= C)l |x| —t—p(n—-2)-1
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for |x| large, where the constant C, is bounded uniformly in A for A in a
bounded set. Thus (4.7) holds for every A €R.

Step 3. If K=Econstant, then (0, ) C A.

We first show that (1’, ©) n A is open, where 1’ = max{,0}. Suppose
that this is false, i.e., there exist a sequence {x'} in R™ and a sequence
{A} € (X', ) such that 4;, >4 € (A", ®) N A and u(x’) = u(x*) with x} < 4,.
If {x} has a sgbsequence, denoted also by {x}, which converges to ¥,
then u(X) gu(f’l) and x‘lgi. Since i€, we must have )'clﬂ=/al and
(3u/dx;) (£) Z 0. On the other hand, in x, <4, K(x|)=K(x"|) since
1 >0, and the function w(x) = u(x) — u(x*) satisfies

_ 1
Aw+K(|x|)f(u(x)) f(ufx )
(5.8) u(x) —u(x*)
w>0inx; <4 and w=0 on x; = 1.

w = [K(x]) — K(xDIf(uxh) =0,

But then Lemma 4.25 implies that 0> (dw/dx;)(X) = 2(u/dx;)(¥X), a
contradiction. Therefore we must have |x'| = o as i = oo. From the proof of
Step 2 we see that Lemma 4.6 applies and we conclude from (4.8) that
I(X) < 0. This is again a contradiction since 4 > 4 and (A1) = C(A - 1) >0
by Step 2. This proves that (1’, ©) N A is open. )

Next we assert that (1’, ©) C A. Suppose for contradiction that (A, o)
is the unbounded component of (A’, ®) A with 1> 1. (By Step 1 this
unbounded component does exist). Then the continunity of u guarantees that
u(x) z u(x*) for all x€R" with x; < 1. Moreover, in x; <1, K(Jx|) = K(|x*|)
since 1 > 0, and the function w(x) = u(x) > u(x*) satisfies

_ 2
AW+K(|x[)f(u(x)) f(ufx ))W
(5.9 u(x) — u(x?)

w=0 for x;, <1 and w =0 for x; = 1.

= K(2]) = K(xDIf (w(xH) =0,

Then Lemma 4.25 implies that either u(x) = u(x*) for x;, <1 or 1¢A. Since
1¢A by our assumption, we must_have that u(x) =wu(1) for x; < A. This
in turn implies that K(jx|) = K(|x*|) for x; <1 which is impossible since
K ==constant. Thus our assertion holds.

Note that exactly the same arguments in the paragraph above applying to
the function u(x) — u(x*) in x; < A yields that 2 €A if 2 > 0. It then follows
from Lemma (H{) in [GNN; pp. 387, 388] that for some u >0

(5.10) u(x) —u(*) z p( - x) x| "
in x; <1 with |x| large (provided that 1 > 0), since

)f(u(x)) "‘f(u(xi)) — 0(|x|t+(p—1)(n—2))

K( =
o u(x) — u(x?)

near x = o (in view of (K1), (f3)) and since 7+ (p — 1) (n — 2) > 2.
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To finish the proof of Step 3, we only have to show that A < 0 since it
would then follow that 1’ =0. To this end we suppose that 4 >0 and we
shall use (5.10) to derive a contradiction.

Observe that for every A €(0, 1), there exists an r; such that u(x) < u(x%)
for all |x| >r, with x; <A. For otherwise there is a sequence {x'} with
u(x') =z u(x*), xi < 1 and |x’| > co. Then Lemma 4.6 implies that (1) = 0,
which is not possible since 0 = I(L) > I(A) by Step 2.

For 0 < A <1 we have, by (5.10) and Theorem 3.2, that

5.11)

u(x) — u(x’l) =u(x) — u(xz) + u(xi) — u(x’l)

= M(Tx}’xl) ¥ <|xi 11”-2 - lx*kl"‘z) [Cl v (le 1)]
* IEE%‘Z [W <lx1 1) - W(lx1 I)]
T 11 K (|l;) i 11 ! (uxx;tZ)

for x; < A(<A) and |x| large, where W and R are given by Theorem 3.2.
To estimate the various terms involved in (5.11), we proceed as in Section 4.
As in the derivation of (4.3) we have, for m = 1,

1 1|11 =C(I—,_1)(71+/1—)_cl)
G T E T T TR e 0+ e
1 x* 1 x*
A3 -~ RrR(=
(5 1 ) yxlimR (lxkil) |XA!m (]xAIZ)
x* 1 1 1 X X
=’R<lelz) P ] ek R(lxﬂz) R(|x1[2>

- CA-1)(A+2—x) C(A—)L)

=[x/llm+1|xil(|xkl+lxil) ]xklm+2

since |x*| < |x*|. Also, as in the proof of (4.18), we deduce
W( 1 > —W(—%») _CO-MUt+i-x)
<] x| [ A ]+ 14D
To simplify our estimates, we choose |x| large with x; =0 in (5.11)—(5.14)
and obtain, by |x| = |x*| = |x*|, that
ph CQA-4) CU—-1) C@-2)

B T T N P

(5.14)

(5.15)  u(x) —u@") =z
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where the constant C is independent A € (0, A). From (5.15) we conclude that
if 2> 4> (1 —u/C)A, then u(x) > u(x*) for |x| large with x; = 0. This is
a contradiction and Step 3 is established.

Step 4. If K==constant, then u is radially symmetric about the origin and
w(r) <0 for r=|x| > 0.

Step 3 implies that u(x) > u(x*) for all x€ R" with x; <A and for all
A > 0. Letting A >0 we obtain that u(x;,...,x,) =u(—x1,%,...,%,) for
x1 < 0. Reversing the x;-axis, we conclude that « is symmetric about the
hyperplane x; = 0 and du/dx; < 0 for x; > 0. Since the equation (5.1) is rota-
tionally invariant, the x;-axis may be chosen arbitrarily, and it follows that
u(x) is radially symmetric and u’'(r) <0 for r > 0.

Step 5. If K= constant, then (A, ») C A.

The proof is very similar to the first and second paragraphs of Step 3. In
fact, it is simpler. For, when K = constant, the equation in both (5.8) and (5.9)
now takes the following form

Flux) ~ u(xh))

- ) =0
) —nGhy ) —uGh) =0,

Alu(x) —u(xh)) + K

which allows Lemma 4.25 to apply no matter 2 =0 or A < 0.

Step 6. When K= constant, let z; = 1 and define z; similarly by repeating
Step 2 with respect to x-axis, j =2,...,n. Then u is radially symmetric about
the point z = (2q,...,2,) and W' (r) <0 for r=|x—z| > 0.

When K = constant, equation (5.1) is both translation- and rotation-in-
variant. Thus we first perform a translation so that the point z becomes the
new origin and then repeat the arguments in Step 4 to conclude Step 6.

Finally, (5.4) follows from Theorem 3.2. Q.E.D.

Next, we consider the positive limit case.

Theorem 5.16. Suppose that (K1), (K2), (K3), (f1) and (f3) hold with T > 2. Sup-
pose further that K(r) = Cr™" near o in case 2 < 1= n. Let u be a bounded
positive solution of (5.1) with lim sup,_, . u(x) = Cy > 0. Then u must be radially
symmetric about the origin and uw' (r) < 0 for r =|x| > 0. Furthermore, the asymp-
totic behavior of u is given by (3.13) or (3.18) with the remainder term R being
radial as well.

Proof. The case that T > n can be treated in the same manner as Theorem 5.2
in view of Theorem 3.12. Thus we only consider the case that 2 < 7 = n here.
Following the general procedure in the proof of Theorem 5.2, we define A by
(5.5). To establish Step 1, i.e., 4 € A for all A sufficiently large, we also proceed
analogously. Since Theorem 2.32 and (2.34) in Part I hold (see Section 2 of
[LN1]), we have u(x) > Cy for all x€ R”. Thus for every r = 2, there exists
A(r) z r such that u(x) > u(x*) for all |x| =7 and x; <A if A=z A(r). On
the other hand, for |x| >r with x; <1 and A >0 we have, from (3.18),
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(4.24), (4.17), (4.18), (4.3) and (4.5), that

(A7) u(x) —u(x*) =Ngpa (X)) = Neggr ((x4])

¥ (mi-z _|x111"—2> [+ W(ﬁ)]
e () -G ] = () e ()

CA(A — x1) log|x| CA(A ~x1) CA(A —xy)

2R ]+ D R ] D [P ] D

v

_ O-x) _Ch-x)
x| (x ] + x4 x|
Cl(l—xl)loglxl [ C’ c” c” ]
=2 0 7 1 - Y -
|x| |x*[ (x| +[x*]) log|x| |x|’log|x| Alog|x|

since |x| < |x*| and where £ is a number between 0 and 1. Now we choose
r so large that
Cl Cll CIII

1— - -
logr rflogr rlogr

1
=—.
-2
Then u(x) > u(x*) for all x| >r with x; <A and Az A(r) =r Thus
[A(r), ) C A

Next we assert that A N (0, o) is open. Suppose that this were false; i.e., that
there exist a sequence {4;} and a sequence of points {x’} such that A, »>1¢€
AN (0, %) and u(x’) = u(x*) with x} < A;. If any subsequence of {x’} con-
verges, say to X, then as in the proof of Theorem 5.2 we apply Lemma 4.25
to u(x) — u(x*) in the region x; < 1 to reach a contradiction. Therefore we
must have that x’ - o as { - o. But then (5.17) implies that u(x") > u(x")
for all i sufficiently large since 1 > C’(log|x‘|) ™' + C”|x'| ~#(log|x*|) ' +
C" (A;log|x'[) 7! for i large. This is again a contradiction and our assertion
is established.

It then follows from exactly the same arguments (since K == constant) as in
the proof of Theorem 5.2 (Step 3) that A N (0, ) = (0, ), ie., u(x) > u(x*)
for all x€ R" with x; < 4 and for all 4 > 0. Finally we conclude our proof
by the same arguments used in Step 4 of the proof of Theorem 5.2. Q.E.D.

It is obvious that Theorem 2 follows from Theorem 5.2 while Theorem 1
follows from Theorem 5.16 and from Theorem 1.4 in [LN1].

Remark 5.18. The results in Sections 3 and 5 for equation (3.1) (or (5.1)) also
hold for the more general equation -

(5.19) Au+ g({x|,u) =0
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in R", n = 3, where g satisfies the following conditions which are analogous
to (K1)—(K3) and (f1)—(f3).
(g1) g(|x|,u) >0 for all xeR" and for all ¥ >0, and there exists 7, p =0
such that
g(x|,u) =C(1 +|x|) *w?

for all xeR", and for u near 0.
(g2) g(|x|,u) is Holder continuous in x and is Lipschitz continuous in u# = 0.
(g3) g(r,u) is strictly decreasing in r > 0 (for every u > 0 fixed).
(g4) For every compact subset S of [0, ) there exists a constant C > 0 such
that

1g(xl,w) —g(yl,w| = Cllx| = [y x| ~Tly |71+ x| 7y [ ~Tu?

for every u€S and for all x, y€ R" with |x|, |y| large.
(g5) There exists a constant C > 0 such that

lg(xlu) —g(x],0)| = Clu—o|(u[P~! +]o?™) A +|x|) 7

for every x € R” and for all u, v small and positive.
We do not repeat the statements or the proofs of those results because they
are very similar to the results in Sections 3 and 5. We point out that the strict
monotonicity assumed in (g3) is necessary as the following example shows.

Example 5.20. Let uy be a fixed classical radial positive solution of
n+2
Au+u""?=0

in R*, n = 3; for instance,

n—2
-2\ 2
uo(r) = (————’11{:"—2) 2 N r> 0.

Define

n+2

un—2
g(ru) = n+2

((r—D)"2 i u>u((r—1),),

where (r — 1) = max{r — 1,0}. Then obviously u(x) = uy(|x — y|) is a solu-

tion of Au+ g(|x|,u) =0 in R" for every |y| = 1, and g satisfies (g1)—(g5)

except the strict monotonicity in (g3). (Note that g is in fact, monotonically
n+2

nonincreasing in r > 0.) It is also clear that we may replace #"~2 above by
other nonlinearities.

it usu((r—1),),

6. Concluding Remarks

A few remarks concerning the various hypotheses and consequences of our
results are in order.
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Remark 6.1. Obviously there must be some decay conditions near oo imposed
on solutions u in order to derive the radial symmetry of u. (It is easy to con-
struct counterexamples otherwise.) However, it is still natural to ask how
restrictive the decay condition in Theorem 5.2 is. First, observe that (5.3) and
the condition on p in Theorem 5.2 substantially improve that of Theorems 1’
and 1”7 of [GNN; p. 378 and p. 380, respectively]. Then we notice that if
K(r) ~ r~" near o for some 0 < 7 = 2, Theorem 3.35 in [N] guarantees that
all positive solutions u of (5.1) with f(u) =u”, p > 1 must satisfy

T2
_ crr-1 if0<t<2,
6.2) u(r) = )

C(ogr) P11 if T=2,

where r = |x| and #(r) is the average of u on the sphere |x| = (Compare
(6.2) and (5.3).)

As for the condition imposed on solutions near oo in Theorem 5.16, it
seems very minimal.

Remark 6.3. Comparing our symmetry results to the previous ones in [GNN,
e.g., Theorem 1”], we see that the monotonicity assumption of g(r ) in u >0
is now removed in both Theorems 5.2 and 5.16 (see Remark 5.18 also). The
key new ingredients here are Lemmas 4.6 and 4.9, and of course Theorem 3.2.
We should point out that the Hopf Boundary Point Lemma at o for the half-
space obtained in [GNN; Lemma (H7)] also plays a crucial role in our
estimates.

Remark 6.4. Combining Theorem 2 above, Theorem 2.1 in [LN2] and a recent
result of Yanacma [Y], we see that the Matkuma equation (1.2) with

n+2 . . ,
1<p< w2 possesses exactly one solution with finite total mass; moreover,

_1
it is radial. This fills in the gap 1 <p < — - left open in [LN2].

n
Finally, we mention that other related recent papers include [BN1,2}, [CGS]
and [CL].

Note added in proof In a very recent paper of the first author, Y1 L1, ““On the
positive solutions of Matukuma equation”’, it is proved that all positive entire
solutions of equation (1.2) (without any conditions imposed on such solutions)
are radially symmetric about the origin. Thus, a complete understanding of
all positive solutions of the Matukuma equation is achieved.
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