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1. Introduction

Over the last twenty years, there has been a remarkable interest in the study of

a class of non-Newtonian fluids, known as fluids of grade n, from both theoretical

and experimental points of view, see, e.g., [7,14,15,5,9,16,19] and the references

cited therein. For a general incompressible fluid of grade 2, the Cauchy stress T is
given by

T= —pl+ uAd, + a4, + a,A%, 1.0)

where y is the viscosity, oy, a, are material coefficients (normal stress moduli),

p represents the pressure and 4,, A, are the first two Rivlin-Ericksen tensors

[17,20], defined by
Al = Vv + (Vv)T5

d
Ay = 51‘11 +A; Vo + (Vo)T4,.

Here v is the velocity field and & denotes the material time derivative. The
thermodynamical principles impose some restrictions on «; and a, [7]. In particu-
lar, the Clausius-Duhem inequality implies that

uz0, o +a,=0
and the requirement that the free energy be a minimum in equilibrium implies that
oy = 0.
With these conditions on the stress moduli, the equations of motion for an

incompressible homogeneous fluid of grade 2 are given by

é
(0 — 2Av) —vAv = Vp — curl(v — aAv) x v
ot in Qx(0,T) (1.1)

Vo=0
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(cf. [7]) with the initial and boundary conditions

v(x,t)=0 on 0Q x (0, T),

v(x,0) = vo(x) in Q.
Here Q is a bounded domain in R* with smooth boundary 6Q and Q x (0, T)(T > 0)
is a space-time region. The initial velocity is denoted by vo(x) and p = p/p, & = o1 /p,
v = u/p, where p is the (constant) density of the fluid. For simplicity, we assume that

there are no external body forces acting on the fluid. Under the assumptions
v>0, a>0

(1.2)

problem (1.1), (1.2) has been studied by several authors. In particular, CIORANESCU
& EL Hacine [5] have given existence and uniqueness results for weak solutions
global (in time) in two dimensions, and local (in time) in three dimensions. More
recently, GaLpl, GROBBELAAR & SAUER [10], by using a different approach, have
shown for the general system (even without the restriction oy + o, = 0) existence
and uniqueness of classical solutions for short time. Furthermore, if the size of the
initial data is suitably restricted, their solutions exist for all time. However, for this
latter result to hold, it is crucial to require that o, ( = ap) is “sufficiently large”. It
should be remarked that such a condition looks — in a sense — artificial, since one
expects that global solutions should be favoured by a “large” viscosity and
a “small” constant of elasticity. The main objective of the present paper is to
remove such a restriction on «. Specifically, we show that if Q is simply-connected
and v, is not too “large”, problem (1.1), (1.2) admits one (and only one) classical
solution, global in time, for any « > 0.! For the general problem (x; + o, =+ 0) the
steady case has been studied very recently by Coscia & GaLpr [6].

The method we follow here is based on an appropriate splitting of the original
problem along with the use of the Schauder fixed-point theorem. The key require-
ment for this method to work is to obtain sufficiently strong a priori estimates on the
higher-order derivatives of the solution. These are obtained by transforming the
original problem into an equivalent one as follows. Using the elementary identity

curl( xv) =v-Vu —u-Vo + (V-v)u — (V- u)v (1.3)
with
u = curl(v — ¢ Av) (1.4)
and applying the carl operator to the first equation of (1.1) we find that
%+X(u—curlv)=u-Vv—v-Vu in Qx(0,T), (L.5)
o
V-oe=0 inQx(0,T), (1.6)

u(x,0) = curl(vg — xAvy) =u, in Q,

(1.7)
Ul@g =0 Vie [0, T]

! The main results of this paper still hold in two space dimensions (plane flow), and, in
fact, their proofs are somewhat simpler. We also remark that for « = 0 the problem is
well-known since, in this case, equations (1.1) reduce to the Navier-Stokes equations.
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It is clear that for classical solutions problems (1.1), (1.2) and (1.4)-(1.7) are
equivalent. In fact, if u is a solution of (1.4)—(1.7), then from relation (1.3) and the
hypothesis on Q, it follows easily that there exists a function p such that (1.1) holds.

The Schauder theorem is used in the following manner. In a suitable class of
functions ¢, we introduce the map

P p—u
as the composition of the operator ¢ — v, defined by
curl(v — o Av)=¢ inQx(0,T),
V-o=0 in Qx(0,T), (1.8)
V=0

(where the time ¢ is considered as a fixed parameter), with the operator vi— u
defined by

% +§(u —curlv)—u-Vo—v-Vu in Qx(0,T),
(1.9)
u(,0)=wu, in Q.
The existence of a solution to the problem (1.4)—(1.7) (and hence to (1.1), (1.2)) is
guaranteed as soon as we are able to show that @(¢) has a fixed point, which in
turn will be achieved by making use of the Schauder theorem.

The paper is organized as follows. In Section 2, we prove existence, uniqueness
and a priori bounds for solutions to the linear auxiliary problems (1.8), (1.9). We
also derive estimates of the solutions which hold for all times t > 0, provided the
size of u, 18 suitably restricted. The main results are stated and proved in Section 3.
Taking advantage of the a priori estimates and standard compactness arguments,
we apply the fixed-point theorem to show local existence in the time interval
[tosto + T] (to = 0), where T depends solely on an upper bound for the initial
data u(t,) in the appropriate norm. Successively, we use this result together with
the global estimates of Section 2 and a standard “bootstrap” extension argument to
prove global existence of classical solutions to the original problem for small data.

2. Unique solvability of some auxiliary problems

To begin with, we introduce some standard notations. By Q we denote a
bounded domain of R®. Throughout the paper we assume that Q is simply-
connected, so that any irrotational vector function in Q is the gradient of some
scalar function?.

2 Actually, some of our intermediate results hold under more general assumptions on
Q which, in particular, do not require simply-connectedness. However, such an assumption
is crucial for Lemma 2.1, e.g., and our main Theorem 3.2 to be valid.



300 G. P. GALDI & A. SEQUEIRA

We follow the usual convention {cf,, e.g., [10]) of defining W™ ?(Q)(H™(Q), if
p = 2) as the standard Sobolev space of order m, with the usual norm | - ||, , (- |m)
and scalar product (-,), , (")) In H°(Q) = L?(Q) the norm is denoted by | - | o,
and for simplicity, the scalar product by (-,-). The space H™~ 1/2(6Q) equipped with
norm || - |l,,—12, aq is the trace space associated with H™(Q). By H™(Q) we denote the
Sobolev space of the vector fields v = (v,,v,,v3) such that v;e H"(Q), i=1, 2, 3.
In the sequel this convention will be applied to the other function spaces and
norms. For m =0, we consider the Hilbert spaces V,, = {ve H"(Q):V-v =0},
X = {veV,:v-n=0o0ndQ}, where n denotes the unit outer normal vector. They
are both closed subspaces of H"(Q); the norms in ¥,,, X,, are also denoted by | * ||,
Moreover, for a Banach space Y with norm |- ||y and the given time interval
I=(ty,to+ T),to = 0, T > 0, we recall the classical Banach spaces (1 < p < «0)

L*(I;Y) = {v measurable, v:te [ > v(t) e Y, [ ||v(t) | 4dt < o0}
I

and W™»(I;Y), which is the space of functions such that the distributional time
derivatives of order up to m are in L?(I;Y). For p = o0, L*(I;Y) is the Banach
space of the (measurable) essentially bounded functions defined on I with values in
Y. We denote by || [|x.m 7 the usual norm in W*=(I; H"(Q)), for k= 0. In
particular, for k = 0 we write || |o.m.7 = || * ||, 7. Finally, the space of functions of
class C™ on I with values in Y is denoted by C™(I; Y).

The purpose of this section is to study the unique solvability of certain auxiliary
problems related to (1.4)—(1.7). We begin by considering the linear problem

curl(v — 0 Av) = ¢ in Qr,
V-v=0 inQy, (2.1)
vl =10

for a known function ¢, where Qr = Q x I (the time ¢ is a fixed parameter).
We have

Lemma 2.1. Let ¢ € W5 *®(I;V,,), k,m = 0. Then there exists a unique vector field
Ve Wh(I; X, ) such that

curlyr = o, (2.2)

1V lkem+1.7 = Cllolimr (2.3)
for a constant C = C(m, Q).

Proof. The existence of a unique vector potential i € X; satisfying curlyy = ¢ (for
@ €V,) and the inequality |y |; < C| e, is proved, for instance, in [12]. The
regularity result (2.3) for k = 0 follows easily from [8, Proposition 1.4, page 41].
Finally, differentiating (2.2) k times with respect to ¢ and using uniqueness, one
easily sees that ¥ € W= (I;X,+,) and that the estimate (2.3) holds for any

k=0 [
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Lemma 2.2. For any @e W= *(I,V,), k,m = 0, there exists a unique ve
W (I; ¥V, 3) satisfying both (2.1) and the estimate

ol mes,r = CllQlimr- (24)

Proof. By Lemma 2.1 we can write ¢ = curly for some ¢y € W5 (I; X, ;). Let us
consider the following Stokes-like problem

vt—gAv+ V=9 in Qg
Vio=0 inQy, (2.5)
v|0Q = 07

where 7 is a pressure term associated with the irrotational vector field » — o Av
— . From known existence and uniqueness results [4, 2] we find that the field
v exists and satisfies the estimate

[0]km+3,7 S Cl¥lmey, T

From Lemma 2.1 it is clear that v satisfies (2.1) and inequality (2.4). It is also clear,
in view of the assumption on Q and of the uniqueness of problem (2.5), that v is
uniquely determined. [

Our next goal is to show solvability and obtain appropriate a priori estimates
for certain initial-value problems. To this end we need a preliminary lemma on
inequalities involving norms in H™(Q).

Lemma 2.3. Let m = 0. Ifve X, ., and u € H"(Q), then®
|- Vi, )| < Cy[|0]me2llm]7: (2.6)
Ifve H™*3*(Q) and u € H™(Q), then
lu-Vo|,, < Colelmeslulm. 2.7
Ifve H™**(Q) and u € H™ 1 (Q), then
[o-Vulln = Callv|mrzlulmer (2.8)
Proof. Inequality (2.6) is proved as in [10]. Concerning (2.7), we notice that
Vol = Clivlcmluln

and so, by the Sobolev embedding theorem [ 1], we deduce (2.7). Inequality (2.8) is
proved in the same way. [

3Notice that if m = 0, the trilinear form (v - Vu, u) is identically zero.
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We now consider the unique solvability of the initial-value problem

0
—-lf+ —(u —curlv) =u-Ve —v-Vu in Qy,
ot a
. (2.9)
u(-, to) =u(ty) in Q.

Specifically, we have
Lemma 2.4. Assume that ve L*°(I;X,,43), m 2 1, with |v| 13,7 £ M, and that
u(ty) € H"(Q). Then there exists a unique solution u to (2.9) such that

ue L>(I;H"(Q)nWL=(I,H" 1 (Q))

du
dt

with C = C(Q,m, M, T,v,a, || u(ty)|n). Moreover, if V-u(ty) =0, then V-u =0 in
Q.

IIA

o/ m, 1+ ‘ C, (2.10)

m—1,T

Proof. Let us derive an a priori estimate for the solution of problem (2.9). To this
end, we apply the derivative operator D¥ (k is a multi-index) to both sides of (2.9);,
take the scalar product in L%(Q) with D*u and sum over k, with 0 < |k| £ m. We
thus obtain

II I + 2 luls= X(Clll‘lvau)m + (u-Vo,u), — (v-Vu, u),. (2.11)
2dt o o

By using the Schwarz and Cauchy inequalities along with Lemma 2.3, we find that
|(curlo, u),| < 3([vll7+y + [ull2),
- Vo, )| < Nl Vo lu]n < Collvmes el 212
(v Vi, u)y| < Cy [0z ]|l

Thus, collecting (2.11), (2.12) we conclude that

1d
S e ulm+ —|| I < % L oh2es +(Cy + Co)0lis lulZ.  (213)
Integrating this inequality over I, with the help of Gronwall’s lemma we find that

ullm = Dy, (2.14)

with D, = D (Q,m, M, T,v,a, |u(ty)| ). Moreover, from (2.9), with (2.14) and the
estimates of Lemma 2.3, it also follows that
du

v
I = Ul 7+ 110 ]m )

m—1,T
+ Clvlmsez. vl 1,7+ 101,78, 1)
<D, (2.15)
Wlth D2 = DZ(Q, m, M’ T9 V, Of, ” u(t()) “m)
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With estimates (2.14) and (2.15) in hand, we can show by using the Galerkin
method [18] that there exists a solution to problem (2.9), satisfying the regularity
properties stated in the lemma, for all T > 0. The uniqueness of the solution follows
easily from Gronwall’s lemma.

Let us finally show that u is solenoidal in Qy, provided that u(t,) has the same
property. In fact, taking the divergence on both sides of (2.9); and using the general
identity (1.3) we get

0
£+£€: —V-vVu—u-Vv)= —V-({v)

with { =V u.
Now, from the equality

V- (o) = (v V) + (V)

it follows that
v
=4 & = — (vV)C, C(‘,to) =0,

and we easily prove that the unique solution of this homogeneous transport
equation is {(f) = 0 for all tel. The proof of the lemma is therefore com-
pleted. [

The last result of this section concerns a priori estimates for solutions to
problem (1.4)—(1.7) which for convenience we rewrite:

%i:+£(u —curlv)=u-Vo—v-Vu
curl(v —aAv)=u in Qx(0,T),

Voo=0 (2.16)
vjao=0, te[0,T],

u(x,0) = curl(vy — 2 Avy) = u,.

In this analysis we often need a simple result on a differential inequality, which
we prove here in the form of a lemma.

Lemma 2.5. Let y(t) be a smooth positive function in [0, T'] satisfying the inequality
V(1) + (ki — ko y? (@) y(1) < F(t) forallte[0,T], (2.17)

where ks >0, k,eR, p = 0 and

T
[ F(r)dt < oo.
0
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Moreover, let ¢ > 0 be such that ky — k,e” =k > 0. If
hd
27
then it follows that y(t) < ¢ for all t € [0, T].

T €
[ F(t)dt < y(0) < =,
0 2

Proof. Assume for contradiction that for some 7 we have
y(f)=¢ and y(t) <e Vte[0,7)
Since k; — k,¢” = k > 0, we obtain the inequality
Y@ +ky(t) = F(t) Vee[0,1],

which when integrated over [0,7] gives
f
y(E) £ y(0) + [ F(s)ds;
0

hence

y(f)§y(0)+5<§+5 <
for 6 small enough. []

Lemma 2.6. Assume that (v,u) is a solution to (2.16) and that ug e V,,, m = 1, with
ue L0, T; H Q)W =0, T; H"~1(Q)),
veL*(0,T;X,,+3)

Then there exists & = 6(Q,m,v,o) > 0 such that if

luollm = 9, (2.18)

then

T

a7+ §lu@)nds < 61 fuolm, < b, (2.19)
0

where &, and 6, depend only on Q, m, v, o and 0.
Proof. We replace u in (2.16); by curl(v — x Av) and use the identity (1.3) to obtain
%cutl(v — alv) + g—(curl(v — aAv) — curlv) = curl(curl(z Av — v) x v). (2.20)

Setting @ = curlv and eliminating the curl on both sides of (2.20), we find that
there exists a scalar field p such that

%(v—aAv)—vAv=(ozAa)—a))><v—|—Vp. (2.21)



A Second-Grade Fluid 305

Since V-v = 0, v|3q = 0, multiplying (2.21) by v and integrating by parts over Q, we
get

%f(l"l2 + a|Vo|?)dx + 2v | [Vv|?dx = 0.
Q Q

Now we set
do =min{l,a}, a; =max{l,a}

and integrate over [0,¢] to obtain
t
do |vT+2vf [(IVo]? dx)(s)ds < oy JvollT VEe[0,T].
0Q

From the Poincaré inequality (with constant y) and with vy = min{v, vy} we obtain

T
% lv], 7+ vo [ lv(s)lIFds < 204 [|vo 3.
0

If we take f = 20;/min{vg, o}, then this implies that
T
fo)f e+ flo@)llids < Bllvoli. (2.22)
0

Now let us prove an energy estimate on u. Multiplying (2.16); by » and integrating
by parts over Q, we easily find that

1d
Eailuﬁdx—i—gilulzdx=§§£curlv-udx+£[u-Vv-udx
since it is clear that [ov-Vu-udx=0. Using the Cauchy inequality, the

estimates of Lemma 2.3 for m = 0, and the estimate (2.4) of Lemma 2.2 (with
¢ = u), we get

d v v
;Z—tllullé + 2&-Hul|% = &(Hvll% + |ulld) +2C | ull3
and thus the differential inequality
d v v
-d—IIuH%+(——2C|lu1|o>i|u|¢5é—llvll%, (2.23)
t o , o
which we can write in the form
v
y'(t) + <& - 2C\/y(t)>y(t) < F(). (2.24)

Since the right-hand side of (2.24) is controlled by the initial data in the
sense that

T
[ F(s)ds < o (from the estimate (2.22))
0

for some ¢ > 0, then according to Lemma 2.5, there exist g4, g, > 0 such that

luogllo < oy implies that |u(t)llo <0, Vte[0,T].
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Using this last estimate together with (2.22) in inequality (2.23) yields

T
el + [ lu(s)|§ds < o3 lluoll3 (2.25)
0

for some o3 > 0. Now, let us write (2.11) for m =1 as

v v
Sl 2w = (eurlu) + (u Vou)y — (0 Vi)
Using the estimates (2.12) for m = 1, we get
1d v v =
o lull +&Hull% < 2—a(!lv|\§ +lul?) + Clivlallul?
and consequently

d v _
%Ilullf+<&—2CHv||4>I1uII%é lell3. (2.26)

Y
o
Now, by (2.25) and Lemma 2.2, we find that

T
{ o) 3dt < a5 luoll3.
0

Therefore, by Lemma 2.5, (2.25), (2.26), and by a reasoning similar to that which we
used before, it readily follows that there exist constants ¢4,05 > 0 such that, if
luol1 < 04, then

T
luliiz+ k[ lu(s)Tds < oslluoli
0

with k > 0. Thus we conclude that the estimate (2.19), is valid for m = 1. We now
prove the general case m = 2, by induction. Thus, assuming that (2.19), holds for m,
let us show that it also holds for m + 1. By using the estimates (2.12) in (2.11)
written for m + 1 we deduce that

d v 1
-ci—llulliﬂ + <—~2C||u|m+1>||ull,2n+1 S —|v)zsa.
t o o

In view of Lemma 2.5 and of the inductive assumption, it follows, for |ug|lm+1
sufficiently small, that

T
lulms s, e+ [lu(s)neds < o6lluo e
0

Finally, we observe that the estimate (2.19), follows easily from (2.15), in view of
2.19),. O

Remark. Concerning the two-dimensional case we must observe that the main
results of the preceding lemmas remain essentially the same and are even stronger.
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In fact, since the conditions determining the vector potential are more stringent
than those defining the two-dimensional stream function, Lemmas 2.1 and 2.2 are
still valid. On the other hand, in R? we rewrite problem (2.16) in the form

du v

— +—(u—curly)= —v-Vu

a o

curl(v — 2 Av) =u in Qx(0,T),

V=0 (2.27)

vo=0 te[0,T]
u(x,0) = curl(vg — a Avy) = u,

where u is now a scalar function. This system is obtained from problem (1.1), (1.2)
by taking the scalar curl on both sides of the main equation and using the
two-dimensional result

curl(curl(v — aAv)xv) = v- Veurl(v — a Av).

Following the proofs of the preceding lemmas we observe that the results
remain valid in the two-dimensional case, in spite of the absence of the term u- Vv
on the right-hand side of the system (2.27),.

3. Global existence of classical solutions

In this section we prove the existence of a unique global solution for
problem (1.1), (1.2) (equivalent to problem (1.4)—(1.7)) when the initial data are
small enough in the following way. First, by the Schauder fixed-point theorem, we
prove the existence of a local solution in I = (to,%, + T) for all ¢, = 0 where
T depends on an upper bound for ||u(ty)],., but is otherwise independent of t,.
Then using the global a priori estimates of Lemma 2.6 we can show the existence of
a solution to (1.4)—(1.7) for all ¢t > 0. We begin by recalling the following well-
known result.

Theorem 3.1 (Schauder Fixed-Point Theorem). 4 compact mapping ® of a closed
bounded convex set G in a Banach space Y into itself has a fixed point.

Take the Banach space
Y=C{;Vy-1) m=1,
and for D > 0 define
G={peY:peL”(LH"Q), ¢ lnr = D, o(x,t0) =ulx,to) €V, }.
Consider now the map

P:pru
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defined in G as the composition of the operator ¢ +» v defined by
curl(v — ¢ Av) = ¢ in Q,
V-o=0 inQr, (3.1
v =0
(where the time ¢ is a parameter), with the operator ¢ — u defined by

ou v .
E-l-&(u—curlv):u-Vv—v-Vu in Qr,
. (32)
u(,to) = ul(ty) in Q.

Notice that proving the existence of a solution to our original problem
(1.4)—(1.7) is equivalent to showing that the map

P:GccY Y

admits a fixed point.
First we prove

Lemma 3.1. For all ty and D the map @ transforms the closed bounded convex set
G into a relatively compact subset of Y. Moreover, for D sufficiently small, ® is
continuous in the topology of Y.*

Proof. The closedness of set G is obvious. In fact, every sequence @, (n =1,. . .) in
G converging to ¢ in Y has a subsequence ¢, which converges weakly to a certain
Y in L®(I;H™(Q)) such that ||+ < liminf(|l@, | r. Thus @ =
1Y lmr = D.

To prove the compactness property of @, let us denote by v, a sequence of
solutions to problem (3.1), corresponding to the data ¢, e G, such that v, is
uniformly bounded on I for the H™*3(Q)-norm (Lemma 2.2). Let u, € G be the
associated sequence of solutions to problem (3.2). Since

u, is bounded in L*(I; V,,),
du,

is bounded in L*(I; V,,_),

we have in particular that u, is bounded in W'2(I;V,_,), and by classical
compactness arguments we conclude that #, » uin Y.

To treat the continuity of @ we still denote by u,u, e Y(n=1,. . .) the corres-
ponding images of ¢, @, G(n =1,...) under the map &. Let us subtract the

4The proof of continuity could be given without imposing restriction on D. However,
this would be inessential for our purposes.
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equations (1.9), written for u and u,, multiply the result by #, — » and calculate the
H™ 1 (Q)-inner product. Setting y(t) = ||#, — # .- 1, after some easy calculations
we get

YO+ ap(0) £ CU + ulp-1, 7 + l#llm 1) 00— @lly,

where 4 can be chosen positive for D sufficiently small. Then noticing that ||z}, is
bounded (Lemma 2.4) we conclude that |u, — ully < C,| ¢, — ¢ |y, and thus the
continuity of @ is proved. [

We are now ready to prove

Lemma 3.2 (Local Existence). Given arbitrary to = O and u(x,to) € V,,, m = 1, with
la(to) . < D, D sufficiently small, there exists T > 0 such that problem (1.4)-(1.7)
has a unique solution in [ty,ty + T ] with

(,v) € GX(CI; Vs ) nLO(I; H™ 3 (Q))),

(3.3)
@ = LOO(IHm+2(Q))
dt ’ '
In particular, if ||u(to)|lm < 3D, then T can be chosen as
K, 1+ K,
=—In{ ———— 0 4
T Dln<z};D+K2>> (3.4)

where the positive constants K, and K, depend only on Q, m, v and «.

Proof. We apply the Schauder fixed-point theorem. In view of Lemma 3.1, for
existence and the proof of (3.3); we only need to prove that & maps G into itself. Let
ustake @ € G(|@ |l v < D)and fix t, = 0. From (2.13), proceeding as in the proof
of Lemma 2.4 and using Gronwall’s lemma, we get

vM

Co+C)Me 7
lula = o) e T M + o =

(e + Mt _ 1)

b

where M = CD (with C the constant in Lemma 2.2). Thus, if |u(x,ty) ||, < D, it
follows that there exists T > 0 such that #(G) < G and that, in particular, for
|l a(x, 20} lm < 3D we may take T as in (3.4). Condition (3.3), can be proved as in
(2.15). Finally, the uniqueness of the solution follows from [5]. O

Using the global a priori estimates of Lemma 2.6, we can extend the local
existence of the previous lemma to deduce our main result:

Theorem 3.2 (Global Existence). Let wugeV,, m=1. There exists &, =
go(Q, m, v, o) > 0 such that if

l#ollm = &0,
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then problem (1.4)—(1.7) has a unique solution for all t € [0, oo ) with
e C(0,T; Vi) L0, T; H™3(Q))

(3.5)
® L0, T3 (@)
dt
Jor all T > 0. Moreover, for m = 2,
dzv o . m+ 1
e e L*(0, T;H"™*(Q)). (3.6)

Thus in particular, for m = 4, v is a classical solution, i.e.,
ve CH0,T; C3*(Q)).

Proof. We choose ||uo ||, < min{D,} =& By Lemma 3.2 we have existence on
[0, T]. Moreover, by Lemma 2.6 (inequality (2.19),) we have®
u(T)|m = Clluo ||m
for C independent of [u, ||, and T. Choosing ||u, ||, < &/C = g, we get existence
on [T,2T ] and again by Lemma 2.6 we get
[u@2T)|lm < Cllugllm = -

Repeating this procedure we obtain the solution on [0, + oo) which satisfies
properties (3.5). It remains to show (3.6). Differentiating (1.5) with respect to time ¢,
we get

ot ot
From Lemmas 2.6 and 2.2 we know that
ue L0, T;H"(Q)),

X e Lm0, ;1" (@),

Pu v(om ov 0 0
veL’ el ) = L — Y (v-Vu)
32 + oc( cur > 6t(u Vv) 8t(v Vu)

ve L*(0, T; H"3(Q)),

P Lo, T H™2(Q),
ot
so that we have the estimates (¢f. Lemma 2.3)
5, Ou ov
—(u-V ZCy ||=— m m— - < + oo,
Bt(u v) et 1( Bt m_z,TH”H vr.7 tll#llm-2 1 2 m+1,T> 0
0 ov Ou
—(v- < e = .
Hat(v ve) m—Z,T:C2< 7 m,T”u”m_l’T_‘_ 124, 7 ot m—1,T> =T

51t is clear that |u(T)],, is finite, since e C(0, T;V,,_ ) L= (0, T; H™(Q)).
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Hence we find that

2
LM Lm0, T 20,

and consequently from Lemma 2.2 we conclude (3.5). Now choosing m = 4 we have

*u o o%v s
52 € L®(0, T;H*(Q)) which implies that 7€ L*(0, T; H>(Q)).
By a Sobolev embedding theorem we get

ve W20, T;Xs) 5 C'(0, T;C3(Q)). O

Remark. The results of Theorem 3.2 can also be obtained by using the Leray-
Schauder fixed-point theory, as shown in a previous version of this paper [11].
However, the proof is more complicated than the one presented here.
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