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Abstract

This paper examines the Stokes’ flow due to an axially symmetric body rotating about its axis
of symmetry in a micropolar fluid which sustains anti-symmetric stress and couple stress.
General solutions are obtained to the coupled differential equations governing such a flow
and the special case of a sphere is deduced. Then, with the aid of a concentrated couple, a
simple formula for the couple experienced by a body is derived in terms of the angular velocity
of the flow field.

§ 1. Introduction

In a companion paper [ 1] the Stokes’ flow problem was considered for an
axially symmetric body moving with uniform velocity in an infinite
incompressible micropolar fluid. In particular, a general expression for the
drag was obtained in terms of the stream function by using an argument
advanced by Brenner [2] involving an axisymmetric point force. This drag
formula was similar to that derived by Payne and Pell [3] in the classical
case. The purpose of the present paper is to examine in some detail, the
Stokes’ flow problem for the case in which an axially symmetric body is
uniformly rotating about its axis of symmetry. General solutions are
obtained for this type of rotational motion and the special case of flow due
to the rotation of a sphere is deduced. We then establish a simple formula
for the couple experienced by an axially symmetric body in micropolar
fluids in terms of the angular velocity of the flow. This formula is similar to
that of Kanwal [4] in the case of classical fluids.

The theory characterizing this particular class of so-called micropolar
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fluids, was developed by Eringen [5] in 1966 and since then it has been
under intensive investigation. Unlike Stokes’ couple stress theory [6]
which represents the simplest generalization of the classical theory that
allows for polar effects, Eringen’s theory introduces a kinematically
independent rotation vector v. This theory may serve as a satisfactory
model for a description of the flow properties of such rheologically
complex fluids as polymeric suspensions, liquid crystals and animal blood
for which the classical Navier-Stokes theory is inadequate.

§2. General solution

We now consider the Stokes’ flow due to the slow steady rotation of an
axially symmetric body in an unbounded incompressible micropolar fluid
at rest at infinity. Such a flow in a region D exterior to the closed boundary
B of the body, is governed by the following basic equations [5]:

The equations of motion

ta;+fi=0, my;+egut,+1=0, (1)
and the linear constitutive laws

t;= _péij + %(2/1 + K)(Ui,j + Uj,i) + K'gijk(wk — V),

)
my;=ovy 0+ Py, i+ vy
together with the continuity equation
V=0, 3)

where t,; are components of the stress tensor, m;; are the components of the
couple stress, v is the velocity vector, v is the micro-rotation vector, fis the
body force, lis the body couple, p is the pressure, J,; is the Kronecker delta,
Eijk is the alternating tensor, («, f, ¥, u, k) are constants characteristic of the
particular fluid under consideration and ; = $(V x ),

Equations (1), (2) and (3) reduce to the following system of coupled
vector differential equations governing the flow within the region D:

—(u+rx)VxVxo+rVxv—Vp+f=0, )
G+ B+y)VVv— VXV xv+xVxv—2xv+1=0, %)

Vo=0. (6)
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It should be emphasized that the quantity x links together, through the
above field equations, the velocity field and the micro-rotation field and for
this reason it is sometimes called the coupling constant. If x vanishes, (4)
and (5) are decoupled and the classical Navier-Stokes theory is recovered.

To determine the velocity, micro-rotation and pressure fields, (4), (5)
and (6) must be solved subject to the relevant boundary conditions. Here
we shall adopt the conditions suggested by Eringen [5] which are

v =g, V=1vg on B, (7)

where the quantities vy, vy are respectively the prescribed values of the
velocity and micro-rotation vector at a point on the boundary B. Working
in spherical polar co-ordinates (r, 8, ¢) and assuming symmetry about the
axis 8 = 0, , we let

v=1[0,0, v¢(r, N1 v=_[v 0), v, 0),0].

The continuity equation (6)is then automatically satisfied while (4) and (5)
reduce to the following form:

op p
E - 05 —ag - 0, (8)
(u+r)lvy +KxG=0, 9)

OF 7 oG
(05+ﬁ+7)~ar— ((90 +GCOt9>

K [0v
+_<60 +v¢cot0> 2kv, =0, (10)

10F (3G G 8
R e R =R B Do L %) _oky,=0, (11)
br or r

1
r*sin?0
Equation (8) implies a constant pressure throughout the flow field D while
(9), (10) and (11) yield the following system of equations:

where F(r,0) = Vv, G(r, §) = V xv), and L = V* —

LIL - ), =0, (12)

(V2 — b%)F =0, (13)
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(L- A5G =0,

K(Q2u + x) 5 2ic
Kot w) o apr— 2
Y+ O a+f+y

From (12) it follows that if

where A2 =

Lv,, = 0, (L — /12)%2 =0,
then
vrﬁ = Uy, + Vs,

is a solution. Using this and (9) we see that

N A2y + K) ,
K

G= P2

Let
Uy = vy sin @i = 1, 2);

then it can be easily verified that
V2u,, = sin pLvy,
Hence (15) becomes

Viu, =0, (V2 — 2, =0.

(14)

(15)

(16)

A7)

(18)

(19)

We have thus reduced the mathematical problem to that of solving
Laplace’s and Helmholtz’s equations whose solutions in most widely used
co-ordinate systems are well known. Moreover, if we have any solution of
the form u,; = H(r, 0) sin ¢, then we can immediately conclude that the
solution to our problem is vy, = H(r, §). For example, a well known

solution of Laplace’s equation is given by

Uy, =sing 3 [AL"+ Bl TJ[CLPL(E) + DIQA(E)]

n=1

where £ = cosf, PI(&), Qr(&) are the associated Legendre functions and

A}, B, CL, D} are constants.
Hence

o0

vy, = 2 [Ayr"+ Byr " H[C, PL(E) + CLOL(E)].

n=1

(20)
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Similarly it can be shown that

z rAARL () +
+BiK, , ,UrIICIPL (&) + D30, (O], (2D)
F(i" é)"‘ Z r 2[An n+L(br)+
+B.K, ,j(br)][CIP, () + D70,(O)),  (22)

where I, ,, K, , are the modified Bessel’s functions. Hence the velocity
field is given by
Vp = Upy T Vg

where the expressions for v, and v,, are explicitly given above. To obtain
the micro-rotation components, we observe from (10), (11) and (17) that

1 éF 1 (0
V, =5 A+A—< ;21 +v¢lcot6’>+

Tob? or
u+r 1 [0ov,,
+ — + v,,c0tl |, (23)
,

K 06

1 0F 1 /[dv v U+ [0y v
= d1L oy “ds ) 2 | Y92
vo b2 7'69 2 ( or + 7 ) K < ar + ¥ ) (24)

Substituting (20), (21) and (22) into the above equations produces after
some simplification, the following expressions:

g‘, [CaP,(&) + D3Q (LA {br~ 2, (br) —

— (n+ 13, (br)} — BX{br 3K, _,(br) +
n+1) 1

-

+ Byr " THLCHEPL(E) — P (9} + D{¢05 () —

(n+1) p+x

Jie o«

+ (4 13K, (br)}] + (Al +

— Q. (O} + rLARL () +



248 H. RAMKISSOON

+ BIK,  Ur)I[CHEPL(€) — P, (O} +
+Di{E0,(O) - 0,, (D1, (29)

3

nr- =

KR A=

0

(421, ,(br) + B,?Kn+%(br)][C;31{£Pn(é) -

Pn—l é)} + D3{£Q (é - n—l(é)}] "'
CIPYE) + DI (n + DAL —

— nBtr=2) — £1E re2ple) 4+ D201(9)] x

x [Af{ir_%ln_%(/lr) —nr 3, (Ar)} —
— B2{Ar 3K, _,(Ar) + nr 3K, (An)}]. (26)

We have thus generated the complete general solution for slow steady
axisymmetrical rotational flow. In our particular case of flow due to the
rotation of an axially symmetric body in an unbounded micropolar
medium, the condition at infinity demands that for all n

Al =A2=42=0,

n

while
= D,% = D: =0,

for all nbecause of the singularity of the functions Q,(¢) and Q1 (¢) along the
axis ¢ = + 1. Hence our solution will be of the form

= 3 PAO[Ay "+ By K, ()], @7)

n=1

= 3 GhO

n=1

[br72K,_,(br) + (n + D=3k, . ,(br)] +

(n+1)

e

A 3
X I:T"r_"_z + ﬂ—zﬁBn"_in%(’lr)jl’ (28)

[EPL(E) — Pr_ 4 (6)] x
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)= i nCyr~*
¢ n=1 bZ\/l ‘62

n P;(f)["TA"r"—Z

K, (br)[P,_, () = <P (O)] +

u+

——— B {Ar K, _ (4r) +

+ nr‘gKH%(/lr)}:l, (29)

where A,, B,, C, are constants to be determined from the boundary
conditions. We now make the following observations:

(i) The above solutions will also be valid for the case of an axially
symmetric system of finite bodies which slowly rotates about its axis of
symmetry. ©

(i) Asx—0, v,— X AP (&Er """

n=1

which is the classical result [ 7].
(iii) The far field solution for the velocity field is similar to that for
classical fluids since (27) implies that

v, =0(r"?)asr— oo,

§ 3. Flow about a rotating sphere
As a particular case of the solution given by (27)-(29), we have for n =1,

v,=[A;r"? 4+ Br *K,(Ar)]sin6, (30)

vrz[Ali‘_3+2w:K)B TEK (Ar) + 1{br_%K%(er-

+2r RK (br)} [cosh,  (31)

v0=|i21r'3 (et %) B, {r T K (Ar) + r TEK () +

3

Cri

T

(br) sind, (32)

which are identical to that obtained by Rao et al. [8] for the case of slow
steady rotation of a sphere. If the sphere rotates with a constant angular
velocity 2, then the boundary conditions of no-slip and no-spin lead to
the following equations on the surface r = a:
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r

vy = Qasinb, v, =v,=0. (33)

Substitution of these boundary conditions (33) into (30), (31) and (32)
determines the arbitrary constants 4,, B, and C,; whose values are noted
here for future reference:
2Q.a°
4, = ——OaAﬂi”—)[(z +2ab + a2b¥)i2 + (1 + ad)],
Q. xatb?
AK, (ha)’
_2Q,2a*b*(u+ x)
- AK,(ab) ’

B, = (34)

¢,

where 4 = 2A%(u + x)(2 + 2ab + a*b*) + b?(2u + x)(1 + al).

Evaluation of the couple is often a troublesome problem even more so in
the case of micropolar fluids where the couple has contributions from the
Cauchy stress t,, as well as the couple stress m,; which these fluids can
sustain. In the relatively simple case of a sphere, the expression for the
couple N has been calculated [8] and is found to be

N =47Qu + x)4,, (35)

where A4 is given by (34). Note that in the limit as x — 0, we recover the well-
known classical result of Stokes [9], i.e.,

N, =8rua*Q,. (36)

To calculate the couple for any other body would entail cumbersome
working and so it would be useful to have a simple formula for this couple.

Kanwal [4] derived such a relation between the couple experienced by
an axially symmetric body and the angular velocity of the flow for
Newtonian fluids. With the aid of a point or concentrated couple, we now
proceed to establish a similar relation for micropolar fluids.

§4. Concentrated couple

The mathematical technique devised in our companion paper [ 1] to obtain
the fundamental singular solution due to a point force, consisted of a
Helmholtz decomposition followed by a three-dimensional Fourier trans-
form. Here however, the method of associated matrices [10] shall be
utilized as an alternative.
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Let
100 X,
I = 010 5 X = XZ >
00 1 X,
0 -X, X, X2 XX, XX,
Y=| x, 0 -X, |, Z=| XX, X X)X,
-X, X, 0 XX, XX, X2

be matrices with elements as real numbers. If d*> = X] + X2 + X3 and the
superscript “t” over a matrix denotes its transpose, then the following can
easily be verified:

XX =d X'Y=0, X'Z=dX,
YX=0, Y’=-d*1+2, YZ=0,
ZX =d?X, ZY=0, Z?=dZ,
XX'=7Z7.
Denoting matrix operators A, X, Y, Z etc. by capitals and working in

Cartesian co-ordinates (x,, x,, X;), we let 6/0x; = X, (i = 1, 2, 3). It then
follows that

Vi=d? Vxu=Yu and VV-u=Zu,
where a vector u is represented by the column matrix {u,, u,, u,]". The

system of equations given by (4), (5) and (6) can now be represented in
matrix form as

~f
Al v | =] =1 |, (37
P 0
where the matrix A is given by
LI kY -X
A=| kY L] + (. + B)Z o |, (38)

Xt 0 0
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where L, = (¢ + x)d* and L, = yd* — 2«.
The solution of (37) takes the form

v —f
v | =41 =1 | (39)
D 4]

and so the problem reduces to finding the inverse matrix A~ ! of (38).
After some working this is found to be

[ LdI-L,Z xY X
L L, &
A-—l — _EX L1L4I+{K2_(a+ﬁ)L1}Z 0 , (40)
L, L,L,
X(
— o L+ K
L d2 —d

where L, = L,L, + x*d* and L, = (x + f8 + y)d*> — 2«. Substitution of
{40) into (39) now produces the following Galerkin-type representations
for the field parameters v, v, and p:

v=V[yV? = 2]¥ — [yV? - 2k]VV- ¥ —
—x[a+B+y)V?=2c]Vx @+ VD, (41)
v=—kV3(V X )+ (u+x)V[(x+ S+ y)V> - 2k]o +
+[x? — (2 + B)(u + k)VZ]VV 9, 42)
p=—V[yu+rWV?* —xQu+x)V-¥?, 43)
where ¥, ¢ and & satisfy the equations
VAy(u + )V — kQu + x)]¥ = —f, (44)
V(o + B+ V2 — 2]y + KV? —2u+ K)o = —1  (45)
Vi =0. (46)
It is immediately obvious that

Vip=Vf,
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so that in the absence of body forces, p is in general a harmonic function.
We now examine the particular case of a concentrated couple in the
absence of any body force in an infinite unbounded medium otherwise at
rest. To enable us to do this, we will require the three-dimensional solutions
of the singular equations

V2, V5 V2 + ad, (V2 + a]) (V2 + a), (V2 + a])(V2 + a3)(V2 + a3)]g =
= —o(x~yIL 111,11  (47)

which are given by

g:

H

1 |1 r exp(iagr) exp(ia,r) — exp(ia,r)
4n | 727 r 7 r(a} — a3)

exp (riasr)] (48)

3
2 E
s=1
where
X = (xla X5 X3),
3
r’=3 (x,— ) E,=[(a —al)al—a)] ",
i=1
s#Em#En, s,mn,=1,2,3and o(x — y) is the Dirac delta function.

Let
f=0, I=No(x—y)

with NV as an arbitrary constant vector acting at an arbitrary point y. It can
be easily verified using (47) and (48) that the solutions of the equations (44),
(45) and (46) are given respectively by

v =0, (49)

Ve N L R
Cdmy(u )+ By | ARk bR — A2)

exp (—br) 1 exp(—Ar)
x r + 12(/12 . b2) ¥ :l» (50)

&=0, (51)
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and consequently (41), (42) and (43) yield

_ 1 —exp(—4r)
'S 2t N[ , ] 2)
B _N_exp(—/lr) VV-N y
" dny r dry(u+r)(e+B+7)
k* 1 k?— A% o+ B)u+x) exp(—Air)
x[%w7+ P17 T
k2 —b2(o+ B) (1 + k) exp(—br)
bA(0% — 22) r ]’ 3)
p=0. (54)

These then, are the fundamental singular solutions describing the axisym-
metric flow field due to a point couple and we shall now utilize these results
to obtain a general expression for the couple experienced by an axially
symmetric body in Stokes’ flow.

§5. Couple on an axially symmetric body

Introducing cylindrical polar co-ordinates (R, ¢, z), we let v represent the
velocity field due to a point couple of magnitude N acting at the origin
along the z-direction. Hence

b= é,, N=Né, (55)

where ¢, ¢, are the usual unit vectors.
Substitution of (55) into (52), produces the following simplified ex-
pression for v:

N [R _ Rexp(=4r) Riexp(—/lr)]

= Anu+x) | P 3 r?

or
N

ﬂg:aﬁigau—am—mqum«wm, (56)

where € is the angular velocity.
As k = 0, v — 0, which is expected for classical fluids.
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In order to establish the required formula, an appeal is made to an
argument advanced by Brenner [2] and utilized for the drag formula [17.
The argument is the following: If the medium is unbounded, at a
sufficiently large distance from the obstacle, the flow field must become
identical to that which would be generated by the action of a point couple
equal in magnitude to the couple on the obstacle, provided the fluid is at
rest at infinity. Hence if N is the couple on any axially symmetric body
rotating uniformly about its axis of symmetry and £ is the angular velocity
associated with the flow generated, then

lim r* Q2 = lim r*Q. (57)

rr oo rF—>w

This, together with (56), produces the desired result

N =4n(2u + x) lim r*Q. (58)

| Sdie s}

With the help of this formula, one can evaluate the couple experienced on
any axially symmetric body simply from a knowledge of the angular
velocity of the flow and a simple limiting process.

If we put k = 0, (58) reduces to the classical formula

N, = 8zu lim Q2 (59)

obtained by Kanwal [4]. It is of interest to compare (58) and (59) with the

corresponding drag formulae given respectively by the author [1] and
Payne and Pell [3]. They are:

D = 4n(2u + x) lim %

r—> o

. Ty
Do = 8mp im oz

where i is the stream function.

Asan application of our main result (58), we now deduce the couple on a
rotating sphere. From (30), we see that the angular velocity of the flow field
is of the form

Q= A7 + Byr K, (Ar),



256 H. RAMKISSOON

where the constants A, and B, are given explicitly by (34). With the aid
of (58), the couple experienced by the sphere is easily obtained as

N =1im r’Q = 47Q2u + x)A,

| Sdivel

which is identical to (35).

In conclusion we make the following observations in the case of a sphere
and we note that these observations are similar to those for the drag
problem [1]:

(i) From (35) and (36), it can be verified that N/N, > 1. In fact, we can
establish the following bounds:

K

o

<N/N0<1+~Z—.

(i) The couple increases with x/y, so that in the case of very strong
coupling (x > u), the couple becomes infinitely great.

(iii) In comparison to the classical theory, micropolar fluid theory gives
rise to an increased couple. Whether an increased couple is experienced by
any axisymmetric body in the case of micropolar theory, is a problem
worth investigating now that a simple formula for the couple has been
obtained.
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