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Introduction

In a classical paper, B. Jonsson and A. Tarski [12] showed that a Boolean algebra
endowed with a family of join-preserving operations can be represented as a
subalgebra of a power set PB(X), in such a way that the operations are in
correspondence with certain relations defined on the set X. Later on, P. R. Halmos
[9], [10] characterized the relations between Boolean spaces (i.c., totally discon-
nected and compact topological spaces) which correspond to 0-preserving join-
homomorphisms between the corresponding algebras of clopen (i.e., closed and
open) sets. These relations were called Boolean relations. F. B. Wright [21] com-
pleted these results by showing that the classical Stone duality between Boolean
algebras and homomorphisms and Boolean spaces and continuous functions can be
extended to a duality between Boolean algebras and 0O-preserving join-homomor-
phisms and Boolean spaces and Boolean relations (see also [7]).
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On the other hand, there is a duality between the subalgebras of a Boolean
algebra and certain equivalence relations defined on its Boolean space (see, for
instance, [14]. Note that in [14] the duals of the subalgebras are called Boolean
equivalences, a nomenclature which is in conflict with the one previously established
by Halmos).

The connections between the duality for join-homomorphisms and that for
subalgebras is given by the quantifiers. A quantifier on a Boolean algebra 4 is a
closure operator on A such that its range is a subalgebra of A. The dual of a
quantifier Q considered as a 0-preserving join-homomorphism is an equivalence
relation which is also the dual of the range of Q.

Stone duality for Boolean algebras has been generalized by H. A. Priestley ([16],
[17], see also the survey paper [18]) to a duality between bounded distributive
lattices and certain ordered topological spaces, which are known as Priestley spaces
(see §1). It was shown in [5] that the Boolean duality between quantifier ranges and
equivalence relations can be extended to a duality between quantifiers on distribu-
tive lattices and certain equivalence relations on the corresponding Priestley spaces.
Moreover, L. Vrancken-Mawet [20] established a duality between sublattices which
are closed under relative complementation and certain equivalence relations on the
corresponding Priestley spaces, while M. E. Adams [1] discovered a duality between
sublattices and certain subsets of Priestley spaces. On the other hand, G. Hansoul
[11] extended some of the results of [12] to bounded distributive lattices.

The aim of this paper is to consider in a systematic way the extension of both
kinds of Boolean dualities to Priestley duality. In Section 1, after recalling some
definitions and the main facts about Priestley duality, we introduce the notion of a
Priestley relation between Priestley spaces, and we show that there is a duality
between the category of bounded distributive lattices and 0O-preserving join-homo-
morphisms and the category of Priestley spaces and Priestley relations. When
restricted to the category of bounded distributive lattices and 0—1-preserving
homomorphisms, this duality yields essentially Priestley duality, and when restricted
to the subcategory of Boolean algebras and 0-preserving join-homomorphisms, it
coincides with the Halmos—Wright duality. In Section 2 we establish a duality
between 0—1-sublattices of a bounded distributive lattice and certain preorder
relations on its Priestley space, which are called lattice preorders. This duality is a
natural generalization of the Boolean case, and is strongly related to that of Adams
[1]. Finally the relations among this duality and those developed in [20] and [5] are
considered.

P. D. Bacsich {2] showed that a theorem of A. Monteiro [15] on the extension of
Boolean homomorphisms dominated by join-homomorphisms is effectively equiva-
lent to the well known theorem of R. Sikorski on the extension of Boolean
homomorphisms. S. Graf [7] derived a slightly more general form of Monteiro’s
theorem from a general selection theorem for Boolean relations between Boolean
spaces. Since we do not have in mind any interesting application, we do not try to
generalize this selection theorem, but in the Appendix we show that the distributive
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lattice version of a theorem on the existence of certain minimal join-homomor-
phisms, which plays an important role in the proof of the selection theorem in [7],
is in fact equivalent to the axiom of choice. We also establish the equivalence of a
distributive lattice version of Monteiro’s theorem given in [4] with a theorem on the
existence of some homomorphisms on bounded distributive lattices given in {2]. The
equivalence between the main theorem of [4] and Sikorski extension theorem was
also considered in [8] (but note that in the statement of the lattice extension
theorem on p. 51 of [8], the fundamental condition (C) (see statement (iii) in the
Appendix) is missing).

1. Join-Homomorphisms and Priestley Relations

In this section L, M will denote bounded distributive lattices. By a join-homomor
phism from L into M we understand a mapping j: L — M such that j(0) =0 and
j(a v b) =j(a) v j(b). The meet-homomorphisms are defined dually. A mapping
h: L — M is a homomorphism if and only if it is both a join-homomorphism and
a meet-homomorphism. The category of bounded distributive lattices and join-
(meet-)homomorphisms will be denoted by #(.#), and 2 will denote the subcate-
gory of bounded distributive lattices and homomorphisms. Note that the
isomorphisms in these categories are the same: the one-to-one and onto homomor-
phisms.

Given a relation R € X x Y, for each Z © X, R(Z) will denote the image of Z by
R, ie.,

R(Z) ={y € Y | there is x € Z such that (x, y) € R}
and for each Z = Y, R~'(Z) will denote the inverse image of Z by R, i..,
R YZ)={xe X|R({x})nZ #0}.

Note that the domain of R is R ~!(Y), in symbols, dom(R) = R~ !(Y). When x ¢ X
(y € Y), we are going to write R(x)}(R ~'(y)) instead of R({x})R'({y}).

Let X be a poset (=partially ordered set) and Y = X. We shall denote by
(YI([Y)) the set of all x in X such that x <y (y < x) for some y ¢ Y. Y is increasing
(decreasing) if Y =[Y) (Y =(Y)).

A totally order-disconnected topological space is a triple (X, <, 1) such that
(X, <y)is a poset, (X, 7) is a topological space and given x, y in X such that x £ y,
there is a clopen (=closed and open) increasing set U such that x e U and y ¢ U.
A Priestley space is a compact totally order-disconnected topological space. Given
a Priestley space X, D(X) will denote the lattice of increasing clopen subsets
of X.

Given a bounded distributive lattice L, X(L) will denote the Priestley space of L,
i.e. X(L) is the set of prime filters of L, ordered by inclusion and with the topology
having as a sub-basis the sets of the form oy(a) ={PeX(L)|aeP} and
X(L)\o(a) for each a € L.
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It was shown by H. A. Priestley [16], [17] (see also the survey article [18]) that
op: L ->D(X(L)) is a lattice isomorphism and that the mapping ¢,: X — X(D(X))
defined by the prescription &x(x) = {U € D(X) | x € U} is both a homeomorphism
and an order isomorphism.

1.1. LEMMA. Let je #(L,M), Qe X(M) and T< L. If given t,,...,t in T,
there is an a € j~'(Q) such that a <t, A~ A ty, then there is a P € X(L) such that
TcsPcj Q).

Proof. Note first that since Q is a prime filter of M, then /= M\j~!(Q) is an
ideal of L. Let F = F(T) be the filter generated in L by the subset T. Since j~(Q)
is an increasing subset of L, the hypothesis on T implies that F <;j~'(Q), i..
FnI=0. Therefore, by the Birkhoff—Stone Theorem [3, I11.4. Theorem 1], there is
a prime filter P of L such that F€ P and PnI=@. [ ]

1.2. DEFINITION. Let X and Y be Priestley spaces. A relation R € X x Y is said
to be a Priestley relation provided the following conditions are satisfied:

(1) For each x € X, R(x) is a closed and decreasing subset of Y.

(ii) For each ¥V e D(Y), R~Y(¥V) e D(X).
A Priestley relation is said to be functional in case dom(R) = X and R(x) has a
greatest element for each x in X.

We are going to denote by 2(X, Y) the set of all Priestley relations R € X x Y,
and by #(X, Y) the subset of functional Priestley relations, where X and Y are
Priestiey spaces.

REMARKS. Let R € (X, Y). Since Y € D(Y) and dom(R) = R~!(Y), we see that
dom(R) e D(X). Moreover, R is a closed subset of the product space X x Y.
Indeed, suppose (x, y) ¢ R. Then y ¢ R(x), and by condition (i) in Definition 1.2
there is ¥ € D(Y) such that y € ¥V and ¥V n R(x) = 0. By condition (ii) in the same
definition, R ~Y(V) € D(X). Therefore (X\R~!(V), V) is a neighborhood of (x, y)
disjoint from R.

1.3. EXAMPLES. (i) The empty relation is trivially a Priestley relation.

(ii)) Let X, Y be Priestley spaces. If f/: X - Y is a continuous and monotonic
function, then R, ={(x,y) e X x Y|y <f(x)} e (X, Y). Indeed, R/(x) = (f(x)],
which is a closed [18, Proposition 2.6] and decreasing subset of Y and
R7'(V)y=f"'(V) for all increasing subsets of Y. Conversely, with each
R e #(X, Y) associate the function fp: X — Y by defining fp(x) as the greatest
element of R(x). Since for each U € D(Y), fg '(U) = R~'(U) € D(X), it follows that
fr is continuous and monotonic. It is plain that R = R, and f=f »

(iii) In particular, for each Priestley space X, the dual order >, = X x X is the
functional Priestley relation associated with the identity function on X.

(iv) Let L,M be bounded distributive lattices. For each je #(L, M),
*={(Q,P)eX(M) xX(L) | P<j " (Q)} is a Priestley relation, and dom(j*)=



PRIESTLEY DUALITY FOR DISTRIBUTIVE LATTICES 303

{0 e X(M) | j(1) € Q}. Indeed, it is plain that j*(Q) is a decreasing closed subset of
X(M) for each Q € X(L) and that j*~ (6. .(a)) < om(j(a)) for each a € L. Hence to
prove that j* is a Priestley relation we need to show that oy (j(a)) <j*~'(o.(a)) for
each a € L. Let Q € 65,(j(a)). Then a € j~'(Q). By Lemma 1.1 with T = {a}, there
is a prime filter P of M such that ae P and P =;j~'(Q). This implies that
j*¥(Q) nay(a) #9, ie. that Q €j* (or(a)). Finally, Q €, *(X(L)) if and only if
there is P € X(L) such that P =~ }(Q), and by Lemma 1.1, the last condition holds
if and only if j~'(Q) # 0, i.e. if and only if j(1) € Q.

(v) je #(L, M) is a homomorphism if and only if j* e #(X(M), X(L)). For,
suppose first that j is a homomorphism. For each Q € X(M), we have j*(Q) =
(j~YQ)], because j~YQ) € X(L). Therefore j* e F(X(M),X(L)). To prove the
converse, suppose now that j* ¢ F(X(M), X(L)). Note first that this implies
X(M) =dom(j*) ={Q € X(M) | j(1) e @}, ie. j(1)=1. Let Q e X(M). There is
P, e X(L) such that P =j~1(Q) if and only if P < P,. In particular, P, <j~'(Q).
Suppose there is a € j ~(Q)\ Py. Then we could apply Lemma 1.1 with T = Pyu {a}
to prove the existence of a P € X(L) such that Py P =~ !(Q), a contradiction.
Therefore j~'(Q) € X(L) for each @ € X(M), and it is well known that this implies
that j is a lattice homomorphism. [ |

REMARK. When X and Y are Boolean spaces (i.e. Priestley spaces in which the
order relation is the identity), Priestley relations coincide with the Boolean relations
defined by Halmos [9]. Note that a Boolean relation is functional if and only if R(x)
is a singleton for each x in X, i.e., if and only if R is a function from X into Y.

1.4. LEMMA. Let X and Y be Priestley spaces. For each R € #(X, Y) and elements
s, t of X, s <t implies R(s) < R(?).

Proof. Suppose s < t and take y ¢ R(7). Since R(?) is closed and decreasing in Y,
there is ¥ e D(Y) such that y € V and ¥V n R(?) = 0. This last equality means that
t ¢ R~(V), and since by condition (i) in Definition 1.2, R~!(V) is an increasing
set, we also have s ¢ R ~!(¥V), that is, ¥ n R(s) = 0, therefore y ¢ R(s). [ |

Note that the composition of Priestley relations is a Priestley relation. Indeed,
suppose R e (X, Y) and S € #(Y, Z). 1t is plain that the composite relation SR
satisfies property (ii) in Definition 1.2. For each x € X,

SR(x) = m,((R(x) x Z)nS) =) {S() | y € R(x)}.

Since by the remark following Definition 1.2, S is a closed subset of Y x Z, the first
equality implies that SR(x) is closed in Z (cf. [10, (a) p. 165]), and the second one
that it is decreasing. Therefore SR € #(X, Z). On the other hand, for each
Re?(X, Y), we have that R >, =R and >, R = R. Indeed, for each x in X, by
Lemma 14 R >,(x)=J{R()|x>1t}=R(x), and by (i) in Definition 1.2
>, R(x) = J{(s] | s € R(x)} = R(x). From these remarks we see that we can define
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the category # whose objects are the Priestley spaces and whose morphisms are the
Priestley relations. The subcategory formed by the same objects but having the
functional Priestley relations as morphisms will be denoted by £,. It follows from
Example 1.3 (ii) that &, is equivalent to the category of Priestley spaces and
continuous monotonic functions.

Our next task will be to show that 2 is naturally equivalent to the opposite of the

category #.

1.5. LEMMA. (i) For each R € #(X, Y), the correspondence U — R~'(U) defines a
join-homomorphism R*: D(Y) - D(X), and R*(Y) = dom(R).

(i) If je #(L, M) and k € #(M, N), then (kj)* =j*k*.

(iiil) If Re P(X, Y) and S € (Y, Z), then (SR)* = R*S*.

(iv) If j e #(L, M), then for each a € L, j**(or(a)) = om(j(a)).

(V) If Re #(X, Y), then for each x € X and each y € Y, (x, y) € R if and only if
(ex(x), ev(y)) € R**.

Proof. (i) It is an immediate consequence of property (ii) in Definition 1.2.

(ii) It is easy to check that j*k* < (kj)*. To prove the other inclusion, suppose
(S, P) € (kj)*. Hence P =j—'(k~'(S)), i.e. j(P) =k~ '(S). Let by, . . ., b, be in j(P).
Then there are a,,...,a, in P such that b,=j(a,), i=1,...,k Since
a=a, A - Aa.eP, we can apply Lemma 1.1 with T =j(P) to conclude the
existence of Q eX(L) such that j(P)=Q =k~!(S), and this implies that
(S, P) e j*k*.

(iii) It follows from the well known fact that (SK) (W) = K~ 1(S~ (W) for
each W< Z

(iv) By Lemma 1.1 with T = {a}, Q € oyy(j(a)) is equivalent to the existence
of a PeX(L) such that ae P<j (Q). This condition is equivalent to
j*(Q) Ny (a) # 0, which in turn is equivalent to Q € j**(o.(a)).

(v) By condition (i) in Definition 1.2, (x, y) ¢ R if and only if there is ¥ € D(Y)
such that y e ¥V and V A R(x) = 0. This is equivalent to ¥V eey(y) and R*(V)=
R~Y(V) ¢ ex(x), which is equivalent to V € ey(y) and ¥V ¢ R*!(ex(x)), which is
equivalent to (ex(x), £y (»)) ¢ R**. [ ]

It follows from Example 1.3 (iv) and properties (i)—(iii) in the above lemma that
we can define contravariant functors X: # >4 and D: 2 — ¢ by defining
X(j) =j* for each join-homomorphism and D(R) = R* for each Priestley relation.
Moreover, since for each bounded distributive lattice L, op: L - D(X(L)) is an
isomorphism in ¢, property (iv) means that the composite functor DX: ¢ — ¢ is
naturally equivalent to the identity functor, the natural equivalence being given by
the isomorphisms oy . On the other hand, since for each Priestley space X, ¢ is both
a homeomorphism and an order isomorphism from X onto X(D(X)), it follows that
px = R,, is an isomorphism in #. Let us see that these isomorphisms define a
natural equivalence from the composite functor XD to the identity functor in 2. We
need to prove that for each pair of Priestley spaces X and Y and each R € #(X, Y),
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R**p, = p,R. Suppose (x, ey(y)) € R**px. This means that there is ¢ € X such that
(x, ex(D) € px and (ex(?), ey (y)) € R**. It follows from the definition of px and
Lemma 1.5 (v) that these conditions are equivalent to ex(?) < éx(x) and (¢, y) € R,
and by taking into account that ¢4 is an order isomorphism and Lemma 1.4 we
obtain that (x, y) € R. Since obviously (y, ey(»)) € p,, we have (x, ey(y)) € pyR.
Therefore R**py < pyR. A similar argument (which uses property (i) in Definition
1.2 instead of Lemma 1.4) shows that pyR € R**py. Thus we have proved the
following:

1.6. THEOREM. The categories § and P are naturally equivalent. More pre-
cisely, the composite functors DX and XD are naturally equivalent to the identity

functors of ¢ and P, respectively. The corresponding natural equivalences are o
and p. ]

In the above proof we have used the fact that R, is an isomorphism in £ provided
that /* X — Y is both a homeomorphism and an order isomorphism. In the next
proposition we show that all isomorphisms in £ are of this form.

1.7. PROPOSITION. R € #(X, Y) is an isomorphism in the category 2 if and only
if there is a homeomorphism f from X onto Y which is also an order isomorphism and
such that R = R,.

Proof. Let R € #(X, Y) be an isomorphism. Since D is a (contravariant) functor,
D(R) = R* is an isomorphism in ¢, i.e., a one-to-one homomorphism from D(Y)
onto D(X), and by Examples 1.3 (v) and (ii), there is a continuous and monotonic
g:X(D(X)) - X(D(Y)) such that R** = R,. It is easy to check that g is in fact an
order isomorphism and a homeomorphism. Therefore f=¢y!gex is an order
isomorphism and a homeomorphism from X onto Y. By Lemma 1.5 (v), (x, »)
eR if and only if (ex(x),ey(y)) € R,. This last condition is equivalent
to y <&y '(glex(x))), ie., equivalent to (x,y) € R, The converse implication is
obvious. |

REMARK. By Example 1.3 (v), the restriction X, of the functor X to the
subcategory 2 is a contravariant functor of this category into #,, and it is easy to
check that the functors D and X, establish a natural duality between the categories
D and 2,. Since, as noted above, 2, is equivalent to the category of Priestley
spaces and continuous order-preserving functions, in this way we obtain essentially
Priestley duality.

We now turn our attention to the case in which ¥ = X.

1.8. LEMMA. The following properties hold true for each R e R(X,X) and
U eD(X):

(i) U< R*(U) if and only if R is reflexive.

(ii) R*(R*(U)) < R*(U) if and only if R is transitive.
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Proof. (i) Each of the following conditions is equivalent to the next one: (1)
(x, x) ¢ R, (2) x ¢ R(x), (3) there is U e D(X) such that x e U and UnR(x) =90
and (4) there is U € D(X) such that U ¢ R~'(V).

(ii) It is obvious. |

2. Relations Associated with Sublattices

In this section we continue to denote by L a bounded distributive lattice, and X will
denote a Priestley space.

For each M < L, define M * = {(Q, P) e X(L) x X(L) | Pn M < Q} and for each
R<X x X, define R* ={UeD(X) |R"'(U) = U}.

REMARK. By Lemma 1.8 (i), if R is reflexive, then R* ={Ue
D(X) | R-\(U) = U}.

2.1. LEMMA. The following properties hold true for each M < L:

(i) M* is a preorder ( =reflexive and transitive) relation on X(L).

(ii) For each ae M, M * ~(0o.(a)) S a.(a).

(iit) If M is a 0—1-sublattice of L, then M * ~ (o (a)) < o1.(a) implies a e M.

Proof. (i) is obvious. To prove (ii), let a € M. If P ¢ M * ~'(o(a)), then there is
Q eap(a)such that nM c P.Sinceae Qn M, we havea e P, i.e., P € o (a). To
prove (iii), take a ¢ M. Let F be the filter of L generated by [a) n M. Since
(@nF=@¢, by the Birkhoff-Stone theorem there is a P eX(L) such that
[@nM =P and a ¢ P. Let I be the ideal of L generated by (L\P) M. Since
In[a) =0, again by the Birkhoff-Stone theorem there is Q € X(L) such that a e Q
and O "M n(L\P) = . This shows that P € M * *(¢s.(2)) and P ¢ oy (a). ]

2.2. LEMMA. The following properties hold true for each R < X x X:

(i) R* is a 0-1-sublattice of D(X).

(ii) If (x,y) € R, then (ex(x),ex(y)) eR* *.

(iii) If R satisfies the condition: (I) Given x,y in X such that (x,y) ¢ R, there is
UeR? such that y € U and x ¢ U, then (ex(x), ex(»)) € R* * implies (x,y) € R.

Proof. (i) is very easy to check. To complete the proof, note first that
(ex(x), ex(»)) ¢ R* * if and only if there is U e R* such that ye U and x ¢ U.
Since this last condition implies y ¢ R(x), we have (ii), and (ii) is now
obvious. ]

Motivated by (iii) in the above lemma, we introduce the following:

2.3. DEFINITION. A lattice preorder on X is a preorder relation defined on X
which satisfies property (/).
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2.4. THEOREM. (i) For each M <L, M*#* =g, (M) if and only if M is a
0—1-sublattice of L.

(ii) For each RS X x X, R** = {(ex(x), 6x(»)) | (x,») € R} if and only if R is a
lattice preorder on X.

Proof. (i) If M is a 0—1-sublattice of L, it follows from (ii) and (iii) in Lemma
2.1 that M * # =g, (M). On the other hand, by (i) in Lemma 2.1, M* is a
preorder on X(L), and then by (i) in Lemma 2.2 it follows that M #*# is a
0-1-sublattice of D(X(L)). Since oy, is an isomorphism, if M * # = g, (M), then M
is a 0—1-sublattice of L.

(i) If R is a lattice preorder on X, it follows from (ii) and (iii) in Lemma 2.2 that
R** = {(ex(%), ex(»)) | (x, y) € R}. On the other hand, by (i) in Lemma 2.2, R *
is a sublattice of D(X), and then by (i) in Lemma 2.1 R* # is a preorder on
X(D(X)). Therefore, R* * = {(ex(x), ex()) | (x, ») € R} implies that R is a pre-
order on X, and since R* * satisfies (/) (see the proof of Lemma 2.2), it follows
that R also satisfies (/). |

Since for each family {R,: i e I} of relations on X, | | {R”* :iel}=((\{R.:iel})*,
it follows that the lattice preorders on X, ordered by inclusion, form a complete
lattice, which will be denoted by @(X). We will denote by F(L) the lattice of
0—1-sublattices of L.

Let M, N be in #(L). It is obvious that M < N implies N* < M #. Suppose now
that N* = M #* and let a € M. By (ii) in Lemma 2.1 M * ~'(6.(@)) < 61(a), and
since N* ~op(a)) € M* ~'(6.(a)), by (iii) in the same lemma a € N. Hence
M < Nif and only if N* = M #. On the other hand, let R be a lattice preorder on
X(L), and let M =0y '(R*) ={a € L | R '(6(a)) S o.(a)}. Since oy, is an isomor-
phism, by (i) in Lemma 2.2 M € %(L), and by condition (/), M * = R. Therefore
we have proved the following:

2.5. THEOREM. The correspondence M +—> M * establishes an anti-isomorphism
from the lattice (L) onto the lattice O(L). 7 |

Note that
SM)=M?* ""\<xq, ={(P, Q) eX(L) x X(L) | PAnMcQand PZQ}

is the separating set of the subspace M introduced by Adams [1]. The connection
between S(M) and M was established by considering essentially the equivalence
Me=M#*nAM* "' (which is the kernel of the dual mapping of the inclusion
M o L) and showing directly that the quotient set X(L)/M*, endowed with the
quotient topology and with the order induced on the equivalence classes by M * — 1,
is a Priestley space, order isomorphic and homeomorphic to X(M) (see [18, p. 50]).

As particular cases of lattice preorders we can consider lattice orders and lattice
equivalences.
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2.6. THEOREM. The following propositions hold true for each M € $(L):

(i) M #* is an order if and only if for each prime filter P of M there is exactly one
prime filter Q of L such that P=0Q M.

(i) M* is an equivalence if and only if M is a Boolean sublattice of the center
of L.

Proof. (i) is obvious. To prove (ii) observe first that M is a Boolean sublattice of
the center of L if and only if it is a Boolean algebra. Suppose now that M is a Boolean
algebra and that (P, Q) e M *. Since Q "M and P ~n M are maximal filters of M,
we must have Q"M =P M, and (Q, P) e M #. Suppose now that M is not a
Boolean algebra. Then by a well known theorem of Nachbin [3, II1.6 Theorem 3]
there are prime filters p, g of M such that p = ¢q. If P, Q are prime filters of L such
that PnM=p and OnM =g (see [3, II.6 Theorem 5(ii)], we have that
(P,Q)eM* and (Q,P) ¢ M *. u

REMARK. From (ii) in the above Theorem we obtain the well known correspon-
dence between subalgebras of a Boolean algebra and equivalences on its Stone space
satisfying property (/) (see [14, §8.2]).

For each je #(L, L), let M,={acL |j(a) <a}. It is easy to check that M, e
(L), and then j* = M * is a lattice preorder associated with j. The mapping j — j *
is neither one-to-one nor onto. Indeed, if k(a) =a v j(a), then M,=
{aeL |k(a)=a}and M;=M,,foreachn>1.If L ={0}11{a}I1Z~, where Z~
denotes the negative integers, a¢ Z and Il indicates ordinal sum, then
M = L\{a} € #(L) and there is no j € #(L, L) such that M = M,.

In general j* = j#*. We are going to investigate under which conditions j#* < j*
holds. We start by the following:

REMARK. Let M e #(L). 1t is easy to check that M *(P) is a closed decreasing
subset for each P e X(L). Moreover, a simple compactness argument shows that
M* ~YK) is a closed increasing set for each closed K < X(L). Therefore M * is a
Priestley relation if and only if M * ~ '(61(a)) is an open subset of X(L) for each a € L.

Recall that an additive closure on Lis aj € #(L) such that a <j(a) and j(j(a)) =j(a)
for every a € L. The image of j, j(L), is in &(L), and for each a € L, j(a) is the smallest
element in the set [@) nj(L) (see [3, I1.4 Theorem 11]). The set of all additive closures
on L will be denoted by %(L).

A quantifier on L ([19}, [5]) is an additive closure j such that j(j(a) A b) =
j(a) A j(b) for all a, b in L. The set of quantifiers on L will be denoted by 2(L).

2.7. THEOREM. The following are equivalent conditions for each j e #(L, L):
(1) j e €(L).
(i) j* <j*.
(iii) j* =j*.
(iv) j* is a preorder.
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Proof. Suppose je%(L) and let PnM,=Q. Since a<j(a)ej(l)=M,
P =j~Y(Q). Therefore (i) implies (ii). Since it was already observed that in general
j*<j*, (ii) implies (iii), and it is obvious that (iii) implies (iv). Finally, suppose j*
is a preorder on X(L). By Lemma 1.8, j** € €(D(X(L))), and j = o j**o ' € €(L).
Hence (iv) implies (i). ]

2.8. COROLLARY. The correspondence j+— j* defines an anti-isomorphism from
the lattice €(L) onto O(X(L)) nP(X(L), X(L)), considered as a sublattice of
O(X(L)). |

2.9. THEOREM. Let M € #(L). There exists j € €(L) such that M = M, if and
only if M #* is a Priestley relation.

Proof. If M = M,, with j € 4(L), then by Theorem 2.7 j*=;* = M *. Hence
M * e #(X(L), X(L)). Suppose now that M * is a Priestley relation. Since it is a
preorder, it follows from Lemma 1.8 that M ** e ¥(D(X(L))). Therefore the
composition o 'M**a, =j € ¥(L). Moreover, by (ii) and (iii) in Lemma 2.1,
M #**(g(a)) S or(a) if and only if a € M. Hence M = M. |

REMARK. Let L={0}IIZ*11Z~ and j: L—> L be defined by j(x) =x for
xeM={0}11Z" and j(x) =x + 1 forx e Z*. Then j e #(L, L), M = M;, but j *
is not a Priestley relation on X(L).

By taking into account Theorem 2.6(ii) we have:

2.10. COROLLARY. Let M € #(L). Then M* is a Priestley equivalence if and
only if M is a Boolean sublastice of the center of L and there is j € €(L) such that
ji)y=M. |

Note that a lattice equivalence E satisfies the condition: If (x, y) ¢ E, then there are
U Vin E* such that xe U, y¢ U, x¢V and y € V. An interesting class of
equivalences satisfying a weaker condition was identified by Vrancken-Mawet [20]
by the following:

2.11. DEFINITION. An equivalence relation E on X is said to be a congruence
provided (x, y) ¢ E implies that there is U € E* such that x e U and y ¢ U or there
is VeE* such that x¢ Vand ye V.

Recall that M € SL(L) is closed under relative complementation provided for each
belL,if thereisae M suchthatavbe M and a A b e M, then b e M.

2.12. LEMMA. If E is a congruence on a Priestley space X, then E* is closed under
relative complementation.
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Proof. By Lemma 2.2(i), E* € #(D(X)). Let ¥ e D(X) and suppose there is
UcE* suchthat UuV eE* and UnV e E*. Since A + E(A) is a quantifier on
the lattice of all subsets of X(L), we have:

UuV =EU)UEY)=UUEY) (1)
and

UnV =EEU)AV)=EU)nEWV)=UnEF) (2)
and from (1) and (2) it follows V = I;Z(V), ic. VeE*. N

2.13. LEMMA. If M e %(L) is closed under relative complementation, then
Me=M*M?*"!is a congruence on X(L), and M** = o (M).

Proof. Let M e #(L). Since M*¢~'(A) = M* ~'(4) for each 4 =X(L), by
Lemma 2.1(ii), M*~ Y(0.(@)) < or(a) for each a € M. Suppose now that a € L\M
and let F={beM|avbeM]. Since Fis a proper filter of M, the set F=
{0 eX(M) | F = Q} ordered by reverse inclusion is inductive and non-empty, and
by Zorn’s lemma there is a maximal element R in F. We are going to show that the
following two properties hold, where [4) and (4] denote respectively the filter and
the ideal of L generated by A = L:

[F)a(M\R)u{a}] =9 (1
and
[Fu{a}) n(M\R] = 0. (2)

Suppose (1) does not hold, and let x € [F) n((M\R) U {a}]. Then there are f € Fand
m € M\R such that f < x < a v m. This implies that f A (a v m) =f € M, and since
fvavmeM, we have a vm e M, i.e. me F S R, a contradiction. The proof of
(2) is similar. It follows from (1) and the Birkhoff-Stone theorem that there is
PeX(L)suchthat FE P,a ¢ Pand P~ M = R. Since F < P implies FAn M €F, we
have P n M = R. Analogously, from (2) it follows that there is @ € X(L) such that
ae @ and Q"M = R. Hence we have shown the existence of a P € oy (a) and a
Q € X(L)\oyr(a) such that (P, Q) e M°, which means that M*~'(o.(a)) £ oy (a).
Consequently, if M is closed under relative complementation, then M¢* = ¢, (M),
and this equality implies that M*® is a congruence on X(L). |

It follows from Lemma 2.13 that for members M, N of #(L) closed under relative
complementation, M = N if and only if N°< M°. Moreover, it follows from
Lemma 2.12 that if E is a congruence on X(L), then M = g '(E *) is closed under
relative complementation in L, and that M*®= E. Therefore we have proved the
following theorem, first established by L. Vrancken-Mawet in [20] by a different
method:
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2.14. THEOREM. The correspondence M > M* establishes an antiisomorphism
from the sublattice of (L) formed by the elements closed under relative complemen-
tation, onto the lattice of congruences on X(L).

2.15. DEFINITION. A Q-congruence on a Priestley space X is a congruence E
such that E(U) e D(X) for all U € D(X).

It follows from [15, Lemma 2.5] that an equivalence relation E on a Priestley space
X such that E(U) e D(X) for all U e D(X) is a Q-equivalence if and only if E(x) is
closed for each x € X. Therefore, we have that a Q-congruence is a Priestley
equivalence if and only if E(x) is a decreasing subset of X for each x € X.

The next theorem follows at once from §2 in [5]:

2.16. THEOREM. Let M € S#(L). There is j € Q(L) such that j(L) = M if and only
if M¢ is a Q-congruence on X(L). [ ]

REMARK. Let M € #(L) be closed under relative complementation. The existence
of j € (L) such that j(L) = M does not imply that M* is a Q-congruence, as the
following example shows: Let K be the three-element chain 0 <a <1, L=K x K
and M = {(0,0), (a, 0), (1, a), (1, 1)}. ]

Appendix

It was shown in [7, Proposition 3.3] that when L and M are Boolean algebras, the
homomorphisms from L to M are the minimal elements in the set (L, M) with the
pointwise order. This result plays an important role in the proof of a general
selection theorem for Boolean relations [7, Theorem 6.2], which in turn is used [7,
Corollary 9.10] to prove a generalized version of a theorem of A. Monteiro [15] on
extension of homomorphisms on Boolean algebras (see also [2]).

In general, for distributive lattices L and M there are no connections between
homomorphisms and minimal elements in #(L, M). We are going to present in this
Appendix a particular case, which is connected with a generalization of Monteiro’s
theorem to distributive lattices given in [4].

In what follows, L will denote a bounded distributive lattice and C a complete
Boolean algebra. For each m € #(L, C), #,,(L, C) ={j e #(L, C) | m(a) <j(a) for
each aelL}, endowed with the pointwise order, and £, ,(L,C)=
{k € £.(L, C) |k <j}.

A.l. LEMMA. Each minimal element in ¢,,(L, C) is a homomorphism.
Proof. For each je #,.(L, C) and each ¢ € C, define mappings j, and j° from L
into C by the prescriptions:
J@ =(j@ A 1 m(c)) v j(a A c)
and

J@) =(j(a@) r 1 j(0)) vjla ro).
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It is plain that j, € #,(L, C) and that j. <j. Hence j, =j for each minimal j in
F (L, C). In particular, the following holds true for each minimal j in #,(L, C)
and each pair q, ¢ of elements in L:

Jj(a) A mlc) = ja A c) Am(c). (1)

It is also plain that j°e #(L, C) and that j°<j. Let j be minimal in #,(L, C). It
follows from (1) that j%(a) A m(a) = m(a). Therefore j°e #,.(L,C) and j =]
Consequently, given a minimal j in #,,(L, C) and elements a, b in L:

J(@ 7 jb) =((j(@ A 71 j®B) v j@anrb)) Ajb)=janb)

and since 1 =m(1) <j(1), j is a homomorphism. u

REMARK. When C is the two-element Boolean algebra, the above lemma reduces
to the well known fact that the maximal elements in the set of ideals of L which are
disjoint from a given filter are prime.

Let p € #(L, C) be defined by the prescription p(1) = 1 and p(a) =0 for a € L\{1}.
From the above remark and Nachbin’s theorem we can easily obtain:

A.2. PROPOSITION. If every he 2(L,C) is a minimal element in ¢,(L,C)=
F(L, C), then L is a Boolean algebra.

Consider the following three statements:

(i) Given me #(L,C) and je ¢,(L, C), there are minimal elements in
jmg(l‘a C)
(i) Given me A(L,C) and j € #,(L, C), there is he D(L, C)n £, (L, C).
(ili) Given me HA(L, C), je #(L,C), Se P(L) and h € %(S, C) such that the
following condition holds:
(C) For a,b in S and d,e in L, if and<b ve, then h(a) Am(d) <
h(®) v j(e),
there exists 4, € 2(L, C)n ¢, (L, C) such that h (a) = h(a) for all a € §.

REMARK. It is plain that condition (C) is necessary for the existence of h,
satisfying the requirements given in statement (iii) (cf. [4]).

A.3. PROPOSITION. Statement (i) is equivalent to the axiom of choice (assuming
the other axioms of Zermelo—Fraenkel set theory).

Proof. Suppose first that the axiom of choice holds. Let {k,: A € A} be a chain in
Fm,L,C). ForeachaeL, () {o.(k;(a): A € A} = W(a) is a closed subset of X(C),
and since C is a complete Boolean algebra, the interior of W, W?, is clopen (see, for
instance, {3, Chapter V, §1, Theorem 10]). It is proved in [7, Theorem 6.4] that if
S, T are closed subsets of X(C) with closed interior, then (Suw T)° = S°0U T°. Hence
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if we define k(a) =o' (W(a)?), then ke #(L,C) and k <k, for each AeA.
Moreover, since o.(m(a)) < W(a) and ¢.(m(a)) is open, o.(m(a)) = W(a)°, and k
is a lower bound of {k;:4eA} in ¢, (L, C). Now an application of Zorn’s
Lemma completes the proof. Suppose now that statement (i) holds for each
bounded distributive lattice L and each complete Boolean algebra C. As
in the remark following Lemma A.l1 we can see that this implies the existence
of maximal ideals in each bounded distributive lattice, and by a result of
Klimovsky [13], this property implies the axiom of choice (see also [3, Chapter
111, §4)). |

Since a minimal element in ¢, (L, C) is also minimal in #,(L, C), it follows
at once from Lemma A.1 that statement (i) implies statement (ii). But it was
shown in [2, Theorem 3.1}, that statement (ii) is equivalent to Sikorski exten-
sion theorem [3, Chapter V, §9], and to our knowledge it is still an open
problem whether this theorem implies the axiom of choice. On the other hand we
have:

A.4. PROPOSITION. Statements (ii) and (iii) are effectively equivalent.
Proof. Suppose first that statement (ii) holds true. For each (a,b,d,e)e
SxSxLxLlet

u(a, b, d, e) = h(a) A m(d) A 71 h(b) A 11 j(e)
and

a, b, d,e) =1 h(a) v 11 m(d) v h(b) v j(e).
Now, for each ¢ in L define

Ule)={(a,b,de)e SxSxLxL|land<bvcve}
m(c) =\/ {a, b,d,e)|(ab,d e e Ulc)}

V(ey={(a,b,d,e)e SxSxLxL|lancad<bve}
and

i) =\ {v(a, b,d e)|(a b,de)e Vi)
Suppose (a,, b,,d,, ¢,) € U(c,), i =1, 2. Then:

((a) A ay), (by v by), (d) A dy), (e, v &) e Uley A cy)
and

u(ay, by, dy, e)) Aulay, by, dy, ) <my(cy A cy).
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Since C is a complete Boolean algebra we have:
ulay, by, dy, e)) Amy(c;) =\/ {u(ay, b, dy, ;)
Au(ay, by, dy, ) | (az, by, dy, €;) € U(cy)}
<m(c; A cy)
and then
mic;) A m(cy) <m(cy A ¢y).

Moreover, it is easy to check that m(c; A ¢;) <m(c,) A m(c,) and that m{1) =1.
Consequently, m; e #(L,C) and in an analogous way we can prove that
jie #(L,C). Let (a;, b,,d,,e) e U(c) and (a,, b,, d,, e;) € V(c). Then (cf. [4,
(5)-9)D:

Grdygnarndi<ayndyAbyve v
=(a2/\d2/\(b1Vel))v(azl\dz/\c)

<byve,vbve,
and by taking into account condition (C), we obtain:
u(ala bla dls el) AT U(dz, b2$ d27 eZ) =0

and this implies that m,(c) <j,(c). Hence we have shown that j, € #, (L, C), and
by Theorem A.2 there is A, € 2(L, C) such that m,(c) < h,(c) <j,(c) for each ¢ € L.
Let a € S. Since (o, 0, 1,0) € U(a) and (1, q, 1, 0) € V(a), we have

h(a) < m,(a) <ji(a) < h(a).

Therefore h;(a) = h(a) for all a € S, and to complete the proof of (ii) implies (iii)
note that since (1, 0, ¢, 0) € U(c) and (1, 0, 1, ¢) € V(c), m(c) < m,(c) and j,(c) <j(c)
for all ¢ € L. Suppose now that (iii) holds true, and let S = {0, 1}. It is easy to check
that if m{a) < j(a) for all a € L, then the only element in (S, C) satisfies condition
(C). Therefore (iii) implies (ii) (see [4]). ]
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