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A Global Existence Theorem

for the Initial-Boundary-Value Problem
for the Boltzmann Equation

when the Boundaries are not Isothermal

Lerr ARKERYD & CARLIO CERCIGNANI

Abstract

We extend the existence theorem recently proved by HAMDACHE for the initial-
boundary-value problem for the nonlinear Boltzmann equation in a vessel with
isothermal boundaries to more general situations including the case when the
boundaries are not isothermal. In the latter case a cut-off for large speeds is in-
troduced in the collision term of the Boltzmann equation.

1. Introduction

In this paper, we deal with the initial-boundary-value problem which arises
when we consider the time evolution of a rarefied gas in a vessel £2 whose bound-
aries are not kept at the same temperature throughout (though, for simplicity,
we assume this temperature to be constant in time). The case of an isothermal
boundary has been treated by HaMDACHE [1] and is based on a suitable modifica-
tion of the method used by DIPERNA & LioNs [2] to deal with the pure initial-
value problem. We also assume that Q is a bounded open set of R? with a suffi-
ciently smooth boundary 2. On Q2 we impose a linear boundary condition of
a rather standard form [3, 4]:

W% &= | KE-&Ex 05 fltx &) d =Kyp f

& n<0

(1.1
(x€dQ, £-n>0),
K¢ -»¢&x1) =20, (1.2)
K& ->&x, 0| n|de=En|, (1.3)
& n>0
M, (&)= | K(&->&x )M (E)de (1.4)
¢ n<0
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where M,, is the wall Maxwellian and y5 are the so-called trace operators on
E*={(tx &Ee(0,T) X&QXR3( +&- n(x) > 0}. These operators permit us
to define “‘the values taken on the boundary”’ yzf (ae. in £ € R? and x€9Q)
by a function f for which in our context this concept is not a priori defined.
Of course, one must show that these operators are well defined, as discussed
in Sec. 2.

In the case of non-isothermal data along 0£2 these initial-boundary-value
problems possess boundary data which are compatible, not with a Maxwellian,
but rather with one of those steady solutions, whose theory is still in its infan-
¢y (for an example see the recent paper by ARKERYD ef al. [5]); thus one can-
not expect the solution to tend toward a Maxwellian when ¢ — <o, as has been
recently shown for other kinds of boundary conditions [6, 7, 8]. The main dif-
ficulties in tackling this problem seem to lie with large velocities. In fact, the
only case that has been treated so far is due to Kawasmima [9] and refers to
discrete-velocity models.

A central observation for the proof below is

Lemma 1.1 [3, 4, 10—12]. If Egs. (1.1), (1.2), (1.3) and (1.4) hold, then
V& nypflog ypfdé = —B,§ & nl&|?ypf dé  (ae. in t and x€0Q) (1.5)

where B,, is the inverse temperature evaluated at the point x € 082. Unless the
kernel in Eq. (1.1) is a delta function, equality holds in Eq. (1.9) if and only if
the trace ypf of f on 09 coincides with M, (the wall Maxwellian).

In the case of non-isothermal 3, before attacking the problem we must
deal with the difficulty related to large speeds. To this end, we shall introduce
a modified Boltzmann equation in which we cut off all the collisions such that
the sum of the squares of the velocities of two colliding molecules is larger
than m? where m is an assigned positive constant:

o f

a
Evhl Sl AN (1.6)
where
0l s 1) &0y = § § (ffi —ff) BV, n) O(m* — |E|* — |, |?) dEy dn,
R % (1.7)

where @ denotes Heaviside’s step function and % the unit sphere. This means
that we can negleci the molecules with speeds larger than m because they never
interact with the others. In fact, in order to avoid formal complications we
shall also assume that the kernel K in Eq. (1.1) vanishes when & > m and
& < m or when ¢ < m and & > m; in this way the two sets of molecules with
speeds in £, ={£| ¢ =m} and in R3*\ &, evolve independently of each other.

We remark that the only place where we use the cut-off is the entropy
estimate (4.8) in Sec. 4; the need for the cut-off disappears when the
temperature or its inverse f is constant. Thus the present paper also contains
a slightly different proof of HampAcHE’s theorem, with an extension to more
general boundary conditions, to a more detailed study of the boundary
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behavior, and for the full class of collision operators of the existence context
of DIPErNA & Lions [2]. (Note that even the cut-off assumption on the kernel
K made above is not needed when f is constant.) For convenience we omit
the index m in @, (f, f) since we never try to remove the cut-off for the non-
isothermal case in this paper; also, we denote by G(f, f) the gain part of
Q(f, f) and by fL(f) the loss part.

2. Results on the traces

Before proving the existence theorem we recall some trace results giving the
L' regularity of the trace of f on the boundary and study the semigroup
generated by the free-streaming operator. This will be done in this section and
the next one, respectively.

Let us first review the general results of Ukar [13] on the traces of the solu-
tions. To this end we define

Af=g+é-% 2.1)
ot ox
and assume that 40 is piecewise Cl.

We denote by S'(x, £) the pair (x + &, &) which gives the position and
velocity of a molecule initially located at (x, &) as long as x + & stays in Q.
Denote the forward (¢ > 0) stay time in @ by ¢ (x, £) and the backward one
by ¢ (x, £). We recall that * are lower semicontinuous. Then §*¢ 2 xR? for
—t7(x, &) <r<tt(x, &) and € QR xR? for ¢ =% (x, &) if t*(x, &) < .
Let us also define X* = {(x, £) € 02 xR?| + ¢ n(x) >0} and remark that S’
exists for (x, &) €XF with t* =0, t¥ > 0. In any case, ST€X7T at = &%,
It is now convenient to write r = (¢, x, £) and for 7> 0 to define

D=(0,T)XQxR3, V*={T*}xQxR>® (where Tt =0, T~ =T),

(2.2)
E==(0,T)xX*, dD*=E*uV* (same sign throughout).

The world line of a molecule passing through r€D u dD™ U 4D~ is given by
R(ry=(t+sx+&,8), —-s (r)ss=sT(r) (2.3

where s*(7) =min(T*F F¢, t*(x, {)) and TT are defined as in Eq. (2.2).
Obviously,

R(r)eD (—s~(r)<s<s*(r)), R(reD* (s=s*(r)). (24

Clearly, if feL'(D), then f(R*(r)) as a function of s is in L'(—s(r),
st (r)) for almost all e dD* and

st ()
[firyar={ | f(R(r))dsdo* 2.5)
D D% s (r)
holds, where

dr=dtdxdf, do* =|n(x)-¢|dtdodé (on E*), do=*=dxdf (on V=),
2.6)
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n(x) being the inward normal to 3Q and do the usual measure on 2. We set

(F,8) = [fgdr, (8 y)e =(d Vo= + 0, Yhye = [ dwdo= @7)

where, of course,
(P, Wipe = Eji ow|n(x)-&| dtde d&, (¢, Why= = Vf oy dx dé (for t = T*).
(2.8)

The first result on traces to be recalled is due to Uxar [13] and holds between
the spaces
WP ={fel?(D)|AfeL”(D)}, L§™ =LP(0D*;0do*),
6 =0(r) =min{1, st (r) + s (1)) 2.9

where Af is defined in the distributional sense. _
The trace operators y; are first defined on C§(D) by

vof=Fflop= fECH(D). (2.10)
Then, the following result holds
Theorem 2.1 [13, 14]. Let p€[1, ®]. y5 have extensions in B(WP, L =), the

spaces of bounded linear operators from WP to L™, which are also denoted by
yi . Thus

| )’ﬁfHLI;’* = C|| filwr = C(H‘JCHLP(D) + | Af 7 py) - 2.11)

We cannot remove the weight function 8 if p < o in Eq. (2.11). For this

reason, some authors [15, 16] have obtained just L{}*-traces. In order to

solve the initial-boundary-value problem, however, the L} *-traces are not
adequate. We need L”* traces defined by

LP* =1P(0D*;do ™). (2.12)

We remark that LP* =12~ for p= o but I[7»* C Ly~ if p< oo. Let us
also define, for future use,

W, ={fe W/(D)|ysfeLP=}C WP. (2.13)

If we impose suitable boundary conditions, then we can make some progress
in the direction of proving that fe W,. To this end it is expedient to prove
the following

Theorem 2.2 [13, 14]. Let fe WP, pe[l, o). If y5feL>* (only one sign
throughout), then yj f€LP*. In this case, the following relation holds:

lvo f(M |- = lyg fF) I+ +p DS | fIP2fAfdr. (2.14)

This theorem immediately allows us to deduce the existence of the traces
when f is assigned on aD*, as a function of L?*. The situation is more
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complicated if the boundary conditions are less trivial. We shall assume that
boundary conditions of the form (1.1) are satisfied and prove the existence of
the traces on the boundary, under suitable assumptions.

We can now introduce the operator P which reflects ¢ and the operator
Ap that carries y5 ¢ (r) into y3 ¢ (r) (via A¢ = 0; ie., A7 deposits the value
y5 ¢(r) taken at a point x of the boundary as a value for yJ¢(r) on the
next intersection with the boundary of the half straight line through x directed
and oriented as —¢&). Let us then consider for any function ¢ of L™~ the
projector P, defined as follows
PO¢=¢_(¢>,MW>_

. 2.15
(1, My,)» @19

We can assume that the operator J — (PK)TPA; has a bounded inverse in the
subspace O of the functions having the form Pp¢. Then one can prove the
following

Theorem 2.3 [14]. Let fe W', |&12 feL?, |£]* Afe LY (D). If the boundary con-
dition (1.1) applies and I — (PK)'PAZ has a bounded inverse in the subspace
O of L™ 7, then y3feLb™.

Theorem 2.3 is the result that is needed in order to deal with sufficiently
general boundary operators K; HampacHE’s [2] results refer, apart from the
deterministic conditions of specular and reverse reflection, only to operators
with kernels having compact support in R3>xR® for almost any {x, r}e€
02 x [0, T], which excludes practically all the typical cases. In particular, this
property seems to be incompatible with the preservation of equilibrium, since
a Maxwellian does not have compact support!

One must, of course, prove that the criterion in Theorem 2.3 is actually
satisfied by any reasonable boundary condition for sufficiently smooth bound-
aries. So far, an explicit proof hds been given [17] for the important case of
a sufficiently smooth boundary diffusing the particles according to a Max-
wellian distribution.

3. Properties of the free-streaming operator

As in the previous sections, we assume that f is assigned at + =0 and
satisfies the boundary condition (1.1). We first study the problem

(A+A)f=0 inD (4L€eR), 3.1
y8f(x, & t) =Kypf on aD, (3.2
f(xy 69 0) =f0(x’ é) . (33)

The parameter A is introduced for the sake of more flexibility when obtaining
the estimates; in fact if f satisfies Eqs. (3.1)—(3.3), then f= e*'f satisfies
Eqs. (3.1)~(3.3) with A =0. If the norm of K is (in some space) less than
unity, then we can use iteration methods to solve the problem; since, however,
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we assume that (1.3) is true, the right assumption is | K| = 1. The boundary
is assumed to be piecewise C!. We use the notation of Sec.2 and set
Yr* = [P(2*] |n(x)- £| do d¢). In addition, we assume that | K| <1 in
B(YP”~, YP™) because in this way we can obtain intermediate results, which
are useful in the case |K| =1. Denote the dual of K by K'. Then
for pe[l, ») we have, automatically, [K'| =1 in B(Y*~, Y%*) with
pl+q'=1. For p= o this is an extra assumption (always true in the
physically interesting cases). We also assume that K does not act on #; hence
we may replace Y»* by LP* = [2(E*| |n(x)- ¢| dt do dE).

The weak solution is defined, as usual, through a sort of Green’s formula,
which can be easily established [13]: ‘

pf(r), v (- = o f (5o = (f, A =21)¢) + (A +2) f, ¢)
(3.4)

where fe W? and ¢ € W9 (with p ' + ¢! = 1) and (¢, w). are defined as in
Eq. 2.7).

Theorem 3.1. If p€[1, o] and fo € LP (2% R?>), then a mild solution f€ L? (D)
exists for A z 0 if |K|| < 1. If K carries nonnegative functions into functions of
the same kind and fy is nomnegative, then f is also nonnegative.

Proof. This theorem can be proved in many ways. UKAI [13] gives a proof
that is valid only if p€ (1, «]. Here we follow a different strategy. We first
consider the case when Eq. (3.2) is replaced by

Yof(x, &) =f" ondD” (3.5

where f* €LP T is a given function. Then the solution can be written in an
explicit way: '

fls; ) =g(rye7 e (3-6)

where g(r) equals f, or fT, according to whether s = —s7 (r) corresponds
to t =0 or a point of the boundary of the space domain. It is clear, thanks
to Eq. (2.5), that the solution constructed in this way is in L?. If we now go
back to the original boundary condition (3.2), we find a solution for that

A

problem provided there exists a function ¢ such that
2(r) =F[g(r*) e MU + g, for redD” 3.7

where % 'is 0 on ¢t =0 and K on the boundary of the space domain, while
go is fo for =0 and 0 on the boundary of the space domain. r* is the other
point where the relevant world line intersects dD. Since ||[K|| < 1 (and hence
|7 < 1), Eq. (3.2) can be solved explicitly by means of a perturbation series.
The part on nonnegativity is obvious by glancing at the details of this con-
structive proof. O
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We can now provide some estimates for the mild solutions. This can be
done with

Theorem 3.2. When | K|| < 1, the mild solution is the unique solution satisfying
the estimate

ol Flzmy + A = K[PY 1y ~F 7=+ [ F(T) |2 oxrey = || foll 7P @xre)
(3.8)
Jor pe[l, o).

Proof. Let us consider Eq. (2.14) for functions of, say, C}, not necessarily
solutions of Af= —Af; if ygf= Kypf, with |[K|| < 1, then

A =[K|[") |y~ flz- + | fC, T) ||IL7P(Q><R3)
< folZaxry + P § | FIP72f(Af) dr. (3.9)

If we now take a sequence {f,} of C{ functions which approach a solution
fin W?, the limit as n — oo of Eq. (3.9) (with f, in place of f) is Eq. (3.8).
This relation also proves that fe Wp. The uniqueness of the solution now
follows from linearity and the estimate (3.8). [

We can now consider the case | K| =1 and prove

Theorem 3.3. When || K| = 1, if K carries nonnegative functions into functions of
the same kind and fy is nonnegative, then (3.1)—(3.3) for p€[1, ») have a mild
nonnegative solution f€LP(D), with the estimate (A > 0)

[ £Cs D)2 exwey = | folraxrsy - (3.10)

Remark. The problem of uniqueness for | K| =1 has been solved [16] only
with additional conditions on K.

Proof. Let us replace K by uK with g€ (0, 1) in (3.2); then, by the previous
theorem, we have a unique mild solution f* satisfying (3.8) (pe€[l, «)),
which gives uniform estimates (in u) for f* in LP(D) and f“(-,T) in
LP(2xR?). Hence, taking a nondecreasing sequence of u’s we obtain a
nondecreasing sequence f*— f in LP(D) and f#(-, T) - h in LP(QxR?),
pointwise a.e. and strongly. This f is clearly a mild solution with f(-, T) = h
and going to the limit in (3.8) (p€[l, =)), we obtain (3.10). [J

So far we have assumed that A > 0. We have already remarked, however,
that the constant A can be removed and thus all the results remain true with
some changes in the estimates. In particular,

Corollary 3.4. Theorem 3.3 is true for . =0 as well.

Since f(-, T) € L (2 xR3) by (3.10) and since T > 0 may be arbitrary, we
can introduce the solution operator U(¢) (r€R,) which carries f, = f(-, 0)
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into f(-, 1)
U@) fo=rC¢,n. 3.11)

Then it is not hard to prove
Theorem 3.5. If pe[l, =), then U(r) is a Cy-semigroup on LP (2 xR,

In the sequel we shall need a generalization of these results to the case
when the parameter A in Eq. (3.1) is replaced by a nonnegative function
1(t, x, £) €eL'((0, T) x 2xR3,.). Then the above treatment carries through.
The main difference arises in the definition of the spaces W7 and in the
proof of the analogue of Theorem 3.1. In fact, W? is now replaced by W7,
such that feL? and (A + ) feLP, while Eq. (3.6) must be replaced by

e MR () s’

fis,ry=8(r) e (3.12)

and Eq. (3.7) by

ZO9 1R (r0)) ds

g(r) = %[g(r*) ats ] +go for redD. (3.13)

Thus we may conclude that

Theorem 3.6. When || K|| = 1, if K carries nonnegative functions into functions of
the same kind and [y is nonnegative, then the problem

(A+0)f=0 inD (3.14)

(where 0 =1 =1(t, x, &) € L'((0, T) X @ XR3},)) with the boundary and initial
conditions (3.2), (3.3) has a mild nonnegative solution feLP(D), with the
estimate

[FC D oxwe S | follPoxre - (3.15)

Then the solution can be written as U;(t) fo, where Uj(t) is a Cy-semigroup on
LP(QxR?).

We remark that (3.15) does not follow from the limiting procedure (that
would give a constant Cyy in front of the norm of f;), but directly from the
fact that A with these boundary conditions is contractive.

We shall also have to deal with sequences of nonnegatlve functions
LeL ((0, T) xQ2xR3,.). In this case, 1f {I,} converges to [ in L'((0, T) X
Q2 xR3.), then {F}, where

0 .
Fo= | L(s,x—¢&(t+s),¢)ds (3.16)
—57(r)

is a bounded sequence in C([0, T], L'(2XxRj,)) and converges for any
t€R,, ae. in (x, &) to

0
F= | I(s,x—¢&(@t+5s),¢&)ds. 3.17)

=57 (r)
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Associated with the sequence {/,} we now have the sequence of solutions
{U (1) fo} (for the sake of simplicity we now restrict our attention to the
case p = 1), which is pointwise dominated by U(z) f;. Thus {U(¢) fo} con-
verges to Uj(t) fo because of the dominated convergence theorem, thanks to
the fact that all the relations that we need, such as (3.12) and (3.13), enable
us to pass to the limit, when we replace [ by I and let & go to o (in [0, T]
for almost every (x, &)).

We remark that we can also solve

(A+0)f=g in D (3.18)

with initial and boundary conditions (3.2), (3.3), when geL'((0, T)Xx
QxRi.). The solutions is
t

f=Uyz) f0+0§ Uiz — s) g ds. (3.19)

We remark that the traces do exist and satisfy Eq. (1.1) almost everywhere in
[0, T] x 82 x R3, because this is true of any function of the form Ui(7) g,
7> 0.

We also notice that {U;g”} is an increasing sequence when {g'} is an in-
creasing sequence.

4. Existence in a vessel with a nonisothermal boundary

In order to deal with the existence theorem in a vessel at rest, with a
temperature that varies from one point to another, it is convenient to remark
that there is a Maxwellian naturally associated with the problem at each point
of the boundary, i.e., the wall Maxwellian M,,; an exception is offered by
specular reflecting boundaries, which will not be considered in this paper
because they have no temperature associated with the boundary. Equation (1.5)
gives

§ & nypflog ypfdé +B,§ € -nlé|2 ypfdé =0 (ae. in f and x€0Q).
4.1)
As a consequence of this, it is convenient to consider an inverse temperature
B(x) with inf f(x) > 0 which reduces to B, at each point of the boundary

and otherwise depends smoothly on x. It is then convenient to consider the
modified H-functional:

H=|flogfd¢ dx+ | B(x)|&|* fd& dx. (4.2)

In general, H does not decrease in time, as a consequence of the Boltzmann
equation and inequality (4.1), because a simple calculation shows that

dH
<

ar | 0B 0a
7= Sgéaxlfl fdédx. 4.3)

0 =

=m
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The right-hand side of inequality (4.3) is bounded by a constant C given by

9p
0x

C=m’

Sfo dé dx. 4.4)

L®

Thus H is bounded by H, + CT on [0, T] if it is bounded initially by H,.

Let us divide the subset of 2xR® where f< 1 into two subsets A* =
{(x, &) £logf< FR(x) 52/2}. Then (since —flog f is a growing function in
(0, ¢e~!) and less than f for f> e~ 1)

— | flogfdeax = [ fdedx+ [ [B(x)/21 & exp [—B(x) E3[2] d€ dx = C,
At 4.5)
and in A~

— | flogfddx= | [B(x)/21&% d¢ dx. (4.6)
A

Then Eq. (4.2) implies that both [f|logf| d¢é dx and [|&|?fdé dx are
separately bounded in terms of the initial data. It is now easy to prove that
the mass and entropy relations take on the form

§FC, 0 déaxs§f(,0)dédr, @.7)

t

Sflogf(-,t) d¢ dx + S,B(x)|€|2f(*,t) d dx + S Se(f)(-,S) d¢ dx ds

éSflogf(',O)dédx+gﬁ(x)lilzf(-,o)dﬁdx+m3+% Sfodédx
r 4.8)

where

e(f)x & 1) =

L5 (Ffe = fF0log(f 7l ffs) B, n) @(m? —|E|* —|&,|?) déy dn (4.9)

R 7

(with m = o, ie., ® =1 in the isothermal case).

As hinted at in Sec. 1, we use the equivalent concepts of exponential, mild,
and renormalized solutions as defined by DiPErNA & Lioxs [2]. Such solutions
will be found as limits of functions solving truncated equations.

The existence theorem to be proved reads as follows:

Theorem 4.1. Let f e L1 (QxR3) be such that
[0 +1¢|1?) dédx< o, [ fOlog fO| dé dx < o. (4.10)

Then there is a solution f€ C(R,, LY(2xR3)) of the Boltzmann equation such
that (-, 0) = f°, which also satisfies relations (4.7) and (4.8).

Proof. We only sketch a proof of the theorem, since the argument is rather
similar to that presented by DiPernA & Lions [2] for the case of R3, the
main differences being the necessity to have trace estimates and the fact that
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we do not have separate energy and entropy estimates; both aspects have been
dealt with above. We shall mention any important modification in the course
of the proof. We first introduce a smooth truncation of the Boltzmann equa-
tion and prove an existence theorem for the truncated equation. We choose
as truncated collision term

OX(fo f) = (L+ k1 fFde) 1§ § dt,dn(f'fi —ffa) By (411
R @

where
B - {B/\k for &2 + &2 = i, “12)
0 otherwise.
We also set
b= { d&, dn Befi (1 + k7' § frdl) 7, (4.13)
U (r, 5) = exp (:I: _f( ) L(R*(r)) df) . (4.14)

Further, [ =1, and U* = UZ are analogously defined with f,, =f=lim f;.
Subsequences {k;} of {£}, sometimes necessary from one step to the next, will
still be denoted by {k}.

Then for f, g€ L' (2 xR?),

1O%(f, ) — O%(g, &) | coxry = Cill F— g lraxrs - 4.15)

Hence, for f%¢ L'(Q2 xR?), the mild Boltzmann equation
t
f=UW0 0+ 6( Ut — 5) Q" (fi, f2) ds (4.16)

with the desired boundary behavior can be solved by a contraction mapping
argument.

If (4.10) holds for £, then by Green’s formula (3.4) f, satisfies (4.7). Via
suitable smooth approximations it can also be shown that (thanks to (4.5)
and (4.6)) f; satisfies (4.8) as well, even with fi(¢, -) log fi(z, -) replaced by
| fr(t, -) log fi(z, )|, if we add a suitable k-independent constant to the right-
hand side. In particular,

VYT>0, sup sup|fe(-,?) dédx < oo, (4.17)
te[0, T] &k
VT>0, sup sup | E2f(-, 1) dé dr < o, (4.18)
€[0,T] &
VT>0, sup sup |fillogfil-, )] d¢ dx < oo, (4.19)
€0, 7]k

s%poj § ec(fi) (-, 5) d& dx ds < oo, (4.20)
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g(f)x & =3 (L+k 7 fdl) ™ | | (Fifte = fife)

=m z

X 10g (Fifislfifrs) BelV, m) @ (m? — | E|2 =&, |2) dE, dn
“.21)

with ©(.) and 5, replaced by unity and R3, respectively, in the isothermal
case. Via (3.4) with a test function which is a suitable extension to the interior
of the function n(x) as defined on the boundary, it then follows that

1 1€ n(0)1? 95 fido de ds < Cor, (4.22)

where Cyr only depends on T and the right-hand side of (4.8) (but not on k).
Under the conditions of, e.g., Theorem 2.3 these traces of course also belong
to L'* but that is not known to be true in general.

We can now apply the Dunford-Pettis criterion to our sequence to conclude
from (4.17)—(4.19) that { f;} has a subsequence that converges weakly to some
function f.

: (S L*
It is then easy to show that the sequences {G (s fk)} , {fk fk} are

1+ fi 1+ £
in a weakly compact set of L1((0, T) xQ2xBg), where By is the ball of
radius R in velocity space. This is proved in exactly the same way as in the
case [2] of R3.

We denote by [ = Lf the function multiplying f in the loss term of the
Boltzmann equation and by U,(¢) the semigroup associated with it according
to Theorem 3.6. When we solve the truncated equation, we deal with [, and
U, (2). According to Eq. (3.19) we have

fie= U () fi+ 6‘ Uy (2 = 5) G*(fe, fi)) ds. 4.23)

Using the velocity-averaging lemma of GoLsE et al. [18] we shall prove that
£ is a solution of the Bolizmann equation which retains a fairly weak control
of the traces.

As in the case of R?, one exploits the fact that all the terms are non-
negative in order to go to the limit in Eq. (4.23). Let us denote by «”(s) the
minimum v A § =min(v, s) and put f} = a'(f;). We may assume that f}
tends (weakly) to some f¥ in L'((0, T) xR3>xR?) and as a consequence f”
(different from «(f) in general) converges to f monotonically. Given v, we
can apply the averaging lemma to study the convergence of f], which is also
bounded by v; then G*(fL, f;) converges weakly to G(fY,f) in L' ((0, T) X
QxBX) for any R > 0. On the other hand, Eq. (4.23) implies that

t
fez U (D f2+ § U, (t — s) GE(f1, fr) ds. (4.24)

For almost every r € D either the x-component of R°(r) is nontangential to
9Q at —s =s~(r) >0 and belongs to an open C'-component of 3£, or the
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x-component belongs to € at —s =5~ (r) = 0. (The analogous situation for
s =sT(r) will not be discussed.) For such an r, there is a neighborhood ./’
of R™"™(r) in dD*, so that the world lines emanating from that
neighborhood have the same properties as R*(r), and have a x-component
staying in @ through a neighborhood of » Let y,, or, for convenience,
simply v, be the characteristic function of .# prolonged with value unity along
the corresponding world lines R°(-), and with w = 0 otherwise. For r’ €./ it
follows from (4.23) that for 0 < d <s<s (7),

Fe (R () =z T (', 5) U (', 6) £ (RP(r))

+ § U7 (r, s) U (', 1) GE(fLL f) (RT(r)) dr. (4.25)

For R~ (r) = (¢, x, ) € ET pick a product neighborhood of (¢, x, &) :
LXA XN C A For 0= s =57 (r) let 4 be the projection in [0, T]1x Q2 of
RE(Ix A, x{£}) Take a smaller product neighborhood of (z, x, &):

N =EXANIXAE CLXA XN 4.26)
so that
(RE(r)|r e, 05 =8 (r) CUHxHE 4.27)
Denote by .#;, the subset

Nos = {Rsl(r’)

red,0=s" =5 (r), R (r') € 5 U /st/lfé} . (4.28)

=s"=

Set w,, =w. It is a consequence of the averaging lemma and the
estimates of f; that for the integral over .#j,,
lim  lim VIV (Frw = fw) ag| dedr = 0. (4.29)

y—Co

It follows that for almost every 0 < s” < s~ (r),
lim lim § | § (flw—fw)dé| dedr=0. (4.30)
S N

Vo k—oo

We are now going to use a technique that was explained in a previous paper
[19]. Multiplying (4.25) by w and integrating, we get, by averaging and using
(4.30) for almost every J and s with the same double limit and after letting
the support of y shrink to a Lebesgue world line, that

FRE)) = T (', 5) T (", 8) f(RO (1))
O 0 0 00 G ) (RIG) de (@31)
J

for almost every r'€ E* and almost every 0 < J < s < s* (r’). An analogous
reasoning gives (4.31) in the case R™° P (r) e V*,

Having obtained the last inequality, we now prove that the opposite in-
equality also holds, in order to be able to conclude that the equality sign ap-
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plies in (4.31). To this end, let us now set f} = vlog(l + f3/v) so that

t X t
f,:=U,k<z)f£V+§Ulk<z—s>degulk(r—s)[zk(fz— i )]ds
0 0

1 +fk/V 1 +fk/V
(4.32)

Rewriting (4.32) like (4.25) and arguing as for (4.31) we get for almost
every »' € ET and almost every 0 < § < s < sT(#') that

FRE()) = U (', 5) UH (1, 6) F(RO(r))

+ VO, s) U (', 1) G(f, f) (R (")) dr, (4.33)

Qo o,

which together with (4.31) implies that the equality sign holds in (4.31). Thus

when 6 — 0,
0

f=0"nOfR™ D)+ [ U (10U (rs) G(f, f)(R(r)) ds
o (4.34)

for any r on almost every world line in D. Equation (4.34) allows us to con-
clude that f is a solution of the Boltzmann equation.

Finally the entropy inequality can also be proved, by starting from the
truncated equation and arguing as in the case of R%. [

We are now in a position to study the boundary condition satisfied by these
solutions and prove

Theorem 4.2. There is a solution as in Theorem 4.1, which satisfies
v (f) =zK(ypf) ae on ET. (4.35)

Proof. It follows from (4.22) that

1 1&n1?v8 fido e ds = Cor, (4.36)
ES_ 1&-n|? yp £l do dE ds < Cor. (4.37)

Given ¢ > 0 consider the subset E C E* where the dQ-projection is in
the open C! part of 4Q and s* + s~ > e&. y, or, for convenience, simply v,
will hereafter denote the characteristic function of a bounded Borel set in E;
prolonged with value unity along the world lines and equal to zero otherwise.

The particular Borel sets actually considered will also be required to be con-
tained in the intersection of EZF with a product neighborhood I X.# x.7,

where .7, is contained in a C! piece of 32 and &¢'-n(x’) £ 0 for x'€./;,

&€ M. We finally require that f(R(-)) — f(-) uniformly when 6 — 0 on the
Borel sets considered.
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To prove the trace statement it is enough to prove for such y’s that

B fsvo We, =<Kyp f> ¥5 Wk, - (4.38)

With £} as in (4.32) and f¥ = w-lim;_,, f} in L'(D), we have f” 1 f point-
wise a.e. and strongly in L'(D) when v — c. So for almost every (small)
0>0, wf'twf strongly in Ll(/l/gx”é). By averaging, as in (4.29), (4.30)
above, we obtain

w-lim yfi=yf, inLl, (4.39)

and outside a set of arbitrarily small measure
Jim w(r)(g L(R™(r)) dv = w(r)oi [(R*(r)) dr (4.40)

uniformly over r€E, nsupp w, and with the right-hand side uniformly
bounded. Let 7 = w for the remaining set of world lines in supp w, and ¥ =0
otherwise.

For § > ¢’ > ¢6” > 0 it follows from (4.32) that

5
S Ut (1, 1) [v?lk <f -1 +f j%/v) (Rf(r))] dr
3
= OF (n HwfL(RY ()] = UF (5 ) wfL (R ()]
= OF (1, ) [Wfi (RO ()] = TF (1, ") [0f (RO ()]
5

+ S Ut (r, D)l fr (RT(r))]

R

= (j+ V{TF (n, )@ £ (RO(M)] = TOF (r, o) [wfi (R (m)]}
)

+ i S e(fr) (R) dr. (4.41)
log j
0

0

A

In the limit k& — oo, the first two inequalities give
0= 0% NMwr" (R” ()] =0 (r, 6" [wf” (R (m)]. (4.42)

The first two terms in the last member of (4.41) give in the limit when
k— o

(J+ D0 OLwf(RO(r)] U (r, 6M)[wf (R (r)]},
which is bounded by

G+ D{T (r, O [wf (RO(M)] — wf (n].
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Recalling that f, satisfies (4.20), and the uniform convergence foR® — f,
we conclude that

lim { |0 [0f]15) — OfJe, | di do dé =0 (4.43)
uniformly with respect to v. This together with
s-lim @fY = wf in LY(A) (4.44)
Vo
implies that
s-lim y3[@f"] = y3[wfl in L', (4.45)
y—00

An analogous result holds for L'~
By concavity and Jensen’s inequality, (1.1) implies

v fiz K(vp £ - (4.46)
Now in L!= ,
w-lim 5 [wfil = v5 [wf’] (4.47)
and so
5 fYs v e, = Kyp ¥ v8 Wz, - (4.48)
By (4.45) this gives
yp fs voWe, Z {Kyp f> 78 Wik, (4.49)
and from here finally
o fovBWe, 2 Kyp fo B, . O (4.50)

Remark. If the traces of the solutions are in L'* (as in the case of Max-
wellian diffusion on the boundary), and if Q(f,f) belongs to L!'(D), then
there is equality in (4.35).

5. Concluding remarks

As mentioned in the introduction, there is a basic restriction in Hawm-
DACHE’s theorem, i.e., that the Maxwellian M, has constant temperature
along 48; in other words M,, is the same at all points of 9L2. In this paper
we have removed this restriction in the case of a gas, whose large velocities
have been cut off in the collision term. At the same time we have given a dif-
ferent proof of HAMpACHE’s result. The extension is of interest for the study
of the solutions of the Boltzmann equation when the boundaries drive the gas
out of equilibrium. Further developments lie in the direction of removing the
cut-off and studying the asymptotic trend of the solution.
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