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0. Introduction

The problem of modelling body—environment interactions is a rather formidable
one: neither is there a wealth of inspiring examples nor is the corpus of know-
ledge in mathematical analysis such as to allow indiscriminate generalization of
the few well understood cases.

Primarily, the problem has a constitutive nature. In the traditional view, the
object of a counstitutive theory is the response of the body to deformation pro-
cesses: modelling body-environment interactions demands per se that we assign
the constitutive theory the extended task of formalizing our prejudices on the body
and the environment under examination, both separately and together.

However, the modelling process is rather inextricably conditioned and
guided by the type of initial-value and boundary-value problems that one wishes
to formulate, as well as by the mathematical techniques that one wishes to employ,
or has to. For example, it is shown in [1] how the choice of admissible interactions
is contained by the needs of a local bifurcation analysis by use of formal perturba-
tion methods; on the other hand, paper [2] exemplifies well how that choice may
be guided by mathematically reasonable requirements of well-posedness.

In elasticity, the primarily constitutive nature of the modelling process is
perhaps best brought about, as done in [3], by confining attention to equilibrium
problems with conditions of traction on the entire boundary, in a variational
format. The formulation of those equilibrium problems may be ‘“formal”, in
the sense that a function space setting sufficient to clarify constitutive issues
need not allow for, say, existence theorems. In this paper we adopt precisely
such a “formal” variational format to arrive at well motivated choices of surface
potentials describing the interactions taking place at the common boundary of
a body and its environment.

In elastic equilibrium problems, body—environment interactions are accounted
for by prescribing a system of loads which are usually of the dead type, i.e., they
do not depend on the displacement that the body undergoes. More realistic pre-
scriptions of live, as opposed to dead, loads were first proposed for study of
SEWELL [4], [5], under the heading of ‘‘configuration-dependent” loadings (vid.
also [6], Chapters Q and R).

Although it can be argued with only slight exaggeration that most loadings
encountered in applications are of the live type, our subject has not been extensively
studied so far. In the context of elasticity linearized about a given equilibrium
placement under stress, live loads were considered by Capriz & PopI0-GUIDUGLI
[1], Pop1o-GUIDUGLI & VERGARA CAFFARELLI [7], PoDIO-GUIDUGLI, VERGARA
CAFFARELLI & VIRGA [8] and VERGARA CAFFARELLI [9]. In finite elasticity, some
results of uniqueness and continuous dependence in the presence of live loads
have been obtained by Seector [10], [11]. Remarkably, SEweLL’s paper [4],
as well as the other papers just cited, have the “formal” character typical of the
constitutively oriented approach to the matters alluded to in the preceding para-
graph. At variance with this, the results of VALENT [12] concerning local existence,
uniqueness and continuous dependence for the case of hydrostatic loading are
obtained in a precise function space setting.

From a variational point of view, some body-environment interactions are
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described by surface potentials, others by volume potentials, others by surface
or volume potentials, alternatively.

We here do not deal with genuine volume interaction potentials, for two
reasons: first, they are sufficiently well understood from the mechanical point of
view and, second, their presence usually does not bring in any mathematical
novelty, and sometimes even renders the matters mathematically easier.

The surface interaction potentials we consider accomodate many types of
live loads,* among which the two important examples of pressure loading and
membrane loading; they have the form

T{f} = [ (s, nf,Vf)d(Stf), (0.1)
20

with (%) := (&, n(%), f(x), Vf(x)) interpreted as the energy stored per unit
area, when a body undergoes a displacement f from a reference placement 02,
at a point & of the boundary 92 where n is the outward unit normal field.

Our main concern here is precisely the constitutive problem of sclecting the
density mapping 7 for T; our approach is the same as in [3]:

(i) We introduce the fotal potential

E{f} = S{f} + Tif}, ©.2)
S{fy = [ (s, V) d (Vob), 0.3)

2

with

where the density o(#) := o(%, Vf(»)) of the body potential S is interpreted as
the elastic energy stored per unit volume at a point of £. For § the stress field
over 2 and s the surface load field over 822, we say that the body has a conservative
interaction with its environment (with respect to the reference placement ) if
the field pairs (S, s) and (o, 7) satisfy the variational condition

SS{fi[h]= [S-Vh, OT{fi=— [s-h 0.4)

for each fc @, the collection of all admissible displacements, and for each
hec o, the space of all admissible variations.
(i) We pose the variational problem

extr {E{f} | f€ 2}, 0.5)

and derive necessary conditions to be obeyed by each extremum f©.
(iii) As a selection criterion for 7, we choose to regard S as given and require that
7 be such as to obey the necessary conditions for an extremum identically on the
domain & of E.

Our work is divided into two parts. Part I has three sections in which a number
of preliminary results of algebra, analysis and mechanics having specific bearing

L Some interesting examples of live loadings, such as the pressure loading exerted
on the inner wall of a deformable gas container [13], [14], escape our analysis here because
of their non-local nature.
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to the developments to come are collected; of these results, some are included
so as to explain our notation carefully and make our paper reasonably self-
contained; others are new or proved in a new way. Part II begins with a general
formulation of elastic equilibria as extremum problems (Section 4); it continues
with a variational study of the two important cases of pressure loadings and
membrane loadings (Subsections 5.1 and 5.2, respectively)?, with the purpose of
exemplifying the kinds of behavior we shall later incorporate in our general
model of interactions among a body, its surface, and its environment, and ends
with two other sections, the bulk of this paper, of the contents of which we now
give an extensive account.

Section 6 is devoted to obtaining and discussing the equilibrium conditions,
i.e., the necessary conditions on the extrema of the total potential E.

We point out that the regions £2 we consider have boundaries which consist
either of one smooth surface X with no self-intersections, or of two such surfaces
2 and X,, with X, N X, = 0, and their common boundary /', a closed simple
curve with tangent #; in the second case, the outward normal field has a jump
at I", and we further distinguish two subcases: (i) n(«) == n,(«) for all x¢ I';
(ii) (the cuspidal subcase) n,(¥) = —n,(¥) for all x€ I The necessary con-
ditions for extrema take different forms on the various parts of the body, namely,
its interior part £2 and its regular and singular boundary parts X; V2, and I,
respectively. Summarizing from Proposition 6.1, we have, as wsual, that

DivS§@® =0, 8O := 5503 (0.6)
in the interior part, while on the regular part of the boundary both

SOn — 5@ O _p3O L sDiy (5,5?) ©0.7)
and
O n =0 (0.8)

prevail; moreover, on the singular part of the boundary, where 7O and V,fO
(x = 1,2) are defined as the limits of 7|z and Vf®|y for &— I" from X,
either

8F%(10)(x7 nlﬁf(())! vlf(())) n, + 8F%(20)(x9 fn,, f(O), vzf(O)) ny = 0 (09)
or, in the cuspidal subcase,
[0p7 (%, 1y, fO,V fO) + Bpa(5, —11,, fO, Vo fO)] (txn) = 0. (0.10)

We take condition (0.7), to define the surface load mapping § in terms of 7
for conservative interactions, just as condition (0.6), defines the stress mapping
§ in terms of & for all f€ 2. The three remaining conditions (0.8)—(0.10) involve
% only through the ““membrane stress” dgt. In Section 7 we find for what classes
of surface potential densities 7 one can expect the associated membrane stress

2 Qur present analysis of pressure and membrane loadings has characters of greater
generality and detail than the one presented in [3]; in particular, the pressure function
may here depend on the displacement, as is the case, e.g., for hydrostatic loading.

3 We use an affixed (¥ as a reminder for the operation of evaluation at f©.
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to satisfy (0.8), alone or else together with (0.9) and (0.10), for all admissible dis-
placements f and all reference placements £2 occupied by the body.

We observe that (0.8) is identically satisfied in & whenever the membrane
stress is tangential, and we show by Proposition 7.1 that this is the case if and
only if 7 does not depend on normal derivatives of f:

%(x, n(x), f(x), Vf(x)) = %(x, n(x), f(x), ‘Vf(x)), Vf:={fHI—nQQn),
C.11)

for all (x,f)c002x% (here *Vf is by definition the tangential displacement
gradient). We call those surface potentials whose densities satisfy (0.11) tangential.
Given a surface potential 7 as in (0.1), we introduce the associated tangential
potential T, with density

Tan(®, 1, f,*Vf) 1= inf {2(x, n, f,*Vf + y @ n) |y c v}, 0.12)

and show that under reasonable hypotheses on 7 (e.g., when 7 is rank-one convex,
as in Proposition 7.5) the extremals of the total potential £ = S - T are elements
of the extremal set of the associated subpotential Eyy = S + Tyy. This result,
together with the fact that both pressure Joading and membrane loading admit a
tangential potential, motivates us to restrict attention to tangential potentials for
the rest of our paper.

We then turn to the question of characterizing, among tangential potentials,
those which are simple, i.e., correspond to surface load mappings § depending at
most on tangential derivatives of the first order.* Restricting here attention to
regular regions 2, and therefore dropping the explicit dependence on the normal
field n, we first obtain a representation formula for the density of a simple tangen-
tial potential as a rank-one affine function of the tangential displacement gradient:

WS, = 7@ ) + G POV + Cow )V, (013)

where *Vf* denotes the cofactor of *Vf, while 7 and 6’1, C, are arbitrary scalar and
tensor-valued mappings, respectively (¢f- Proposition 7.7). Secondly, we character-
ize the class of surface loadings alternatively described by surface or volume inter-
action potentials by showing that, if T is a simple tangential potentlal then there
is a volume potential

Fift = [ ¢, F)d Vo), 0.14)
£
which is a null Lagrangion in the sense of [15], [16], such that.

T{f} = Ff} (0.15)
for all displacements f€ 2 (and conversely; ¢f. Proposition 7.9).

4 Slmple surface loadmgs were introduced by SpectoR [10], . [11]; they are easier
to handle than nonSImple ones, basically . because they lead to a boundary operatm
B(f) := S(Vf)n — 8(f,*Vf) which, given that the field operator F(f) := —Div S(Vf)
is of order two, has the “right” order one (¢f. [3], [7], [8], [9]).
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Finally, we return to the extréemum conditions (0.9), (0.10), to be obeyed on
the singular boundary part I" of £ by the pair (7,, 7,), with 7, the (necessarily
homogeneous) surface potential density on the boundary part 2, \V I, We inter-
pret (0.9), (0.10) as joint tangentiality conditions on the membrane stresses Jpt,
and we seek a class of surface interactions such as to satisfy (0.9), (0.10), with
Vi fO=V,f® identically in @, the collection of all admissible domains.®
By Proposition 7.13 we then show that, for two mappings 7, 7, to compose
a jointly tangential surface density pair, they must have the following re-
presentation of the rank-one affine type:

50, £, V) — u f) = &) @ n -Vt + CH NV, «=1,2, (0.16)

where N is the skew tensor associated with n; thus, not only do they induce a simple
loading throughout the boundary, but also they are associated with an energetic-
ally equivalent null Lagrangian. In particular, in the important special case of
regular interactions, i.e., when 7, = 7, = 7, we find (Proposition 7.16) that the
associated null Lagrangian F has density

¢(f, F) = 8(f) det F + D(f) - F*, 0.17)

with & and D depending, respectively, on ¢ and o) only,% and that (0.15) is paralleled
by ’

Tif} = Fif} + [ 903,0)d S0, 0.18)
2

Part 1. Preliminaries

1. Algebra

In this section we collect, mostly without proof, various results to be of use
later; of these results, many are well known, the rest are taken freely from [17],
where proofs here omitted may be found.

Our notations are essentially those of [18], with minor variants and additions
already introduced in [17] and [3]. As in [18], bold-face type denote vectors, if
minuscule and second-order tensors if majuscule; greek letters are reserved for
scalar quantities if minuscule, and for regions of space, if majuscule. Our use of
parentheses, brackets and braces is completely standard, but we also use brackets
to stress linear dependence on the enclosed variable, and braces to enclose the
argument of a functional.

5 That is to say, for each admissible choice of a curve I' and two unit vector fields
1, defined over I itself, the latter interpreted as the limits of the outward normal field
on the regular part of the boundary on going toward I starting from Z,.

6 For pressure loading, a regular interaction, the densities are %p(n, £, °VH =
7(f) (f ®@n)-sVf* for the surface and q?p(f, vf) = a(f) det (Vf) for the volume potential
(vid. Proposition 5.1),
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1.1 Collections of Second-Order Tensors

In this paper, ¥~ is an oriented three-dimensional vector space over the real
field R, equipped with an inner product denoted by - and a vector product denoted
by X. ,

Lin is the set of all linear transformations of ¥~ into itself (the space of all
second-order tensors). In particular, I is the identity transformation; for A € Lin,
AT is the transpose of A; for a,bc¥", a ® b¢€ Lin, the tensor product of a
and b, is defined by

(@@ bv:=0B-v)a foral vey . (1.1)

The symmetric and skew subcollections of elements of Lin are denoted by
Sym and Skw, respectively, so that
Lin = Sym & Skw (1.2)
and, for all A€ Lin,
A=symA 4 skw A,
o 1.3
2sym A := (A + AT)c Sym, 2skw A := (A — AT) € Skw. (L3

Beside Sym and Skw, other subcollections of Lin to be considered herc are
Lint :={F¢Lin |det F>0}, Rot:={ReLin|RR"=R'R =1I,detR = 1}.
(1.4
As is well known, Skw and 7" can be set in one-to-one correspondence:
Skwos Weswey”, Wv=wxv for all vev¢"; (1.5)
it follows that
W =2wp,

and, more generally, for w,z¢¥" and for W, Z the corresponding elements
of Skw,

W-Z=2w-z, (1.6)
where we have used the inner product of Lin defined in terms of the trace function
by

A -B := tr (AB") (.7
and two bars | | denote the norm associated with the inner product of either ¥~
or Lin, so that &(1), the unit sphere of ¥", is defined by

FA) =ver|v-v=|v]? =1} (1.8)
For we &(1) and W the element of Skw associated to w by (1.5), we have

—W?=1— P(w), (1.9)
with
Pw)y:=wew (1.10)
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the orthogonal projector on the axis of w. We record here for future use the follow-
ing easy result.

1.1. Proposition. Letr AcLin and we %(1) be such that Aw = 0. Then,
for W the skew tensor associated with w, we have

A =BW, with B=—AW (1.1D)
(and conversely).

Proof. It suffices to note that the following chain of implications holds:

Aw =0 = A=AJ—w@w) = A=—AW3 [] (1.12)

1.2 Cofactor and Determinant

Let k be arbitrarily chosen in #", and let K be the element of Skw associated
to k by (1.5). The cofactor A* of A is the unique element of Lin such that A*k
is the vector associated to AKAT by (1.5). It follows from this definition that, for
{i,7, k} an orthonormal basis for ¥~,

A*k = Aix Aj. (1.13)
A related definition of the determinant of A is
det A := AixX Aj - Ak. (1.14)

We now list some straightforward consequences of the first definition alone
(vid. also [19] and Section 1.1 of [20]).

1.2. Proposition. Letr « ¢R; a,bec¥"; A€ Lin; We Skw be arbitrarily chosen,
Then,

(xA)* = a2A* (in particular, (—A)* = A¥); (1.15)
IF=1I, (a@br=0;, (I—apa*=aR®a, (1.16)
We=we w. (1.17)

Less elementary properties of the cofactor mapping follow by using also the
definition of determinant.

1.3. Proposition. Let A, B be arbitrarily chosen in Lin. Then
A*AT = ATA* = (det-A) I; (1.18)
det(A 4+ B)y=detA + A* B+ A-B* {+detB. (1.19)
Note that it follows from (1.17) and (1.18) that
det W =0 for:all W¢ Skw. (1.20)
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It also follows from (1.18) that

A*-A=3detA for all A€ Lin, (1.21)
and, moreover, that -
F* = (det ) F-T  for all F¢ Lint, (1.22)
so that, in particular,

R* =R for all Re Rot. 1.23)

Other properties of the cofactor result from (1.19) and some well known
properties of the determinant, namely,

det A = det AT for all AcLin (1.24)
and )
det (AB) = (det A) (det B) for all A, B¢ Lin.” (1.25)

We list these properties in the next proposition.

1.4. Proposition. Let A, B be arbitrarily chosen in Lin. Then,
(AB)* = A*B*, (1.26)
(AD)* = (A*)L. (1.27)
With (1.26), (1.16); yields a result that will be of use later, when we deal with
pressure interactions: for all A¢Lin and ve?,
(A —v @ v))* = A*v Q v. (1.28)

We now prove two formulae for the derivatives of the cofactor and the deter-
minant mappings.

1.5. Proposition. For all A, B € Lin,
4 det A == A*; (1.29)
in addition, if A € Lint,
(det A) 6,A*[B] = (A*-B) A* — A*BTA* 3 (1.30)

Proof. A straightforward consequence of definition (1.14) is

det (xA) =3 det A for all x¢R and A€ Lin. (1.31)

7 These properties of the determinant are best proved by first restricting attention
to invertible tensors and then appealing to a continuity argument to establish the desired
result for all of Lin.

8 Notice that, for all A € Lin, (det A) 9,A* is a symmetric mapping from Lin into
itself, in the sense that, for all B, C € Lin,

C - (det A) 8,A*[B] = B - (det A) 2,A* [C]. ()

Of course, the symmetry of (detA) 6,4* is a consequence of the fact that, due to
(1.29), 04A%* is the second derivative of the determinant mapping.
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With this and (1.15) we obtain from (1.19) that. -

det (A + aB) =det A + xA* -B 4+ «2A - B* 4 &3 det B; (1.32)
differentiation of the function

a+> det (A 4 «B)
yields (1.29). Next, we differentiate (1.18), and, using (1.29), get
(04A*[B]) AT - A*BT = (A*-B) I, ® (1.33)

multiplying (1.33) on the right by A* and recalling (1.18), we have (1.30).

We close this section by establishing a formula for the cofactor of the sum of
fwo tensors.

1.6. Proposition. For all A, B € Lin,
(A + B)* = A* 4 B* - 5,A*[B], with 2,A*[B] = 2;B*[A]. (1.34)

Proof. Having (1.29), for all A, B¢ Lin we obtain

04(det (A +- B)) = Oy(det (A 4 B)) = (A + B)*,
so that, on recalling (1.19), we arrive at (1.34). []

2. Analysis

Let & be a three-dimensional euclidean point space, whose associated trans-
lation space we shall identify with the vector space ¥~ introduced in Section 1.1.1°

Throughout this paper, 2 is a domain, i.e., an open bounded set of &. We shall
interpret 2 as the region occupied by a continuous body, and study surface
interactions between that body and its environment. Therefore, it is important
for us to describe precisely what type of boundary &£ we shall assign to £.
Although many of our developments do hold (oftentimes in an obvious fashion)
under more general hypotheses, for simplicity and concreteness we shall assume
hereafter that one of the following two situations occurs:
(i) 892 consists of a single surface of class C3, with no self-intersections;
(i) 02 = X VX, U I', where both 2, and X, are C3-surfaces with no self-inter-
sections, such that X; N X, = @ and that their common boundary I"is a closed
simple curve of class C3; on I, the vector fields

I'sxe>n (¥)cy, withn(8)cF(l) fora=1,2, 2.1

9 Notice that we write 8,A*[B] for the derivative of the cofactor mapping evaluated
at A, a linear transformation of Lin into itself, acting on B.

10 On occasion, having chosen an origin o € & once and for all, we shall also tacitly
identify a point & € & with the corresponding position vector (¥ — 0) €¥".



Surface Interaction Potentials 353

are well-defined as the limits of the outward unit normal to X, on approaching
xc ' from Z,, and it is assumed that

ny(x) =ny(x) for all xc I 2.2)

In case (ii) we shall call 2 \J X, and I the regular and singular parts of the
boundary of L2, respectively; in case (i) we shall consistenly say that {2 has a reg-
vlar boundary, or else that the domain 2 is regular. If at a point ¢ I"

n,(%) = —n,(%), 23)
then the unit tangent vector £(x) at ¥ can be chosen so as to coincide with

(%) X 1,()

1) = T @xnm]

249
When condition (2.3) applies thréughout I'" (so that there are no cuspidal
sitnations anywhere), we let the tangent field on I” be defined by (2.4) and choose
the corresponding positive path orientation.

2.1. Remark. In the following, when we write Q2 it will be always clear from
the context whether we refer exclusively to-a regular region or rather to a region
with either one of the two types of boundary above; when we write 2, UV 2,
we do so to stress exclusion of the singular part I" of §£2, but the statement
just made will also apply as a rule, perhaps modulo some trivial changes. to cases
when 2 is regular. []

2.1 Differential Operators on a Surface

When the situation sub (i) above occurs, it is well known that any scalar or
vector field of class C? over £2 can be extended to an equally smooth field defined

over an open set containing £2. Likewise, in the situation sub (i), for o« = 1 or 2
one can regard 2, as a part of the complete boundary of a regular domain 2,
and extend any field defined over 2, to a corresponding field over a neighborhood
of 2,. Consequently, the definitions of intrinsic differential operators on the reg-
ular part of 848, such as the surface gradient and the surface divergence, can be
obtained by restricting to 2, the corresponding differential constructs relative
to appropriately extended fields defined over an open set containing X,.

For all points of £ where the outward unit normal n is uniquely defined, let
N, P(n) be the skew tensor and the orthogonal projector associated to n by (1.5)
and (1.10), respectively (note that

NP(n) = P(n) N = 0). (2.5)

The surface gradient Vv of a vector field v over 642 is the tensor field defined
over 012 as

Vv 1= (Vv) (I — P(n)) = —(Vv) N?; (2.6)
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the surface divergence is
*Div v = tr (Vv) = (Vv) - (I — P(n)) = —(Vv) - N2, 2.7
Moreover, for consistency with definition (2.6), the normal gradient of v is the

tensor field "Vv over 042 defined by

W 1= Vv — Vv = (Vv) P(n) = ("ov) @ n, 2.8
where
ov = (Vv)n 2.9)

is the directional derivative of v with respect to the normal n.

2.2. Remark. In anticipation we remark here that, when we consider the gradient
and divergence of fields defined over the image f(£2) of 2 (or f(642) of 6£2) under

a deformation f of 2, we shall denote the gradient by grad (or ®grad) and the
divergence by div (or *div). []

2.2 Some Properties gf Curl
The value at ¥ € 2 of the curl of a vector field v over 2 is defined to be the
vector associated to the skew tensor field (Vv — (Vv)T) evaluated at x:

(Curl (@) X := [Vo(®) — (Vo) ]u  for all ucv¥".  (2.10)

2.3. Proposition. Let v be a smooth vector field over Q. Then,

(i) if v denotes the skew tensor field associated with v,
Curtlv = —Div V; 2.1)
@) if v(x)e L) for x€ 2,
vXCurlv = —(Vv)v. (2.12)

We omit the proof of this proposition, which amounts to straighiforward com-
putations. The proof of the next proposition is less trivial.

2.4. Proposition. Let w, z be two smooth vector fields over Q, with |w| =1, and
let W be the skew tensor field associated with w. Then
W-V(Wz) = —W? .- Vz — (Divw) (w - 2). (2.13)

Proof. Firstly, apply the identity
A -V(Aa) = (ATA) -Va + (Div (ATA) — A*Div A) - a, 2.149)
which holds for all sufficiently smooth tensor fields A and vector fields a, to the
skew tensor field W and the vector field z, and obtain
W -V(W2) = —W? -Vz — (DivW? — WDivW) -z, (2.15)
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Secondly, observe that (1.9), (1.10), (2.11) and (2.12) imply that
Div W? — W Div W = Div(w Q w) + W Curl w

=Divw)w+ (Vw)w + wxCurl w = (Divw)w. (2.16)
(2.15) and (2.16) together yield the desired result. []

2.3 The Surface Divergence Theorem

Let X be a smooth oriented simple surface, with boundary 82 a smooth,
consistently oriented, closed simple curve: in our present context, typically,
2 =2 and ¢X = TI. Asis well known, for v a vector field over a neighborhood
of 60X, Stokes’ formula holds, namely,

[ (Curlv)-n = f v-t, (2.17)
P o
where of course n is the normal to X, and ¢ is the tangent to 9.

2.5. Remark. Only tangential derivatives of v evaluated on X occur in the left-
hand side of Stokes’ formula. Indeed, on the one hand by (1.5) and the
definition (2.10),

2 (Curlv)-n = (Vv — (Vv)') - N=2Vv - N; (2.18)
on the other hand, (2.5) and the definition (2.6) yield

Vv-N= v — P(n)-N=*Vv-N; (2.19)
in conclusion,
(Curlv)-n="Vv-N. [J (2.20)

Our next proposition, the surface divergence theorem, has manifold applica-
tions in the following, e.g., when we deal with membrane loading.

2.6. Proposition. Let 2’ be a smooth oriented simple surface of normal n, having
a smooth oriented closed simple curve of tangent t as its boundary 0X. Furthermore,
let u be a vector field of class C', defined and tangential over X:

u-n=0 onl. 2.21)
Then
[Divu= [u-txn. (2.22)
x

[

Proof. Let u and n be interpreted as smooth extensions to a neighborhood of
2’ of the corresponding vecior fields # and n defined over X. With a view towards
applying Stokes’ formula to the vector field

v = Nu, (2.23)
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we observe that (2.20), (2.5), (2.13), (2.21) and (2.7) imply that

Curl (Nu)-n =*V(Nu) - N=V(Nu)- N

= —N?:-Vu — (Divn)(n - u) =°Div u. 2.24)
But,
v't=Nu-t=u-txn, (2.25)

so that Stokes’ formula directly yields the desired result. [

Let 2 be a domain as described under (i) in the beginning of this section.
Firstly, for « and v two sufficiently smooth scalar and vector fields over 082, we
have from (2.7)

*Div (xv) = a*Divv 4 (I — P(n)) v) ® V.

Then, choosing v =n, we see that

*Div (xn) = & “Divn. (2.26)
Writing now

v=Pn)v--(I—Pn)v,
we deduce from (2.22) and (2.26) that
[ Divv = [ CDiva)n-v. 2.27)
a2

o

Secondly, a tensor field A over 62 is tangential if
An =0 on 92; (2.28)

using (2.7), we define the surfuce divergence of such a field as
"Div A - v := Div (AT‘v) — AV, (2.29)

for each sufficiently smooth vector field v over 9£2. It follows from (2.28) that the

vector field u := ATv is tangential on 82 for each v€¥". Thus, for each

sufficiently smooth vector field v over 842, the surface divergence theorem implies

that

[DivA-v=— [A-Vv. (2.30)
o

20

Finally, let 202 consist of two regular pieces 2y, X, with a common boundary
I". Then (2.30) must be replaced by

[ DivA-v=— [ A-Vv+ [[A(txn)— A(txn)] v, (231)

TiUZ, ZVUX,

where A, (x = 1, 2) denotes the limit value of the tensor field A on approaching
I from X2,
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2.4 The Weingarten Tensor

For X a smooth oriented simple surface of normal n, the Weingarten tensor
field L over X' is defined to be the negative of the surface gradient of the normal
field:

L := —Vn; 2.32)
the trace of L is proportional to the mean curvature » of 2
» :=1°Divn. (2.33)

We now prove that the Weingarten tensor field has symmetric values, a
classical result in the differential geometry of surfaces obtained here, in a fashion
different from usual, as an easy consequence of Stokes’ formula and the surface
divergence theorem.

2.7. Proposition. Let X' be a smooth oriented simple surface of normal n, and let
2’ be regarded as part of the complete boundary 082 of a regular domain 2. Then

SVn(x) € Sym  for all xc X, (2.34)

Proof. In place of (2.34), we shall prove the equivalent statement thaf, for every
skew tensor field W of class C! over 602

[*Vn-w=0. | (2.35)

00
To this end, we consider two smooth vector fields w and z over 2 and the associated
skew tensor fields W and Z, and observe that the differential identity
V(Wz) = WVz — ZVw -
yields
SDiv (W2) = W -Vz — Z -5Vw, (2.36)

Choosing z ==n in (2.36) and integrating over 62 we obtain

f Sin - W = af sVw - N+ af *Div (Wn). (2.37)
02 Q

20

On the right-hand side of (2.37), the first integral is null by Stokes’ formula and
(2.20); the second one, as the vector field Wn is tangential, by the surface divergence
theorem. []

3. Mechanics

Let a regular domain 2 C & as described in the opening of Section 2 be
pointwise identified with a continuous body. Classically, a deformation of the
body is the assignment of a displacement

J:2—¢8, y=fx), @3.D



358 P. Pop10-GUbUGL! & G. VERGARA CAFFARELLI

from the reference placement £2 into the current placement f(£2), with f smooth
(say, of class C*(2) N C'Y(£), injective and locally orientation-preserving in
the sense that

detVf(#) >0 ae. in Q. 3.2

3.1. Remark. This notion of displacement fits our present needs for a quick,
explicit account of the mechanical aspects of elastic equilibrium problems; of
course, neither a general existence theory based on such a notion is available for
such problems, nor do we propose it as a goal. [

Given a displacement f, we denote by
F:=Vf and F*.=(Vf)* 3.3)

the displacement gradient and its cofactor (cf. (1.22)). The ratios of the current
to the reference volume and surface measures are expressed in terms of F and F*
by

d (vol)
T d(Vol)

d (sif)

det F :d—(g;f;,

and |F*n| B4
respectively, (3.4), being a consequence of the formula of Nanson for the unit
normal m to a point of the boundary &f(£2)'* of the current placement:

m d (srf) = F¥*n d (Srf). (3.5

Finally, at a regular point & € 812, we shall denote by °F and "F the superficial
and normal parts of the displacement gradient F, with F and "F defined by
(2.6) and (2.8), respectively.

For a given displacement f, the Piola-Kirchhoff stress field S over £ and the
corresponding Cauchy stress field T over f(£2) are related by

S(x) = T(y) F*(x), with y = f(#). (3.6)
In terms of these stress measures the equilibrium equations are written as
DivS=0 in 2 and divT=0 in f(Q), 3.7

respectively. The traction boundary condition is
Sn=s on oR (3.9

in terms of the Piola-Kirchhoff stress.

3.2. Remark. In (3.8), we have left unspecified the functional dependence, to be
chosen later, of the surface load s on the displacement f; consistently, we refrain
from writing the corresponding formula in terms of the Cauchy stress, which would
be, rather than generic, vague at this stage. Suffice it to record here the aspect
of such a formula in the easy case of dead loading, i.e., when

005 x> 8(®)ev”, 3.9

11 Note that, under the present hypotheses, 2f(2) = f(24).
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and we have
Tm = |F*n[™'s, with s =354 y), on fZ)VSfZ,), (3.10)
where use has been made of (3.5). [1

Like s, the Piola-KirchhofT stress S at a point # € £2 will be soon the subject
of a constitutive prescription, whose general aspect is

§:QxLint—Lin, &= S(x, A), (3.11)
with
S(x, A)AT ¢ Sym  identically in QxLin*. (3.12)

Part I1. Surface Interactions

4. Variational Equilibrium Problems

A stress field S over £ and a surface load field s over 82 are in equilibrium
when they obey (3.7); and (3.8). Formally, those two equations are equivalent to
the single condition ‘

[8:Vh— f s+h =0 for all test functions k. 4.1
0 00

The question is now to choose constitutive prescriptions for both S and s such as
to yield (3.7);~(3.8) and (4.1) as the strong and weak forms, respectively, of the
Euler-Lagrange equation associated to a suitable total energy functional.

We assume that such total energy functional E or, as we also say, the rozal
potential, has two parts: a body potential S of density o and a surface interaction
potential T of density 7:

f= E{f; = S{f} + T{f}, (4.2,

S= [od(Vo) and T= {[vd(St). (42,3
o o0

with

When the body undergoes a displacement f from the reference placement 2, ¢
is interpreted as the elastic energy stored per unit volume at a point of 2; 7 is
interpreted as the elastic energy stored per unit area at a point of 80.

As a domain for the total potential (the collection of all admissible displace-
ments from ), we select

D :={fc CHQUZ,UZ,)N\CQ) | f injective & locally orientation-
preserving; Vf bounded in 2 & Jchn;l Vf(x) =V, f(xo) for x—x,€l
from X, (x=1,2)}. (4.3)

We remark that the classical smoothness requirement on f, namely, f¢e C2(2)N

C!(Q), which guarantees the possibility of writirig in its strong form the Euler-
Lagrange equation associated to E in the interior part, is here adapted because
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in some applications (e.g., membrane interactions) the surface load s depends on
certain second derivatives of f on the regular part of the boundary, specifically on
the tangential derivatives of Vf, while on the singular part of the boundary
equilibrium may require that f not be continuously differentiable.

Obviously, the domain & is neither a flat space nor a convex set. However,
not only does & agree with the classical notion of admissible displacement re-
called in the beginning of this section, but also, and crucially for our further devel-
opments, it allows for a calculus of variations in a sense made precise by the fol-
lowing proposition.

4.1. Proposition. For @ defined as in (4.3), let # = C>(Q) be the associated
space of admissible variations. Then, for each f€ %@ and h € A, there is a strictly
positive number &,, depending in general on 2, f and h, such that

(f+sh)ea for all ¢ € ]—eq, gol. 4.4

We omit the proof, which amounts to a straightforward adaptation of part (b)
in the proof of Theorem 5.5.1 on p. 223 of [20].
We now lay down the following

4.2. Definition. A continuous body has a conservative interaction with its environ-
ment (with respect to a reference placement ) if the field pairs (8, 8) and (o, 7)
satisfy the variational condition

S(fy[hl= [S-Vh, OT{(filhl=— [s-h forall fED and all hEH .
2 o0
(4.5)

. Whenever, given (S, s), densities (o, 7) can be found for the functionals §
and 7 such that (4.5) prevails, we say that the stress field § and the surface load
field s admit, respectively, the body potential S and the surface interaction potential
T, defined by (4.2), and (4.2);.-Given (o, 7), we regard (4.5) as a constitutive pre-
scription for (S, 5). Indeed, with (4.2), (4.5), the differential identity

Div(A™v) — DivA-v= A4V, 4.6)
which holds for all smooth tensor fields A and vector fields v, and, finally, the

divergence theorem, we conclude that

0Elh]= [S:Vh— [s-h=— [DivS-h+ [(Sn—s)-h (@47

for all ke . Therefore, all solutions of the variational problem

extr {E(f) | f € @} @“4.8)

necessarily satisfy the associated Euler-Lagrange equation, in either one of its
forms (3.7);—~3.8) and (4.1).

As to the density of the body potential, we adbere to common practice ‘in
elasticity and choose a smooth mapping

¢: QxLint =R+, o= a(x,A) 4.9)
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which is spatially symmetric, i.e., such that
o(%, RA) = g(x, A) for all R¢ Rot and all (», A)¢ 2xLint. (4.10)
Setting then
S = 8(x, A) = 8,6(x, A) (4.11)
we see that (4.5), is satisfied identically in 2.

4.3. Remark. As is well known, (4.10) yields
(0a6(x, A)) AT€ Sym  for all (x, A)€ QxLint. 4.12)
Thus, with (4.11), S satisfies (3.12). [J
We defer our choice of a surface interaction potential density of generality
comparable with (4.9), (4.10) until after the discussion of the examples of pressure

and membrane loadings. We here recall, however, that a dead interaction (cf.
(3.9)) admits the potential density

7:0Qx¥v =R, t=1(%1v)=5§u)-(v—&); 4.13)
with ‘
s = §(x) = —0,7(%, v), 4.14)

(4.5), is satisfied identically in 2.

5. Examples

In this section we take £ to be a regular region in the sense of Section 2.

5.1 Pressure Interaction

By definition, a body has a pressure interaction with its environment when,
given a pressure function

z: 6 >R, a=a®y), 5.1
the traction boundary condition in tetms of the Cauchy stress is
Tm = —am  on f(Q) (5.2

for all f€ 2. In the reference placement, the corresponding boundary condition
is

Sn = —aF*n, with @ = 7z(f(x)), on 68, (5.3)
where both (3.5) and (3.6) have been used; we shall call pressure loading the vector
field

x> 5,(%) 1= —a(f(%)) F*(x) n(x) (5.4

over 0.0,



362 P. Pop1o-GUIDUGLI & G. VERGARA CAFFARELLI

5.1. Proposition. Pressure loading admits the surface interaction potential
Tif} = [=NF - (VH*nd(Sfr), (5.5)
Q2
with the mapping = from ¥~ into B defined by

1

vi> (V) = Of a(yv) 2 dy (5.5),
Moreover, the volume potential
P{fy = [#(f)det(Vd (Vo) (5.6
is such that ’
T{fy = Pif} for dl feD. 5.7
Proof.'> We find it expedient to prove (5.7) first, and then to show that
0T, {f} [h] = 0P,{f} [h] = a!{ s, h. (5:8

We begin by observing that the successive use of the divergence theorem, the
differential identity (4.6) and the fact known to Euler that the cofactor of the
gradient is divergenceless:

DivF* =0, (5.9
imply that
f?if-F*n = [F*-: V(zf). (5.10)
oQ Q
Moreover,
V@f)=aF+f®Vax and Vz=FTgradwn, (5.1D)

so that, on recalling (1.18) and its consequence (1.21), we have
F* . N(af) = 3z -+ f - grad w) det F. (5.12)
Finally, differentiation of (5.5), yields
grad 7 = (=37 + @) |f[ 7 f, (5.13)

12 1 view of (3.4), and (3.5), for pressure loading the volume potential may be
written as

Pift = [ () d(vol), (#)
F
and the surface potential as
Tify = [ #»)y- -my)dr), (40
(D) :

with = and % related by (5.5),. Of course, the appealing greater simplicity of these for-
mulae is counterbalanced by the need of taking variations of integrals with variable
domain. Notice also that (5.1) and (5.7) imply that T,{f} > 0 throughout £.
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so that, in particular,
37+ f-gradw = 7. (5.19)

With the use of (5.12), and (5.14), (5.10) yields (5.7).
In order to prove {5.8),, it is sufficient to observe that, due to (4.6) and (5.9),

5 ( [ fzdet'F) [kl = [ ((grad # - b) det F + & Div (F*"h)).  (5.15)

But, by (1.18) and (5.11), with # in place of 7,
(grad 77 -h)det F = F* b -FT grad 2 = F*" h - V. (5.16)
Hence, in view of the differential identity
Div(xv) =aDivy + v - Vax (5.17)

holding for each smooth scalar field x and vector field v, we have

) (fa%det F) [h] = [ Div(aF*" h)= [ #F*n-h, (5.18)

0Q

which, by (5.6) and (5.4), establishes (5.8),. []

As to the last proposition, some comments are in order, for the purpose also
of putting our further developments into perspective.

Firstly, pressure loading s, depends only on the superficial part °F of the dis-
placement gradient F: indeed, one immediately sees from (1.28) that

Fin = (F)* .13 (5.19)

This observation suggests that, in generalizing from (5.5), one begin by considering
surface interaction potentials of the form*

T{f} = [#(f,*VHd(Sef). =« (5.20)

o0

Secondly, recall that a null Lagrangian'® is, in our present context, a functional
on

S FHf} = [, Vf)d (Vol) (5.21)
P = CH2) N C'(D) (5.22)

13 Vid, [3] for a different proof of the fact that F*n depends upon surface derivatives
alone. The mechanical relevance of this circumstance was first remarked by GURTIN
in [21].

4 Here and henceforth in this section we silently fail to remark that the functionals
we introduce may depend upon «.

' Null Lagrangians are treated at length in [22] and [23], where appropriate reference
to the papers by ERICKSEN [15], EDELEN [16], and others, is also to be found; an interesting
paper on the subject, which has just appeared, is [24].
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for which a vector field x> v/(#) over 912 can be found, in general depending
functionally on the restriction of f to 22, such that

SF{f}[R]= [v;-hd(Stf) for all f€Z and he s, (5.23)
a0

In view of (5.8), and (5.6), we recognize in P, a null Lagrangian of the form
(5.21). Our general results in this direction are the contents of Proposition 7.9
below.

5.2. Remark. Comparing (5.20) and (5.23) in the light of (5.7) one is led to consider
live loadings alternatively described by surface and volume potential densities 7
and ¢ such that

[2(F,*VH = [§(f,Vf) for all f€¢Z and parts IT C Q;  (5.24)

o1

for such loadings, invariance under change in observer might be assessed by re-
quiring that ¢ has the behavior usually postulated for constitutive functionals
having the character of volume densities, thus circumventing the nontrivial task
of choosing reasonable invariance assumptions for T or s. This suggestion has been
put forward in [3], where it has been also shown that, if ¢ = @(A), then (5.24)
and the requirement that ¢ be spatially symmetric in the sense of (4.10) are com-
patible (if and) only if

p(A) = mo det A,  with 7, an arbitrary constant, (5.25

which is the case for uniform pressure loading. []

5.2 Membrane Interaction

We think of a body having a membrane interaction with its environment
as a body with an elastic membrane glued to it,'® so that

Tm = —2eqem  on 8f(82), (5.26)

where &, > 0 is the material modulus of the membrane and, in view of (2.26)

and (3.5),
(Vf)*n

x=%%ivm with m=_——s7— (5.27)

(V) n|’

is the mean curvature of the current boundary of the body. In analogy with
(5.4), we call shall membrane loading the vector field

x> $,(%) 1= —2eox( f(%)) F*(x) n(x) (5.28)
over 002.

16 Qr, alternatively, asa body acted upon by surface tension (c/f. [3] and [25], p. 153).
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5.3. Proposition. Membrane loading s,, admits the surface interaction potential
Tift = [ T.(f,Vf)d (Sth), (5.29),

00

with density
T F)xLin, 1, =1, A) =¢ |A*u]!” (5.29),

and equals the surface divergence of the (referential) membrane stress M:
s, =°DivM, M(u,A):= 8,1,(u, A), (5.30)
with the class C' tangential tensor field M over 082 appearing in (5.30); given by
M=1,(I—m@m)FT, (5.31)
as a consequence of definition (5.30),.

Proof. As preliminary, we recall that the absolute value mapping on ¥ has
derivative

&, lv|=[v["tv
away from the origin of #". This, and the fact pointed out in Footnote 8 that the

derivative of the cofactor mapping is a symmetric transformation of Lin into
itself, allow us to write

ST ] = 0 [ 8](Tf)*n| (h] = e [ GeF® [ Cp* n ] Vh. (532)
A *n =& —— R n| - Vh. .
" °d ° b TR ©
Next, (1.30) and (5.31) imply that
OT,{f} Ikl = [M-Vh. (5.33)
o2
Now, in view of (2.7) and because,
Vh — (grad b) Vf, (5.34)
we have
M -Vh = &, |(Vf)* n| *div h. (5.35)
With (5.35), (2.27) implies that
[M-Vh=¢, [*divh=¢ [ (divm)m-h; (5.36)
20 () f(2)

17 Notice that, again by (5.19) and just as the pressure potential density, it follows
from (5.29), that 7,,(f, Vf)depends on the displacement gradient through the first tan-
gential derivatives only.
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(5.36), with (5.26)—(5.28) and (5.33), is enough to prove that 7,, is a surface inter-
action potential for s,,:

OT,{f} 1] = — [ s,-h. 537

We observe that, in view of (3.5), the membrane stress M as given by (5.31)
satisfies (2.28), i.e., is tangential. We can then apply (2.30) and obtain

[ M-Vh= fM-thz— stivM~h,
o2 a0 a0

which, together, with (5.37), establishes (5.30),. [

Define now the Kirchhoff membrane stress K to be
K :=MF' =7, (I —m Q m). (5.38)

Forall ¥c £ and f¢€ 9, and for all t€¥" such that - m(f(x)) = 0, we have
from (5.38) that

Kt =1,

oo

thus K is a positive-definite multiple of the identity transformation of the tangent
plane to gf(Q) at f(») into itself. In addition, using among other things the sym-
metry of the Weingarten tensor (Proposition 2.7) one can show that

sdiv K = s,, = Div M.18 (5.39)

Thus, as remarked in [3], on the one hand membrane loading cannot account
for situations where compressive surface stresses are to be expected (vid. e.g. [27]
and [28)): more general constitutive prescriptions than (5.28), are needed to cover
those cases. On the other hand, s,, involves the second derivatives of the displace-
ment field f at the boundary, and therefore points to live surface loads more
general than the simple loads examined by SpecTor [10], [11], which by definition
depend at most on first tangential derivatives.'®

6. Properties of Extremals

The examples of dead, pressure and membrane interactions together suggest
that we consider general conservative interactions as those described by Defini-
tion 4.2, with stored energy per unit volume ¢ obeying (4.9), (4.10) and stored
energy per unit area 7 defined by assigning two class C? mappings

2.0 (E VU DXFD ¥ XLin—>R, - 1=15uv,4), a=12, (61

18 For a general treatment of continuous bodies having the form of elastic membranes
vid. [26].

9 Notice that, as (5.4) shows, pressure loading s, does depend only on first tangential
derivatives of f, and is therefore simple in the above sense.



Surface Interaction Potentials 367

and requiring that

~

Blo =, & =1,220 62)

In view of (6.1) and (6.2), for xc 2, V2, and f¢€ 9, the surface interaction
potentials we consider have densities

x> 7(%, n(x), f(%), F()). 6.3)

It would be desirable to have at our disposal an a priori selection criterion for
7 playing for (6.1), (6.2) the complementing role played by (4.10) for (4.9). Un-
fortunately, for live surface interactions the spatial symmetry issue has not received
yet a treatment as thorough as it deserves; no. generally accepted form such as
(4.10) is presently available for invariance requirements under change in observer
applicable to surface potentials.?!

We then address ourselves to deduce other selection criteria for admissible
classes of constitutive functionals T from the properties that the extreme points
of the variational problem (4.8), with E chosen as just explained, must have: in
other words, we shall regard S as given, and require that T be such as to obey the
necessary conditions for an extremum identically on the domain & of E. Our next
proposition lists all those conditions.

6.1. Proposition. Let the total energy functional E be defined by (4.2), (4.3), (4.9),
(4.10) and (6.2), and let f be an extreme point of E on its domain %. Then, f©
satisfies the following conditions:

() (equilibrium in the interior)
Div (8,6'Y) = 0 in Q; 6.4
(ii) (equilibrium on the regular part of the boundary)

@M n = —5;79 + *Div (87  on I, U Z,; 6.5)

20 Thus 7 is defined only over the regular part X; U X, of the boundary of ©.
We remark that, as the normal field and the deformation gradient are in general
discontinuous through the singular part I’ of 22, for all f€ & the scalar fields

® > 3,(%, 0, F®), Y, 08), o =1,2,

are pointwise different on I" even if 7| and 7| » and are one and the same function
from I'x P(1)x¢"xLin into R: it would be difficult to imagine a situation of practical
interest where a single-valued 7 could be defined over the whole of 20 (of course, this
is not the case if I' is empty; vid. Remark 6.2 below).

21 As an example of the invariance requirements that one may think of imposing,
we recall that in [7] 7 was assumed to be spatially symmetric in the following reduced
sense: for all fixed ¥ € X; UV X, and f€ 9, let Rot (#, f) be the subgroup of Rot con-
sisting of all rotations about the current normal m at f(x); then 7 is such that, for all
(x,u,v,4) € (2, V)X P(1)X¥ xLin and for all f&.g,

(%, u, Rv, RA) = ¥(x,4,v,4) for all R €Rot(¥;f). €0
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(iii) (tangency on the regular part of the boundary)
@GP n=0 onZ2 VX, (6.6)
Moreover, if the region 2 is such that
n(x) == —ny(%) for all xc I, 6.7)
then f© satisfies the additional condition
(iv) (equilibrium on the singular part of the boundary)
@t n, + @t n, =0 on I. (6.8)
Proof. For f9c % an extremum of E, we have
SE{fO}[h]l = [&p6'” VR + [(@7Q -h+ 8@ -Vh)=0 (6.9
2 o0
for all variations h€ 3. Taking firstly hl;o =0 and applying (4.6) we have
(6.4). In addition, in view also of definitions (2.6), (2.8) and (2.9) yielding

Vh =*Vh +"0h @ n,
(6.9), reduces to

[ [@66On + 83®) - b + 8@ -Vh + (@27®) n -"eh] = 0. (6.10)
o0

But on the regular part of 02 the variation fields h and "6h may be assigned
independently. Thus we deduce from (6.10) and (2.28) that ;7 is a tangential
field on 2, \VX,, which is (iii). At the same time, (6.10) and the consequence
(2.31) of the surface divergence theorem yield

[ [(8:5®) n +- 83 — *Div o] - b

22,
+ [ @) (¢ xn;) — (86757) (Ex11)] - b = 0. (6.11)
I
Now taking k|, =0 we have (ii), whereas (6.11) reduces to the line integral.
In view of hypothesis (6.7) and (2.4), we have
["1 Xy | tXny =n, — (1, -ny) ny, [y Xn, | txn, = (n, -ny)n, —ny;
thus the integrand in the line integral can be written as
{[(31?%50)) n, + (@7 1] — (n, - 1)) (@) 1y + (@) ]} -h = 0.
(6.12)
We now observe that, passing to the limit in (6.6), we obtain
@pTi?) 1y = (G578 1, = 0 (6.13)

identically on I". Finally, (6.11), (ii), (6.12), (6.13) and the residual arbitrariness
in the choice of h allow us to establish (iv). []
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6.2. Remark. As an example of the adjustments alluded to in Remark 2.1, we
note that, for £ a regular region, the normal field is of class C2, and the dependence
of 7 on 1 may then be safely absorbed into the dependence on #. Formally, (6.1)
and (6.2) together should be read as

7:00x¥ xLinr>R, 7= 1(# v, A),
and (6.3) as
® > (%, f(%), VI(%);

Proposition 6.1 would then consist of the first three items only, with X, VX,
replaced by 2. [

6.3. Remark. If n, =—n, on I the integrand of the line integral in (6.11)
vanishes, provided that V,f@=V,f® and

(3%, n,u, A) = —7,(%, —n, u, A) for xc I’ (6.14)

(this is the case for a pressure interaction on the whole boundary but not for a
membrane interaction); in general, however, (6.11) takes the form

[0571, (, "bf(o), vlf(O)) + 31*%2(‘”, —n,, f(0)> sz(o))] (txn))=0 for xc .

6.15)
a condition on minimizers replacing (6.8) in the cuspidal case. []

6.4. Remark. Neither for pressure interactions nor for membrane interactions
does the surface potential depend explicitly on the place &; when this is the case,
we shall say that a surface interaction potential is homogeneous. [

In the light of (3.7), and (4.11), the equilibrium condition in the interior of
£ comes as no surprise. Likewise, the equilibrium condition on the regular part
of 942 simply suggests that, given a surface potential density 7, for x€¢ X, U X,
and fc 2 we associate with 7 the live surface load

x — 3(x,n(x), f(x), F(*)) := (—;7 + *Div 8s7) (%, n(x), f(%), F(x)). (6.16)

Remarkably, all conditions (6.6), (6.8) and (6.15) involve exclusively the
“membrane stress” Opt.

As to the tangentiality condition (6.6), we observe that both pressure and
membrane potentials satisfy it identically. In the next section we shall start from
a scrutiny of (6.6), and move on to motivate further consideration of densities =
depending only on #, n, f and the first tangential derivatives of the displacement
field f, and then to discuss conditions such as to guarantee that 3, too, shall depend
at most on the first tangential derivatives.

As to the equilibrium condition on the singular part I" of 89, in either one of
its forms (6.8) or (6.15), we repeat that pressure interactions satisfy it whatever
the region £, and therefore the curve I', may be (provided V f@=V,f?).
By Proposition 7.16 we shall characterize a class of homogeneous surface inter-
action potentials which satisfy identically both (6.8) and (6.15).



370 P. Pop1o-GUmUGLI ‘& G. VERGARA CAFFARELLI

7. Tangential Interactions

We begin by establishing a preparatory result yielding an equivalent version
of the tangentiality condition (6.6) for a surface potential density of type (6.2).

7.1. Proposition. Lef p be a smooth mapping from Lin into R. Then, for each
fixed acv",

Gap(A)) a=0 < pA)=9p(Al— 6 a)). (7.1
Proof. For fixed acv”. let |
#(4) = p(Ad — a © @)
Then differentiation yields ‘
0a9(A) = (Cap(Ad —a @ a))) I —a ® a)

and the leftward implication follows. To prove the converse, for ac¥” again
fixed we define the real-valued mapping on Linx¥"

P(Y,y) =9Y +yQ®a. (7.2)
Now, differentiating (7.2) with respect to y we have ‘
p(Y,y) = (Gap(A))a for A=Y +yQa.
(6A1)B(A)) a= 03

it follows that p actually depends on the first variable only. Writing now each
AcLlin as

If

A=Al —-a®a)+ (A Ra,
and taking '
Y=Al—a®a), y=Aa

in (7.2), we have the desired conclusion. []

Now let 7 in (6.2) be tangential not only at an extreme point of the total
energy functional, as required by (6.6), but rather on the whole of %, as
guaranteed by assuming that the membrane stress 077 be tangential in the sense
of (2.28), i.e., that

(Bat(®, u, v, A)) u=20 (7.3)

for all (&, u, v, A)e (Z; VX)) x&(1)x¥ xLin. Putting then, for each fixed
triplet (%, u, v) € (X, V Z) XL ()XY,

(¢, u, v, A)= p(A) for all A¢Lin, (1.4
we conclude from (7.1) that (7.3) implies that
(%, u,v, A) =7(%, u,v, Al — u ® u)). (1.5

Thus, for the surface interaction potential densities of type. (6.2), assuming
tangency in the sense of (7.3) is equivalent to restricting attention to the subclass
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of tangential potentials, namely, those having surface densities of the following
type:
x> (%, n(x), f(%), *F(x)). 7.9)

7.1 Subpotentials

Beside the hint provided by the necessary property (6.6) of extremals, we shall
here offer another reason for considering only tangential potentlels SO putting
that choice into better perspective.

We begin by recalling a notion of restricted convexity for functions defined
on Lin (vid. [22], p. 43ff. and [23], Sect. 4.1.1).

A smooth mapping ¢ from Lin into R is said to be rank-one convex if, for all
A¢cLin and a,bc v,

PA+aa @)= (1— &) §(A) + aj(A+a@b) forall xe[0,1]. (7.7)
It is easily seen that ¢ is rank-one convex if and only if the function on {0, 1]

defined by
x> p(A + xa ® b) (71.8)

is convex for all choices of A, a and b. If ¢ is of class C2?, another well known
characterization of rank-one convexity is that ¢ obeys (7.7) if and only if, for each
A € Lin fixed, the linear mapping #49(A) from Lin into itself obeys the Legendre-
Hadamard Condition:

a@b- (HpA)laxbl=0 (7.9)

for all choices of @ and b (vid. again [22] or [23], loc. cit.).

If both ¢ and —% are rank-one convex, ¢ is said to be rank-one affine. For ¢
a rank-one affine mapping there are two réal numbers yy, ¥, and two tensors C,, C,
such that the representation formula holds:

$(A) =y, + y.det A+ C, - A* + C, - A, (7.10)

The following characterization of rank-one affine mappings of class C2 will be
of use later on.

7.2. Proposition. A4 C*-mapping v from Lin into R is rank-one affine if and only
if, for all A€ Lin, the mapping ¢39(A) obeys the skew-symmetry conditions
c®d- (49(4) [ ®b]=—c @b (Fip(A) [a ® d]

| =—a@d @A) [c®bl (111
for all a,b,c,dc¥.

Proof. In view of (7.7) and (7.8), we conclude that ¢ is rank-one affine if and only
if

x> (A + aa @ b) = (1 — &) p(A) + ap(A + a Q b);
dlﬂ"erentlatmg this function twice, we conclude, under the hypotheses that )
is rank-one affine if and only if

a®b-(Bjp(A) [a @bl =0 (7.12)
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for all a,bcv?” (¢f. (1.9)); in turn, condition (7.12) is known to be equivalent
to (7.11),.?2 Finally, as for all fixed A€ Lin the linear mapping 64¢(A) of Lin
into itself is symmetric in the sense of Footnote 8, (7.11), also follows. []
Consider now the mapping y defined by (7.2), and put
Poun(Y) 1= inf {p(¥, 3) |y €V} (7.13)

Using the notation (7.4) again, we see that, for each fixed triplet (#, u,v)¢€
LV EZ)xF(1)x¥, the mapping

Taup(%, 8, V, A) 1= p(A4)  for all A€ Lin, (7.14)

is well defined. We then have grounds for the following

7.3. Definition. Given a surface interaction potential T with density T of type
(6.1)—(6.3), the associated subpotential is the tangential functional

Ta{S} := [ Teun(®, 7, f,°F) d (S1f) (7.15)
o0
with density
Top(®, 12, 1,°F) :=inf {7(x,n, f,*Vf -y @n) |y ¥7}. (7.16)
Likewise,
Eop =S + Ty (7.17)

is the subpotential associated with E.

7.4. Remark. The terminology we use is inspired by the similar but different
concept of “subenergy” that ERICKSEN [29] has taken from FLory [30] in order
to model certain types of phase transitions within the framework of thermoelas-
ticity. [

7.5. Proposition. Let T be a surface interaction potential, with rank-one convex
density T, and let the associated subpotential Ty, be Gateaux-differentiable over
9. Then, if f@ is an extreme point of E jn 9, it also renders Ey, stationary.

Proof. Recall that, on confining attention to conservative interactions by means
of Definition 4.2, we already stipulated that E is G-differentiable over 2.
Assuming now, in addition, that it makes sense to write

- Eo{f + eh} — Eq{f}

lim . =1 0Eyu{f} [h] (7.18)
for all f€% and hc ¥, we wish to show that
OEp{fP[h] =0 for all he # (7.19)

at each extreme point f® of E.

22 Note that (7.11), can be written equivalently as
(#9(A) [a @ b)) ¢ = —((F539(A) [a @ cl)b  for all a,b,c €. (3)
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First, it follows from the very definitions of E and E,, that

E{fy = E,W{f} for all fc 2. (7.20)
A less obvious fact is that, under the hypotheses,
Ef{ f(o)} = Eguf f(O)} (7.21)

at each extreme point f© of E. To see this, recall that, at f© (6.6) requires that
7 is such that
@@ n — 0. (1.22)

Moreover, if 7 is rank-one convex, i.e., if the mapping ¥ defined by (7.4) is rank-
one convex for each fixed triplet (», ¢, v)ec (2, VX )XF(1)X¥", then

bis> 5CVFO 4 b @ n)

is a convex mapping whose derivative at b ="gf® equals (957'”) n and there-
fore vanishes because of (7.22); but then this mapping has at "4f® an absolute
minimum, and thus, in view also of definition (7.16),

Tap = 7@, (7.23)
which implies (7.21). With this and (7.20), we have
Esub{f © + Sh} - Esub{f (O)} —S— E{f © + Eh} - E{f (0)}9

so that . .

811)%%- Esub{f( ) + 8:} — Esub{f( )} g 0 (7.24)1
and o ©

.911)1_([)1~ Esub .f( + ‘9’:;} B Esub f } > 0 (724)2

(7.19) then follows from (7.24) and the assumed differentiability of E,,. [

The last proposition shows that, for reasonably general assignments of surface
interaction potentials depending in principle on the entire displacement gradient,
the extreme points of the resulting total potentials integrate a subset of the
extremal set of an associated functional so constructed as to give to normal
derivatives the least weight possible in the minimization process.

7.2 Simple Potentials

Here and henceforth we restrict attention to tangential potentials

T{f} = [t(x 1, f,°F)d (Stf). (7.25)

a4
As is clear from (6.16), these potentials correspond in general to surface loads
depending on first and second tangential derivatives. Qur goal in this section is
to characterize a class of surface potentials such that the corresponding surface
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loads are sinmple, i.e., depend at most on first derivatives. Interestingly, the total
potentials featuring simple surface interactions may be thought of as defined over
a domain larger than &, as second derivatives are not assumed to exist at
points of X UV X,

7.6. Definition. A tangential potential T with density 7 is simple if it gives rise to
a simple surface load §, ie., if

§ = —0;u(%,n, f,°F) + *Div ot (%, n, f, °F) = $(x, 0, f,°F).  (7.26)

7.7. Proposition. 4 tangential potential T is simple if and only if its density
admits the following representation formula:

T(w, u,v, A) = 5(x, u, v) + (6, u,v) @ U) - A* + Cx, u, V) U- A. (1.27)

Proof. Observe first that, by (7.26),, the part of s containing second derivatives
of f vanishes identically on Z; \V X, if and only if #437(«, u, v, A) has the skew-
symmetry property (7.11); for all (», u,v))c (2, VI)XL (XY, ie, in
view of (7.4) and Proposition 7.3, if and only if the mapping

As H(A) = 7(#, u, v, A) (7.28)

is rank-one affine. Secondly, by Proposition 7.1, if 7"is tangential we may replace
A with A(J — u ® u) in the representation formula (7.10); the result is

pA) =y, +C- (Al —-u@u)*+ C,- Al —uQu
or rather, by (1.28),
pA)=y, + Cueu) - A*+C,(I—u@u) A,
from this, with the notations
yr=:y;, Cuu=:c and —C,U=:C (cf (1.11)),
(7.27) follows. []

Resuming now the developments at the end of Subsection 5.1 in the present
more general context, we turn to characterize those simple surface loadings that
are alternatively described by surface and volume interaction potentials. As our
attention is restricted, for the rest of this subsection, to bodies comprising
regular regions £2, we shall drop the explicit dependence on the normal n to 982
in the expression of surface interaction potentials (¢f/. Remark 6.2).,

We state without proof a proposition where some results of [15] and [16] are
rephrased.

7.8. Proposition. A functional
Fify = [ ¢, f,Vf)d (Vo))
P ‘
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on Cz(!_).) is a null Lagrangian if and only if there is a smooth vector-valued
mapping

(%, u, A) > (%, u, A), (7.29)
obeying the skew-symmetry condition
(04(0(%, v, A) - b)) @ = —(8,4(¥(%,v, A) -a)) b (7.30)
for all a,bcy and for all fixed (%, u, A)e 2x¥ xLin, such that

@(#, f(%), Vf(#)) = Div 0(x, f(#), Vf(®)) (7.31)
for all x€Q and feCQ).

We are now in a position to state our announced characterization.

7.9. Proposition. Given a simple tangential potential

T{f} = [, f,°F)d (Stf), (7.32)
there is an associated volume poteiz‘ial
F{ft = [ (%, f, F)d (Vol) (7.33)
such that ’ B
T{f} = F{f} for all fe C*(L); (7.34)

F is a null Lagrangian. Conversely, if a volume potentiol F as in (7.33) is a null
Lagrangian, then there is a simple tangential potential T as in (7.32) such that
(7.34) holds. :

Proof. Given 1z, for (¥, u, A)Cc02x¥ XLin, we consider the vector-valued
mapping defined by

v(w, u, A) 1= 1%, u, A) n(&) — (0,7(%, u, A))T An(x). (7.35)
We observe first that, because T is tangential,

(Oat(x, u, A)) n(x) =0,
so that
v(x, u, A) - n(s) = (¥, u, A).- (7.36)

Secondly, differentiating ¥ with respect to the third argument, we see that
(840 - b)) @ = —[(a " n) (9,7) b — (b~ 1) (947) 6] — ((¢57) [Fn @ b)) @. (71.37)

On the right-hand side of (7.37), the addend within square brackets is obviously
skew-symmetric with respect to the interchange of @ and b, whereas the other
addend is likewise skew-symmetric because T is simple and hence, by Proposi-
tion 7.7, T obeys (7.11), ; consequently, v satisfies (7.30).2% As £2 is by assumption

23 1t can be shown that the most general ¥ obeying (7.30) and (7.36) has the form
U(x, u, A) = ¥(x, u, A) n(x) — (9,7(x, u, A))T An(x) + (ci (%, u) + AT c,(x, 1)) xn(x),
with c,(x, u), c,(x, u) two arbitrary vector-valued mappings.
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of class C3, ¥ as in (7.35) can be extended to a class C2 mapping over 2x¥" x Lin;
the direct assertion then follows by defining ¢ as in (7.31).

A proof of the converse begins by constructing 7 from the vector-valued
mapping v associated with a given null Lagrangian density ¢ by Proposition 7.8:

(%, u, A) 1= (%, u, A) - n(x). (7.38)

It remains to verify that such a 7 is both tangential and simple. But, 7 is tan-
gential because, by (7.38) and (7.30),
(@at) 1 = (04(V -n)) n = 0,

so that (7.6) follows from appealing to Proposition 7.1; T is simple because, by
(7.33) and (7.31),

6F{ fip] = f (Orp(, f, F)) n - h d (Stf)

202

and thus the corresponding surface loading

depends only on first derivatives. []

7.3 Regular Potentials

Let @ denote the collection of all domains £ described under (ii) in the be-
ginning of Section 2; moreover, for £ chosen in @, let the mappings 7, (x = 1,2)
define through use of (6.1)—(6.3) a surface interaction potential density 7.

On the singular part I'" of 02 the equilibrium condition (6.8) reads:

(Or (5, ny (%), fO(x), Vlf(o)(x)) 1,(%) -+ (Op72(#, (%), fO(%), VZf(o)(x)), n,(¥) =0

(7.39),

at each extremum point f©¢ @ of the underlying total energy functional, when

(6.7) applies; otherwise, if I" is everywhere cuspidal, ie., if n, = —n, on I
(7.39), is replaced by

(05T (%, 14(), FO®), V  fO&)) + 0pT5(%, —111(%), FO@), Vo, fO(0))] (#(%) x 11,(5))

= (7.39),

(¢f. Remark 6.3). On the other hand, the companion equilibrium condition

(6.6) prevailing on the regular part of 8£2 can be split into separate tangentiality
conditions for the individual 7,:

(Opt (%, n(%), fO, V) n(®) =0 on X,, «=12. (7.39)3

Comparison with (7.39); suggests that we regard (7.39), , as conditions of joint
tangentiality on the pair (z,, 7,), prevailing at extrema. We may ask whether there
are surface interactions such as to satisfy all conditions (7.39) identically in @
and & with V,f=V,f.
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Just as the analogous question which led us to consider potentials with density
of type (7.6) obeying condition (7.39); identically in 9, this question is constitutive
in nature.

In order to answer it, we begin by noting, that, as far as condition (7.39) is
concerned, the choice of an element £2¢€ @ amounts to choice of a class C3
closed simple curve I" and two class C? normal fields n, = n(x) over I If they
have to satisfy (7.39) whatever I' may be, the mappings 7, cannot depend
explicitly on the place . We then introduce the following definition.

7.10. Definition. A4 pair (z,, T,) of class C* mappings
7, )X ¥ xLin—=R, t=1,(u,v, A, «=1,2,

is jointly tangential if, for all (v, A)€ ¥"XLin fixed, the following two condi-
tions hold:

04t (ty, v, A) uy + 0,75(Uy, v, A)uy = 0 for all uy, u,c F(1); (7.40),

Oat, (U, v, A)u=0,0 = 1,2, for al uc (). (7.40),

7.11. Proposition. If (71, 7,) is a jointly tangential pair, then for both the asso-
ciated membrane stresses 0,7, one and the same representation formula holds:

Oats(w, v, A) = 857,(u, v, A) = B(v, A U (7.41)

Jor all (u,v, A) € (1) X+ xLin, with B a class C* mapping from ¥ xLin into
Lin, and U the skew tensor associated to u by (1.5).

7.12. Remark. A straightforward, but important, consequence of (7.41) is that
Oat1(u, v, A) -+ 047,(—u,v, A) =0 for all uc (). (7.40),

Thus, if (z;.7%.) is jointly tangential and if, for each 2 in @ and fe C(Q), we
define the class C? tensor fields

8> B(f(®), VA®) Nu®) s ur, =12, (7.42)

with N“(x) the skew tensor associated to n,(%), then, as (7.40); reflects the constitu-
tive significance of (7.39); for i = 1,2, 3 in the order, the fields (7.42) satisfy
all conditions (7.39) identically in ¢ and 9. [

Proof of Proposition 7.11. Let the variables (v, A) be fixed in ¥ x Lin (for con-
venience, the arguments v, A will not be displayed in the following developments).
As 7, satisfies (7.40);, we conclude from (1.11) in Proposition 1.1 that, for all
uc (1),

D) = B.(w) U, (7.43)
with U the skew tensor associated to u by (1.5) and

B, (1) := —8,1,(u) U. (7.44)
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We then rewrite (7.40), -as
1}1(“‘1 [_1 u,) U,u, .‘{‘ Bz([uz l_l u,) Uju, =0, (7.45)

this time for all u,, u, € ¥". Differentiating (7.45) with respect to ul and u,
in the direction of h; and h,, respectively, we have

(8,,1(31(}111 {;1 u,) Uy) [hy]) b, + (6u2(32(|u2 l_l u)Uy) [h]) by =0

identically in u,, u, and hy, h,. It follows that there exists a linear mapping B
from ¥ into Lin, with B depending at most on (v, A), such that

(Blh, ) b2 1= (2u,By((1 [ 1) Uy) [hy))
= —(8u,(Ba(| 1, |t uy) Uy) [hy]) hy. (7.46)
Integrating (7.46); we obtain
B.(|u, [t uy) Uy =Blw,] + C, (7.47)

where C also depends at most on (v, A); but, by multiplication of (7.47) on the
right by u;, we sec that

0 = (B[uD u, + Cuy,
so that, as u; is here arbitrary,
BB, Vh, = —B({h,Dh, forall k,h,cv, C=0. (7.48)
(7.43), (7.47) and (7.48) yield
047,(1) = 847,(1)) = Blu]
for all u ¢ %(1); moreover, due to (7.48),, the condition
Blu] =BU for all uev¥”
uniquely determines the second-order tensor B in terms of B.2* []
Proposition 7.11 indicates that the mappings 7,, 7, cannot differ much from

each other if (7., 7,) has to be a jointly tangential pair. Actually, an even more
stringent result than (7.41) is valid.

7.13. Proposition. If (3, 7,) is a jointly tangential pair, then there are two class C*
mappings

'};oc XYV =R,y = Q;zx(u, v) (7.49)
such that the following representation formulae hold:

F(, v, A) — p(u,v)= @) @u) - A* + C)U-A, a=1,2. (7.50)

24 To detail the algebra, we note that, in view of (7.46);, B can be repesented as
B =b® W, with b+~ and W € Skw, so that in turn B has the representation B =

>

b ® w, where w is of course the vector associated with W.
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Proof. Recall that, in view of (7.41), the membrane stress 8,7,(u, v, A) depends
linearly on u: )
data(u, v, A) = B(v, A) U (7.51)
for « =1 or 2.
Our first step is to prove that 7, is rank-one affine, i.e., that, for all (u, v, A)¢€
L(1) x¥" xLin, '
c®d (Bt (u,v,A))cxd =0 (7.52)

for all ¢, de¥" (cf. (7.12)). We begin by noticing a consequence of (7.51):
(B4%.(u, v, A)) [H] = 8,B(v, A) [H] U  for all HE¢ Lin, (7.53)
and by writing '
c®d- (G, ) [c®d =c-(0,Bv,A)[c®dlU)d
= —c ® u- (94B(v, A) [c ® d] D) = —c @ u - iiu(d, v, A) [c ® d],
(7.54)

where repeated use has been made of (7.53) and D is the skew tensor uniquely
associated with d. We notice next that, as &47,(u, v, A) is symmetric,

AT (1, v, A) [H] = 84(047,(u, v, A)- H) for all Hc Lin,  (7.55)
so that in particular, for H=c¢ ® d,
B (u, v, A) [c @ d] = 84(c - 847,(u, v, A) d). (7.56)
Combining then (7.54) and (7.56), and recalling that 7, is tangential:
Oat(u,v, A)u =0 for all (u,v, A)c #(1)x¥ xLin, (7.57)
we establish (7.52), as
—c @ u-57.(d, v, A) [c ® d] = —c @ u - d4(c - du7,(u, v, A) d) = 0.

Our second step consists in adapting in the obvious way the argument in the
proof of Proposition 7.7 to conclude that 7,, being rank-one affine and tangential
(and being, moreover, homogeneous with associated membrane stress linear in ¢
as (7.51) requires), must have the form

T, v, A) = 5,(u,0) + CW) Qu) - A* + CU-A,  (1.58)
with
C,(v) U+ 8,A*(A) [6,(v) ® u] = B(v, A U, &=1,2. (7.59)

Finally, from (7.59) we deduce that, for each fixed ve¥",
[Ci(v) — C0)] U~ A + 2(&,(v) — &5(v)) @ u- A* =0, (7.60)

identically in u and A.25 Exploiting the arbitrariness in the choice of A, we see

2?3 To arrive at (7.60) we have made use of the fact, following from the symmetry
of 2,A%*, (1.18), (1.21) and (1.30), that

2,4*(A] = 24%.
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with the use of (1.15) that (7.60) is equivalent to

[C(v) — C,w)]U=0 and (&,(v) —&@)@u=20
identically in u, or rather, to

C,v) = C,(v) and & (v) = &) foral vey . (7.61)
{7.58) and (7.6}1) together then yield the desired conclusion. [

In the light of the above proposition we see that, given a jointly tangential
pair (71, 7,) and a domain £2¢€ @, one can construct an associated homogeneous
and tangential surface interaction potential T with density
T: ()XY XLin>R, 7="1(u,v,4)=(u,v)+ Ev)@u)-A*+ C)U-A,
by requiring that, for all f¢ Cx(9),

H(n(%), f(#) |z, 1= p.(n(®), f®)]s,, «=1,2. (7.62)
As such a T is simple, it is obvious from Proposition 7.9 that one can also con-
struct a null Lagrangian
F{f} = [@(f, F)d (Vol) (7.63)
such that ?
T{f} = F{(f} + [y, f)d (Scf) for all fe Cx9D). (7.64)
88

Conversely, given a null Lagrangian density ¢ as in (7.63) and two mappings
9. LOXY =R, y,=7,(u,v), oa=12, (7.65)

it is not difficult to construct a jointly tangential pair of mappings (z;, T,) such
that the homogeneous tangential potential T defined by (7.64) be regular with
respect to (T4, 7).

In this way, surface interactions obeying all conditions (7.39) identically in ¢
and @ are characterized as those whose surface densities are specified by a jointly
tangential pair of mappings, and an answer to out original question is thereby
provided. Without great loss of generality, as Proposition 7.13 makes clear, we
finally turn to consider interactions specified by one density mapping, rather than
two. In this connection, we introduce a definition which parallels strictly Defini-
tion 7.10.

7.14. Definition. 4 class C* mapping
7: D) x¥ xLin—R, 7v=1(u,v,A),
is regular if, for all (v, A)€¥ xLin fixed, the following condition holds:
Bat(tiy, v, A) ty + 047U, v, Aty =0 for all uj,u,cF(1).  (7.66)
7.15. Remark. Clearly, for 7, =1, (7.40), reduces to (7.66); moreover, (7.40);

reduces to
(Gat(u, v, A)) u =0 for all ue (1), (7.67)
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and taking u, = u, = u in (7.66) we see that a regular 7 satisfies (7.67); finally,
again as a consequence of the linearity of 9,7 (¢f. Remark 7.12), we see that a
regular 7 also satisfies

d4t(1, v, A) + 0,7(—u,v, A) =0 for all ue F(1), (7.68)
which is the form presently taken by (7.40),. []

In view of Proposition 7.13, a regular 7 admits the representation

Hu, v, A) = j(u, v) + (&) @ u) - A* + Cv) U- A, (7.69)
For each 2¢€ ¢ fixed, we say that the homogeneous tangential potential
Tiff = [#n,f,°F)d (St), (7.70)
R

with density 7 given by (7.69), is a regular surface interaction potential. Regular
interactions can be regarded as a generalization of a pressure interaction on the
entire boundary, whose density is (¢f. (5.5),)

7(u, v, A) = 7((v) (v @ u) - A*%; (7.7D
they are characterized by our last proposition.
7.16 Proposition. A tangential potential T as in (1.70) is regular if and only if
there is a null Lagrangian F as in (7.63) and a mapping

7 FOXV =R, y=yp(u,v),
such that (7.64) holds.
Proof. At this stage, it suffices to show how to construct the density ¢ of F from

the density 7 of T (and conversely). To this end, given 7 as in (7.69), for each
FED we write

©(n, f, F) — p(n, f) = 0(f, F) - n, (7.72)

5(f, F) - w := F¥T¢(f) - w — FTC(f) - W (1.72),

for all wec ¥ and W the skew tensor associated with w. By virtue of divergence
theorem, (7.72) yields

with

o(f, F) = Divo(1, F). (7.73)

Moreover, it is not difficult to give ¢ the canonical form of a null Lagrangian
density [15], [16]: performing the differentiation indicated in (7.73) we obtain,
with the use of (4.6) and (5.9),

#(f, F) = 8(f) det F + D(f) - F*, (7.74)
with

8(f) :=divé(f), 3D(f)-a®b:= —b-curl (C(f)b) for all a,bc¥". []
(7.74),
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