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Abstract

We study the nonlinear hyperbolic partial differential equation,
(ut + uux)x - %uazc

This partial differential equation is the canonical asymptotic equation for weakly
nonlinear solutions of a class of hyperbolic equations derived from variational
principles. In particular, it describes waves in a massive director field of a nematic
liquid crystal.

Global smooth solutions of the partial differential equation do not exist, since
their derivatives blow up in finite time, while weak solutions are not unique. We
therefore define two distinct classes of admissible weak solutions, which we call
dissipative and conservative solutions. We prove the global existence of each type
of admissible weak solution, provided that the derivative of the initial data has



306 J. K. HUNTER & YUXI ZHENG

bounded variation and compact support. These solutions remain continuous,
despite the fact that their derivatives blow up.

There are no a priori estimates on the second derivatives in any L” space, so
the existence of weak solutions cannot be deduced by using Sobolev-type argu-
ments. Instead, we prove existence by establishing detailed estimates on the
blowup singularity for explicit approximate solutions of the partial differential
equation.

We also describe the qualitative properties of the partial differential equa-
tion, including a comparison with the Burgers equation for inviscid fluids and
a number of illustrative examples of explicit solutions. We show that conserv-
ative weak solutions are obtained as a limit of solutions obtained by the
regularized method of characteristics, and we prove that the large-time asymptotic
behavior of dissipative solutions is a special piecewise linear solution which we call
a kink-wave.

1. Introduction

In this paper we prove the global existence of admissible weak solutions of the
initial-value problem for the partial differential equation

(L.1) (uy + uty), = 3uZ.

We also study the qualitative properties of (1.1), including blowup, singularity
formation, admissibility conditions for weak solutions, and long-time asymptotics.

In two companion papers, we analyze the zero-dissipation and dispersion limits
of regularizations using viscosity and dispersivity [HZ1] and we show that (1.1) is
a completely integrable, bi-Hamiltonian system [HZ2].

Significance of the equation

Equation (1.1) is a formal asymptotic equation describing weakly nonlinear
solutions of any hyperbolic Euler-Lagrange equation derived from a variational
principle of the form

ij our out
(1.2) ) i’g,q A (x, u) ot 5 dx =0,
provided that a certain “genuine nonlinearity” condition is satisfied [HS]. More
generally, (1.2) may be supplemented by a constraint.

Our analysis of (1.1) suggests that the Euler-Lagrange equations associated
with (1.2) have very interesting and unusual properties which have hardly been
studied. Equations (1.2) thus constitute a new class of nonlinear hyperbolic partial
differential equations.

A particular physical example leading to (1.1) and (1.2) is the motion of
a massive director field in a nematic liquid crystal [HS, S]. The director field is
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described by a unit-vector field n(x, t) € S*>. When there is no fluid motion, the
director field satisfies an equation of the form [L, E]

oW
pny + pn, + —— + /n = 0.
on
Here, p and p are constants, the Lagrange multiplier 1 is determined by the

constraint #-n = 1, and the Oseen-Frank potential-energy functional, #, is de-
fined by

W [n}={Wi(n, Vn)dx,
W(n,Vr) =5k (V-n)* +3k,(n-Vxn)? + ks |nx(Vxn)

Here, k4, k,, and k5 are positive elastic constants. A special case is the one-constant
model, where k; = k, = k5 = k, when the potential energy W = 3k|Vn|? is inde-
pendent of n.

The elliptic equations for time-independent director fields have been extensively
studied. In particular, the one-constant model leads to the equation for harmonic
maps taking values in the two-sphere [C, EK].

There are two extreme cases of the time-dependent equations. The first is when
viscous effects dominate inertia. Then we can set p = 0, and the evolution of the
director field is governed by a gradient-flow parabolic partial differential equation
[C]. This is the most important physical regime.

Here, we are interested in the second extreme case, when inertia effects domin-
ate viscosity. Then we can set y = 0, and the director field satisfies a hyperbolic
partial differential equation which is derived from the constrained variational
principle

8 §{spm n —Wn Vn}dedi =0, nn=1.

Since W is a quadratic function of Va, with coefficients depending on n, this
variational principle is of the form (1.2).

All the interesting new nonlinear effects studied here are caused by the explicit
dependence of W on n. In that case, formal weakly nonlinear asymptotics leads to
(1.1). For the one-constant approximation (corresponding to the harmonic-map
problem), W is independent of n, so that the wave speeds of the associated
Euler-Lagrange equations are independent of n. In this case, the equations are
“linearly degenerate” and (1.1) does not apply. Thus, at least for the hyperbolic
equations, there is a dramatic difference in the effects of nonlinearity between
one-constant and three-constant nematic liquid crystals.

Comparison with the Burgers equation

The Burgers equation without viscosity,

(1.3) u, + (%uZ)x =0,
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Table 1. Comparison of (1.1) with the Burgers equation (1.3).

Burgers Equation Equation (1.1)
Primitive Equation conservation law variational principle
Blowup Uy—>— Uy — — 00
Weak Solutions discontinuous, in BV Holder continuous
Typical Singularity shock cusp
Large-Time Limit N-wave kink-wave
Characteristics Ccross focus but do not cross
Oscillations are killed persist
Admissibility entropy dissipative solutions,
Classes solutions conservative solutions
Zero Dissipation strong convergence strong convergence to
Limit to weak solution dissipative solution
Zero Dispersion weak convergence, strong convergence to
Limit limit not a solution conservative solution (?)

describes weakly nonlinear solutions of a genuinely nonlinear, hyperbolic system of
conservation law [HK]

Y [y, =0.

Equation (1.1) plays a similar role for the variational equations (1.2).

The properties of (1.3) reflect those of general quasilinear, hyperbolic conserva-
tion laws. Similarly, we expect that the properties of (1.1) reflect those of the general
variational equations (1.2).

As we shall see, the qualitative properties of (1.1) show remarkable analogies
and contrasts with those of the Burgers equation without viscosity. Table 1 sum-
marizes some of these properties, which are discussed in greater detail below.

Qualitative properties

The method of characteristics shows that the first derivative, u,, of smooth
solutions of (1.1) blows up in finite time [HS]. A smooth solution can be extended
past the blowup time by a weak solution, but, in contrast with the Burgers equation
(1.3), shocks do not form. Instead we prove the surprising fact that (1.1) has global
Holder-continuous weak solutions, with u(z, x) € C{IR* x R) for any « < §. A typ-
ical example is the explicit steady solution u = | x |2/>.

Weak solutions of (1.1) are not unique, so (1.1) must be supplemented by
an admissibility condition. We define two different classes of admissible weak
solutions, which we call dissipative and conservative solutions. These are not
the only possible admissibility classes, but they seem to be the most natural ones
to use.
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Dissipative solutions are motivated by the condition that their energy
(1.4) E[u](®) = | ui(t, x)dx

R
decays at the fastest possible rate. This is analogous to the entropy-rate criterion for
conservation laws [D1]. The analog of an entropy condition (which only requires
E to decrease) is not sufficient to pick out a unique weak solution of (1.1). In [HZ1],
we show that dissipative solutions also satisfy a viscosity condition. We consider
a viscous regularization of (1.1) with the simplest initial data displaying blowup of
the derivative. We prove that the zero viscosity limit of the viscous solutions exists
and is a dissipative weak solution of (1.1).

Conservative solutions have constant energy, even after they lose smoothness,
and are thus compatible with the Hamiltonian structure of (1.1) [HZ2]. Numerical
results strongly suggest that the zero-dispersion limit of solutions of an associated
Korteweg-de Vries-type dispersive equation is a conservative weak solution of (1.1)
[HZ1]. Furthermore, as we show in Section 4, the limit of solutions obtained by the
regularized method of characteristics is also a conservative solution.

For smooth initial data, the dissipative and conservative solutions agree while the
solution remains smooth, but they are distinct after the blowup time. Dissipative solu-
tions are irreversible and, in general, they cannot be extended backwards in time. Con-
servative solutions are reversible and can be extended backwards and forwards in time.

The large-time behavior of solutions of (1.1) shows a striking similarity to the
approach to an N-wave for solutions of the Burgers equation (1.3). For any a = 0,
we define the function

0, x<0,
u't,x) =1 2x/t, 0<x<a®t*/4,
a*t/2, xza*t*/A.
It is straightforward to verify that u = u” is a weak solution of (1.1) with constant
energy, E[u®] = a®. We call this solution a kink-wave. ,
In the existence proof, we construct dissipative solutions of (1.1) when u, has
compact support in x. We show that, for these solutions, u(t,) approaches

a kink-wave in H(IR) as t — + co. The parameter a is determined from the initial
data by the time-invariant

| [u (z, x)1* dx = constant.
s .

Here, u; is the positive part of u,. It follows that

a® = | [u] (0, x)*] dx.
R

Conservative solutions also approach a kink-wave as t — oo. The only differ-
ence is that in the conservative case, the energy is constant, so that

a® = | uZ(0, x)dx.

R

We do not write out any of the details here.
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Equation (1.1) is a completely integrable equation [HZ2]. It is therefore not
surprising that it has a large class of explicit solutions. These include piecewise
linear and cusped solutions, such as the special cases mentioned above, as well as
solutions obtained by the method of characteristics. Smooth solutions of (1.1)
satisfy an infinite family of conservation laws, although only the first three have
local densities. We introduce a new dependent variable V defined by

V{t, x) = u,(t, x).

Then the first four conservation laws are

(1.5) (V') + |V, [1?) = 0,
(1.6) (V) + @V?), =0,
(1.7 uV?, — QuVu, +u?), =0,
(1.8) V2 + D7V + 2uV?), =0.

In (1.8), D~! denotes a suitable anti-derivative with respect to x [HZ2].

Global existence

The existence proof is based on the fact that (1.1) has explicit solutions with
u piecewise linear and u, a step function [HS]. We approximate general initial data
by piecewise linear functions, then pass to the limit in the corresponding family of
piecewise linear solutions. Since the derivatives of the approximating solutions
blow up in finite time, there are no a priori estimates on higher-order derivatives
which ensure strong compactness of the family of approximate solutions. Instead
we prove compactness by a detailed analysis which shows that, after “chopping
off” solutions arbitrarily close to points where their derivatives blow up, the
derivatives of the approximating chopped-off solutions are bounded in BV.

We formulate the problem more precisely. Using the variable V = u,, we can
write (1.1) as the system

Vot uly=—412,

(@) = V.

The function u is determined from (1.9b) only up to an additive function of time. We
therefore supplement (1.9) with the initial and boundary conditions

V(0,x)=Vy(x), xeR",

(1.10) u(t, 0) = 0, teR*.

Remark. Throughout this paper, we assume that V,(-) is compactly supported, in
which case V (¢, ) is also compactly supported for all ¢. Note that

+ o
u(t, +oo)= [ V(t,x)dx
0
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is typically nonzero, so that u(t,*) need not have compact support. This fact
corresponds to a nonlinear instability of the original variational equations (1.2)
[HS]. Since x = 0 is a characteristic boundary for (1.9), (1.10), there is no loss of
generality in restricting compactly supported solutions to the half space
R* = (0, + c0). Extending {u, V'} by zero gives a solution defined for all x € R.

If Vy(x) is smooth, then the method of characteristics shows that a smooth
solution ¥V (¢, x) exists for a short time. However, if V(x) is negative at some point,
then V(z, x) blows up in finite time because V satisfies a Ricatti equation along
a characteristic. This blowup creates significant difficulties in proving global
existence for problem (1.9), (1.10), as we now explain.

When V is smooth, (1.6) implies that the energy

(1.11) E(V)(® = Of V2(t, x)dx
]

is constant in time. For weak solutions, E is not necessarily constant and can
actually increase. However, for dissipative solutions, E decreases, while for conser-
vative solutions, E is constant. In either case we have an a priori L2 estimate on V.

For any sequence of admissible solutions V* whose initial data are bounded in
L2, it follows that there is a uniform bound

(1.12) E(V") () < C.

This estimate implies weak L* compactness of {V'"}, so we can extract a subse-
quence V"— V. The main difficulty in proving existence is that the weak limit
V need not be a solution, since (1.9) contains a quadratically nonlinear term, so that
(¥™? need not converge to V2.

We would like to show that {V"} is strongly compact in L. To do this by
Sobolev embedding would require an L? estimate on V., with p = 1. We know of
only one conservation law involving V,, namely (1.5), but the resulting estimate is
not sufficient to give strong compactness.

An alternative estimate would be a BV estimate. However, the total variation of
V" in x blows up together with V*, so this also fails. We overcome the lack of
a priori estimates by introducing a family of regularized approximate solutions V™*
for which strong compactness can be established.

A more detailed description of the existence proof for dissipative solutions is as
follows. We assume that V; in (1.10) has compact support and that

Vo(x) € BV (R ).

We approximate V,(x) by a sequence of step functions {V§(x)};2,; which have
uniformly bounded BV-norms and satisfy

V$—>V, in L (R") asn— + oo.

We then construct explicit dissipative step-function solutions V*{t, x) of (1.9) with
initial data V§.
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We consider an arbitrary finite time interval 0 £ ¢t £ T. Given any & > 0, we
chop V"(t, x) off when it is less than —1/e. The resulting function V™(t, x) is in
BV ((0, T) x R ™) uniformly in n. Hence {V™*}. , is compact in L%((0, T) x R *) for
any fixed & > 0. Furthermore, we show that the L?*((0, T)xIR*)-norm of the
difference between V" and V™*is of the order ¢, independent of n, because V" (¢, x) is
large only in a very small region of space-time. Together, these estimates imply that
{V™} is strongly compact in L?((0, T) x R*), and the global existence of a weak
solution follows.

The restriction of the initial data to BV is somewhat unnatural because the
solution does not stay in BV at later times. The proof can be extended to give
existence of a dissipative solution for initial data ¥V, in a larger space W(R™) of
“chopped-BV” functions,

W(R")={fe L*(R*)|max{f, —M} e BV(R") VM > 0}.

Existence of a global weak solution for rougher initial data, for example
V, € L*(R™), is an open question.

Compensated compactness [ T] does not seem to be applicable to this problem.
To see why, suppose we have a solution sequence {u’, V*} such that

Ve + (uV?), = 1(V?)? e bounded subset of L2,
(V) + @(V)*), = 0.

If u® — u, Ve —V,(V¥)*>— Z, then the div-curl lemma implies the trivial result 0—0,
because V and V2 propagate at the same velocity, namely the characteristic velocity
u, whereas the essence of the div-curl lemma is that the product of oscillations
propagating at different velocities cancels out in the limit.

The main obstacle to proving existence for rough initial data is the possibility of
oscillations. As explained at the end of Section 3.2, concentrations do not occur.
However, the example in Section 3.3 shows that oscillations in the initial data can
persist at later times, and we are unable to rule out the generation of oscillations
even if they are not present initially. The persistence of oscillations for (1.1) is in
sharp contrast with the Burgers equation (1.3), where nonlinear effects immediately
kill any oscillations in the initial data.

Uniqueness of dissipative or conservative solutions is an open question. In
particular, the example at the end of Section 4 shows that uniqueness of conserva-
tive solutions does not hold unless the initial conditions are formulated in a careful
way.

Outline of the paper

In Section 2, we formulate a precise definition of weak solutions of (1.9), (1.10).
We describe the piecewise linear solutions used in the existence proof, and intro-
duce the admissibility classes of dissipative and conservative solutions. We also use
cusped solutions to give an explicit example of singularity formation from C ! initial
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data for V. This example illustrates the different singularity structures of dissipative
and conservative weak solutions.

The key existence results are proved in Section 3. In Section 3.1, we prove that
existence of global dissipative solutions with compactly supported initial data
Vo € BV. In Section 3.2, we prove existence for initial data in “chopped-BV”. In
Section 3.4, we indicate the necessary modifications for proving the existence of
conservative solutions. In Section 3.3, we give a simple example illustrating the
persistence of oscillations, and we discuss the dynamic behavior of the associated
Young measure.

In Section 4, we construct solutions of (1.1) by the regularized method of
characteristics. These solutions are globally single-valued because the character-
istic surface of (1.1) never folds over, even though it becomes vertical at points
where V blows up. We prove that the limit of solutions obtained by the regularized
method of characteristics is a conservative weak solution of (1.1). This result also
establishes global existence of a conservative solution when the initial data Vj is
continuous and compactly supported. This includes some initial data which is not
of bounded variation.

Finally, in Section 5, we show that any dissipative solution approaches a kink-
wave as t — + o0.

2. Admissible Weak Solutions

We consider the problem

Vt + (uV)x = %VZ
u, =V

Vit X) =0 = Vo(x),

u(t, X)|x=0 =0, t>0,

}x >0,t>0,
(2.1

where V,(x) € L*(R ") is given. As we show below, global classical solutions of 2.1)
typically do not exist even for smooth initial data. We therefore consider weak
solutions.

Definition 2.1 (Weak solutions). A pair of functions {u(t, x), V(t, x)} is a weak
solution of problem (2.1} if

(@) Ve Li(R*, L*(R")),

(b) ue C([0, + 00)x [0, + o)), u(t,0) =0 forz>0,

(©) V € Lipioe([0, + 00), Hioe (R™)), V(2,0) = Vo(x) in Hil (R ™),

(d) u, = V in the sense of distributions,

() V, + (uV), =3V? in the sense of distributions,
Here Lipy,.([0, + 00), X) denotes the space of Lipschitz continuous functions from
[0, T) to X for any T > 0.

Weak solutions are not unique, and we therefore need to supplement (2.1) with
an admissibility criterion. Several different criteria are possible. The first criterion is
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Definition 2.2 (Weakly admissible weak solutions). A weak solution {u, V' } of (2.1)
is weakly admissible if

(2.2) (V?), + uV?), <0 in the sense of distributions.
This criterion is analogous to a convex entropy condition for conservation
laws. However, imposing weak admissibility is not sufficient to ensure uniqueness

for problem (2.1). We therefore define two special classes of weakly admissible weak
solutions: dissipative solutions and conservative solutions.

Dissipative solutions

To define dissipative solutions, we first consider a simple step-function solution
of (2.1).

Example 1. Given the initial data

Vo, O0<x <],
0, otherwise,

(2.3) Volx) = {

where ¥V, > 0 and [ > 0 are some constants, then

2
, 0<x<(1 43V,
Vie,x) =1 Vo +t (1 +3Vo
0, otherwise,
2.4)
2 x 0<x<(l+3Vot)l
u(t,x) =4 2/Vo+t’

/o + DVEL x> (1L +3Vot)?l,

is a weakly admissible weak solution (see Fig. 2.1).

If ¥, is negative in Example 1, then we note from (2.4) that V' (¢, x) blows up at
time t* = —2/V, > 0. We continue the solution beyond t* by V = u = 0 for ¢ > t*,
x € R*. The resulting function is a weakly admissible weak global solution of (2.1)
(see Fig. 2.2).

Now if ¥,(x) is given by

Vi, O0<x< Iy,
(2,5) Vo(x) = Vz, l]_ < x < 12,
0, L<x<oo,
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Vi, xh
__ 2%
V“2+zvg)
" \/'
S .
é .- - \ 1 2
V=0 x=(+5V) |
0 I

RV

Fig. 2.1. An explicit solution: ¥, > 0.

Ve, o}

x=(1++vn*i

Nyo 2%

T2+ 1,

Fig. 2.2. An explicit solution: V, < 0.
we similarly obtain a weakly admissible weak solution
——, O<x<(1+3Vil,m(vy,0),
UV, +t x <(L+z2Vit)’lym(Vy, t)

2
@8 V=171 TThml,0<x <1 +3V9hmV;, 1)
) 2

+ A + 3Vt — Im(Vs, 0),

0, otherwise,
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th

Lo, L 4 X

Fig. 2.3. A weakly admissible weak solution: V(z, x) is a step function in x (the shading is for
later use).

0

and u follows from V, where m(V, t) is defined as

m(V,t)={1’ Vz=0rt>0; or V<0,0<t< —2/V,
0, V<0,t>—-2/V.

More generally, if V,(x) is given as an n-step function
2.7 Volx) =V, xeli-, 1), i=12,...,n,n+1,
where

0=10<ll<'.'<ln<ln+1=oon I/n+1=0’

then, extending by zero after blowup, we can similarly obtain a weakly admissible
weak solution (see Fig. 2.3). It is straightforward to verify explicitly that these are
weakly admissible weak solutions of (2.1) in the sense of Definitions 2.1 and 2.2. We
call these solutions piecewise linear dissipative solutions. We also refer to them as
step-function solutions, especially when we regard V rather than u as the main
dependent variable.

We observe that the L2-norm of V in a strip (with integration in the space
variable x) is conserved in time if ¥; = 0 in that strip. If the solution blows up in
a strip, then the L?-norm jumps down to zero at the blowup time. It follows that,
for all the solutions constructed above,

(2.8) § V2, x)dx < | Vi(x)dx.
0 0
More generally, we define dissipative solutions as follows.

Definition 2.3 (Dissipative solutions). A weak solution {u, V'} of (2.1) is a dissi-
patively admissible weak solution, or dissipative solution for short, if it is the strong
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limit in Cy,, ® L2(R™ x R™) of a sequence of piecewise linear dissipative solu-
tions.

This type of solution is called a strongly admissible solution in [HS]. In the
next section, we prove that there exists a global dissipative solution of problem (2.1)
for quite general initial data by using the piecewise linear dissipative solutions.

Proposition 2.1. A dissipative solution is weakly admissible.

Proof. A straightforward computation [HS] shows that every piecewise linear
dissipative solution is weakly admissible. The proposition then follows from the
continuity of the functional (V?), + (uV?),, in the sense of distributions, with
respect to strong convergence in Cioe ® L2 (R xR*). We omit a detailed
proof. [

Remark. Dissipative solutions are also closely connected with viscous regulariza-
tions of (2.1). In [HZ1], we prove that solutions of the equation with viscosity

Vet uw Vi = eVie —3(V7),

u, = Ve
(2.9
Vet x) =0 = Vo (x),

us(t’ X) lx=0 = O

with initial data (2.3), where V,, < 0, converge as ¢ »~ 0+ to the dissipative solution
in Fig. 2.2. For general initial data, it is straightforward to show that if the smooth
solutions {1, V*} converge strongly in Ci,, ® Li,, then the limit is a weakly
admissible weak solution. However, the convergence of the solutions of (2.9) to
a dissipative solution of (2.1) has not been established except for the initial data in
(2.3). We hope that dissipative solutions are unique because of their connection
with solutions with vanishing viscosity. ,

For completeness, we mention one other admissibility condition for selecting
a dissipative type of weak solution. This condition resembles the Oleinik entropy
condition [SM] for hyperbolic conservation laws.

Definition 2.4 (Upper-bounded solutions). A weak solution {u, V} of (2.1) is an
upper-bounded solution if for every t, > 0, there is a constant K, possibly depending
on ty, such that

Vi, x)=K
for almost all (¢, x) € (to, + 00) x R™.

Remark. 1f the initial data are bounded above, that is, if Vy(x) < K, then we can
require instead that V(¢t, x) < K for almost all (£, x) e R* x R™.

A piecewise linear solution is upper-bounded if and only if it is dissipative. Thus,
the condition of upper-boundedness is sufficiently strong to ensure uniqueness
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in the class of piecewise linear solutions. We hope that this condition is sufficient to
ensure uniqueness for general initial data, and we plan to study this question in
future work.

The following proposition gives the simplest relations between upper-bounded
solutions and the other types of admissible solutions introduced above.

Propesition 2.2. (a) Any dissipative solution of (2.1) is upper-bounded. More precisely,
2
Vi(t,x) < - for almost all (t, x)e R* x R™.

(b) Any solution of (2.1) which is the limit in Ci,o ® LE.(R™ xR™) of smooth
solutions {1, V*} of the viscous regularization (2.9) is upper-bounded.

Proof, First we prove (a). For a dissipative piecewise linear solution, V (¢, -) is a step
function. The values of V are given by

2V,
V=4 2+1tV,

if 0<t< =2/V,

0, otherwise

for some finite number of constants {V,}. If ¥, <0, then V < 0 for t < —2/V, and
V =0 for t > —2/V,. If V5 =0, then V <2/t for all teR". In cither case, we
always have V < 2/t. Part (a) then follows from the fact that any dissipative
solution is the pointwise a.e. limit of piecewise linear dissipative solutions.

Part (b) follows from maximum principle arguments for the first equation in
29 [HZ1]. O

Conservative solutions

The dissipative solution is not the only weakly admissible weak solution of
problem (2.1) with data (2.3) when ¥, < 0. We do not have to continue the solution
beyond t* by zero; instead, there is a one-parameter family of weakly admissible
weak solutions to the same problem [HS]. A second natural choice for the
continuation, apart from zero, is the step-function solution which preserves the
L?-norm. In that case,

2
V(e x) = 2V +t’

O<x<(1+3Vot)l, 0<t< oo,

0, otherwise,
(2.10)

u(t, x) = [ V(t, y)dy.
0

This solution is illustrated in Fig. 2.4.
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V(t, x)

=Y

x=(1+4+v,0° 1

Fig. 2.4. L?-conservation solution.

Equation (2.10) defines a weakly admissible weak solution with the property
that

o)

| V2(t,x)dx = | V§(x)dx for almost every te R".
0 0

General piecewise linear solutions which conserve energy can be constructed in
a way similar to that for the dissipative solutions described above. Each of these
solutions satisfies the energy equation (1.6) even after blowup occurs. This leads to
a second class of weakly admissible weak solutions.

Definition 2.4 (Conservative solution). A weakly admissible weak solution {u, V'} of
(2.1) is a conservatively admissible weak solution, or conservative solution for short, if

(V®): + wV?), =0 in the sense of distributions.
Conservative solutions are the natural weak solutions compatible with the method

of characteristics solution (see Section 4) and the Hamiltonian structure of (1.1) (see
[HZ2]).

Remark. Another motivation for conservative solutions concerns the zero-disper-
sion limit of
VE+ Vi + eViex = ‘“%(VS)Zs

us = V=e

(2.11)
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Numerical calculations in [HZ1] suggest that {#, V*} converges strongly as ¢ — 0
and that the limit is a conservative solution.

Summary of admissibility classes

We have introduced several different kinds of admissible solutions of (2.1). The
following diagram summarizes the known relations between the various admissi-
bility classes:

ZEro- weakly (Do) upper-bounded >  zero-
dispersion (<) conservative <  admissible ) viscosity
limit solution oo dissipative (=) limit

The inclusions contained in parentheses are conjectured but not completely proved.

Cusped solutions

Equation (1.1} has explicit cusped weak solutions. We do not use these
solutions in our existence proof, but they do illustrate energy considerations for
weak solutions and reveal some interesting differences between dissipative and
conservative solutions.

1t is straightforward to check that the time-independent function

B {alxlm, x <0,

2.12
21 bIx, x 20,

is a distributional solution of (1.1) for any choice of constants a and b. The energy
equation for (2.12} is

(V) + @V?), =3(b° — a*)o(x).

This solution is therefore weakly admissible when b < a and conservative when
b =a. For example, the monotone increasing function u = sgnx|x|*? is not
a weakly admissible weak solution. The singularity at x = 0 is a source of energy,
since the energy flux uV? = (%)sgn x is directed away from the singularity. The
monotone decreasing solution u = —sgn x | x| dissipates energy since the energy
flux is directed inwards on either side. Finally, the two cusped solutions
u = -+|x|*® are conservative, and their energy fluxes are continuous across x = 0.

We can use this type of stationary solution to give an explicit solution illustra-
ting dynamic singularity formation in monotone decreasing initial data. We con-
sider piecewise C2-initial data

3—3(x+ 1)*® when x =0,
—u(0, —x) when x £ 0.

(2.13) u(0, x) = {

Although this function is unbounded, we can patch it to constants at large |x|; we
do not do this, since it does not affect the local behavior near x = 0.
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ti

=Y

Fig. 2.5. Cusp singularity of a conservative solution.

The minimum value of the derivative is u,(0, 0) = —2, so the blowup time is
t* = 1. We choose solutions u(¢, x) which are odd functions of x. A conservative
solution (which can be found by using the regularized method of characteristics
described in Section 4) is ’

u(t,x) =3(t — 1> — 3|x — (t — 13?3, x=0.

This is a piecewise C*-solution for ¢ < 1. At t = 1, two cusp singularities emerge
from the point (¢, x) = (1,0) and then propagate away from each other along
x = +(t — 1)% see Fig. 2.5. A dissipative solution is given by the same formula for
t < 1, but for t = 1 it is continued by

u(t, x) = —3sgnx|x|?3.
For the dissipative solution, there is a jump discontinuity in u,, across the line t = 1:
(1 —, x) = 6, but u,(1+, x) = 0 for all x; see Fig. 2.6.

Finally, we note that Theorems 3.1, 3.3, and 4.1 all apply to the initial func-
tion (2.13) (if it is patched to constants at large x) and yield the existence
of dissipative and conservative weak solutions. However, if we take as initial
data the solution after the blowup time, none of the above theorems applies,
since the derivative of x** does not have bounded variation and is not con-
tinuous. Theorem 3.2 is applicable in both cases, since the derivative of x%/3 is in
“chopped” BV.
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Fig. 2.6. Cusp singularity of a dissipative solution.

3. Global Existence of Admissible Weak Solutions

3.1. Existence of dissipative solutions
We first prove our key result.

Theorem 3.1. There exists a global dissipatively admissible weak solution {u, V'} of
problem (2.1) provided that Vy(x) has bounded total variation and compact support in

[0, + o0). This solution satisfies the regularity conditions
() u is Holder continuous in [0, + o) x [0, + co) with exponent o € (0, 1,
(i) V e LP((0, T)xR™*) for any pe[2,3), T < 0.

Proof. By rescaling (¢, x), we can assume that V,(x) is supported in [0, 1]. Since
Vo(x) € BV[O0, 1], it is bounded:
Vo) =M <o, xe[0,1].

We approximate Vo(x) with step functions {Vg(x)}.-, defined by

Vg(x):V;", xe(ln ’_l_), i:l’z,_._’n,

n
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where the V" are constants. These step functions satisfy

3.1 Vi(x) = Vo(x) ae. andin LP[0,1], 1<p < oo,
(3-2) I Vé‘(') ”BV[O,l] £C,
(3.3) I Vo l=ro,11 = M.

We construct the dissipatively admissible weak solutions V"(¢, x) with data Vg (x)
as in Section 3 (see Fig. 2.3). We then have the estimate

(3.4 [V xPdx < [ V3x)Pdx S C <o, n=123,....
4] 0
In general, solutions blow up at times 5 ; = —2/V;". The earliest time is
— 2 - 2
e max; <; <o(— V") M

Thus the BV(IR*) norm of the approximate solution V"(t, ) generally blows up.
We chop V*(t, x) off to form a new, bounded sequence {V™*(t, x)},>1, so that
{v™e}= , is compact in L*((0, T)x R *) for any T > 0 and so that

T oo
f [1vme — VP dxdt < eC
[(]

uniformly in » for all ¢ > 0 small.

Let 0 <e<2/M. Let V™%(¢t, x) be defined as follows: replace the solution
V*(t, x) in the shaded region from ¢} ; — ¢ to t}; by the constant at t = t}; — ¢ (see
Figures 2.3 and 3.1). The regularized step-function solution, V™*(t, x), is well
defined in R* xR™. It is equal to —2/¢ in the shaded regions (see Figure 2.3)
where V(t, x) exceeds —2/¢, and is otherwise equal to V"(t, x). Thus

2
(3.5) V™2t ) = = -

Given T > 0, we next establish the following estimates which imply strong com-
pactness of {V"},L,:

T
(3.6) j j |V — V"2 dxdt < &C,
00
n,e C
(3.7) sup V™ ) lvwt) S 5>
0tsT &
n,g C
(3.8) SlllRQ | V™2, x)l vio, 71 = 2

Here, C = C(T, M, V,) is a constant independent of n, and ¢ € (0, 1].

Proof of (3.6). For convenience, let us introduce some notation. Fix n. For each
i=1,2,...,n,let R; denote either the i-th shaded region, or an empty set when
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=Y

Fig. 3.1. Definition of V™=

there is no shaded region in the strip. Also, let x;(z) denote the right boundary of
a strip (the i-th strip) which has a bottom side (:=2, {) on the x-axis. Now we have

n°n

[Vme— V' Pdxde =Y [V — V'Pdxde

i=1 R;

(= ]
O 8

<Y [{IV'Pdxd.

i=1 R;
Using the energy estimate (2.8) in each strip with a nonempty R;, we find that
o %) i/n
ffivrPdxde = § [ Vv"Pdxdt=¢ | |V§[Pdx.
R; thi—e x;—1(f) (i—1)/n

Therefore

O ey
o= 8

|[Vme — Vr2dxdt e | |VEPdx < Ce.
0

Proof of (3.7). Fixa tin (0, T). The BV norm of V™(¢, -) is the sum of jumps of I"™*
across all the boundaries x;(t) of the strips. There are three cases to consider,
depending on the signs of V7 and V7. The first case is

Case (3.7a), when V" and V.| are both positive. On each i-th strip, we have

Vn(t, x) = m
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So the jump in V™? = V"(t, x) across the i-th boundary x;(¢) is

(3.9) V™2, xike) +) — V™48, xi(t) —)I
JLol
Vi it1 144 o

<t - Tl
< 2 . )( ) +t>: ) ) ] i+1 I
Vn in+1 Vin in+1

The second case is
Case (3.7b), when Vi and Vi | have opposite signs. We need to estimate the rate at
which the equation amplifies the initial data. For simplicity, we assume that
V<0< V.

From the general formula

2

2/Vi+t 2 + Vit
we have for our present case

(3.10) 0= V™*t,x) < V%, in the (i + 1)-st strip,

Vit x) =

Vi in the i-th strip,

(3.11) 0> V™t x) > ( t: ) VP in the i-th strip.

We prove the second inequality in (3.11); the rest is immediate. In fact, we split the
initial data V" into two categories (see Figure 3.2); V< —2/(e + T) and
0> V"> —2/(¢ + T). In the first category, we use

2 2 e+ T
Vit x) 2z — = [ = S
(t%) 2 — 8(_1,;,)V_( j )n

) A

=)
=Y

3|~

£
Y

(@) : (b)

Fig. 3.2. Calculation of amplification of data. (a) Case V" < % (b) Case 0> V" > =,
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A t tA} tAP

X x X

Subcase 1 Subcase 2 Subcase 3 Subcase 4

Fig. 3.3. Four possibilities of case (3.7¢c).

In the second category, we note that the solution blows up at time

" 2
t,,,i:‘_—l/in>T+8.

Therefore

2 e+ T
prae x) = n vr.
6X) 25 gV >< 2 )

So (3.10) and (3.11) are proved, and the amplifying factor is bounded by a constant
independent of n. Thus

e+ T .
(3.12) [V, xi +) — V™t x; —)| £ - Vi — Vil

The last case is the one leading to the largest amplification of the variation.
An initial variation of the order ¢ produces a variation of the order ¢! at later
times.

Case (3.7¢), when V* and V' | are both negative. According to the relative location
of the two neighboring shaded regions, we have four different subcases depicted in
Figure 3.3.

The first subcase occurs when £ ;. —¢& > ;.

The second subcase occurs when ;. > 6F, > ¥,,, — &

The third subcase occurs when ¢F ;.1 + &> tf; > ¥, ;.

The last subcase occurs when ;. + ¢ < t;.

We deal with the first subcase first. For ¢ € [0, £ ; — ¢], we find that the same
argument for (3.7a) works here also because

2
1+1ve 00 +3vm > ().
(+2 z+1)( +2 )—<8+T
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Hence

%
e . s . = i+1 ‘
BG13) Ve xi() +) — VL xi(0) - ‘1+ Vit 1+1vi

Vi, — Vi

T3V + 5

e+ T
é( >|l+1 I

For te[tF; —e t};], we find that
(3.14)
|Vme(t, xi(2) +) — V2ot x:(0) =) S V™t — & % +) — V™t — & % —)l,

because V™(t, x;(t) +) is a decreasing function of ¢ and because V™*(t, x;(t) +) >
Ve, xi(t) —) = — 2/e in [£f; — ¢, tF ;]. Combining (3.13) and (3.14), we have

e+ T\
(315) IVn,s(ta xi(t) +) - V"’s(ta xi(t) _)I § l i+1 an ( A ) s te [Oa t:‘,i]a
for the first subcase. We note that ¢ cannot be larger than ¢, in the first subcase,
since our boundary x;(f) terminates at t; ;.

For the second and third subcases, the calculation is similar. The only new part
is when t € [t¥ ;.1 — & tf] in the second subcase, or t € [t;f; — &, £7 ;1 1] in the third
subcase. We note that in these cases the jump is simply zero. For the fourth subcase,
the calculation is exactly the same as in the first subcase.

We have therefore proved (3.7).

Proof of (3.8). For any fixed x, € (0, + o), we estimate the BV [0, T'] norm of
V™¢(-, xo). Note that all the strip boundary curves x = x;(t), 1 £ i < n, are quad-
ratic. So a vertical line x = x, intersects any of these curves x = x;(t) at most twice.
A typical case is depicted in Figure 3.4.

The BV [0, T] norm of V™%(-, x,) is the sum of two parts:

(I) Simple jumps across the boundaries x = x;(f). The result is at most equal to
twice the BV (0, + o0) norm of V™%(t, ) as is given in (3.7).

(IT) The monotone gain in the continuous regions. This region can be split into
two parts. The first part is the shaded regions, in which V"¢ = 2/¢ is constant, so
that

. I/tn,e — 0

Hence, there is no contribution to the variation from the shaded regions. The
second part is the unshaded regions. To estimate the variation there, we use the
equation

th + ym V; — ~%(V")2
and V¥ =0 to find that
s 2
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Fig. 3.4. Proof of (3.8).

Therefore

n,e n 1 2 2 2
[V |:th|§§<:> =“837

and the total variation in the continuous regions is
C . . 2T
Variation in continuous regions of |V**(:, xo)| £ —.
£
Thus, the total variation in the whole interval [0, T'] is
n
(3.16) [ V™(-, xo)l gvio, 71 = z jumps across x;(t)

i=1

+ Variation in continuous regions

2T
<2 sup [ V™t )y +—
0St<T &
_cam

= 82

Taking the supremum over x, € R of (3.16), we obtain (3.8).
From (3.7) and (3.8) it follows that {¥™*};%; is a bounded subset of

L®ABV([0, T]xR*).

Therefore, {V™¢}2.; is compact in L*([0, T]xR™) [EG]. Since (3.6) holds,
{V"}2., is compact in L*([0, T]x R ™) [LS]. Thus there exists a subsequence
{v"}% , which converges strongly in L?*([0, T]xR™) to a limit ¥. One also
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obtains that the corresponding sequence {#"}3; is compact in L*([0, T] x Ry5.)

since uy + w"V" = 3 (7 (V")? dx. Passing to a further subsequence of {u™},, we

obtain a pair {u, V} which satisfies conditions (a), (d), and (¢) of Definition 2.1.
To establish the regularity for {u, V'}, we assert that for all T > 0,

T o

j 5 [V"(t, x)lPdxdt < Cy, 5 Vo()2dx, 25p<3.

In fact, we compute

T o

f j Ve, x)[P dxdt = i

i=1

x;(t)

{1V, x)Pdxd
1(®)
Xi

j 1V"|2dx>|V"(P 23t

~

Xi—

M:

1

I

i

HM:

f |V"1P—2dt>.

o

n
In positive strips where V* = 0, we have V" < 2/t. Therefore

!
-1
L5
Ve

p—2 p—2
[imeesars [ (2 "m0 e
t 3—p
0 0

. 2
In strips where —4 < V7 <0, we have t¥; = —r = 2T. Hence

i

T

T

2\
J|V"]P”2dt=J(t* t) dt 2072737,
0 ]

0

And in strips where V < —%, we have 0 < t*; < 2T. Therefore

T T T
2r-2 dt

VrPT24t < j——dtSZp_Z j s .
!' | PR U | T

0 —-2T

Hence
T o . n (Vin)2 © 5

‘g g 'V (t, x)l”dxdt é CT’F Zl 7 é CT,p y 'Vo(x” dx.

i= 0

Therefore the assertion is true, so that condition (ii) holds. Furthermore, from the
assertion and the equation

uf +u'V" =3 [ (Y, v)?dy,
0
we have

Q ey =

R ©
flufPdxdt < Cr pr [ |Vo(x)|? dx.
0 )
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Therefore {u"};2, is a bounded subset of W*-?([0, T]x [0, R]) for all pe[2,3),
T > 0, R > 0. By the Sobolev embedding theorem, W-?([0, T] x [0, R]) = C*~ 2>,
We obtain that {u"};% is uniformly H&lder continuous for any exponent a < 3.
Therefore the limit u is also Holder continuous for any exponent a < %, so that (i)
holds. Since u”(t, 0) = 0, it follows from the uniform convergence of " — u that
u(t, 0) = 0 also, so that condition (b) of Definition 2.1 holds.

It remains to check that V satisfies condition (c) in Definition 2.1. This follows
from equation (e) of Definition 2.1, which implies that

Ve=—@V)s +3V? € Lig:([0, o), Hyoe (R7) + L' (R")) < LiZe([0, 00), Hiog (IR7)).

We give a detailed proof in Appendix B.
This finishes the proof of Theorem 3.1.

3.2. More general initial data

The solution V constructed in Theorem 3.1 is only in L*((0, T)x R*) even
though the initial function is in BV (RY). In this section, we prove existence of
global solutions under a weaker assumption on the initial data. We define a space
W of “chopped” BV functions which lies between L? and BV. We then prove that if
Vo(x) is in W (IR*), there exists a solution V (¢, x) in W ((0, T) x R*).

Given 2 < IR”, we define the space W () to be

W(@)={fe L2 || fur v @ < o0 VM > 0}

where

S i fx)z —M,
fM(x)_{ M if f(x) < —M.

Corollary 3.1. The solution obtained in Theorem 3.1 is in W((0, T)x R*) for all
T>0.

The proof of Corollary 3.1 is implicit in the proof of Theorem 3.1 and is
contained in the proof of the next more general theorem. Therefore we omit it.
We need a lemma whose proof is given in Appendix A.

Lemma 3.1. For any Vy(x) € W ([0, 1]), there exists a sequence of step functions
{V§}=1 defined on [0, 1] with the properties:

(1) V&(x) = Vo(x) in L([0, 1]),

@) (V)M lpro,11 < Cu <00 Vn, VM > 0.

We now state our existence result.

Theorem 3.2. There exists a dissipatively admissible weak solution {u, V'} to problem
(2.1) provided that Vy(x) is supported in [0, 1] and belongs to W0, 1]. For any
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T > 0, the solution V is in W((0, T)x R*) and L?((0, T)x R™) for p € [2, 3), and
u is Holder continuous with exponent o« < % in both space and time.

Proof of Theorem 3.2. For V,(x) e W[0, 1], we find a sequence {V5(x)} which
satisfies the properties of Lemma 3.1. For each n, V{(x) is a step function. Using the
construction of Section 2, we obtain a dissipative step-function solution V*(z, x)
with initial data V§(x). This solution satisfies

[ 17"t 0P dx < V3P dx < C.
0 0

For any 0 < ¢ < 1, we define (see Figure 3.5)

e (VLX) B VLX) — 2
v x)_{ 2 if Ve, x) < — 2.

V™e(t, x) is defined in the whole R* x R*. In particular,
V™20, x) = (Vg),:(x) = the cut-off of Vg at — 2/e,
(3.17) V=0, x) syt £ C, Vn=12,....

This V™*(¢, x) is the same as the V" defined in the proof of Theorem 3.1 for t > e.
As a matter of fact, it satisfies all of the estimates (3.6)—(3.8) in exactly the same
way. Thus there exists a subsequence {u", V"}j2, which converges in
C([0, T]xRy) ® L*([0, T]xR*) to a limit {u, V} which is a solution, and
{(V")a} i~ 1 converges in L? to Vj,, which is in BV for all M > 0. The proof of other
regularity conditions is the same as in Theorem 3.1. This completes the proof of
Theorem 3.2.

We remark that the space L? is a more natural space for problem (2.1) than the'
space W. It would be interesting to start with L*(R*) data and obtain an
L®((0, T), L*(IR ")) solution. The problem is that we do not have strong enough

Fig. 3.5. Definition of V™
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estimates to obtain compactness in L2 We note that, by interpolation, an
L#((0, T)xIR ™), p < 3, estimate would imply compactness in L? if one can estab-
lish compactness in L' (i.., no oscillations). In this sense concentration is elimi-
nated. In the next section, however, we give an example which shows that oscilla-
tions can persist in solution sequences.

3.3. Persistence of oscillations

Consider problem (2.1) with data V;(x) given by

1, xe<2—:,2k:1>,k=0,1,...,[";1],
Vo(x) =
1, xe<2k:1,2k:2>,k=0,1,...,[—'ﬂ—1

where 7 is a natural number (see Figure 3.6). The step-function solution V*(t, x) is
given explicitly for 0 <t < 2 by

2 —1

P for x2k<x<x2k+1,k=0,1,...,[n2 },
Vit x) =

2 n

tTé for x2k+1<x<x2k+2,k=0,1,..., E —‘1,
Vyi(x) 4 rh

3=

SRR CEEEE
SRRt EEEEE
=Y

1
n

Fig. 3.6. Oscillation.
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where

2k

2k n—1
XZk(t)=Z;(t+2)2—7t, k=0,1,2,...,|: 3 —J,

2k +1 2k n
Xok+1 = an (t+2)2—‘7t, k-:o,].,z,...,liiil—l.

The two lines x = X,;41(f) and x = x,+,{f) meet at t = 2. Therefore in the
region 0 <t < 2, the solution V*(t, x) changes sign from region (X, X2x+1) t0
(%2x+1» X2x+2)> and oscillations occur when n approaches infinity.

The weak limits of V" and (V™)? are simple to compute explicitly. We find that

Vi, x)—V (1),

16
(VY (1, x) = V(1) + @y

in L?((0,2) x R™*) and in the sense of distributions, respectively. Here

2 - 2 — 2t
V() = <x2k+1 X2k>+ <x2k+2 x2k+1>_

t+ 2\ Xoptr2 — Xar t—2\ Xpsz—xy ) 244

That lim (V")? % (lim V")> means that the weak limit V is not a solution of (2.1).

The dynamic behavior of the Young measure v; , associated with this sequence
of solutions is interesting. For 0 < ¢t < 2 the Young measure is a sum of two delta
measures:

e+ @ — 12

(3.18) Kb Trewe Oosz+n + 2+ 5 02/¢-2)-

As t12, the coefficient of the second delta measure tends to zero, while the point on
which it is supported tends to — co. For dissipative solutions, the Young measure
reduces to the single delta-measure

Ve, x = 52/(2 +1)

when t > 2. Thus, for ¢ > 2 the sequence converges strongly to a solution. For
conservative solutions, on the other hand, the Young measure is given by (3.18) for
all t > 0.

3.4. Existence of conservative solutions

In this subsection we prove the existence of conservative solutions of problem
(2.1). With different conditions on the initial data the existence of these solutions
also follows from the method of characteristics (see Section 4).

Theorem 3.3. Suppose that the initial function Vy(x) is compactly supported and is in
BV(R™). Then there exists a conservative weak solution {u, V} of problem (2.1)
which satisfies
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(@) [ V2t x)dx = [ Vi (x)dx for almost every te R™,

(B) (V2), + wV?), = 0 in the sense of distributions,

(Y) u is Holder continuous in [0, o) x [0, 0o) with exponent a < 3,
(8) V e L?((0, T) x R*) for any p € [2, 3) and any T > 0.

Proof of Theorem 3.3. For simplicity we assume that the initial function V,(x) is
supported in [0, 1] and is in BV [0, 1]. We use the sequence {V§(x)} from the proof
of Theorem 3.1 to approximate Vy(x). Using the construction of conservative
solutions described in Section 2, we obtain step-function solutions {V"(, x)} to
problem (2.1) with data {¥§(x)}. The solutions {V'"(z, x)} are weakly admissible and
preserve the L? norm:

(3.19) 1V 0Pdx = [ |V§(x)]?dx forteRY, ae.
0 0

We show that {V"},2 ; is strongly compact in L?((0, T) x R *). Condition (o) on the
L? conservation of ¥ follows from (3.19) and this strong convergence. For

-1
0<8<2<sup |V0(x)]> ,

[0,1]
we set
2/e, V(t, x) = 2/e,
Vet x) =9 V', x), |Vt x)| <2/,
—2/e,  V™t,x) £ —2Je.

We note that we need to have V™40, x) = V"(0, x) = V{(x) for later estimates (i.e.,
V¢ should not be chopped off with 2/¢). As in the proof of (3.6) we obtain that

(3.20) V™ot x) — Vit X)Pdxdt <eC Vn=1,2,. ...

Q ey
O ey 8

The estimates (3.7), (3.8) do not hold in the present case. Instead, we assert that the
following estimates hold:

T C
(3.21) _f j |[Vifldxdt £ =,
00 &
T «© C
(3.22) f j [V ldxdt < —.
00 e

Proof of (3.21). We note that V'* = 0in continuous regions. The only contribution
to (3.21) are jumps of V"™ across strip boundaries. We try to follow the proof of
(3.7). In the first case, (3.7a), we have no new difficulty: the estimate (3.9) is stilt valid.
In the second case, (3.7b), we have to estimate the new wave emerging after ¢ ;. For
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tA

X; ®

Fig. 3.7. For proof of (3.21).

t € [0, £ ;], the estimate (3.12) is still valid. For ¢ € [£;%;, T], we note that our initial
value V/ satisfies V7' £ —2/(¢ + T). Thus for t > £,

2 _e+T( 2
: me(t, ;) — V(% —)| S5 S
(323) VPt +) = Ve —) ST ST (8”)

+ T 2
L (e )

IIA

e+ T

[32]

£+T|
g

Thus (3.23) (or (3.12)) holds for all t € [0, T']. In the last case, (3.7c), we find that
estimate (3.15) is no longer valid for all ¢t € [0, T']. Without loss of generality, let us
assume that V" < V%, < 0. Therefore we have the order 0 < ¢ ; < ¢, for the
blowup times. Now if t; = T, the estimate (3.15) is valid for all ¢ € [0, T'] because
the new positive waves appear after tf;. Suppose that 0 < ¢; < T, and that
i1 S ¥, + & (see Fig. 3.7). It follows that

2 2
3.24 —VrzZ, VM2 .
(3.24) z7 2

If we denote Jump(x;(2)) = | V™4(¢, x;(t) +) — V™*(t, x;(t) —)|, we find that

IA

in+1 - I/;nl

(1 + T/ |V = VI, te(O,tF),

4fe, te(th, thiv1),
(3.25) Jump(x:i(t)) =4 0, te(thivi>tri + 8,
4/e, te(te;+etrive + o),

(14 T/e)? | Vi — VI, te(tiivg+e + o0).
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The last estimate of (3.25) holds because, for t > t*,,, + &> t¥; + ¢,

' -in+1 - V?I

Jump(x;(t)) = 1+ %Vlﬂ—lt)(l T _%Vlnt)l

. -7

T

T(T +¢)

I l+1 - Vinla

where we have used (3.24). The critical estimate is

2|V, — V| (T + ¢)?
326 ooy — i L < n— VP,
(3:26) Ithiv1 — bl =V ) (— VD)l 5 (Vi — V7

This estimate implies that the time interval in which Jump(x;(t)) = 4/¢ is big is
controlled by the initial jump. The remaining case occurs when 0 < ¢%; < T and
tF 41 > tF; + & In this case, Jump(x,{#)) can still be as big as 4/¢, but we find that
the initial jump is big too. As a matter of fact, we have from the assumption
thiv1 > th; + ¢ that

2 2

— =&
Vi VT
Hence,
2V’
0 — < .
1+ 1 SI/in — 2
Therefore,
VA%
n _ n Z o l‘ _ V'in
i+1 I/l = 817;, _ 2
4/T 2 2¢

=T 2T -2 T T(T+59)

where we have used t¥; < T, so that — V" = 2/T. Thus

4 2 T T 2
(3.27) Tump(xi()) = - (;a Tnia
2T(T + ¢)

:_—-s_—| A — Vi, tel0,T].
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So, for the case (3.7c), Jump(x;(t)) is given by one of the three estimates: (3.15) if
i, =T, (325 if tf,<T and tf;+; <%, +s and (327) if f;<T and
thie1 >t + & Thus

T o T oo
J j |Vi-*|dx dt = J j Z Jump(xi(t))é(x—xi(t))“—%
[ 001:1 1+<);l£))
T
<y JJump(X () de
i=1 o
n 2 ’
<X <£}8—)‘| - V"|T-|—— 2: (T+8) Vi = V')
i=1
6T(T
_%E)_II Vollsv

where we define é(x — x;(t)) by

{o(t, x), 6(x — xi(1)) = J ot xi(1) [1+ <E xi(t)> dt VoeCZ.

0

Proof of (3.22). V;"* can be split into two parts. V* = V{*; + V;;. The first part is
the simple jump across x;(t) and takes the form

xi(t)

(3.28) Vii= ; Jump(x;(1))6(x — xi(2)) T )

The second part occurs in each strip and satisfies

(3:29) Vs 5.
The estimate (3.22) follows from (3.28) and (3.29).

Now that the estimates (3.20), (3.21), and (3.22) are established, the rest of
the existence proof is similar to the proof of Theorem 3.1, and we omit the
details.

Finally, we note that the conservative piecewise linear solutions satisfy

V") + @"(V")?), =0,

in the sense of distributions [HS]. Passing to the limit in a strongly convergent
subsequence implies that the solution also satisfies this conservation law.
This completes the proof of Theorem 3.3. [J
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4. Method of Characteristics

The main purpose of this section is to show that there is a close connection
between conservative weak solutions and the method of characteristics. We begin
with a heuristic discussion.

For smooth solutions, equation (1.1) can be solved exactly by using the method
of characteristics [HS]. An implicit solution of (1.1), with initial data

u(0, x) = F(x),

is given by
u=U(t, &)= F(&) + tG(&),

x = X(t, &)= & + tF (&) + 32G(¢).
Here G is a function such that

G =312, f©)=F(Q),

and ' denotes the derivative with respect to &.
The derivative X, is given by

X, =Y% Y=1+5%if

It follows that

Veu=oit
blows up when X, = 0. However, even after the blowup time, the transformation
from characteristic to spatial coordinates is typically one-to-one since X, is non-
negative. The only exception is when {&: f(£) = ¢} has non-zero measure, in which
case an interval of characteristics converge at the same point. (This is exactly what
happens for the piecewise linear solutions used previously.)

Geometrically, the surface ¢ = Z(t, x) formed by the characteristics becomes
vertical when the derivative of u blows up, but the surface never folds over (see
Fig. 4.1). We can therefore use the method of characteristics to construct global
single-valued solutions of (1.1). This again contrasts with the behavior of character-
istics for conservation laws such as the Burgers equation (1.3).

To make these arguments rigorous, we introduce a solution u® by the regular-
ized method of characteristics. We assume that f(x) = F'(x) is continuous with
compact support. Given any ¢ > 0, we define

F G
Us(ta é) = (G])- —:_ 22 (5)9
@ e UERE Qe

GO)=3 | /2@ds Y6 =1+11)
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z4

=k

Fig. 4.1. A typical characteristic surface for conservative solutions.

It follows that

Y2+82> 82

2 g = > 0.
(42) Xe 1+82_1+82>

The implicit function theorem implies that the change of variables (¢, &) —(t, x) is
a C*-diffeomorphism of IR2. We denote the inverse map by

(4.3) &= Z:(t, x).
We let
(4.4) wi(t, x) = U¥(t, Z°(t, x)) € C*(IR?).

From (4.1)—(4.4), the derivative V* = u} is given by

(2, x) Y (8, Z°(t, x))

45 Vi) = Y2(t, Z°(t, x)) + &2

We prove that {«°, V°} — {u, V} as ¢ > 0 and that the limit {u, V} is a conserva-
tive weak solution of (1.1).

Before stating and proving a general theorem, we illustrate how the regularized
method of characteristics picks out a conservative solution for the basic step-
function initial data

' -1, 0<x<l,
S = {O, otherwise.
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Using (4.1), and eliminating ¢ in terms of x (assuming that F(x) = 0 for x < 0), we
find that the solution by the regularized method of characteristics for this initial
function is given by

2t —2
G—%T“%7,0<x<3®,
i, =4 E T T4
0, otherwise,
where
Tt —2)% 4 42
& t —
5( ) 41 + &%)

After the blowup time, t* = 2, this solution approaches the conservative step-
function solution :

2

m, 0<x<%(t-—2)2,

Vit x) =
0 otherwise,

shown in Figure 2.4, rather than the dissipative one shown in Figure 2.2. More
precisely, it is straightforward to check that

J1Ve—=V P dtdx = O(e)

K

for any compact set K, so that V*— V in L} (R?).

Theorem 4.1. Suppose that f(x) = F'(x) € C.(IR). There exists a global conservative
solution of (2.1) with initial data u(0, x) = F(x) and V (0, x) = f(x). This solution is
the limit in Cie ® LE.(R?) of solutions {u’, V*} by the regularized method of
characteristics defined in (4.1)-(4.5).

Proof. We show that V°(¢, x) has a finite pointwise limit ¥ (¢, x) almost everywhere.
The limit exists on a set Q consisting of those points (¢, x) where Y (¢, Z*(t, x)) 18
bounded uniformly away from zero as ¢ - 0.
Throughout the proof, we restrict ¢t to an arbitrary finite interval [—T, T'].
Given any 0 <& <1 and 0 < 5 < 1, we define

(4.6) Q= {(t,x) e [T, TIxR:|Y(t, Z°(, x))| = n}.

The convergence of the regularized characteristic variables Z° follows from the
following nesting property of the Q7.

Lemma 4.1. For any n > 0, there exists eo(n) > 0 such that

(47) Q%W/Z < QZO(”) c Q:]/Z V0 <e é &o.
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Proof. From (4.1) and the assumption that fis continuous with compact support,
there is a modulus of continuity p: R* — IR ™ such that

(4.8) =l =pl) = Y- YEl<n/2
We define M and ¢, by
(4.9) M = sup [tF (&) + 312G, €5(m) = p(n)n*/AM.

First we prove that ;° = Q;,. Differentiating x = X*(t, Z°(t, x)) in (4.1) with
respect to &2, with (¢, x) fixed shows that
0Z° 1 (F(Z%)+31°G(Z")
e 1+¢* YHt,Z)+ ¢

(4.10)

To explain the idea of the proof, assume that | Y (¢, Z%)| = #/2. Then estimating the
right-hand side of (4.10) gives
0Z:| 4M
o | T 9
Integrating this result and using (4.9) implies that | Z* — Z¢| < p(y). It follows from
(4.8) that | Y (t, Z*)| differs from | Y (¢, Z*)| by at most 5/2, and is therefore greater
than #/2, in consonance with our initial assumption.

We give a detailed proof by contradiction. Suppose that (z, x) € Q°®. Let

8* = inf{SI > 0! I Y(ta Zg(t: X))I g 17/2 VS € (81: 80(’1))}

=inf{e; > 0] (5, x) € Q% Vee (&1, £0(1))}-

We want to show that &, = 0. Suppose that g, > 0. Integrating (4.10) and then
using (4.9) and the fact that Y (¢, Z°) = #/2 for ¢ = ¢, implies that

&2

0
1 (F(Z%) +32G(Z
|Z‘9°-——Ze*|= J 5 (2)+2t G(ZZ)
1+& Y2, Z%)+¢

AM (ed — £2)
= —:Iz‘—*‘ < p(n).

de?

It follows from this inequality and (4.8) that
1Y (t, Z%)| 2 |Y (5, Z°)| — | Y (1, Z°) — Y (&, Z*)| > /2.

Since Y(f,Z°) is a continuous function of e this inequality implies that
| Y(t, Z°)| = n/2 for some interval &; < & < &, contradicting the definition of &,.
Therefore, ¢, = 0 and Q;° < Q;, for all 0 < & < &.

An almost identical argument shows that if | Y (¢, Z%(t, x))| = 35/2 for some
e € (0, &), then | Y (¢, Z*"(¢, x))| = 5. We do not write out the details. It follows that

Q5,1 < Q20

This completes the proof of Lemma 4.1. [J
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We abbreviate
Qr/ — Q;o(n)

and define the “good” set

o=

7

s

The next Lemma shows that m(Q°) = 0, where m is the Lebesgue measure and
¢ denotes the complement in [— T, TTx R.

Lemma 4.2. For 0 <y £ %, there is a constant C independent of n such that

m(Qy) < Cy®.

Proof. We consider the change of variables (¢, x) —(y, &) defined by
(4.11) y=Y(t Z*t %), =2, x).

By (4.1)—(4.3), this transformation is one-to-one on any set where (&) = 0, and its
Jacobian is given by

2y +é?
L+e | £

The definition of Q; implies that | f(£)| is bounded uniformly away from zero on
Qy when 5 < 3. Using (4.11)—(4.12), with & = (1), and (4.9), we compute that

(4.12) dtdx =

dy de.

m(;) = f dtdx

@5
2 yr4ed
= dydé
j1+sé rer
o

<c f O +ed)dy < CoP +ned) <Cr’. O
Iyl<ny

Next we prove that the characteristic variables Z° have a pointwise limit on €.

Lemma 4.3. For any (t, x) € 2, there is a pointwise limit, Z*(t, x) — Z(t, x) as ¢ = 0.
Moreover, |Y(t, Z(t, x))| Z n/2 on Q, and Y (t, Z(t, x)} & 0 on Q.

Proof. If (t, x) € @, then (¢, x) € Q, for some # > 0. Lemma 4.1 implies that

(4.13) Y (5, Z°(t, x))| 2 n/2
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for all & < gy(n). Therefore, from (4.9), we have

1 tF(Z?) +32G(ZY) AM p

14+ Yt,Z)+& ~ n* &b

Integrating (4.10) with respect to &2, and using this inequality to estimate the result,
gives

|Z8—Z6l §£2‘(82~52)
&o '

for all ¢, = ¢ = 6 > 0. It follows that Z° is a uniform Cauchy sequence on £, and
therefore has a pointwise limit Z.

Taking the limit of (4.13) as ¢ — 0, and using the continuity of Y, implies that
| Y(t, Z(t, x})| = n/2 &+ 0. This completes the proof of the lemma. []

From Lemma 4.3, equation (4.5), and the continuity of f, we can define the limiting
function

lim Ve(t, x) = ——— if (t,x) e Q,
(4.14) Vi, x)=4 ° Y (t, Z(t, x))
0, if (¢, x) e Q.

We now prove the main convergence result.
Lemma 44. V° - V strongly in LP([—T, T]xR) for any 1 < p < 3.

Proof. For any # > 0 and & < gy(#), we have

(4.15) \Ve—VIP= [ |V = V[Pdtdx+ [ |V — VPdidx,
QC

2y
where || - || is the L*([— T, T] x R) norm. From (4.5) and Lemma 4.3,

sup [ve—v| <<,
Ui

t, x)eQ,
so it follows from (4.14) and the Lebesgue dominated convergence theorem that

{4.16) lim | [V®— VIPdtdx = 0.

&0 Qy

To estimate the second term on the right-hand side of (4.15), we use

i/p 1/p 1/p
4.17) (j Ve — V|Pdtdx> g(j |V‘|Pdtdx> + (j ]V|Pdtdx> .
e
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By Lemma 4.1, Q] < Q%,,,. Consequently, using (4.11), (4.12) to change integration
variables from (¢, x) to (y, £) and then using (4.5), we obtain

(4.18) flV*’Ipdtdxg f]Valpdtdx
Q7 Q%2
y? + &2
= f' =T v

3;1/2

j P s dye

0%

< cflf(@lp-lda f PP dy

[yl = 3n/2

<CpPTe,
Using Fatou’s lemma and the fact that V> — V a.e., we also have

419) | |VIPdtdx = | hrnmflVSl”dtdx <liminf | |Ve|Pdtdx < Crp72.

Qc c g0 e—=0 QC

Combining (4.15)—(4.19) implies that
limsup | Ve— V| < Cy®~o2,

=0

and taking the limit as # — 0 proves the result. []

By the Sobolev embedding theorem, it further follows that «* — u uniformly,
with V = u,. This establishes the convergence of {’, V*} - {u,V} in C® L?
(I—T, T]1xR) and shows that (d) of Definition 2.1 is satisfied.

To show that the limit is a weak solution, we need to prove that {u, V} satisfies
(e) of Definition 2.1. From (4.1)~(4.5), we compute that

f2
(Y2 + &%)*’
where the right-hand side is evaluated at & = Z%(¢, x). If fe C?, this equation is

valid in the classical sense; otherwise it holds in the sense of distributions.
Using (4.11), (4.12), we find that the L! (IRZ) norm of the right-hand side of (4.20)

is given by
1, f & If(f)l

R2 R2 R

(4.20) VE+ utVE + = (Vs)2

The right-hand side therefore tends to zero in the sense of distributions as ¢ - 0. It
follows that {u, V'} satisfies (e) of Definition 2.1 and is a weak solution. (We omit
the detailed verification of conditions (a)—(c), with V, = £.)
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To show that this solution is conservative, we compute from (4.1)—(4.5) that the
energy equation for the regularized solution is

Y/f?
(Y2 + &%)
We shall prove that the right-hand side tends to zero in the sense of distributions as
¢ — 0. It follows that the limiting solution satisfies the energy equation exactly.
The right-hand side of the regularized energy equation does not tend to zero in

L., but some cancellation occurs and it does tend to zero in the sense of
distributions. We consider

o] = j

(V0 + @V2), = &

oYf?

T2 1 2 dt dx,

where @(¢, x) is an arbitrary test function. Using (4.2) to change variables from x to
& = Z°(t, x) gives

82 QDst
j sdt dé.

I’lol = 1+ é2 (Yiz n 82)

r

Here, we restrict the region of integration to I' = R x A where A = {&: /(&) + 0}.
Using Fubini’s theorem and integrating by parts with respect to ¢ gives

P = = T | Bt X, 8) + X D0ule, X, O]
r

t

’ Y, 018 .,
X { W dt } dt dé
Using (4.1), we have that X; = U*® and
[ R
(Y2, &) + &*)? Y2t &) + &

Using these in the expression for I*[¢] gives

+ Ulp)f?
Y2 + 82

& 82 ((pt
I["’]HHZJ dtdé¢.
r

Since U°® is uniformly bounded on compact sets,

2

15 S C 2 f < 2 lf( <
riols o | Fisaarzor [ gz e [irane
r r R
where we use (4.1) to change integration variables from  to y = Y (t, £) and where
C is a constant independent of &. It follows that I*T¢] —0 as ¢ — 0.
This completes the proof of Theorem 4.1. []
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The proof gives an explicit expression for the conservative solution, namely,
(4.14). This expression is the same as the one obtained by the method of character-
istics for smooth solutions, but with the characteristic variable Z(t, x) defined a.c.
as a pointwise limit of regularized characteristic variables. Characteristics are not
defined uniquely from dx/dt = u(z, x), since u is not Lipschitz continuous in x. It is
interesting to compare this construction of characteristics for weak solutions of
(1.1) with the generalized characteristics introduced by Darermos [ D2] for conser-
vation laws (where u is discontinuous).

Finally, we mention a problem concerning lack of uniqueness. There are many
consetrvative solutions which take on initial values u(0, x) = V(0, x) = 0. The one
constructed by Theorem 4.1 is the zero solution. However, another solution is the
conservative step-function solution

2/t, 0<x—¢<at?/4,
0, otherwise.

Vit x)= {

More generally, we can place arbitrary amounts of energy at a finite number of
points, and V still takes on zero initial values in the sense of Definition 2.1. Thus, in
addition to initial values for V it is also necessary to give compatible initial values
for V2 (in the space of bounded measures, for example). This difficulty does not
arise in the dissipative case, where the only admissible piecewise linear continua-
tion of ¥(0,x) =01is V(t,x)=0for all t > 0.

5. Large-Time Asymptotics

In this section, we prove that the dissipative solutions whose existence we have
established in Theorems 3.1 and 3.2 all have the same asymptotic form as t — + 0.
The asymptotic state is completely determined by a single invariant of the solution,
namely, the energy of the positive part of V. We use the natural space L2(Ry) for
solutions ¥ (t, x). The LP(IR;) spaces with p & 2 are not suitable for V' (¢, x), because
the L? norm of V (¢, x) blows up in time if p &= 2.

Theorem 5.1. As time approaches infinity, all solutions V (¢, x) of the problem (2.1)
established in Theorem 3.2 converge in L*>(IR}) to U(t, x) given by

1 + . 2z
U(t,x):{Z/t, 0<x <iE(V*(0,))f,

(5-1) 0, otherwise

where
E(V*(0,) = [ (VF(0,x))*dx,
0

V¢, x) = max{V(t, x), 0}.

We remark that this conclusion was conjectured in [HS]. The function U(¢, x)
satisfies the first two equations in (2.1), but it takes on very singular initial data.
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The asymptotics of u(t, x) follows immediately from Theorem 5.1:
@ t
u(t, + o) ~ [ UL, x)dx = 3 E(V0,)).
0

It follows that the constant state u = 0 is nonlinearly unstable. If u = 0 is perturbed
initially by a compactly supported pulse uy(x) with E(ug.(x)) > 0, then asymp-
totically u(t, 4 o0) grows linearly in time.

Sketch of the Proof of Theorem 5.1. We need to prove that

(5.2) lim of \V(t,x) — U(t, x)[2dx = 0.

t2w g
We use the sequence of approximate solutions {V"} from Theorem 3.2, a sequence
which converges to ¥ in L((0, T) x R*) for all T > 0. Consider the simplest case:
@ V0,x)<0.
It is clear that any initial value ¥"(0, x) less than —2/t, where t > 0, blows up

before time . From the construction of V*, it follows that the energy at ¢ > 0 comes
only from initial values larger than —2/t. Thus

® 4

§ Ve x)Pdx < .

0 t
Passing to the limit n — oo, we find that

00 2 4
(5.3) IV, x)?dx < 3

0

But E(V *(0, x)) = 0; thus U = 0 in this case. So (5.2) is established for this case with
the explicit rate given in (5.3).

The next simplest case is
() V©0,x)=0.
The solution V(t, x) is bounded on the entire domain R xR ™, so u(t, x) is
Lipschitz continuous with respect to x. Therefore the characteristics for (2.1) can be
uniquely defined everywhere:

%=u(s,X), 0<s< oo,
(5.4)

X@t)=x, t,x)eR*xR",

Let x, be the intersection with the x-axis of the characteristics X (s; ¢, x) starting at
(t, x).

Xo = Xo(t, X) = X(0; 1, x).
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Then

2V (xo(2, x), 0)
2 + tV(XO(ta X), 0)’

Vit x) =

| V2(t, x)dx = [ V*(0, x)dx.
0 0
Integrating the first equation in (2.1), we further find
[ V({t,x)ydx = | V(0,x)dx + $tE(V (0, x)).
] 0

The value of u(t, x) is increasing with respect to x, and equal to f;" V(t, x)dx
when x is larger than the characteristic X (¢; 0, 1) starting at ¢ =0, x = 1, which we
find to be

X0, 1)=1+¢ Of V(0,x)dx +L2E(V (0, ).
1]

So the difference between V' and U can be split into two parts. The first is in the
strip S :3t2E(V(0, ")) < x < X (50, 1), and the second is in the region S,:0 < x
< +2E(V (0, )). Inside the first strip S;, we have U = 0 and

0

IA

y_2 4 2
t

t 2+ tV(0, xo(t, x))] =
Thus

[V —UPdx =0(/1).

S1

Inside the second region S,, we have

4

V-U=- t[2 + tV (0, Xo(t, x))]°

We see that this difference decays like —2/¢ at points where V(0, xo(t, x)) = 0.
A simple bound such as |V — U| £ 2/t is not enough, because the width of the
domain of integration grows like t*E(V (0, -))/4. To overcome this difficulty, we
note that intervals (a, a,) = (0, 1) in which V(0, x4(¢, x)) =0 at t =0 do not
expand (or shrink) with time. That is, the two characteristics X(; 0, 4;) and
X(t; 0, ap) have a constant distance X (t; 0, ay) — X(5; 0, ap) = a; — a, for all time
t>01if V(0,x)=0 in (a1, a,). So the simple bound |V — U| £ 2/t suffices in
regions where V(t, x) = 0. We further note that the distance between any two
characterstics X(t;0,a;), i = 1,2 expands at a rate at most O(¢?); and |V — U]
< ¢/t? hold in regions where V(t, x) = c. From this analysis and a coordinate
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transform x — x,, we find that
SPE(V(0,-) X@0,1)
J [V —UPdx <16 J
0 0

de 2
= J(z ) AL

So

! d
L2+ V0, %ot )

where Sp = {x €(0, 1)] ¥ (0, x,) % 0}. Splitting the integral over S, into two parts
S3 = {X0 € Sol V(0, xo) < 1/3/t} and S, = {xo € So| V(0, x0) = 1/\/1}, we find
that

FPEV(0.°)

[ |V —=UPdx g§|s3mso| +

0

-~ + 0(1/%) = o(1).

1
@+

So we have established (5.2) in the second case (0, x) = 0.
For the general case, we split ¥ into two parts

ViLx) =Vt x)—V (tx)

where both V* and ¥V~ are nonnegative. As in case (i), we obtain
© ~ 5 4
[ IV (@, x)|*dx gt—z.
[4]

So we only need to find the asymptotic behavior for V*. By using V™ and strong L?
convergence, we find that

Oj? |V, x)|*dx = Oj? [V*(0,x)]?dx = E(V*(0, x)).
0 0

So

[ Vidx = [ |[V*(0,x)|?dx + O(1/t?).
0 0
The characteristic for V(t, x) starting at t =0, x = 1 is
o t2
Xt0,1)=1+¢f V(0,x)dx + 7 E(V*) + O(logy).
]

The integral L‘f V{0, x)dx can be assumed to be nonnegative without loss of
generality, because fgo V™ (t, x)dx vanishes as t - o0 and because we can start the
problem (2.1) at any later time ¢, > 0 without changing the asymptotic behavior.
Therefore we can assume that X (t; 0, 1) > r*E(V *)/4 for sufficiently large t. So the
difference of V™ — U in the strip 2E(V*)/4 < x < X(t;0, 1) tends to zero as in
case (i) We note that inside the strip 0 < x < t?E(V*)/4, the portion of
{x:V7(t,x) + 0} has a length which is decreasing with time; thus it is less than its
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initial length. Hence the length of {x: V' * (¢, x) = 0} is at most 1. Thus the argument
in case (ii) still applies to give

2E(V *)/4
[ IVY —UPdx =o(l),
0

and (5.2) is proved in the general case. The sketch of the proof of Theorem 5.1 is
complete.

Appendix A. Proof of Lemma 3.1

Lemma 3.1. For any f(x) e W([0, 1]), there exists a sequence of step functions
{f"(x)}2=1 = L*[0, 1] with the properties:

(1) f"(x) = f(x) in L*([0,1]),

@ 1™ Bvro. 11 S Il fu lBvio,n YM=12,...Va=12,....

Proof of Lemma 3.1. Let f(x) e W[O0, 1] be given. Suppose g(x) is a step function
on [0, 1] and can be written as

g(x):gia xe(ai*laai): i=1527--~;k7

where 0 =ay<a;<...<a, =1 and g¢; are constants. If on each interval
(Gi—1,a;),i=1,2,. .., k, there exists a point x; € (a;_ 1, a;) such that

S ) =g ‘
or there are at least two points y;, z; € (¢;- 1, a;) such that
F) > g > f(z),
then we say that g is twisted with f. It follows that

lgllev = I /sy

by the definition of BV.

Now for any M =1,2,..., fy is in BV by the definition of W ([0, 1]) in
Section 3.2. There exists a sequence of step functions { fj,"(x)}s 1, each of which is
twisted with f3,, and

1
I fot = fu" 120,11 S 550

I fa" sy = Il fall-

We assert that f* = f,” satisfies all the conditions of the lemma. Indeed, /" is a step
function, is bounded from below by —n and is in L2(0, 1). Furthermore,

W™ =Sl S VLT —fallee + [ fo = f e

< gt 1 fle
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Therefore (1) is satisfied. To verify (2), we note that

(Um=f" tMzn,
SO
I ey = 1 fa" sy Z 1 fallsw = | ey if M >n.

For M < n, it can be verified that (f,") is twisted with f3;, and thus

1w lsr S N aellsy = 11 S llmve
So (2) is verified. This completes the proof of Lemma 3.1.

Appendix B. Verification of Condition (c)

From equation (e) of Definition 2.1, we have

(B.1) (fv@e)Vdxdi = —[[youVdxd: —3{[yoV>dxdt

for all test functions ¥ € C§(R*) and ¢ € C3(R ™). For any t,,t, € (0, T), we can
choose a sequence {if;}%2; = CH(R™) such that

lpj(t) - l[tl’t2] a.c.
where 1, ) is the characteristic function of the set [#;, t;]. Using ¢; in (B.1) and
taking the limit j — oo, we find that

2 ®©

(B.2) o)V (t2, x) — @)V (t1, x))dx = — [ | (¢'uV + 3@V?)dxdt

t1 O

for almost all ¢, t, € (0, T') by using the Lebesgue point and dominated conver-
gence theorems. We can estimate the right-hand side of (B.2) by

o o

{ { (ouV +39V*dxde
t1 O
St — tal(l@' 2 [l oo, myxmy 1V 2@ty + 1@ le 1V 172w y)
St —ulCrlolman.
Therefore

| j(ﬂo(x)V(tZa X) — @)V (ty, x))dx | S |t, — t1|Cr | @ | mm+y;
that is,
1V (t2s) = Vs, a1 =ty — ,1Cr

for almost all ¢, t, € (0, T'). This becomes the Lipschitz continuity condition in (c)
when we redefine V on a null set of t. To prove the initial condition in (c), we start
with the equation

V==V, + 3V V0, x) = V(%)

in the distributional sense. We find similarly that

g PX)(V™(t2, x) — Vo(x)dx | £ ,Cr | @ lmw)-
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Letting n — oo, we obtain

J; ex)(V(tz, x) — Vo(x)dx | S t,Cr @ m@*)

for almost all ¢, € (0, T). Therefore

V(t,x)—= Vo(x) in H }(R")

as t — 0 +. Since V(r, x) is Lipschitz continuous on [0, T, V(0, x) is defined as the
limit lim,—o V(t, x) in H~*(R™*). Therefore V' (0, x) = V,(x) in H~*(R *). The verifi-
cation of condition (c) is complete.
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