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Abstract. I t  is well known that the manner in which a definitely descriptive 
term contributes to the meaning of a sentence depends on the place the term occupies 
in the sentence. A distinction is accordingly drawn between ordinary contexts and 
contexts variously termed 'non-referential', 'intensional', 'oblique', or 'opaque'. The 
aim of the present article is to offer a general account of the phenomenon, based on 
transparent intensional logic. I t  turns out that on this approach there is no need to 
say (as Frege does) that descriptive terms are referentially ambiguous , or to deny 
(as Russell does) that descriptive terms represen~ self-contained units of meaning. 
There is also no need to tolerate (as Montague does) exceptions to the Principle of 
l~unctionality. The notion of an ordinary (i.e., 'non-intensional') context is explicated 
exclusively in terms of logical structure and it is argued that two aspects of ordinariness 
(termed 'hospitality' and 'exposure') must be distinguished. 

O. Introduction 

A g r e a t  deal  of  r e c e n t  logical  r e sea rch  has  r e v o l v e d  a r o u n d  t h e  discon- 
ce r t i ng  f a c t  t h a t  t h e  p l aus ib ly  looking  a r g u m e n t  f o r m  

( , )  T h e  9 = t he  9;  A ( t h e  q~/z) .'. A ( t h e  9/z) 

[where  A(Z/z)  is t he  r e su l t  of s u b s t i t u t i n g  Z for  f r ee  occu r rences  of z in t h e  
s en t e nc e  m a t r i x  A] is inval id .  :For l e t  ~v be  ' m a n  who l ives n e x t  door '  
a n d  9 ~man who runs  t he  c i ty ' .  T h e n  a l t h o u g h  ( . )  is va l id  if A is ~z is sick' ,  
i t  is inva l id  if A is ' M u h a m m a d  All bel ieves  t h a t  z is sick' .  

The  f a c t  is puzz l ing  because  i t  seems u n d en i ab l e  t h a t  w h a t e v e r  A 
i tself  says  a b o u t  t he  unspec i f i ed  i nd iv idua l  z, A ( t h e  qJ/z) says a b o u t  
t h e  r e f e r e n t  of ' t h e  9 '  a n d  A ( t h e  9/z) a b o u t  t h e  r e f e r e n t  of ' t he  9 ' .  Thus  
w h e n  those  r e f e r e n t s  a re  one  a n d  t he  same,  t h e  l a t t e r  two sen tences  are  
b o u n d  to  say  one  a n d  t he  same t h ing  a b o u t  one  a n d  t h e  same ob jec t .  
H o w  t h e n  c a n  t h e y  d i f fe r  in  t r u t h - v a l u e  ? 

T h e  c o n v e n t i o n a l  answer  to  t he  p r o b l e m  is to  d e n y  t h a t  an  express ion  
l ike %he ~' or  %he 9 '  is w h a t  i t  seems,  n a m e l y  a u n iv o ca l l y  r e f e r r i n g  t e rm .  
Some  semant ic i s t s  m ~ i n t s i n  t h a t  s u c h  a t e r m  n e v e r  re fe rs  to  a n y t h i n g ,  
t h a t  i t  does n o t  r e p r e s e n t  a se l f -con ta ined  u n i t  of mean ing .  Othe r s  g r a n t  
i t  t h e  s t a tus  of a r e f e r r i ng  t e r m  b u t  insis t  t h a t  i t  re fe rs  a m b i g u o u s l y :  i t  
des igna tes  one  ob j ec t  in some s y n t a c t i c  c o n t e x t s  a n d  a d i f f e ren t  o b j ec t  --  
or  n o t h i n g  a t  all --  in o t h e r  con t ex t s .  

Acco rd ing  to  I~ussell, t h e  o r ig ina to r  of t h e  f i r s t  of t h e  two theor ies ,  
t h e  sub jec t  m a t t e r  of a s en t ence  con t a in in g  %he 9'  is n o t  the  u n iq u e  
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individual  (if any) ins tan t ia t ing  % bu t  tile p rope r ty  ~ itself. F r o m  a logical 
po in t  of view, the  sentences ~The ~ is sick' and  'The yJ is sick' are no t  
of the  fo rm ~a is sick' and  ~b is sick';  thei r  logical (as dis t inct  f rom syn- 
tactical) fo rm is represen ted  by  the  formulas  

(la)  (3z) ((Vy)(q~y ~ . y  = z)& z is sick) 
( lb) ( ] z ) ( (Vy) (y~y  ~ . y  = z ) &  z is sick), 

no pa r t  of which names  any  individual .  Similarly, the  logical fo rm of 
~Ali believes t h a t  the  ? is sick' and  ~Ali believes t h a t  the  ~ is sick' is (on 
a t  least one reading) 

(2a) Ali believes t h a t  (3z)((Vy)(qyy ~ .y --z)& z is sick) 
(2b) All believes t h a t  ( -~z) ( (Vy) (~y  ~ . y  - - z ) &  z is sick), 

o 

where the  only n a m e  of an  indiv idual  is ~Ali'. The  logical fo rm of ~The 
---- the  ~' ,  according to Russell,  is not  ~a = b' b u t  

(3) (3z)((Vy)(qJy ~ . y  = z)&(Vy)(~py ~ . y  = z)) .  

I t  is easily seen t h a t  while (3) and  (la) imply  (lb),  (3) and  (2a) do no t  
imply  (2b). 

Frege,  the  originator  of the  second of the  two theories~ did no t  quest ion 
the  s ta tus  of ~the ~! and  ~the ~o' as names,  b u t  ma in ta ined  t h a t  t hey  are 
ambiguous.  The reference of ~the ? '  in A(the q~/z) depends,  according to 
Frege,  on the  na tu re  of the  contex t  A:  if A is ~z is sick' or ~z -~ x',  for exam- 
ple, t h e n  ' the  ~' refers to the  only individual  (if any) ins tan t ia t ing  ~; 
if A is ~Ali believes t h a t  z is sick ~, the  same t e r m  refers ra ther  to an abs t rac t  
en t i ty  which Frege  calls the  (ordinary) sense of ~the ~'. On Frege 's  view, 
(.)  is a perfect ly  valid inference schema. But ,  as wi th  any  such schema,  one 
m u s t  beware of equivocat ion.  I f  A is ~Ali believes t h a t  z is sick', the  t e r m  
~the ~' means  one th ing  in the  first  premise  and a complete ly  di f ferent  
th ing  in the  conclusion. Thus  the  fact  t h a t  in this case the  conclusion 
does no t  follow f rom the  premises is no th ing  agMnst  the  soundness  of t he  
schema.  

I~either of the  two theories is satisfactory.  Russell 's  con ten t ion  t h a t  
' the  e'  refers to no th ing  and is meaningless  in isolation is difficult  to square  
wi th  l inguistic evidence,  such as the  facts t h a t  the  t e r m  is invar iably  
pronominMizable  and  t h a t  it  consti tute% by  itself, a complete  answer to  
a quest ion (e .g ,  'Who is sick ?~). Besides, I~ussell's procedure  for e l iminat ing 
such t e rms  fails when  applied to sentences expressing not ional  a t t i tudes  
like ~Ali contempla tes  the  e~ ~Ali worships the  ~' and  the  like~ where  the  
descript ive t e r m  carries no existential  impor t  and  ye t  does no t  occur in 
a subord ina te  clause. 

Frege~s theory  is also highly  implausible.  The  t e r m  ~the m a n  who 
lives nex t  door '  does no t  seem ambiguous  and  does no t  seem to unde rgo  
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a change in meaning when t ransplanted  f rom 'The man  who lives next  
door is sick' to 'Ali believes tha t  the  man  who lives next  door is sick'. 
Indeed  the two sentences can be conjoined and the second occurrence of 
the  t e rm pronominalized to avoid the  anaphora :  ~The man  who lives nex t  
door is sick and Ali believes tha t  he is'. :But if :Frege is right, the 'he' has 
no semantic an tecedent  to refer back  to : what  it refers to (namely a sense) 
does not  receive reference in the  foregoing context,. 

There is a simple way  of avoiding the shortcomings of the two theories 
while retaining all their virtues.  We have seen tha t  l~rege construes 
~the ~' as a name of a sense when it appears  in special contexts  like 'Ali 
believes t h a t . .  2. I t  is widely agreed tha t  Frege 's  Sinn is bes t  explicated 
as what  in possible-world semantics goes b y  the name of intension: a func- 
tion taking world-t imes to objects  of some type.  In  part icular ,  wha t  
Frege  calls the  sense of ' the ~' is plausibly seen as a funct ion taking each 
world-t ime to the unique individual  (if any) which instant iates  ~0 in tha t  
world at  t ha t  t ime. The funct ion is f i t t ingly spoken of as the  office of the  ~, 
and its value at  a world- t ime as the  holder or occupant of the  office in 
tha t  world a t  t ha t  t ime. I t  is thus this funct ion or office tha t  the  t e rm 
~the ~ refers to in epistemic and other  %blique ~ contexts  according to 
this in terpre ta t ion of Frege 's  theory.  Now all we need to do to remedy_ the 
shortcomings of the  two semantic theories under  consideration is to 
t ransfer  this bril l iant insight of l~rege's to all other  contexts.  W h y  not  
say tha t  in the sentence 'The man next  door is sick ~ the descriptive t e rm 
also refers to the  office of the  man ne~t  door ? Note  tha t  this move  immedia-  
te ly  resolves the  anaphora  problem ment ioned above.  :But it forces itself 
upon us on independent  and much more  general grounds. 

I t  is hard  to deny tha t  the  sentence tells us something abou t  the office 
of the  man who lives next  door:  it tells us tha t  the  office has a sick holder. 
The sentence cannot  possibly be t rue wi thout  the  office satisfying this 
condition. I t  tells us, on the other  hand,  nothing at  all about  All, who, 
we may  suppose, is the  only man  who lives next  door. In  part icular ,  the 
sentence does no t  tell us tha t  All is sick, for it is per fec t ly  possible for 
i t  to be t rue  wi thout  Ali being sick. I t  does not  tell us tha t  Ali lives nex t  
door either, for it is perfec t ly  possible for the  sentence to be t rue  wi thout  
Ali living next  door. And  it is hard  to see what  other  information abou t  
All the  sentence might  possibly have to offer. Russell  was thus right in 
maintaining tha t  the  t e rm ' the man who lives next  door '  is not  ~ name 
of Ali even if it is Ali who lives next  door. A name of an object  in a sentence 
which has nothing whatsoever  to sa:y abou t  tha t  object  would clearly be 
o u t  of place. 

Similar considerations apply  to ident i ty  sentences like 'The man who 
lives next  door is (identical with) the  man  who runs the  city ' .  Frege  was 
puzzled b y  the  fact  t ha t  such sentences are fac tual ly  informat ive and 
to resolve the puzzle he proposed  his famous theory  of Sinn and Bedeutung. 

2 - -  S t u d i a  L o g i c a  3/86 
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I t  is quite  remarkable  how long it has gone unnot iced tha t  F rege ' s  
theory  does no t  solve the  problem at  all, for it leaves us with no coherent  
account  of the  assert ive content  of such sentences. To see this, suppose 
tha t  Ali is unique not  only in living next  door b u t  also in running  the city.  
Clearly any  semantic account  of the  sentence 'The man  who lives n e x t  
door is the  man who runs the  ci ty '  mus t  yield an answer to the  quest ion r 
Does the  sentence convey  any  information abou t  All? I f  Frege 's  answer  
is in the  negative,  has owes us an explanat ion of his insistence t ha t  t he  
sentence contains two names of tha t  man. If,  on the other  hand, the  answer  
is in the  aff irmative,  we are surely enti t led to ask exact ly  wha t  it is t h a t  
the  sentence tells ns abou t  All. Should it be replied tha t  the  informat ion 
is to the  effect t ha t  All is identical with himself, we would be  back  a t  
square one with puzzle still unexplained.  And should i tbe  replied t ha t  
wha t  the  sentence tells us abou t  All is [perhaps inter alia] tha t  he runs  the  
city,  the  question arises as to how it is t ha t  no amoun t  of deduct ive  in- 
genui ty  will coax this information f rom the  sentecnce. 

B u t  a perfect ly  na tura l  account  of the  factual  content  of the  sentence 
suggests itself. The sentence conveys information abou t  two offices, t ha t  
of the  man  who lives nex t  door and tha t  of the  man who runs  the  city.  I t  
gives us no clue as to who occupies those offices. B u t  it tells us nevertheless  
something abou t  t hem tha t  might  no t  have  been the  case: namely  t ha t  
t hey  are co-occupied~ tha t  some individual  or other  holds t hem both .  
We have  seen tha t  an office is a funct ion whose value  a t  a world- t ime is 
the  occupant  (if any)  of the  office in tha t  world a t  t ha t  t ime. The assert ive 
content  of an ident i ty  sentence like the  one jus t  considered is simply to 
the  effect tha t  two such funct ions happen to take  the  same value  in the  
ac tual  world a t  the  present  t ime. I~ote that ,  quite  generally~ when two 
funct ions are said to take  the same value a t  a certain a rgument ,  it is the  
funct ions themselves  tha t  are being stpoken of, no t  the  common value of 
those functions at  t ha t  a rgument .  When  we are told t ha t  t an  45 ~ ---- cot45~ 
for example,  we learn something abou t  the  t angen t  and cotangent  functions,  
no t  abou t  the  number  one~ which is the  common value  of those funct ions 
a t  45 ~ . 

Those followers of Frege  who might  agree with our analysis of the  
assert ive content  of the  sentence ~The man  who lives nex t  door is the  
man  who runs  the  city" are saddled with the  problem of squaring the  
analysis with their  view tha t  the  terms flanking the ident i ty  copula ~ 
are names of Ali. W h y  is it tha t  a sentence whose sole purpose  is to tell us  
something abou t  two objects  of a certain kind contains no expressions 
referring to those objects  b u t  contains instead not  one b u t  two names of ~,n 
object  of a completely different kind, one which it has nothing to tell 
us abou t  at  all ? In  other  words~ adopt ion of the  analysis renders it qui te  
untenable  to resist the  obvious move of construing the terms "the man  wh~ 
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lives next  door '  and  ' the  man  who runs the  ci ty '  as names of the  respecti- 
ve offices 1. 

Once made,  the  move  results in a radical simplification of semantic 
theory.  The fallacious dogma tha t  a descriptive t e rm normMly serves 
to refer to the  object  (if any) which answers to the  description is so en- 
t renched tha t  most  semanticists  no longer take  it for a piece of theo ry  
tha t  it is, b u t  for a b ru t e  fac t  tha t  any  theory  mus t  accommodate  on pain 
of inadequacy.  A t t empt s  to square the  dogma with hard  linguistic da ta  
have  lead to a cluster  of spurious, ad hoe distinctions result ing in a chronic 
obfuscat ion  of semantic  theory.  

One case in poin t  is Frege ' s  dist inction be tween  S i n s  and Bedeutung, 
which has itself gained the  s ta tus  of an unques t ioned presupposi t ion 
of current  semantic debate.  Frege  pos tu la ted  the  distinction in an a t t e m p t  
to reconcile the  assumpt ion tha t  a descriptive t e rm is a name of the  
ob jec t  described, with the  undeniable  fact  tha t  to unders t and  the  t e rm 
it is not  enough to know which objec t  it is. To solve the  problem, Frege  
ascribed the  t e rm two semantic  funct ions:  to refer to the  object  and to 
express a S ins .  Once it is realized, however,  t ha t  the  t e rm names what  
Frege  called Sinn, or something ve ry  much like it~ the  need to pos tu la te  
a second dimension of meaning disappears.  We can say tha t  the  sole func- 
t ion of any  meaningful  expression is to name a definite object  and tha t  
to unders t and  the expression consists simply in knowing which objec t  
i t  is. 

The recent ly  popular  distinction, due to Xripke,  be tween  rigid and 
non-rigid designators can also be  set aside. If  the  t e rm ' the ~' does not  
s tand  for the  only ~-er bu t  ra ther  for the  office of the  only ~o-er, its designa- 
turn is independent  of world and time. We can say tha t  all designators,  
wi thout  exception,  are rigid. A designator  which stands for an object  
in one world at  one time, s tands for it in all worlds at all t imes;  or be t te r  
still, designation, i.e. the  correspondence be tween  names and what  they  
s tand for in a given language, is absolute,  not  relat ive to world s, nd time. 
Y~That a sentence of a given language says and what  it says it abou t  is 
invar iably  gn a priori mat t e r ;  extrMinguistic facts only come in when it is 
~0 be  decided whether  what  the  sentence says is the  case. 

Finally,  the  widely accepted  distinction be tween  so-cMled 'referential '  
and ~non-referential' contexts  also turns  out  to be  uncalled for. Authors  
invoke this dist inction in order  to deal with the  problem raised b y  the  
schema (.)  and also with a re la ted prob lem occasioned b y  the  schems, 

(**) A( the  q~/z).'. There is a z such tha t  A. 

1 Further arguments for this thesis can be found in [1]-[5]. For ~ detailed philo- 
sophieal defence, see [7]. 
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Having conjectured that  a term like ~the ~' refers in some contexts and not 
in others, the authors then assert that  (.) and (**) are valid if A is a context 
of the former kind (with respect to z) and otherwise invalid. 

Two flaws make this theory less than satisfactory. One is that  it leaves 
us in the dark as to what the semantic role of a descriptive term is in 
contexts where it is said not to refer. The other, more serious, flaw is that  
the theory is viciously circular. I t  invokes the notion of a referential 
context to circumscribe the class of contexts A for which (.) and (**) are 
valid. 5Yet the only explanation of the notion of referentiality it has to 
offer is via (,) and (**) themselves: a context is referential, we are told, if 
the conclusions of (.) and (**) can be validly drawn from the premises. This 
is hardly more enlightening than the theory that  a substance will put  one 
to sleep just in case it is possessed of virtus dormitiva. 

If the theory suggested above is correct, there are no contexts (other 
than quotational ones) in which ~the ~ fails to refer: the term invariably 
refers to the office of the (only) q-er. There are no exceptions to the Func- 
tionality Principle: what a compound expression refers to depends on only 
one feature of its constituent terms, namely on what they refer to. A distinc- 
tion is to be drawn, of cours% between conte~ts which generate valid 
inferences of the form (.) and (**) and those which do not. But it cannot 
be drawn in terms of the alleged effect such contexts have on the semantic 
behaviour of expressions like ~the ~'. Rather, it mus t  be drawn in a l~usse- 
llian spirit, by reference to logical structur% i.e., to the mode in which 
the fixed referent of the descriptive term is embedded in the logical con- 
struction expressed by the whole context. The aim of the present article is 
to develop a logical theory in which the distinction can be drawn rigo- 
rously. 

1. Frames 

Logical problems can be given rigorous, mathematical t rea tment  
only if they arise within a conceptual scheme which is itself mathematically 
rigorous. In order to apply exact methods, therefore, we have to assume 
that  our conceptual scheme has been explicated, i.e., that  it has been 
specified exactly which objects belong to our universe of discourse, exactly 
which systems of extensions for our concepts are to count as logically 
possible, etc. 

The conceptual system in which we actually think has not, needless 
to say, been explicated in this way. t tence to make the above assumption 
is to idealize the epistemic situation we find ourselves in. But idealization 
has proven a fruitful method in natural as well as social sciences and there 
is little reason to think that  logic is an exception. 

The notion of 'frame' introduced in this section is a mathematically 
rigorous tool for explicating intuitive conceptual systems. 
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A frame is a f a m i l y  of  f o u r  n o n - e m p t y  col lec t ions ,  o~ v, t, a n d  co. Collec- 

t ion  o has  two  e l e m e n t s ,  T ( t r u t h )  a n d  F (fslsehood)~ ca l led  tr~tth-vatues. 
is t h e  l i nea r ly  o r d e r e d  co l lec t ion  of moments of time; as m o m e n t s  of t i m e  

a re  u n i q u e l y  r e p r e s e n t a b l e  b y  rea l  n u m b e r s ,  ~ can  be  l ooked  u p o n  s i m p l y  
as t h e  se t  of reals ,  t a n d  o) d i f fe r  f r o m  f r a m e  to  f r a m e ;  t h e  e l e m e n t s  of t a r e  
ca l led  individ~mls a n d  t h e  e l e m e n t s  of o) possible worgds. 

L e t  ]~ b e  t h e  f r a m e  {o~ 3, t, ~o}. E a c h  m e m b e r  of  B is ca l l ed  a type 
over ]3 .5 ' [o reover ,  if ~x~ . . . ,  ~'~ a n d  V a r e  types o v e r  B t h e n  t h e  co l lec t ion  
( V ~ . . .  ~'~) of  all  m - a r g u m e n t  ( to ta l  a n d  pa r t i a l )  f u n c t i o n s  f r o m  ~ ,  . . . ,  ~m 

in to  V is also a type over B. ( N o t h i n g  is a type over B unless  i t  so fol lows 
f r o m  t h e  above2 . )  E l e m e n t s  of  a t y p e  ~ o v e r  B will b e  ca l led  ~-objeets 
over ]~. 

F o r  a n y  t y p e  ~ (o~)-objects  will  b e  also cal led ~-classes, (~v)-objec ts  
$-chronologies, a n d  ((~v)o))-objeets ~-intensions. o- in tens ions  a re  also k n o w n  
as propositions, a n d  t he i r  t y p e  ((o~)~o) will b e  w r i t t e n ,  a l t e r n a t i v e l y ,  as 

~ ;  (o~)- in tensions  a r e  also k n o w n  as properties of ~-objects ,  a n d  (o~ ~ . . .  ~ ) -  
- i n t ens ions  as m - a r y  relations of o b j e c t s  of  t h e  t y p e s  ~ , . . . ,  ~ .  

For the sake of a simple example, consider the miniature frame B o consist- 
ing of o , v , t ,  and co, where t has two members, X 1 a n d X  2, and o~ has also 
two members, W 1 and W e. The function C 1 which takes X 1 to T and X 2 to F, 
and the function C 2 which takes both X 1 and X 2 to F, are two of altogether 9 
t-classes over B o. The function D ~ which takes every moment of time to T, and 
the function D 2 which takes all moments prior to 1/1/1985 to T and all other 
moments to ~ are two of continuum many o-chronologies over B 0. The function 
P~ which takes both W ~ and W 2 to D 1, and the function which takes W ~ to D ~ 
and W 2 to D ~, are two of continuum many propositions over B o. The function 
j~l which takes all moments to O 1, and the function E ~ which takes all moments 
prior to 1/1/85 to C ~ and all other moments to C -~, are two of continuum many 
(ot)-chronologies over B 0. The function G ~ which takes W ~ to E ~ and W e to E z, 
is one of continuum many t-properties over B~: 

A ~- in tens ion  I is sa id  to  b e  embodied b y  t - o b j e c t  X a t  t i m e  T in wor ld  W 

iff  I t a k e s  W to  a S -ch rono logy  which  in  t u r n  t a k e s  T to  X .  X is sa id  to  
instantiate p r o p e r t y  ~q in W a t  T i f f  S is e m b o d i e d ,  in  W a t  T~ b y  a c lass  
wh ich  t a k e s  X to  T. X is sa id  to  bear r e l a t i o n / ~  to 17 in W a t  T i f / ~  is 

e m b o d i e d ,  in  W a t  T,  b y  a f u n c t i o n  wh ich  t a k e s  X a n d  :Y to  T.  F i n a l l y ,  
a p r o p o s i t i o n  P is sa id  to  b e  true (or false) in W a t  T if i t  is embodied~  in  W 
at T, b y  T (or  F). A class  of  p r o p o s i t i o n s  is sa id  to  iml~ly p r o p o s i t i o n  P 
iff  P is t r u e  in  e v e r y  w o r l d  a t  e v e r y  t i m e  a t  which  e v e r y  m e m b e r  of  t h e  
class  is t r u e .  

2. Explication 

A p r e t h e o r e t i c a l  c o n c e p t u a l  s c h e m e  cons is t s  of i n t u i t i v e  c o n c e p t s  
wh ich  c a n  b e  l o o k e d  u p o n  as v a r i o u s  f e a t u r e s  or  t r a i t s  wh ich  ob jec t s  of 
v a r i o u s  t y p e s  c a n  h a v e  or  l a ck  (e i the r  a b s o l u t e l y  or  r e l a t i v e  to  o t h e r  

Indirect clauses like the present one, which should, strictly speaking, be par t  
of every inductive definition, will be omitted in what follows. 
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objec ts ) .  A col lec t ion  of such  f ea tu r e s  will be  ca l led  intensional base. To 
exp l i ca t e  a n  i n t ens iona l  base  in  ~ f r a m e  B = {o, v, t, co} is to  ass ign  to  
each  wor ld - t ime  couple  (i.e., to  each  couple  cons is t ing  of a m e m b e r  of  o) 
a n d  a m e m b e r  of v) a un ique ,  fu l ly  specif ic  d i s t r i b u t i o n  of t hose  f ea tu r e s  
t h r o u g h  t h e  ob jec t s  of a p p r o p r i a t e  t y p e  o v e r  B.  Such  an  a s s i g n m e n t  is 
ca l led a n  explicatio~ of t h e  in t ens iona l  ba se  in B. A n  in t ens iona l  base  
t o g e t h e r  w i t h  i ts  exp l i ca t i on  in  a f r a m e  f o r m  an  epistemie framework. 

For the sake of a simple example let us consider the intensional base whose 
only member is the notion of belief, the intuitive relation which an individual 
bears to the propositions he accepts as true. Let us explicate this base in the 
miniature frame B o. All w6 h~ve to do is to stipulate which individual believes 
which proposition in which world (over B0). Let us stipulate as follows: in W 1, X 1 
always believes tol and X 2 always believes PS, and in W ~, X 1 believes p1 until 
1/1/85, then changes his mind and believes p2 instead, while X 2 always believes 
P~. Call the epistemic framework thus define4 F 0. 

B y  spec i fy ing  which  pa r t i cu l a r ,  i n t u i t i v e l y  u n d e r s t o o d ,  course  of  
even t s  is r e p r e s e n t e d  by  each  m e m b e r  of ~o, an  exp l i ca t ion  gives i n tu i t i v e  
c o n t e n t  n o t  on ly  to  t he  poss ible  wor lds  b u t  also to  e v e r y  i n t ens ion  o v e r  
t he  f r a m e .  I n  p a r t i c u l a r ,  i t  specifies e x a c t l y  w h a t  cond i t i on  an  o b j e c t  
m u s t  sa t i s fy  to  i n s t a n t i a t e  a g iven  p r o p e r t y ,  or  to  b e a r  a g iven  r e l a t i o n  
to  a n o t h e r  ob jec t ,  l~lost i m p o r t a n t l y ,  i t  specifies fo r  e ach  p ro p o s i t i o n  o v e r  
t he  f r a m e  u n d e r  w h a t  c i r cums t ances  i t  comes  o u t  t r u e ;  in  o t h e r  words~ i t  
specifies e x a c t l y  w h a t  t hose  p ropos i t i ons  say. 

In the framework/~0 an individual instantiates G 1 jus~ in case he believes 
proposition p1; p1 is t rue  just in case (and hence says that) X ~ believes P~; 
and p2 is true just in case (and hence says that) X 1 believes PL Observe that 
a unique (otz)~-object is a rigorous counterpart (the explicans in F o of) the 
intuitive concept of belief (the explica~dum): it is the (unique) relation which in 
W 1 is borne at all times by X 1 to p1 and by X ~ to p 2  and which in W ~ is borne 
by X 1 to P~ until 1/1/85 and then to p2, and by X ~ at all times to p2. 

L e t  us  a s sume  t h a t  an  ep i s t emic  f r a r a e w o r k  F has  b e e n  f i x e d ;  we can  
t h e n  speak  s imply  of types ,  ob jec t s ,  e t c ,  m e a n i n g  t y p es ,  ob jec t s ,  e tc .  o v e r  

the f r a m e  F. 

3. Constructions 

Objec ts  c a n  be  a r r i v e d  at ,  s ingled ou t ,  or, as we shall  say,  constructed 
b y  m e a n s  of  o t h e r  ob jec t s .  F o r  examp le ,  if F is a f u n c t i o n  which  is de f ined  
at X ,  t h e n  a de f in i t e  ob jec t ,  n a m e l y  t h e  v a lu e  of • a t  X ,  can  be  a r r i v e d  
a t  or s ingled ou t  b y  a p p l y i n g / v  to  X i we shal l  speak  of t h e  app l i ca t ion  of E 
to  X as a specific c o n s t r u c t i o n  of t h a t  ob jec t .  

F o r  each  t y p e  ~ t h e r e  is a n  in f in i t e  s u p p l y  of va r i ab les  r a n g i n g  o v e r  
~, ca l led  t-variables. A n  a s s i g n m e n t  of a n  o b j ec t  of  a p p r o p r i a t e  t y p e  to  
e a c h  va r i ab l e  is ca l led  a valuation. I f  v is a v a l u a t i o n  a n d  X 1 , . . .  , X  ~ 
ob j e c t s  of  t h e  same r e s p e c t i v e  t ypes  as t h e  d i s t inc t  var iab les  x l , . . . ,  x ~ 
t h e n  v ( X  ~ , . . . ,  X m/x ~ , . . . ,  x ~) is j u s t  l ike v e x c e p t  fo r  ass igning X ~, . . . ,  X ~ 

r e s p e c t i v e l y  to  x 1, , 
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Objects and variables will be called, collectively, atoms. Atoms can be 
combined into constructions. Constructions, their  types,  ranks,  and what  
t h e y  construct  are defined as follows. Any  a tom of type  ~ is a ~-constmwtion 
of rank 0; a ~-objeet v-constructs itself and  a ~-variable v-constructs the  
t-object  assigned to it by  the  valuat ion v. Le t  X ~ X 1, . . . ,  X m (0 < m) 
be constructions of the  respective types (~/~ . . .  s ~*, . . . ,  ~m. Then the  
application [X~ 1 . . .  X ~] of X ~ to X ~  . . . ,  X ~ is an ~-constmtction of 
�9 ran]~ r + I ,  where r is the  largest  among the  ranks of X ~ X1, . . . , X  ~. 
[XOX ~ . . .  X "~] is v-improper (i.e., constructs  noth ing on v) if one of 
X ~  . . . .  , X  m is v-improper; otherwise let X ~  ~ , . . . ~ X  m be the  
objects v-constructed by  X ~ X ~, . . .  ~ X ~ respectively. I f  X ~ is not  defined 
at  X ~ . . . ,  X m then  [XQX ~ . . .  X m] is v-improper; otherwise it v-constructs 
the  value of X ~ a t  X ~, . . . ,  X m. Let  Y be an V-construction of rank r and 
x *, . . . ,  x'* (0 < m) dist inct  variables of the  respective types ~ ,  . . . ,  ~=. 
Then the  closure [2x ~ . . .  xmu of u on x ~, . . . ,  x ~ is an (V~I . . .  ~m)_construc. 
tio~ of rank r + 1 and  v-constmwts the  following funct ion ~v: for any  objects 
X 1, . . . ,  X m of the respective types  ~1 . . . ,  ~ ,  if u is v ( X  1, . . . ,  X m / x  ~, . . .  
. . . ,  x")-improper then  F is no t  defined at  X *, . . . ,  X~;  otherwise the value 
of F a t  X ~, . . . ,  X m is the object v ( X  ~, . . . ,  X '~/x  ~, . . . ,  x~)-constructed by Y. 

The use of let ter  types exemplified by  the  foregoing paragraph will 
be adhered to in the  rest  of the  paper. I n  part icular,  capital I~omans 
will be used to refer to unspecified constructions, small l~omans to unspeci, 
l ied atoms,  capital italics to unspecified objects, and small italics to un- 
specified variables. (Small italics will be also used as numerical  variables~ 
bu t  no confusion will ensue.) Small Greek let ters other t han  %', ~v', ~t', ~a', 
and  '02 will be used for reference to unspecified types.  Brackets  will be 
omi t t ed  wherever no misunders tanding can arise. A dot  will represent  

lef t -hand bracket  whose r ight -hand mate  is to be imagined as far to the 
r igh t  as is compatible wi th  other  pai~.s oi brackets.  

Le t  z ~, . . . ,  z'* be dist inct  and  let Z 1, . . . ,  Z ~ be of the same respective 
Yypes. By  A(Z ~, . . . , Z m / z  ~, . . . , z  "~) we shall unders tand  the result  of 
supplant ing the free occurrences of z ~ in A by  Z s, for each 1 < s ~< m. 
Z is said to be free for z in A if no free occurrence of z in A is par t  of an 
occurrence of 2x ~ . . .  w a y ,  where one of x ~, . . . ,  x m is free in Z. I t  is no t  
di l l ;cul t  to prove ~ the  following 

3.1. THEOI~E3I. (Z ~, Z ~, z~/$~; . . .  ; Z ~,  Z ~ ,  zm/~m) ~. I f  for 1 <~ s <~ m ,  
Z ~ is free for  z ~ in  A and Z ~ v-constructs Z ~, then A(Z~  . . . ,  Z ~ / z ~ , . . . ,  z~) 
~-constructs A i f  and only i f  A v ( Z  ~, . . . , Z m / z  ~, . . . ,  z~)-constructs A .  

In  view of 3.1, constructions conform to the  following Func t iona l i ty  

3 For a proof, see [6]. 
4 The notation 'Z 1, Z z, ~i/~I; . . . ;  Z7O,, Z m, $ ~ / ~ ,  is short for: 'Z 1, Z 1, and z 1 

are $1-constructions; ...; zm , g  m, and z m are ~"~-constructions'. 
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Principle:  a construct ion which contains some subconstruct ions depends,  
for what  it constructs~ on a single fea ture  of those subconstruct ions,  
namely  on what  t hey  construct .  Briefly, what  s construct ion const ructs  
is a funct ion of wha t  its subconstruct ions  construdt .  

4. Linguistic constructions 

We shall now define a certain class of construct ions over the  f ramework  
:F. Constructions belonging to the  class will be  called qinguistic' ,  because 
the  expressions of a typical  language serve to express construct ions of 
this sort. In  this section~ however,  we do no t  consider any  part icular  
language;  the  Section is~ of conrse~ wri t ten  in a definite language (English) 
b u t  what  it deals with are construct ions themselves,  in abst ract ion from 
the  way  they  may  be expressed in any  part icular  sys tem of communica-  
tion. 

:Let w be a f ixed co-variable and t a f ixed z-variable, w and t will be  
set aside to p lay  a special role in combining linguistic construct ions into 
compound  ones. I t  will be convenient  to adop t  the  following nota t ional  
convent ions:  for any  construct ion X of appropr ia te  typ% Xwt , Xw, and 
X t are [Xw]t ,  X w  and X t  respect ively;  X(i,1), X(1,0), X(0a) and X(0,0 ) are 
Xwt, X w, X t ~ and X respect ively;  similarly for types  : $~ ,  ~ ,  and ~ are 
(~v)eo,(~v) and (~w) respect ively;  ~0,~), ~0.0)~ ~(0,~), and ~(0,0) are ~ ,  
~ ~ and ~ respectively.  The class of linguistic construct ions is defined 
induct ively  as follows. 

4.1. :DEFINITIO:N. E v e r y  a tom other  than  w or t is a "tinguistic con- 
struction. :Let each of i ,  j ,  i ~, j~ (1 ~< s ~< m) be ei ther 0 or 1. If  ~o, ~y~, . . .  
. . .  ~ ~'* are linguistic constructions of the  respect ive types  (V ~ . . . ,  ~)00,r 
~1 ii)~ ...~ ~(j~ ~u)~ then  

"is also a ~inguistic construction. Moreover,  if ~/ is a linguistic construction 
of t ype  O(j.O and m~ . . . ,  x m dist inct  variables other  than  w or t then  

(II) 2 w 2 t ~  . . .  z~/(i,j) 

is also a ~inguistic construction. 

Capital script let ters (~r ~ , . . . )  will be  used to refer to unspecified 
linguistic constructions.  I t  is readily seen tha t  any  linguistic construct ion 
is v-proper, and tha t  w and t are no t  free in it. :For each 0 ~< s ~< m, the  
displayed occurrence of : ~  in (I) is a mai~, constituent of (I), and (is~ js) 
is the  supposition of tha t  main const i tuent .  Similarly, the  occurrence of 

in (II) is the  main constituent of (II) and its supposition is (i, j ) .  
For the sake of i l lustration we shall consider an epistemic framework 

{o, t, ~, co}, rich enough to contain objects A/t, S/(ot)~, B/(otz)~, J~/(ott)~ 
such that  A is Muhammad Ali, 8 is the property (i.e., the explication in the 
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framework of the intui t ive notion) of being sick, B is the relation (i.e., the 
explication in the framework of the intui t ive relation0 which obtains between 
believers and the propositions they believe, and E is the relation (i.e., the expli- 
cation of the intui t ive notion) of weight equality. 5{orcover, let V/o (o~) be the 
class of void e-classes (i.e., of those classes over the framework which have no 
members), and leg/~ be the the function which takes every time T to the class 
of o-chronologies which are frequent at T. For definiteness, let us call a o-chro- 
nology (~ class of times) frequent at t ime T if for any time T'  within six months  
of T, at leust one t ime within a week of 2" belongs to the o-chronology. 

Let x and z be distinct variables of type t. According to the first clause of 
4.1, each of x , z ,  A ,  S,  B ,  E ,  V,  F is a linguistic construction. By one or more 
applications of the inductive clauses, the following constructions ~ .~e9  are 
also linguistic: 

(~1) ~lw)~t. Sw~ z 
( ~ )  2w~t. tzt [2w).t. Sw~z] w 
(Lf s) ).w2.t~x. [).w),t.~ t [2w).t.SwiX]wJwt 
(s ),w;tt~D.w2tAx.F t D~w~t.SwtX]wJwtz 
(.w 5) 2w),t..BwtA~w2t . SwtX 
(.Lf 6) )~w.~t)~x. Bwt AAw;~t. Swt x 
( ~ )  ).w~t. [Aw~t~x.BwtA~w)~t.SwtX]wtZ 
(.Lf s) ;.w2,t).x [~w.~t. Ewt XZ]w t 
(2o9) )~w~t . V [2w2t).x [2w~t .EwtXZ]wt]wt 
~f~, ~f~, get, ~5 ,  ~fT, and ~f9 are of the form (I); in ~f~ m is 2 and in the others 1. 
~ and -~e are of the form (II) with m = i.  The main const i tuents  S and z of 
Ae~ have the respective suppositions (1,1) and (0,0). The main consti tuents 2'  
~nd - ~  of ~f~ have the respective suppositions (0,1) and (1,0), the main consti- 
tuent  . ~  of .~3 has the supposition (1,1), etc. 

Let v be an arbi trary valuat ion which assigns individual  Z to z. Then the 
above linguistic constructions v-construct the following objects: ~f~ -- the 
proposition that  Z is sick, ~ -  -- the proposition that  it is frequently the case 
tha t  Z is sick, ~3 .-- the proper~y of being frequently sick, Lf ~ -- the propo:  
sition that  Z has tha t  property, ~f~ -- the proposition tha t  All believes tha t  Z 
is sick, ~f~ -- the property of being believed by All to be sick, Lz~ -- the proposi- 
tion ~hat Z has tha t  property, ~ s  _ the property of being equiponderous with 
Z, and .~9 _ the proposition that  the property has a void extension. 

5.  Hospitality 

We shall say that  supposit ion (i, j) is (weakly) deeper than supposit ion 
(k, l), symbolically (k, l) ~ ( i , j ) ,  if k ~ i and l ~ j .  

5.1. D~FI~I~IO~. :Let z be a variable other than w or t. If  ~r is of  
rank 0, then z is (k, 1)-hospitable i~ ~d if z is not  d .  N o w  let d b e  of rank 
greater than 0. Then z is (k, 1)-hospitable i)~ d if each main const i tuent  
of d in which z is free either is z itself and has supposit ion (0, 0) or has 
supposit ion (weakly) deeper than (k, ~) and z is (k, /)-hospitable in it. 

For example, in ~ l , ~ a ,  L~i, and ~a_s  z is (I~,/)-hospitable for any k 
and 1 (< 1). In -~a z is (1,0)- and (0,0)-hospitable only  and in s it is (0,0)-hospi. 
table only. 
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I t  is eas i ly  c h e c k e d  t h a t  if z is (/c, / ) -hosp i t ab l e  in ~ h a d  ~(k,0 is of  
*he  s a m e  t y p e  as z, t h e n  d(~{~,~)/z) is also a l inguis t ic  c o n s t r u c t i o n .  

For the sake of illustration, let M/~,, be the office of the mayor. Then 

~l (Mwdz  ) is 2wlt.Sw~Mwt and constructs the proposition that  the mayor is 
sick, 

~ (MwdZ) is ,twlt. ~t [2wlt. Swt Mwt]w and constructs the proposition that  it is 
frequently the ease that  the mayor  is sick 

s ) is 2w2t.[lw252x..F t [~w2t.Swtx]w]wtMwt and constructs the proposi- 
tion that  the mayor is such that  it is frequently the ease that  he is 
sick (the de re counterpart of the foregoing proposition) 

~5(Mwdz ) is 2w2t.BwtAlwlt.SwtMwt and constructs the proposition that  ~li 
believes that  the mayor is sick, and 

~f~ (MwdZ) is lw2t. [2wlt2x. Bwt A2wl~. Swt X]wt Mw~ and constructs the propo- 
sition that  the mayor is such that All believes that he is sick (a de re 
counterpart, with respect to M, of the foregoing proposition). 

F o r  a n y  t y p e  ~, le t  =~ be  i d e n t i t y  b e t w e e n  ~-objects~ i.e., t h e  t o t a l  
f u n c t i o n  of t y p e  o ~  wh ich  t a k e s  T a t  all  a n d  on ly  a t  coup les  of t h e  f o r m  
2t:~ X (for  s o m e  ~-objec t  X) .  W e  shal l  c o n f o r m  to  t h e  u n i v e r s a l  p r a c t i c e  
of  w r i t i n g  X = Iz f o r  - ~  X Y .  L i n g u i s t i c  c o n s t r u c t i o n s  of t he  f o r m  2w~.t. 
~(k,~) = ~k' ,v)  will be  s p o k e n  of as identi ty constructions. 

For example, 2 w l t . A = A ,  twl$ .A=Mwt,  and lw2t.~w~=Mw~, where 
is the office of my next-door neighbour, are identity constructions. They con- 
struct the respective propositions that  All is &li (or, equivalently, that  All is 
Cassius ClayS), that  &li is the mayor, and that  my next-door neighbour is the 
mayor. 

T h e  s y m b o l  ~. ' . '  will b e  u s e d  to  i n d i c a t e  t h a t  fo r  a n y  v a l u a t i o n  v, t h e  
p r o p o s i t i o n s  v - c o n s t r u c t e d  b y  t h e  c o n s t r u c t i o n s  n a m e d  to  t h e  l e f t  of it. 
i m p l y  t h e  p r o p o s i t i o n  v - c o n s t r u c t e d  b y  t h e  c o n s t r u c t i o n  n a m e d  on  t h e  

r i gh t .  
T h e  fo l lowing  is a n  e a s y  consequence  of L e m m a  10.6 ( p r o v e n  in Sec t ion  

10). 

.SZ and ~ '  be free for  z in  ~ and let z be both (1r I)- and (k ' ,  l ')-hospitable 
in  d .  Then  

2w,~t.s (~,O = ~ (~,,v) , ~/(~r ~/  ( ~f (~,,~,) /z ) . 

To illustrate, let us recall that  z is (0, 0)-hospitable in ~fl. Hence by 5.2, 
2w2t. A = A ,  ~fl(A/z. ' . .~l(A/z); and indeed, from the premises that  &li is 
Cassius Clay and that  All is sick one can validly conclude that  Clay is sick. 
As z is (1,1).hospitable in ~e~ we have 2w).t. A =Mwt, ~l(A/z). ' .~fl(Mwt/z) 
and 2w~t. Nwt=Mwt, ~fl(Nwt/z).'.~fl(Mwt/z); and indeed, from the premises 
that  All is the mayor and that  All is sick, as well as from the premises that  my 

5 The propositions that  All is Cassius Clay, that  Cassius Clay is Cassius Clay, and 
that  Ali is Ali, arc, I take it, one and the same, speaking, as they do, of one and the 
same person (Ali) and saying the very same about him (that he is identical to himself). 
B u t  see Sect ion  8. 
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neighbour is the mayor  and that  my  neighbour is sick one can safely conclu- 
de tha t  the mayor  is sick. 

To see ~he importance of the theorem's hypothesis, recall tha t  z is not 
(1,1)-hospitable in 2f2; thus neither Xw~t. A=Mwt,  2f2(A/z.'.2?2(Mwt/Z ) nor 
)~w2t. ,Ywt=Mwt, ~z(Nwt/z).'.2~(Mwt/Z) is an instance of 5.2. I t  is readily 
seen tha t  the corresponding inferences are indeed fallacious: from the premise 
tha t  All (or my  next-door neighbour) is ~he mayor  and that  it is frequently 
the case tha t  Ali (or my next- door ncighbour) is sick it does not follow tha t  
it is frequently the case tha t  the mayor  is sick; if the period of Ali's (or my neigh- 
bour's) mayorship is sufficiently brief, the premisses may  well be true and the 
conclusion false. 

In  the de ve construction .~e~, on the other hand, z is (1,1)-hospitable, hence 
both )~w2t. A = Mwt, s (A/z) .'. ~a (Mwt/Z) and 2w;tt ..t~wt = Mwt, .~a (Nwt/Z) ... s 
(Mwt/Z) are eases of 5.2. And indeed, from the premises tha t  Ali (or my neigh- 

bout) is the mayor,  and that  All (or my  neighbonr) is such that  it is frequently 
the case tha t  he is sick, one can safely conclude tha t  the mayor  is such that  
it is frequently the case that  he is sick. 

I t  is left to ~he reader to cheek tha t  similar comments apply to the con- 
struction gea and its de re companion s 

6. Exposure 

6.1. D E F I n I T I O n .  I f  d is z ,  z is exposed in  J .  I f  d is (I)  [see 4 .1]  

a n d  e i t h e r  z is exposed in o n e  of  :~0, : ~  . . . : ~ ,  ~ ,  o r  ~yo is o f  t h e  f o r m  ( I I ) ,  

~ n d  z is d i s t i n c t  f r o m  x ~, .. .~ x "~ a n d  exposed in  ~t~ t h e n  z is exposed in ~ .  

For instance, z is exposed in ~ ,  ff~, .~a, s and .~7, but  not in .~s or ~9.  
I t  is r e a d i l y  s een  t h a t  if  z is e x p o s e d  in  d t h e n  z is f r ee  i n  d .  

F o r  a n y  t y p e  ~, l e t  Z * be  t h e  e x i s t e n t i a l  q u a n t i f i e r  o v e r  ~ -ob jec t s ,  i.e.,  

t h e  t o t a l  f u n c t i o n  o f  t y p e  o(o~) w h i c h  t a k e s  T a t  a ~-class j u s t  in  c a s e  t h e  

c l a s s  is n o t  e m p t y .  W h e r e  I is ~ o - c o n s t r u c t i o n  a n d  z is a E-var iab le ,  we  

sha l l  w r i t e  ( 3 z ) I  f o r  Z*[2w~t~zI]~,. L i n g u i s t i c  c o n s t r u c t i o n s  o f  t h e  f o r m  
s will  b e  s p o k e n  of  as  existential constructions. 

The following are examples of existential constructions: 2wZt.(3z)~lwt, 
which constructs the proposition that  at least one individual is sick, 2w~t. (3z).~wt 
and ).w~t. (3z).~wt, both constructing the proposition that  at least one individual 
is such that  it is frequently the case that  he is sick, ),wgt. (]z).~5wt and 2w)~t. (]z) LfTw~ 
both constructing the proposition that  at least one individual is such that  All 
believes tha t  he is sick, and 2w2t.(]z).~Pwt, which constructs the proposition 
that  at least one individual is such that  the class of individuals equiponderous 
with him is void. 

T h e  f o l l o w i n g  t h e o r e m  fo l lows  e a s i l y  f r o m  L e m m ~  11.6 ( p r o v e n  in  
S e c t i o n  11). 

6.2. TI~EOlCE~f. ( ~ r  Let ~ be free for  
z in  d and let z be exposed and (l~l)-hospitable in  ~/. Then 

d ( ~(k.,)/z) .'.).w~t. ( 3 z) d ~ .  
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To illustrate, let us recall that  z is expqsed, (0,0)-hospitable, and (1,1)- 
-hospitable in ~fl. Hence by 6.2, both Lf: (A/z) .'. AwAt. (]z) gZlwt and ~f~ (Mu, t/t) .'. 

),w~t. (3z)~fl t. And indeed, the conclusion that  at least one individual is sick 
is v~lidly drawn from the premise that  All is sick, as well as from the premise 
that the mayor is sick. In ~f~ z is exposed, (0,0)-hospitable but not (1,1)-hospi- 
table; hence while ~2(A/z) .'. Aw~t.(3zjLf~t is a case of 6.2, .~2(Mwt/Z ) ... 
~w~t.(3z)~2wt is not. The proposition that  there exists an individual such that  
it is frequently the case that  he is sick, clearly follows from the premise that  it is 
frequently the e~se that  Ali is sick. But it does not follow from the premise 
that  it is frequently the case that the mayor is sick: if the office of the mayor  
changes holders often enough, the premise may be true and the conclusion 
false. In ~5,  z ~lso fails of (1,1)-hospitality; hence .~5(Mw~/Z ).'.2w~L ( 3 z ) ~ t  
is no instance of 6.2 either. s  is easy to see, from the premise that  All believes 
that  the mayor is sick one C~nnot safely conclude that  there is an individual 
such that  2~1i believes that  that  individual is sick; for if • does not known 
exactly who holds the m~yoral office (especially if the office is in fact vacant} 
the premise may be true and the conclusion false. In  ~ z is (l,1)-hospitable, bu~ 
not exposed. Thus 6.2 does not endorse the inference ~ (Mwt/Z) .'. ~w~t. (~z).~wt. 
~knd indeed, from the premise that  the class of individuals who are equiponderous 
with the mayor is empty it by no means follows that  there is an individual 
such that  the class of those equiponderous with him is empty;  for if the office 
of the mayor is unoccupied the premise is true and the conclusion is false. 

7. Languages 

To te l l  s o m e o n e  t h a t  Ali  is sick I m u s t  s o m e h o w  d r a w  his a t t e n t i o n  
to  t h e  c o n s t r u c t i o n  2w2t.S,~tA.  C o m m u n i c a t i o n  is e x c h a n g e  of l ingu i s t i c  

c o n s t r u c t i o n s  o v e r  a f r a m e .  
l~[ost c o n s t r u c t i o n s  (va r i ab l e s  a n d  c o n s t r u c t i o n s  of r a n k  h ighe r  t h a n  0} 

o v e r  a f r a m e  a re  n o t  ~-objec ts  o v e r  t h e  f r a m e  fo r  a n y  ~, a n d  n e i t h e r  a r e  

r e l a t i o n s  b e t w e e n  individu~,ls a n d  c o n s t r u c t i o n s .  ]1once if eommunica ,  t i on  
is to  p r o c e e d  within t h e  f r a m e  in  ques t ion ,  c o n s t r u c t i o n s  m u s t  be  coded, i.e. 
r e p r e s e n t e d  b y  o b j e c t s  o v e r  t h e  f r a m e .  I n d i v i d u a l s  c a n  t h e n  c o m m u n i c a t e  
c o n s t r u c t i o n s  i n d i r e c t l y  b y  r e l a t i n g  t h e m s e l v e s  to  t h e  r e p r e s e n t i n g  ob jec t s .  

T h e  g e n e r a l i t y  of  o u r  cons i de r a t i ons  will  n o t  b e  d i m i n i s h e d  if we 

r e s t r i c t  ou r se lves  to  n u m e r i c a l  codes ,  i.e., to  codes  in  wh ich  c o n s t r u c t i o n s  
a r e  r e p r e s e n t e d  b y  n u m b e r s .  (Codes of o t h e r  so r t s  a re  eas i ly  r e d u c e d  to  
n u m e r i c a l  codes  v i a  GSdel iza t ion . )  Thus ,  b y  a code o v e r  f r a m e  :F we  sha l l  
u n d e r s t a n d  a m a p p i n g  of ~ class of  n u m b e r s  (v-objec ts )  in to  t h e  class  o f  

c o n s t r u c t i o n s  o v e r  F .  I f  ~ is a code  wh ich  t a k e s  n u m b e r  ~ to  a c o n s t r u c -  
t ion ,  t h e n  IV is sa id  to  b e  a code number of t h e  c o n s t r u c t i o n  in  gL 

A t y p i c a l  code  ~ is m a n y - o n e :  i t  ass igns ,  in  s o m e  cases ,  one  a n d  t h e  

s a m e  c o n s t r u c t i o n  to  m o r e  t h a n  one  n u m b e r .  Two  code  n u m b e r s  of t h e  
s a m e  c o n s t r u c t i o n  will b e  ca l led  Z~-equivalent .  A n  a r i t h m e t i c a l  f u n c t i o n  
is ~ syntactic fu~,ction r e l a t i v e  to  s if i t  p r e s e r v e s  s  in  o t h e r  
words ,  if i t  t a k e s  g~-equiva len t  va l ue s  a t  g - e q u i v a l e n t  a r g u m e n t s .  

I f  N is a code  n u m b e r  in s of  a c o n s t r u c t i o n  wh ich  is c losed a n d  con-  
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s t ructs  object X,  then  N is also said to be a name of X in Q, 'or  briefly 

a Q-name of X .  
For  any  type  2, let Q~ be the funct ion which takes a number  N to 

t-object  X iff N is a Q-name of X. Al though Q itself is not  an object  
over the  frame, ~ is and has type  &.  :Numbers a t  which Q" is defined 
are called g-sentences .  A sentence is Q-true if Q~ takes it  to a t rue proposi- 
tion. 

By  itseK a code is no t  ye t  a communicat ion system. In  order to commu- 
nicate a construct ion by means of its code number,  a communicator  mus t  
somehow single out  t h a t  number ,  or~ as we shall say, he mus t  display it. 
As there are m a n y  different  methods of displaying numbers,  some incom- 
patible with others, a part icular  communicat ion system is not  specified 
unti l  one such method  is f ixed upon, i.e., unti l  it  is agreed exact ly  what  
it  takes for any  given individual  to display any  given number  a t  any  given 
time. Any  such agreement  can be represented by what  will be called 
a display operation, an operation which, in any  world a t  any  time, t a k e s  
each individual  to the number ,  if any,  he displays in t ha t  world at  t h a t  
t ime. A display operation is thus simply an object of type  (vt)~ over the  
f rame in question. 

An ordered couple of the form (Q, D), where Q is a code and D a display 
operation, will be called a language (over the  f ramework in question). 
Q is the semantic component  of the language;  it  determines which objects 
axe meaningful  in the sense of signifying constructions. 1) is the pragmatic  
component ;  it  determines how a user of the language mus t  relate himself 
to such a meaningful  object in order to communicate  the  construction 
signified by it. 

In the English language, code numbers are displayed by uttering or in- 
scribing finite sequences of phonemes or graphemes, called expressions. For 
example, by saying or writing 'Muhammad Ali', any person can display a name, 
say U, of Muhamma4 Ali, and by saying or writing 'Cassius Clay', any person 
can display another name, say V, of Muhammad Mi. By saying or writing T ,  
any person can display a name of himself; let I r be the function which takes 
every person to the name so displayed. 

Modes of combining English expressions into compounds correspond to 
syntactic functions. For example, any person who can display a name of an 
individual X b y  uttering or inscribing expression X and a name of individual Y 
by uttering or inscribing expression Y, can display ~ code number of the identity 
construction Zwit.X = Y by uttering or inscribing the concatenation of X 
with 'is' and Y. Let H r be the syntactic function which takes any two such 
names to the corresponding code number of the identity construction. 

8. Linguistic attitudes 

:Relations which individuals bear to numbers qua names of a language 
are called linguistic attitudes. A typical  linguistic a t t i tude  is the assert-true 
relation, the relat ion which an individual  bears to a sentence he displays 
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w i th  t h e  i n t e n t i o n  t h a t  his aud ience  accep t  i t  as t rue .  A n o t h e r  e x a m p l e  
is t h e  believe-true r e l a t i o n ;  i t  is t he  r e l a t i on  which  an  ind iv idua l  bea r s  t o  
a s e n t e nc e  he  d isp lays  to  h imse l f  a n d  cons iders  i t  t r ue .  

L ingu i s t i c  a t t i t u d e s  d i f fe r  f r o m  p ropos i t i ona l  a t t i t u d e s  in  logical  t y p e  
t h e  p ropos i t i ona l  a t t i t u d e s  o f  asse r t ion  a n d  bel ief  a re  of t h e  t y p e  (o t ~ ) ~  
whereas  t h e  c o r r e s p o n d i n g  l inguis t ic  a t t i t u d e s  are  of t h e  t y p e  ( o t v ) ~ .  
L ingu i s t i c  a t t i t u d e s  also d i f fer  f r o m  the i r  p ropos i t i ona l  c o u n t e r p a r t s  i~ 
be ing  r e l a t i ve  to  languages .  T h e r e  is no a s se r t - t r u e  or  be l i eve - t rue  r e l a t i o n  
s impl ic i t er ,  on ly  t h e  a s s e r t - t r u e  r e l a t i on  wi th  respect  to a g iven  l a n g u a g e  
( ~ , / 9 )  --  call  i t  A (a'D) - - ,  t h e  be l i eve - t rue  r e l a t i on  wi th  respect  to (f~, D)  - -  

call i t  B (a'D) --  e tc .  One a n d  t he  same ind iv idua l  m a y  be l i eve - t rue  a s en t en -  
ce  as a n a m e  in one  l anguage  b u t  n o t  as a n a m e  in  a n o t h e r .  

I t  is r e a d i l y  seen t h a t  t h e r e  is no  logical  c o n n e c t i o n  b e t w e e n  t h e  belief'  
a n d  t h e  be l i eve - t rue  re la t ions .  A n  ind iv idua l  who k n o w s  no  l an g u ag e  m a y  
be l ieve  a p ropos i t i on  (Fido  m a y  be l ieve  t h a t  t h e r e  is m e a t  in  t h e  fridge~ 
w i t h o u t  be l i e v ing - t Iue  a n y  n a m e  of t h a t  p ro p o s i t i o n  in a n y  l anguage .  On  
t h e  o t h e r  h a n d ,  a l a n g u a g e  speake r  who does n o t  know,  or  is m i s t a k e n  
abou t ,  which  p a r t i c u l a r  p ropos i t i on  is n a m e d  b y  a s en t ence  of t h e  l an g u ag % 
m a y  a d o p t  t h e  be l i eve - t r ue  a t t i t u d e  to  t h e  s en t ence  w i t h o u t  be l i ev ing  t h e  
p ropos i t ion ,  a n d  vice  versa .  

F r o m  t h e  f a c t  t h a t  someone  takes  t he  b e l i ev e - t r u e  a t t i t u d e  to  a sen ten -  
ce, i t  does n o t  fo l low t h a t  he  t akes  t h e  same a t t i t u d e  to  e v e r y  o t h e r  s e n t e n c e  
which  n a m e s  t h e  same p ropos i t ion .  T h e  d i f fe rence  b e t w e e n  p ropos i t i ona l  
a n d  l inguis t ic  bel ief  is t hus  also m a n i f e s t e d  in  t h e  f ac t  t h a t  M t h o u g h  

~w ~t . ~ =- .~ , ~w ~t . B w t ~  .'. Zw 2~t . Bw~g[ ~ 

is a va l id  i n f e r ence  f o r m  ( indeed  a case of 5.2), t h e  l inguis t ic  c o u n t e r p a r t  

~w~t. [~w~t. ~ X ]wt ---- [ )~w ,t t .  ~ ~ ] ~ ,  ;~w~t. ~t~(~'D) ~ ... ~[w~t �9 ~ t  

is not. �9 

Let ~! be the English language. Does uttering (or writing) the verb 'believe' 
amount to a reference, in ~, to the propositional attitude B.(as was taken for 
granted in Section 4) or to the linguistic attitude B ~. 

Sometimes the reference is undeniably to B. When one says 'Fido believes 
that there is meat in the fridge', one hardly implies that Fido is adopting a lin. 
guistic attitude, or that he is capable of doing so. For all one says, Fido may have 
no l~nga~ge at all. 

On the other hand, if Ali is afflicted with amnesia one may wish to say that  
although 

(a) Ali believes that All is Ali, 
it is not the ease ~ha~ 
(b) All believes that All is Clay 
or that  
(c) Ali believes that he himself is Clay. 

Ye~ the proposition that All is Ali is the same as that All is Clay. I t  is clearly 
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not this proposition that s has forgotten. His problem rather is that he haa 
forgotten that he is called 'Clay' ; as a result, he does not know that the sentences. 
displayable by him by means of the expressions 'Ali is Clay' and 'I am Clay' 
stand for that proposition. Thus (a), (b), and (c) must in this ease be construed 
as reporting 2~li's linguistic attitude to these different sentences. They must be 
construed as expressive of the constructions 

(a*) ~w)~t.BeA [2w2t.H ~ UUJw~ 
(b*) 2wkt.B~A [~w2t.H e UVJwt 
(c*) 2w2t.BeA D.w)~t .H e [2w~t . IeA ]wt V]wt. 

The propositions constructed by (a*), (b*), and (e*) are logically independent~ 

9. Natural deduction for partial type logic 

T h e  a im of t h e  las t  t h r e e  sect ions  is to  p r o v e  t h e  l e m m a s  a p p e a l e d  t o  
in  c o n n e c t i o n  w i th  T h e o r e m s  5.2 a n d  6.2. T h e  p r e s e n t  sec t ion  gives an  
expos i t i on  of a d e d u c t i v e  s y s t e m  which  is t h e n  app l i ed  in  Sect ions  l f f  
a n d  11 to  p r o v e  t he  r e s p e c t i v e  L e m m a s  10.6 a n d  11.6. 

An  o r d e r e d  couple  whose  f i r s t  c o m p o n e n t  is a S-atom a a n d  w h o s e  
second c o m p o n e n t  is a ~ -cons t ruc t ion  A, symbol i ca l ly  a : A, will be  cal led 
a match. V a l u a t i o n  v is said to  satisfy a : A  if a a n d  A v - c o n s t r u c t  one  
a n d  t he  same ob jec t .  We  shall  also a l low fo r  m a t c h e s  whose  f i r s t  c o m p o -  
n e n t  is missing,  symbo l i ca l ly  :A. V a l u a t i o n  v satisfies :A j u s t  in case A 
is v - improper .  Two m a t c h e s  a re  said to  b e  patently incompatible if t h e y  
a re  of  t he  f o r m  A I : A ~  A " : A ,  whe re  A 1 a n d  A :  a re  d i s t i nc t  objects7 
or  of t h e  f o r m  a : A 7 :A. P a t e n t l y  i n c o m p a t i b l e  m a t c h e s  a re  c lea r ly  n e v e r  
sa t isf ied b y  one  a n d  t he  same va lua t i on .  I f  9~ is a : A t h e n  x is free in 9Y~ 
j u s t  in  case  x is f r ee  in a or A ;  m o r e o v e r  7 !{Jl(x17 . . . Txm/x l . . . Txm ) is  
a ( x l , . . . T X ' n / x l , . . . T x ' ~ ) : A ( x l T . . . ~ x ~ / x l T . . . ~ x " ~  ). I f  9~ is :A t h e n  x is 

free in 9~ j u s t  in case x is f ree  in  A i m o r e o v e r ,  9)l(x~7 . . .  , x ~ / x  1, ...7 x~'~) ' 
is :A (x17 .. .7 xm/x~7 . . .7 x~) . I f  r is a class of m a t ch es ,  x is free in q~ j u s t  
in case i t  is f ree  in a t  l eas t  one  m e m b e r  of ~ ;  m o r e o v e r ,  ~(x17 .. .7 x'~/x~, . . .  
. . . , x  '~) is t h e  class of  m a t c h e s  of  t h e  f o r m  9 ) l ( x ~ 7 . . . , x ~ / x l  7...7xm)7 
w h e r e  99l is in ~ .  

A coup le  whose  f i r s t  c o m p o n e n t  is a f in i t e  set  ~ of m a t c h e s  an d  whose  
second  c o m p o n e n t  is a m a t c h  9~ is ca l led a sequent a n d  symbo l i zed  t h u s  : 
r  :We  shall  wr i t e  9~17 �9 ..7 ~ m - ~ l ~  for  {9)117 . . . ,  9 ~ } ~ 9 ~ .  r 
is valid if e v e r y  v a l u a t i o n  which  satisfies all m e m b e r s  of ~ also satif ies Oil. 

I n  w h a t  fol lows we shall  s t a t e  a n u m b e r  of v a l i d i t y - p r e s e r v i n g  o p e r a t i o n s  
on  sequen t s  7 cal led rules of derivation, l~ules of d e r i v a t i o n  will be  s t a t e d  
i n  t h e  fo l lowing  f o r m :  

T he  ru le  says t h a t  w h e n e v e r  t he  s equen t s  to  t h e  l e f t  of t h e  doub le  s lash  
a re  va l id ,  so is t he  one  on  t h e  r igh t .  
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The def in i t ion  of va l i d i t y  a n d  3.1 j u s t i fy  the  fol lowing rules of deriva- 
t ion  ( the t y p e  d i s t r ibu t ion  being as fol lows:  f ,  f ,  g,  F/V ~1. . .  ~ ;  x 1, x 1 , X1 [ .  

/ ~ ;  . . .  ; x~7 x~7 X ~ I ~ ;  Y7 Y7 Y / V ) :  

9.1 ]/r p rov ided  93~ belongs to 4 .  
9.2 T~?iJ~//q)~9~ prov ided  ~ is a subse t  of 4.  

9.3 ~, ~ - ~ ;  ~9~11~9~ 
9.4 l lY : y 
9.5 ~ ;  r provided ~ i  and s ~re patently incompa- 

tible. 
9.6 q), : u  q~7 Y : Y / / ~ - ~  p rov ided  y is n o t  free in r u  93/. 
9.7 r  provi-  

ded  f ,  x~7 . . . ,  x ~ are  d i s t inc t  a n d  n o t  free in 4 ,  F ,  X l,  . . .7 X ~ ,  9~. 
9.8 r  : F X  ~ . . .  Xm; r  1 : X1; . . .  ; ~ -+x  ~ : X ' * / / C ) ~ y  : F x  ~ . . .  x ~.  
9.9 ~ y  : F x  ~ . . .  x'*; q)-~x 1 : X1; . . .  ; r  ~ : X m / / O ~ y  : F X  ~ . . .  X ~.  
9.10 4 ,  y : fx 1 . . .  xm---~y : gx 1 . . .  x~;  ~---~ : gxl  . . .  x~__~y : f x  1 . . .  xm//  

/ /O-+f : g p rov ided  x ~, . . . ,  x~7 a n d  y are d i s t inc t  a n d  n o t  free in 

r  
9.11 q), f : 2x ~ . . .  x~Y->93~//O-+93~ p r o v i d e d f  is n o t  free in r  Y ,  and  !)~. 
9.12 ~b-~y : lax 1 . . .  x ~ Y ] X ~  . . .  X ~ / / r  : y ( X  1, ..-7 XU/x17 . . . ,  x~) 

p rov ided  for  1 ~ s ~ m7 XS is free for  x ~ in Y .  
9.13 ~b-+xl : X~; .- .  ; ~5-~x~ : Xra; ~-+Y : Y(  X~, " " ,  X~/x~ ,  ""7 x ~ ) / /  

r : [2x ~ . . .  x ~ Y ] X  ~ . . .  X ~ p rov i d e d  for  1 ~ s ~ m,  X ~ is free 
for  x s in Y .  

W h e r e  1~ is a class of rules  of de r iva t ion  a n d  t t  a class of sequent% 
we shall  wr i te  H / ~  to say  t h a t  t he  sequen t  ~ is der ivable  f r o m  member s  
of t t  b y  means  of member s  of 1~. Moreover ,  we shall  wr i te  ~1,  . . .7 ~ / ~  

for {~7 . . . ,  ~ } I ~ .  
I n  the  res t  of th is  sect ion ~1' shall  s t a n d  for  1(9.~-~.~}. I t  is easy  to show 

t h a t  

9.14 r . . . ,  x ~ / x  ~, . . . ,  $ ~ ) - . ~ ( x ~ 7  . . . ,  xm/x ~, . . . ,  x ~) provi-  
ded  x~, . . . ,  x ~ ~re f ree  for  x~, . . . ~ $ ~ ,  respect ive ly ,  in 93~ a n d  in 
e v e r y  m e m b e r  of ~b. 

I n  w h a t  follows, b y  q) {A~:~B} we shall u n d e r s t a n d  the  couple of sequents  
4 ,  x : A-~x  : B a n d  ~b, x : B -~x  : A ,  a n d  b y  ~5 {A~:~B} we shall  u n d e r s t a n d  
r {A<:~B}, where  x is t he  f i rs t  var iable  of appropr i a t e  t y p e  which does n o t  
occur  in 4 ,  A or B. The  fol lowing are simple de r ivab i l i ty  resul ts  l is ted for  
f u t u r e  re ference  6. 

9.15 1r {u 
9.16 ~b {u <=>y~} ; ~5 {y  ~ <=~u 1~5 {~1 r 
9.17 r  r  . . .  ; r  ~ . . .  X ' ' ~ G Y  1 . . .  

... u 

For proofs, see [6]. 
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9.18 

9.19 

9.20 
9.21 

/r  x~Y]x~ . . .  x n ~ u  ~, . . . ,  xm/x ~, . . . .  , x~)} provided for 
l ~ s ~ m  x ~is  f r e e , o r  x ' i n  Y. 
~b ( X ~ u  {2x~ . . .  x m X ~ 2 x  ~ ... x~u  provided none of xl~ . . . ,  x ~ 
is f r e e  in r 

@~z : Z / r 1 6 5  provided Z is free ~or z in Y. 

10. Hospitality revisited 

]0.1. THEo~)~.  (d/fi(~.g); ~/~(~.k); ~'/~q'.k'); z/~; 0 <~g, h, k, l, k', V 
1). Let both .~ and ~ '  be free for z in ~',  (k, l) ~ (g, h), and (k', l') 
(g, h). I f  z is both (k, l)- and (k'~ ~')-hospitable in ~ ,  then 

is derivable from 

P~ooF by  induct ion on the  rank  r of ~ .  F i rs t  consider the case 
r = 0. I f  d is z then  z is not  (k, ~)-hospitable in d ;  if d is other  t h a n  z 
then  ~ is derivable by  9.15. Assume (as an induct ion hypothesis) t h a t  the  
Theorem holds for a n y  d whose r ank  does not  exceed r. ~ o w  consider 
an  ~r of rank  r - ~ l  in which z is (k, I)- and  (k', l ')-hospitable. I f  z is no t  
free in ~',  ~ is derivable by  9.15. Assume therefore t h a t  z is free in ~/. Le t  
w + and  t + be variables which ~re dist inct  f rom and of the  same type  us 'w 
and t respectively and  which do not  occur in ~ ,  d ,  ~r ~r,. Le t  w' be w + 
or w according as g is 0 or 1. Then 

is derivable f rom ~ .  For  if g = 0 then  k = k' ---- 0 and  ~ is derivable 
f rom ~ by  9.14; otherwise ~2 is the  same as ~ .  Le t  t' be t + or t according 
as h is 0 or 1, and  let r  be qS(w', t ' /w, t). An analogous a rgument  shows 
t h a t  

is derivable f rom ~2. 

Case 1: ~4 is of the form (I) (see 4.1). I f  0 ~ s ~ m, then  

r  

is derivable f rom ~3. For  if z is not  free in ~ s  ~ . s  is derivable by  9.15. 
Otherwise, since z is (k, 1)- and (k'~/ ')-hospitable in ~ ,  either :~s is z and 
is ----is = 0 or X s is both  (k, 1)- and (k', V)-hospitable, (k, l) ~ (is, j~)~ 
and (k', l ' ) ~  (i~,j~). In  the  former case, ~ .~  is the same as ~3; in the 
la t te r  case ~ is derivable f rom ~a by  the induct ion hypothesis.  

3 -  S t u d i a  L o g i c a  3/88 
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Case 2: d is of the  form (II). As z is free in d and bo th  ~ and ~ '  are 
free f o r z i n  d ,  none o f x  1 , . . . , x  ~ i s f r e e i n  ~ o r  ~ ' .  L e t y l  . . . , y ~ b e  
dist inct  variables which are of the  same respect ive  types  as x 1 ~ . . . ,  $~ and 
do no t  occur in r  d ,  ~ ,  ~r w,  t. B y  9.14 

C 4  �9 ! ( , )  r . . . ,  y W x ~ , . . ,  x~){~(k.t)~r z,)} 

is derivable f rom C 3. mow the sequent  

is derivable f rom C~. For ,  since z is free in ~ and z is bo th  (k, l)- ~nd 
(k',  ~')-hospitable in ~/, either ~/is z and i = j  ~- 0 or z is (k, I)- and (k', V)- 
-hospitable in ~/, (k, l) ~ ( i , j ) ,  and (k% l') ~ ( i , j ) .  In  the  former  case C~ 
is the  same as C 4.~, in the  la t ter  case S~ is derivable f rom C~ b y  the induct ion 
hypothesis .  The sequent  

(C~) r . . . ,  yWx% . . . ,  x~){~x ~ x~/(:r(k.~)/z)(~,~)~x ~ ...  
. . .  x m ~ ( z ~ ,  olz)(~,~ )} 

is derivable f rom C: s b y  9.19. 
mow let Q be such tha t  ~r is 2w2~Q. We shall show tha t  the  sequent  

(C ~) r  {Q(~(~.z)/z)-~Q(~('~,,r)/z)} 

is derivable f rom C 1. In  Oase ] ,  C ~ is derivable b y  9.17 f rom C ~ , o - C ~ . ~  
which, as we have seen, are  derivable f rom C ~. I n  Case 2, C ~ is derivable 
b y  9.1~ f rom C~, which~ .as we have  seen~ is derivable f rom C 1. ~Tow 
sequent  

(C ~) O' {[2tQ ( ~(~,,} lz) ](0, ~) ~ [2tQ ( s ~ ,  r)/z) ](0, ~)} 

is derivable f rom C ~. For  if h = 0 then  t is no t  free in ~'~ hence C a is 
derivable f rom ~ b y  9.19. If,  on the  other  hand,  h ---- 1 then  the  sequents  
{[),tQ.(.~(~,~)/z)](o,~)~Q(~r(~,~)/z)} and {[2tQ(.~('~,,r)lZ)](o.~)c'Q(~,.r)/z)} 
are derivable b y  9.18, hence C ~ is derivable f rom C ~ b y  9.16. mow f rom C a 
we can derive 

( ~ )  r ~ [~tQ(~,.~,)lz)]<~.~)}. 

For  if g = 0 then  w is not  free in ~b' and, since the  t ype  of d is of the  
form ~,~, h ---- 0; hence C ~ is derivable f rom C a b y  9.19. If,  on the  other  
hand, g = 1 then the  sequents {[2wgtQ(~(~,~)/z)](a,o)-~tQ(~f(~,~)[z)} and 
{[2wgtQ(~u,r)/z)](a,o)~2tQ(~f('~,,r)lz)} are derivable b y  9.18 and the 
sequent  {t~$} b y  9.15. Hence  b y  9.17, the  sequents  {[gw2tQ(~(~,~)lz)](a,h ) 
<=>[2~Q(~(~,~)/z)](0,h)} a.nd {[2w~tQ(~{~,o/z)](a,~)<=>[~tQ(~f~,,r)/z)](or are 
also derivable. Consequently,  C 9 is derivable f rom C a b y  9.16. B u t  C is 
derivable f rom C 9 b y  9.14. [] 
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The following are three  rules of der ivat ion involving ident i ty :  

10.2 @, i : x ---- y->!D~//~b-+~ provided  i is no t  free in @, x ,  y,OYt. 
10.3 ~-~X : X[/@-->T : x = X 
10.4 ~ - + 1  : x ---- X//~D-+x : X .  

Writing / for /(~.a ...... a3,a0.2 ..... xo.4} it is e~sy ~o show tha t  

10.5 @-+T : X --- u 

10.6 L E ~ .  On the hyloothesis of Theorem 5.2~ 

IT: [Zw~t.~r = ~r(%,,v ) ]~ ,  T: ~ (~(~,~) lz)~c~T: ~ (~('~,.~] lz)~. 

PI~ooF. Le t  9~ be  T:[2w2t.~(~,o = ~r B y  9.20, /9~-~T:~(~, 
= ~ , , , , ) ;  ~enoe  by 10.5, 1 ~ { ~ ( ~ , ~ , , , ) } .  Thus iby 10.~, I~{~r 
lz)wt<=>~/(~,,v)/z)~}, whence 10.6 follows b y  9.4. [] 

11. Exposure revisited 

11.1 T]~-EOl~E~. (~/ / f l~;  :g~O/~lt,k); z, x/C; b//;;  0 ~< k, l ~< 1). Le~ g be 
free for z in d and let x not occur in @, d ,  s w,  t, 9JL I f  z is exposed 
and (1,1)-hospitable in  d then 

is derivable fl'om 

(~1) @-+b:~r t and ( ~ )  @, x: ~(k,o-+OJL 

t ' ~ooF  b y  induct ion on the  rank  r of ~'. ~ i rs t  consider the  ease 
r = 0. I f  d is z, z is no t  (1,1)-hospitable in d ;  otherwise z is no t  exposed 
in d .  Assume (us an induct ion hypothesis)  t ha t  the  Theorem holds for 
any  d whose rank  does not  exceed r. Now consider an d of rank  r §  in 
which z is exposed and (1,1)-hospitable. ]~y 6.1, ~r is of the  form (I), 
hence b y  9.20 and 9.3~ 

(~3) O--~b : ~0 (~(k,~/Z)(gojo)Xl(~(ic,l)/Z)(il~jl).." ~?;~(~(k,/)/Z)(i~,jir/~) 

is derivable f rom ~ ;  moreover,  one of the  following two e~ses obtains.  

Case 1 : z is exposed in one of a~0, ~ ,  . . . ,  ~m, s~y in s Le t  ~ be  ~ va- 
riable of t ype  ~s which is not  free in ~ ,  s ~ ,  w,  t, 9J~. We shall show tha t  

(~) ~, u: ~(~(k.z)/z~e,j~)~ 

is derivable f rom ~2. B y  the  definition of (1,1)-hospitality, either ~s  is z 
and i s __js ~ O, or z is (1,1)-hospitable and i s : j 8  _~ 1. In  the  former 
case ~ is derivable f rom ~ b y  9.14; in the  la t ter  case it  is derivable f rom 
~ and the  derivable sequent  q i  u:  9;~(~,o/z)~t-+u: ~;s(~f(~,z)/z)w ~ b y  
the induct ion hypothesis .  Thus in ei ther case, ~ is derivable f rom ~ .  
B u t  ~ is derivable f rom ~a and ~ b y  9.7. 
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Case 2: ~;o is of the form (II) and  z is dist inct  f rom x 1, . . . ,  x ~* and  
exposed in ~/. Then z is free in ~ /and  consequently (since z is (1,1)-hospitable 
in d )  z is (1,1)-hospitable in ~0 and i ~ ---- j0 _-- 1 ; moreover (since ~ is free 
for z in d ) ,  none of x 1, . . . ,  x ~ is free in ~ .  Le t  Y17 . - . ,  Y~ be variables 
of the same respective types as x ~, . . . ,  x m and not  occur in @, ~ ,  ~7 
w ~ t ~ ~ .  Fur thermore ,  let @', 93l', :yl,, . . . ,  and ~Y~' be @ (yl, . . .  ~ y,~/x 1 ~ . . .  
. . . ,  xm), 9~(y:, . . . ,  y ~ / x : ,  . . . ,  xm)7 ~f:(y:, . . . ,  y'~[x:,  . . . , x m ) ,  . . . ,  and ~m(y: ,  
. . . ,  ym/x : ,  . . . ,  x ~) respectively. By  9.14 7 

( 2 )  •', x: ~(k,z)-~931 

is derivable f rom ~ and  

( ~ )  ~'---~b: X~ jl ) . . o  X~P(~f(k,1)/Z)(#,]I) 

is derivable f rom ~3. By  9.20~ {:~0 (~r .r  xm~/(~f(k,~/z)(i j)} 
is derivable, hence by  9.15~ 9.17~ and 9.37 

~ 6  oo . ~ 1 7 6  T/tr ( : )  ~'-+b: I /x: .  X'~/(~(k,~)/Z)(~,~)]~:'(~(k,~)/Z)(#,i5 X (s 
/z)(e'Zm) 

is derivable f rom ~ .  Le t  ~ be the sequence xi:~'(~f(~,~)/z)(g, i~)~ . . . ,  
x'~:X'~'(2f(~,~)/z)(i,Li~). By 9.1 and 9.8~ 

( ~ )  r  T - > b :  [/x I . . .  x~/ (2 f (~#) / z ) ( i , t ) ]x  ~ . . .  x "  

is derivable f rom ~ whence 

( ~ )  ~b', T - ~ b :  ~/(.~(~,O/z)(iz) 

is derivable by  9.12. Now the sequent  

( ~ )  r  ~v-~OX' 

is derivable f rom C a~ a n d  ~42. For~ as z is (171)-hospitable in ~o, either 
~ / i s  z and i = j = 0, or z is (1,1)-hospitable in ~ / a n d  i = j = 1. I n  the  
former case, $]  is derivable f rom ~ and ~ by  9.14 and 9.3; in the la t ter  
case by  the  induct ion hypothesis.  Now 

(~o) r 

is derivable f rom ~ and  ~ by  9.7~ and ~ is derivable f rom ~ 0  by 9.14. [] 

E ~ obeys the following rules of derivat ion:  

11.2 ~)7 i : Z~C-~9~//r 
11.3 ,~ -+T  : C Z / / $ - - - > T  �9 Z~C 
11.4 r : Z~C; 4 ,  T : r162 provided x is not h'ee in ~5 0~9~. 

Writ ing  / for /{9.~ ..... 9.~a,~o.~ ..... ~0.~,n.: ..... 1L~}, it is easy to show t h a t  7 in 
view of 9.13~ 9.207 9.17 and  11.3~ we have 

11.5 r : X ;  ~-+T : I (X[z) /q~-->T : ( ]z ) I  provided X is free for z 
in I .  
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11.6. LE~A. On the hypothesis of Theorem 6.2~ 

IT: d(~(k,1)lz)wt-~T: ( 3 z ) ~ .  

t)~oo~. Le t  x be n ~-v~ria.ble which does not  occur in ~ ,  s  w~ t. 
:By 10.1 ~nd the  (1,1)-hospitulity of z in d ,  X:.~(k,~){~/(.~(k,z)/Z)w~ 
r is derivabl% und consequently~ T : d(s x : ~f(~,O 
-~T : ~(x /z )  is derivable. By  11.5, T : ~/(~(~,~)/z)v~, x : ~(~,o-~T : ( 3 z ) ~  
is then  deri~nble, whence 11.6 follows by  11.1 ~nd the  exposure o~ z in ~/. 
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