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Introduction

The idea of a “line distribution of force over the edges of a body” seems
to have occurred first to ToupPIN in 1962 (see p. 403 of [Toll). However, his treat-
ment suffered from the same defect as most treatments of distributions of forces
prior to 1960, namely these distributions were only implicit in formulas for
resultant forces. The systems of forces giving rise to these resultants were not
brought into the open. (See the remark by C. TRUESDELL in “‘General References”
on p. 156 of [Tr].) The present paper is a first attempt to bring into the open the
systems of forces that give rise to distributions of forces over edges.

The problem of how to give a precise definition of an edge interaction and
TouPriN’s early work on this problem were brought to our attention by MAURIZIO
VIANELLO in a discussion in Pisa in June 1987. During this discussion, the three
of us came up with the germ of an idea from which the concept of regions in edge
contact as described by Definition 4 of Section 3 and the corresponding Assump-
tion I of Section 5 were developed later.
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A precise concept of a “‘system of forces” was first proposed by one of us in
1957 [N1] and has been extensively developed since. GURTIN & WILLIAMS re-
alized in 1967 [GW] that an analogous concept describes “systems of heat fluxes”.
Both kinds of systems were later subsumed under the abstract concept of an
“interaction” (see Section 8 in [N2]). A definition of “interaction” that is suitable
for the present context is presented in Section 4. In Sections 5 and 6 we show how
“edge interactions” can be identified as special contact interactions. In Section 7
we derive the consequences of balance laws when edge interactions are present and
when certain ad hoc assumptions are made. In Section 8 we discuss the boundary
conditions that apply when edge interactions are present. In Section 9 we show
how some of ToupIiN’s results fit into the scheme of the present paper. Finally, we
show how surface tension can be viewed as the manifestation of the presence of
certain edge interactions.

Mathematicians often use terms such as “region with piecewise smooth bound-
ary” without any further explanation (see e.g. axiom (S2) in [N1]), and they often
give inequivalent and even obviously unintended precise definitions when chal-
lenged to make this concept precise (see Appendix II of [F]). In the context of the
present paper it is crucial to have a very precise definition that does not exclude
“cusped” edges. Sections 1, 2, and 3 deal with this and related issues. Our defini-
tion of “regular region™ seems to be equivalent to the one given by KELLOGG in
[K], p. 112. We also need to consider a somewhat more restricted concept, for
which we use the term “‘biregular region”.

What we call “‘edge interactions” should not be confused with external actions
concentrated along curves; our theory is not related to theories of “stress-concen-
tration” in any sense. An edge interaction between two internal parts of a given
body, in the sense of the present paper, can occur only when a side of one of the
parts is in “‘everywhere-cusped” contact with a side of the other part along a
common edge of the two parts (see Definition 2 of Section 3). The additivity prop-
erties of interactions then show that if the edge is a ““cusped edge” of one of the
two parts, the interaction must be zero. It is for this reason that one must pay
careful attention to “cusped edges”, and that one can only consider what we call
“biregular” contact (see Definition 4 of Section 3).

There are at least two issues which we could not settle. The first concerns the
Assumptions I, II, ITI, and IV in Sections 5, 6, and 7. It would be desirable to derive
them from other assumptions that have more transparent and natural physical
interpretations. For classical surface interactions, this issue has been studied at
length only recently (see [S] and [GWZ] and the literature cited there). For edge
interactions, the issue is likely to be much more difficult. The second issue concerns
a class of regions appropriate to represent parts of a given body (see conditions
()—(iv) of Section 4). We do not specify explicitly such a class here, and we de-
scribe our interactions only for special situations. Even for the case of classical
surface interaction, we found only recently a class (we call its members “fit re-
gions™) that we consider completely appropriate (see [NV]). The problem of
finding a class that is appropriate when edge-interactions are present is likely to
be extremely difficult and to require concepts from geometric measure theory that
have not yet been invented.

The present paper does not consider at all the type of constitutive assumptions



Edge Interactions and Surface Tension 3

that should govern edge interactions. For a long time there has been evidence
that non-simple materials cannot be accommodated by classical surface inter-
actions alone and that edge interactions must necessarily occur in materials of
second grade. Indeed, it seems to us that it was VIANELLO’s interest in the theory of
materials of second grade that motivated him to urge re-examination of TOUPIN’S
earlier work. We hope that the present paper will open a way to deal with these
matters.

Notation and Terminology

Generally we use the notation and terminology of [FDSI]. For example, P
denotes the set of all positive reals including zero and P* := P\ {0} denotes the
set of all strictly positive reals. The range of a mapping f is denoted by Rng f.
If A4 is a subset of the domain of a mapping £, then f|, denotes the restriction of f
to 4. If Bis a set that includes the range of a mapping f, then 1% is obtained from f
by changing its codomain to B. If Bis a subset of a given set 4, then 15, denotes
the inclusion-mapping from B to A, i.e., the mapping whose domain is B, whose
codomain is 4, and whose values are given by 1-,(x) = x for all x¢€ B.

If ¥ and #" are linear spaces, then Lin (¥", #") denotes the set of all linear
mappings from ¥ to # . The dual space W * of %" is defined by # * := Lin (#",R).

When we use the terms “inner-product space” and “Euclidean space”, it is
understood that they are genuine in the sense of the definitions in Chapter 4 of
[FDSI]. Let ¥” be an inner-product space. The unit ball of ¥~ is denoted by
Ubl ¥ :={v€ ¥ | |v]| <1} and the unit-sphere of ¥" by Usph ¥ :={vc ¥ |
[v]=1}. If & is a subset of ¥, then #L:={vey [v-u=0 for all uc ¥}

We often abbreviate % := Usph ¥~ and use the notation

@, =={u, wye2* |u-w =0}
for the set of all perpendicular pairs of unit vectors. It is easily seen that (%),
is a 3-dimensional analytic manifold imbedded in the 6-dimensional inner-product
space ¥"2.

The gradient of a mapping ¢ at a point x in the domain of ¢ is denoted by
V. if meaningful. Similarly, div, 2 denotes the divergence of a vector field h
at a given point x of the domain of h.

Let & be a subset of a given Euclidean space &. The interior, closure, and bound-
ary of & are denoted by Int 2, Clo 2, and Bdy 9, respectively. We say that &
is regularly open if 9 = IntClo 9.

If n and m are integers, then 7 .. m denotes the set of all integers k such that
n=k=m. We abbreviate nl:=1..n, nl:=0..(n—1).

To distinguish between integrals with respect to volume, surface-area, and
curve-length, we write dv, da, or di, respectively, after the integrand.

1. Regular regions, surfaces, and curves

We assume that a 3-dimensional Euclidean space & with translation space
¥ =& — & 1is given.

Let a bounded connected C*-manifold .# imbedded in & be given (see Chap-
ter 3 of [FDSII)). If dim .# = 3 then .# is just a region, i.e. a connected open set.
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If dim.# =2, we call .# a surface, and if dim .# = 1, we call .# a curve.
If dim.# = 0, then .# is just a singleton.
We use the notation

E,: H#—Liny (1.1)

for the mapping whose value at x& .# is the symmetric idempotent whose range
is the tangent space Tan ,(x) to .# at x, so that

E (x)* = E 4(x), E//i(x)T = E 4(x) 1.2)
and
Rng E ,(x) = Tan 4(x) for all x€ .#. (1.3)

The border of .# is defined by
Bo .4 :=Clo 4 \ M. (1.4

The border of .# coincides with the boundary Bdy .# of .# if dim ./# =3,
ie. if # is a region. If dim .# << 3, then Bdy .# = Clo .4.

Definition 1. We say that the bounded connected C*-manifold 4 is regular if
Clo .# has a finite partition 8 with the following properties.

(i) Every piece of § is a connected C*-manifold.
(il) 4 € B.
(iii) For every piece P € B, Ey has a continuous extension to Clo 2. Using poetic
license, we denote this extension also by

E;:Clo#?— Liny". (1.5)

(iv) Forevery # ¢ B andevery €€} with 4 CBo 2 and dim # = dim ¥ - 2,
there are exactly two pieces & € R such that

P CBo?, €CBo. (1.6)

We call a finite partition of Clo .# with the properties (1)—(iv) a regular partition
for /4. For every k€ 0..3, we denote by ;. the set of all manifolds in B that
have dimension k.

Let a regular manifold .# and a regular partition 9 for .# be given. The only
piece of ® of dimension m := dim .# is 4, i.e.

B, =M} when m:=dim 4. 1.7
We have
Bo 4 = \j[\j B - (1.8)
kem

Every piece 2 of P is again a regular manifold and {¥¢€ P | # C Clo 2} is
a regular partition of #. We define the tangent space to .# at a point x & Bo .4
by Tan_,(x) := Rng E ,(x), using the extended E , of (1.5). Then (1.3) becomes
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valid for all x& Clo .#. If ./ is a regular region (i.e. if dim .# = 3), we call
the surfaces in B, sides of 4. If .4 is a regular region or a regular surface (i.e.
if dim .# = 2), we call the curves in B, edges and the singletons in 9B, vertices
of .#. The only member of one of the latter is called a vertex-point. The condition
@iv) of Definition 1 may then be restated as follows: Each edge € of a regular
region is included in the border of exactly two sides; we call them the sides adjacent
to ¥. Each side of a regular region is a regular surface. Each vertex-point x of a
regular surface belongs to the border of exactly two edges; we call them the edges
adjacent to x. The concepts of side, edge, vertex, and vertex-point depend, of
course, not only on .# but also on the given regular partition § of .#. Usually
no ambiguity will arise if the appropriate partition % is not explicitly described.

Remark 1. A rcgular manifold of dimension 1 or greater always admits infinitely
many regular partitions. Indeed given such a partition, new ones can always be
obtained by subdivision. Of course, there always are regular partitions with a
minimum number of pieces, but there may be more than one such partition.

Figure 1 shows a regular surface with this property. A regular partition for the
surface must have at least 5 pieces (the surface itself, two edges, and two vertices).
There are infinitely many regular partitions with 5 pieces because one of the
vertex-points can be put into infinitely many positions. []

Definition 2. Let .# be a regular manifold. Then the reduced border Rbo .4 of .#
is defined to be the union of all regular manifolds of dimension dim.# — 1 that
are included in Bo M.

Let %8 be a regular partition of a given regular manifold .# with m := dim 4.
Clearly, we then have

\J Bm—1 CRbo 4. (1.9)

The example given in Remark 1 shows that it may not be possible to find a parti-
tion % such that the inclusion (1.9) reduces to equality. However, one can easily
show that for every x€ Rbo .# one can find a regular partition §§ for .# such
that x€ # for some 2€%,,_;.

Remark 2. Let # be a regular region. Then £ is a fit region in the sense described
in [NV]. Also, the reduced border of # is a subset of the reduced bound-
ary of # as defined in [NV]: RboZ C Rby#%. Moreover, the set-difference
RbyZ \ RboZ is a set of area-measure zero. []
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Proposition 1. Let a regular manifold # with dim 4 =1 and x¢ Rbo 4
be given. Then there is exactly one. we Usph ¥ such that
() uc (Tan,(x))* N Tan ,(x) for every regular manifold A" of dimension
dim # — 1 that contains x and is included in Bo 4.
(ii) There is a 0 € P* such that

(x + (Tan ,(x))L -+ Pu)N 4 N (x + 6 Ubl¥) = 0. (1.10)

Rather than giving a formal proof of Proposition 1, we illustrate its geometric
meaning in Figure 2 for the case when dim .# = 2. We note that &# = x +
(Tan_4(x))* + Pu is, in this case, the half-plane that touches .# at x and is per-
pendicular to both the tangent-plane to .# at x and to the edge 5 that contains x
and is included in Bo .#.

7

Figure 2

Definition 3. Let x be a point on the reduced border of a regular manifold M.
We call the unit vector u described in Proposition 1 the outer unit normal fo
M at x. The function that associates this outer unit normal with x € Rbo .4 will
be denoted by

v,: Rbo.#— Usph? . (1.11)

We note that v, is continuous and that
E  (x)v4,(x) =v,(x) for all xc Rbo.#. (1.12)

If B is a regular partition for .# we have
E (x)v ,(x)=0 forall xc¢ & (1.13)

and all ¥ ¢%RB,,_; when m = dim .#.

Let a regular region # and a regular partition 8 for £ be given. Also, let &
be a side of # belonging to B, i.e. € R,. It follows from condition (jii) of
Definition 1, applied to &, that vg: S — Usph 7~ has a continuous exten-
tion to Clo . We denote this extension by

Vg.e: Clo ¥ — Usph ¥ . (1.14)
It follows from Definition 3 and condition (i) of Proposition 1 that
V() - Uy o(x) = 0 for all x& Rbo &. (1.15)

Let € be an edge of # belonging to B, i.e. ¢ By, andlet & and &’ be the two
sides of # adjacent to %. Given xC %, we have vz o(x) = vz (x) only in
the exceptional case when x belongs to the reduced boundary of Z.
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2. Fuactions on manifolds, surface divergence

Let & and ¥ and a manifold .# as in Section 1 be given. Also, let a finite-
dimensional linear space #" be given. If a function #:.# — %" is differentiable
one can define, for each x¢€ .#, the gradient V, € Lin (Tan «(x),#), of 5
at x (see, e.g., (33.4) of [FDSII)).

Definition 1. Let »: .4 — W be differentiable. We then define
Vy: M —Lin (¥, %)

by
Vn(x) := Vg 1= V.3 E (x)|™"4™  for all x¢ 4. 2.1)

We say that v is of class C* if Vv is continuous. If 4 is a surface, we call Vy the
surface-gradient of 7.

We say that a function 1:Clo 4 — " is of class C! if n|, is of class C*
and if V(n|,) 1M - Lin (¥, %) has a continuous extension to Clo ., which
will then be denoted bv V1.

We note that, if n:.# — # is differentiable, we have

Tan ,(x)! CNullV,y for all x€.#. (2.2)

Definition 2. Let & be a surface of class C* and let h: & — ¥ be differentiable.
The surface-divergence

dive h: & —R 2.3)
is defined to be the value-wise trace of Vh, i.e.,
(divg B) (x) :=tr (Vh(x)) for all xc &. 2.4)
If H: S~ Lin(¥",#") is differentiable then its surface-divergence
dive H: & —W 2.3

is characterized by

o(dive H(x)) = divy (H'w) (x) for all x€ &, wc #'*. (2.6)
(Compare this with the definitions of divergence in Section 67 of [FDSI].)

Definition 3. Let & be a surface of class C*. We say that a function h: % — ¥
is tangential if' h(x) € Tang(x) for all x€ &. We say that a function H:¥ —
Lin (¥, #°) is tangential if

Tang(x)t C Null H(x) for all x¢ &. 2.7
From use of (22.9) of [FDSI], it is evident that H:% — Lin (¥, %) is

tangential if and only if H'w:&% —> ¥ is tangential for every wew'*. If
7 =Y is differentiable, then Vgy: % — Lin (¥, #) is tangential by (2.2).

The following resnlt is an easy consequence of the classical Stokes Theorem
(a proof will be given in [FDSII]).
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Surface-divergence Theorem. Let & be a regular surface (in the sense of Defi-
nition 1 of Section 1). For every function h:Clo & — ¥ that is of class C*
(in the sense of Definition 1) and tangential (in the sense of Definition 3) we have

[divghda= [ (h-vy)dl, (2.8)
F Rbo ¥

where vy is the outer unit normal function of & (as defined by Definition 3 of
Section 1).
Using (2.6), one immediately obtains the following

Corollary. Let & be a regular surface and W a finite-dimensional linear space.
For every tangential function H: Clo & — Lin (¥, %) of class C* we have

[ divy H da = f (Hvg) dl. 2.9)
& Rbo &

3. Contact of surfaces and of regions

Definition 1. Let .# and .#’ be regular manifolds with dim .4 = dim .4 = 1.
The contact of .# and M’ is defined by

Ctc (M, H") := Bo .4 N\ Bo ' 3.D
and the reduced contact by
Rtc (M, #") := Rbo .4 N Rbo .4’'. 3.2

If € is a regular manifold included in Ctc (M, #"), we say that 4 and A’ are in
contact along %; if € C Ric (#, #') we say that # and ' are in smooth con-
tact along %.

Definition 2. Let & and &’ be regular surfaces. We say that & and &' are in cusped
contact af a given x€ Rtc (&, ¥’} if

Vg(X) = vglX). (3.3)

We say that & and &' are in everywhere-cusped comtact along a given curve
% C Rtc (&, ') if (3.3) holds for all x € G. We say that & and &' are in nowhere-
cusped contact along ¥ if

V(X)) &= vgl(x) (3.4
for all x€ 4.

Every regular surface is in everywhere-cusped contact with itself along each
of its edges. Of course, if & and &' are regular surfaces in contact along a curve
%, (3.3) may hold for some x€ % while (3.4) holds for other x€ %. Then &
and & are neither in everywhere-cusped nor in nowhere-cusped contact along 4.
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Definition 3. We say that a subset & of & is a biregular region if it is a regular
region and if there is a regular partition S for # such that for every edge € in ‘B,
the two sides in % adjacent to € are either in everywhere-cusped contact or in no-
where-cusped contact along €. We call such a partition a biregalar partition for Z.
We say that an edge € in B is a cusped edge if the two sides in B adjacent to € are
in everywhere-cusped contact along %.

Remark 1. Given a regular partition P for a biregular region £, one can always
find a refinement of P that is biregular partition for 4. []

Definition 4. Let Z and R’ be disjoint biregular regions. We say that Z and %'
are in biregular contact if one can find biregular partitions B and ' for & and %',
respectively, such that
Cic(Z,Z)=\J B NP - (3.5
and if for every €€ P, NP, every FCB,, and every F'€ P, such that
€ CRic (¥, &F"), the surfaces & and &' are either in everywhere-cusped or
in nowhere-cusped contact along %.
We say that & and R’ are in simple surface contact along a given regular sur-

face & if they are in biregular contact and if the partitions B and R’ above can be
chosen such that

PoNPy={F} and Ctc(R,%)=Clos. (3.6)

We say that & and R’ are in simple edge contact along a given regular curve ¥
if they are in biregular contact and if the partitions B and R’ above can be chosen
such that

BNPR; ={%¢} and Ctc(#,R)=Clo¥. 3.7

Partitions B and B’ that satisfy the conditions (3.5), (3.6), or (3.7), as appropriate,
will be called appropriate partitions.

If # and #' are in biregular contact and if § and ¢’ are appropriate partitions, we
have

\J (BN B2) CRtc (2, Z). (3.8)

Remark 2. One can easily define a concept of regular contact of disjoint regular
regions by a definition analogous to (and simpler than) Definition 4. At the present
time however, we do not know how to deal with contact interactions when the
contact is only regular and not biregular. []

Definition 5. Let Z be a biregular region. We say that a subset P of # is a section
of #if
() Z is a biregular region,
(i) Int (Z \ ) is a biregular region,
(i) Z is in biregular contact with Int (% \ ).

Let # be a biregular region and let & be a biregular region included in .
If Clo# C# then £ is necessarily a section of %, but if Clo # ¢ #, then 2
need not be a section of #.
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4. Contact interactions

We assume now that a biregular bounded region & in & and a collection £
of regularly open subsets of # with the following properties are given:
(i) All sections of # (see Definition 5 of Section 3) belong to £2.
(i) The intersection of any two members of 2 belongs to £, ie.

PN2c for all #,2¢ L.
(iii) The join of any two members of £2 belongs to £, i.e.
Pv2:=IntClo(Z\ 2)c Q2 forall 2 2¢0. 4.1)
(iv) The exterior in # of any member of £ belongs to £, i.e.
P =Int(B\ P)c 2 for all #c Q. 4.2)

We call the members of £ the parts of . We denote the set of all disjoint pairs
of parts of & by

(s =P, D Q> | PN 2 =0} 4.3)

The set of all sections of & will be denoted by Q,., so that 2. C £ by condition
(i). The elements of

Qe :={P€ 2| Clo 2 C %} 4.4

will be called interior parts of #. If #¢€ Q,, is a biregular region, then 2 ¢ ..

and Bdy Z = Ctc (2, 7°).
Given any part Z¢€ {2, we put

and call the members of Q,, the parts of Z. Of course, we have Qy = Q. The
conditions (ii) and (iii) remain satisfied if £2 is replaced by 24 or 2, and we use
the notation (4.3) also when £ is replaced by £, or by .

Now let a finite-dimensional linear space #  be given. Given #¢ £ and
F:Q4— W, we say that F is additive if

F(# v 9) = F(®) + F@) for all (2, 2)€ (25D (4.5)

We say that
I: (‘Qz)dis —>W

is an interactionif, forevery 2¢ Q, both I(, %) : Qg > " and I(%#°,"): Ly~ W
are additive. We say that I is a contact-interaction if for all (#, 2)€ (£2%) gis

Cic(?,9) =0 = I& 2 =0. (4.6)

Definition 1. We say that a given contact-interaction is quasi-balanced if there is a
continuous function f: Clo #— W such that

K2, 2" = [fdv for all € Ly 4.7)
ra
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Proposition 1. If T is a quasi-balanced contact-interaction, then I is skew in the
sense that
I2,9) = —I(2,7) for all (2, 2)¢ (22 gis- 4.8)

The proof follows immediately from Theorem A, p. 65, of [N2] because
P> [P, P°): Q. — W is additive when (4.7) holds.

Remark 1. If the region & is identified with a continuous body that occupies %
in a “placement”, then a contact-interaction I may be interpreted as a system of
internal forces or of internal heat-transfers as explained in Sections 9 and 10 of
[N2]. In the former case we have # := ¥  and in the latter # :=R.

The assumption that [ is quasi-balanced is related, in the former interpretation,
to the law of balance of forces, and in the latter interpretation to the law of
balance of energy. []

Intermezzo: Wedge Interactions

This short section aims to motivate Assumption I of the following section.

Let 2 be an open disc in a plane. We use the term wedge for an open sector
of &. We consider a collection £2, generated by wedges in the following sense:
The members of £, are unions of finite pairwise disjoint collections of wedges
no two of which have a side in common. In particular, the wedges belong to 2.
Figure 1 illustrates a member of £2,.

Figure 1

It is easily seen that £, is a material universe as described in the Appendix of
[N2] if inclusion is taken as the relation “part of”” and meet, joint, and exterior
are defined, respectively, thus:

PAE:=PNY,
Zv2:=IntClo(ZV 9),
P = Int (9 \ 2P).

2 is the maximum of {2, and the empty set is the minimam of Q. The collection
£ defined in Section 4 is a material universe far richer than 2, as defined here.

We denote by (£2,,7)g; the collection of all pairs of disjoint elements of £,
Let #” be a linear space as in Section 4.
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Problem. Find all interactions I:(25%)gs— W such that (P, 2) = 0 whenever P
and 2 are wedges that have no side in common.

Solution. Let % be the set of all plane unit vectors. We denote by
(%Z)J. = {(u, W)E%Z lu-w:O}

the collection of all disjoint pairs of unit vectors. Given an interaction [ as in the
problem there is exactly one function

v @, >~ (L1
such that
(2, 2) = y(u, w) 1.2)

whenever 2 and 2 are wedges in contact along exactly one side and the unit vec-
tors w and u are defined as follows: w is directed away from the side that £ and
2 have in common and # is orthogonal to w and away from £ (see Figure 2).

Figure 2

On the other hand, given a function y as in (I.1), an interaction 7 satisfying (1.2}
is uniquely determined by the biadditivity of / on the whole (24 O

Given any wedge 2, the pairs (u,, wy), (4, w,) € (#*), are determined as
shown in Figure 3.

P

Figure 3
It follows from (I.2) and the additivity of the interaction 7 that
K2, ) = p(uy, W) + p(ths, W2). (1.3)
Thus, by Theorem A of [N2], I is skew in the sense that
K2, 2) +1(2,2) =0 for all 2, 2€ (2574
if and only if
y(u, w) + p(—u, w) =0 for all (v, w)c(@?),.
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Let 9'C 2 be a given open sector of 9. We now consider the collection
£, of all members of 2, that are included in &’. 24, is a material universe itself
and (24%y; is defined in the same way as (25%).. A wedge of 2’ is internal if
it has no side in common with 2’, it is peripheral otherwise.

Let I:(24)4s—> # be an interaction satisfying (1.2) for all pairs of internal
wedges. Clearly, I(#, 2) cannot be computed by mere use of biadditivity if £ or
2 or both are peripheral. We assume that

(2, 2) = y(u, w)

whenever both & and 2 are peripheral wedges and the unit vectors w and u
are defined as follows: w is directed away from the side that 2 and 2’ have in
common and u is orthogonal to w and is directed away from £ (see Figure 4).

Figure 4

Thus it is easily seen that 7:(2%)y — # is again uniquely determined by y.

5. Edge interactions

We assume that a biregular bounded region 4, a collection of parts of 4,
and a contact-interaction [:(£?)y,-—> ¥  are given as described in Section 4.
In this section we will discuss the consequences of two special assumptions about
the nature of I.

Let a section & of # be given. It easily follows from Definition 5 of Section 3
that, if § is an appropriate biregular partition for 2, every piece of P either is
included entirely in 4 or is included entirely in Bdy %. In the former case, we say
that the piece is internal, in the latter, peripheral. Thus a given side, edge, or vertex
of Z, if it belongs to %, is either internal or peripheral. All pieces of B are internal
if and only if £ is an interior part of 4.

Definition 1. Let & and 2 be sections of % that are in biregular contact and let B
and £ be appropriate biregular partitions for P and 2, respectively. Also, let an
edge €€ P, N Q, be given, so that P and 2 are in contact along 6.

We say that P and 2 are in inessential contact along € either if € is a cusped
edge of P and both sides of P adjacent to € are internal, or if € is a cusped edge of
2 and both sides of 2 adjacent to € are internal; otherwise we say that # and 9 are
in essential contact along %.

We define the set S(%), consisting of sides of P, as follows:
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() If # and 2 are in inessential contact along €, then K(€) = 0.

(i) If # and 2 are in essential contact along €, then K(€) :={F B, |SL is
adjacent to € and either (a) or (b) below holds}, where (a) and (b) are the follow-
ing conditions:

(@) & is an internal side of P that is in cusped contact with an internal side
of 2.
(b) & is a peripheral side of P that is in contact with a peripheral side of 2.

If we wish to emphasize the dependence of §(%) on £ and 2, we replace &
by &4 4. It is clear that (%) is a set of cardinality 0, 1, or 2. We illustrate the var-
ious situations that determine (%) in Figures 1-6 below. Each of these shows a
cross-section orthogonal to 4.

Figure 5 Figure 6

In Figure 1, we have $(%) =0 because £ and 2 are in inessential contact
along %. The contact is essential in Figures 2-6. Specifically, we have §(%) =9
in Figure 2, ®(%) = {&} in Figures 3 and 4, and $(%) ={¥, 7} in Figures 5
and 6. In Figures 3 and 5 we have & € §(%) because condition (a) is satisfied.
In Figures 4 and 6 we have & € §(%¥) because condition (b) is satisfied.

If # and 2 are in simple edge contact along the curve %, then every cross-
section of € in a small neighborhood of € looks like a wedge contact as described
in the Intermezzo. The following assumption states, roughly, that the edge inter-
action along ¥ is obtained by integrating wedge interactions on the cross-sections
along %.
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Assumption L. There is a function
y:Clo BX(U*), =W 5.0
of class C* such that
1(2,2)= gf V(X, Vg, (%), V(%)) dl, (5.2)

whenever # and 2 are disjoint sections of % in simple edge contact along the curve
% and S(¥) = {9} (see Definition 1 above and Definition 4 of Section 3).

Propesition 1. We have

I(ga ,@) = f Z V(Xa v?;y(xL vy(x)) dlx (53)
¢ LeR@)

whenever P and 2 are disjoint sections of % in simple edge contact along the curve €.

Proof. First, we assume that & and 2 are in essential contact along ¥. We then
have the following three cases.

(x) (%) is empty. It is easily seen that we can then construct a section 2’
of 4, disjoint from both # and 2, such that £ is in simple edge contact along ¥
with both 2" and 2 v 2’ and such that

R7,5(€) = 85,000 (€) = {}
for some surface & C Bo # (see Figure 7). It follows from AssumptionlI that
12, 2) =12, 2V 2).

1114

\Q\% \

Figure 7

)

Using the additivity of I(#, ), we conclude that I(#, 2) = 0, which is the same
as (5.3) when (%) = 0.

(B) K(®) is a singleton. Then (5.3) simply reduces to (5.2).

(y) () is adoubleton, say K(¥) := {7 {, T ,}. Itis easily seen that we can
then construct disjoint sections 2, and 2,, both in simple edge contact with &
along €, such that 2 =2, v 2, and R4 ,4,(%) = {71}, 82.0,(%) = {F,} (see
Figure 8).

Using the additivity of I(#, -), we get

Now I(2, 2,) and I(?, 2,) can be evaluated using Assumption I. The result is
(5.3) with §(%) ={7 1, T2}
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5 .

We now assume that 2 and 2 are in inessential contact along . In particular,
assume that % is a cusped edge of £ and both sides of & adjacent to ¥ are inter-
nal, but that € is not a cusped edge of 2. We can then construct a section 2’
of 4, disjoint from both & and 2, such that both 2" and £ v &£’ are in essential
simple edge contact with 2 along € and Ry, o(4) = R4 o(¥) (see Figure 9).

Figure 9

Using the additivity of I(-, 2), we have HZ v %', 2) =12 2+ 17, 2).
Since (5.3) can be used to determine [(Z v &', 2) and I(#', 9) and since they
have the same value, it follows that I(2, 2) = 0. All other cases can be treated
in a similar way. ]

The following result is an easy consequence of Proposition 1 and the additivity
of I(Z, -).

Proposition 2. Let 2 and 2 be disjoint sections of # in biregular contact and let
% and & be appropriate biregular partitions for P and 2, respectively, so that
Cte (2,9 = \J (BN D) 549

(see Definition 4 of Section 3). If B and £ have no surfaces in common, i.e. if
BN Dy =0, we have

12, 9= % [ 2 v vs0(x), ve(x) dl,. (5:5)

GeP1NDL € FLeRB)

Assumption IL. For every biregular part P of & there is a continuous function

7y: Rbo?\Bdy B — W (5.6)

such that
2,2 = f'tg! da (5.7)
&
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whenever (a) 2 is a section of # disjoint from P that is in simple surface contact
with P along the regular surface &. (b} 2 has exactly one side other than &, say
T, and T is an internal side, and (c) all edges of 2 are cusped.

Figure 10 illustrates a situation for which (5.7) is valid.

Figure 10

Proposition 3. We have

y(x, u, —w) = —y(x,u,w) for all xcClo®, (u,w)e@*,. (5.8)

Proof. Let xc # and (u, w)c (%?), be given. We consider a line-segment
% included in # whose midpoint is x and which is perpendicular to both u and
w. We can easily construct five interior sections £, 2,, 2;, 2,, 2, with the follow-
ing properties (see Figure 11): (i) The sections are pairwise disjoint and in bi-
regular contact. (i) The sections 2, and 2, are in simple surface contact with &
along the two sides &;, &, of Z that are adjacent to % in some biregular partition
for 2. (iii) The sections 2, and 2, satisfy the conditions (b) and (c) of Assump-
tion IL. (iv) The sections 2; and 2; are in simple edge contact with 2 along %
such that R, ,1(€) = {#.} and 85,0(@) ={F2}. () S=SVFVVE
is a regular surface and 2 := 2, v 2{ v 2, v 2; is a section that is in simple sur-
face contact with 2 along & such that the conditions (b) and (c) of Assumption IT
are satisfied. (vi) & is a subset of a plane and v,y is a constant with value u.
The functions vy, |¢ and vy, |4 are constants with values w and —w, respectively.

u
2, | 25
2 2,

ENIRIE: "
el
Figure 11
It follows from (i) and (v) and Assumption II that
K2, 2,v 2, vI,va)=KP 92 = 5[ ryda. (5.9

It follows from (i), (ii), (iii), and Assumption I that

I(g, 3@1) = ng da, I(g, 92) == ngﬁ da (5.10)
&1 &



18 W. NoLL & E. G. Virca

and from (i), (iv), (vi), and Assumption I that

(7, 2) = J (0, Vo900, Vo, () dl, = [2(y, u, w) dl,,
€

, (5.11)
I(.@, ‘92) = gf y(.yz ”g’;yz(y)> vyz(y)) dly - f V(.V: u, —W) dly'
4

Using the additivity of I(¢, -) and the additivity of surface integrals, we conclude
from (5.9)-(5.11) that

0= gf (V(y: u, w) + y(y, u, ——W)) dly

Since the line-segment % centered at x can be made arbitrarily short, it follows
that (5.8) holds. If x¢ Bdy # rather than x¢€ %, then (5.8) follows from the
assumed continuity of y. [

Definition 1. Let & be a regular surface. A continuous function n:Clo & — %
is called an orientation of & if n(x)€ (Tang(x))! for all x€Clo &. We say
that & is orientable if admits an orientation n.

By an oriented regular surface we mean a pair (&, 1) of a regular surface
& and an orientation n of .

An orientable regular surface & admits exactly two orientations, and if n is
one then —n is the other. Let (¥, n) be an oriented surface. Then
E,=1,—n@®n (5.12)

and n is of class C!. If n is constant then % must be subset of a plane.

Proposition 4. For every oriented regular surface (¥, n) with & (& there is
a continuous function

Owm: CloF =W
such that
Oom = Toly (5.13)
whenever P is a biregular part of B with & C Rbo P and n = vy 4.

Moreover, if (%, n) and (&', n') are oriented regular surfaces such that &' C &
and n' =ng, then

Ty = O~ (5.14)

The proof of Proposition 4, which will not be given here, is only slightly more
complicated than the proof of the corresponding proposition for classical surface
interactions (see e.g. Theorem 1 on p. 271 of [N1]).

Proposition 5. Let # and 2 be sections of & in biregular contact and let { and O,
be appropriate biregular partitions of # and 2, respectively. Then

K2,2)= ¥ fa(y ppdit T [ Yy vap(x), vs() dl.

FeFND. CEPNDL G FERE)
(5.15)
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Proof. Let &€ B, N L, be given. It isseasily seen that one can construct a
section %, of 2 with the following properties (see Figure 12): (i) £, is in simple
surface contact with 2 along &; (ii) £ has exactly one side other than &, say
&', and &’ is included in 2; (iii) all edges of % are cusped. Moreover, the con-
struction can be done in such a way that the collection {Z, | ¥ € R, N Ly} is
pairwise - disjoint and = Ctc (Zy, Z4) C Bdy # for any two distinct &, €
P2 N Qa.

Figure 12

It is easily seen that
2 =Int(2\\J {Zy | S BN QL) (5.16)

is a section of 2 that has an appropriate biregular partition £’ such that %, N
25=10 and B, N Q] =B, N Q. The section 2’ is in biregular contact with &
and Proposition 2 can be used to evaluate I(#, 2'). In view of condition (iii)
above, we also have £ (%) = R (%) for all €€, NPy, so that (5.5)
gives

[(2,2)= % [ X v(x p0(x), vp(x) dl, (5.17)

CeEPINDL C Fef(E)
when & := &5 5. Using (5.16) and the additivity of I(Z, ) one easily proves
using induction that
FEeR N

Now, in view of the conditions (i), (ii), and (iii) above. Assumption II can be used
to evaluate /(2, £4). Using also Proposition 4, we get

I(g, ;@y) = f(f(y’ug}y) da. (5.19)
&
Combining (5.17), (5.18), and (5.19), we get the desired result (5.15). [

Proposition 6 shows that the values of the interaction I for sections in biregular
contact are uniquely determined by the function y and the functions (s ). The
problem of how to express the values of I in more general situations is open.

If y =0 we say that the interaction / is a pure surface interaction. If oy ) = 0
for all oriented regular surfaces (&, n) we say that I is a pure edge interaction.
Every interaction satisfying Assumptions I and II is then the value-wise sum of a
pure surface interaction and a pure edge interaction.
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Remark 1. Suppose that a function
y:Clo #Bx @, W

of class C* satisfying y(x, u, —w) = —y(x, u, w) forall (x, u, w)€ Clo B x(%?),
has been prescribed. Also suppose that, for each oriented regular surface
(&#,n) with & C %A, a continuous function oy, : Clo ¥ — #" has been pre-
scribed in such a way that (5.14) holds. We can then define I(#, 2) by (5.15)
for all disjoint pairs (#, 2) of sections of Z in biregular contact. One can then
prove that I is conditionally biadditive in the sense that

I2,2,v2,) =12, 2)+ (2, 2,)
and
I("@l V’@b '@) = I(’@ls ‘@) _l_ 1(225 e@)

hold provided that: (i) #, 2, and 2, are pairwise disjoint sections of 4; (ii)
2, v 2, is a section of #; (iii) & is in biregular contact with 2,, 2,, and 2; v 2,.

O

6. Resultant actions

We assume that a region % and a contact interaction I as described in Section 5
are given. In particular, we assume that the Assumptions I and IT are satisfied.
The following result describes the resultant action on a given section of £,
i.e. the action I(#, #) on a section 2 of 4 by the exterior 2° of # in 4, provided
that the condition (6.1) below is valid. We will see in Section 7 that (6.1) is auto-
matically satisfied if 7 is quasi-balanced in the sense of Definition 1 of Section 4.

Proposition 1. Assume that the function y of Assumption I satisfies
y(x, —u, w) = —p(x, u, w) forall xcClog, (u,w)e@?,. (6.1)
Let P be a section of & and let } be an appropriate biregular partition for 2. Then
(2,725 = 3, ( [ 0,05) 0 90 + Rbb[yy(x, V. 9(x), V(X)) dlx)

Fepit \F

+ Z f y(x, v?;&”(x)s ”y(x)) dlx (62)

Fep°" RboS NBdy7?

where Bt is the set of all internal sides of P and RS is the set of all peripheral
sides of 2.

Proof. It is easily seen that we may choose an appropriate biregular partition £
for #° such that
PN 0, = BI*. 6.3

i.e. such that the internal sides of 2 are exactly the sides that 2 and #° have in
common.
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Let ¢ P, Ny, ie. an edge that # and 2, have in common, be given,
and let &, &, € B, be the two sides of # adjacent to €. There are two cases:
(i) % is not an internal cusped edge of #. Then ¥ cannot be an internal cusped
edge of #° cither and & and #° are in essential contact along % (see Definition 1
of Section 5). In this case, the set §(%) is easily seen to be given by £(%) = {1, %2}
so that

f Y(X, Vg, (%), Vo (X)) dL, + f Y(X, Vg,00,(%), Yo, (X)) di,,
% @

= [ 2 v vp,9(x), ve(x)) dl.. ©.4
¢ FER@)
(i) % is an internal cusped edge of #. Then £ and #? are in inessential contact
along % and hence R(%) = @. Hence the right side of (6.4) is zero. We also
have V.0, (X) = —Vg.p,(x) and vy (x) =vy (x) for all x€%. Hence, by the
assumption (6.1), the left side of (6.4) is also zero.

We conclude that (6.4) is valid no matter what €€ $; N\ Qy is. If € is an
internal edge of 2, then &, &, ¢ R If 4 is a peripheral edge of #, then one
of #, and &,, say &,, is internal while the other, &,, is peripheral and % C
Rbo &, N Bdy 2°.

Since the edges of every & € PRi* and the edges included in Bdy 2 of every
& € PP allbelongto By N Ly, it follows from (6.3) and (6.4) that (5.15) reduces
to (6.2) when 2 :=2°. []

Remark 1. If a given edge ¥ € B, is included in the reduced boundary Rby 2
of 2, then the contributions from % to the line integrals in (6.2) corresponding to
the two sides adjacent to € cancel by Proposition 3 of Section 5. Hence the right
side of (6.2) does not change when % is replaced by a refinement, as it shouldn™.

d

We now add an assumption which is consistent with (5.8), but does not follow
from it.
Assamption II. There is a function
G: Clo @xX%—Lin (¥, %) 6.5)
of class C' such that
y(x, u,w) = G(x,u)yw for all xc Clo B, (u,w)c(¥?,. (6.6)

The function G is not uniquely determined by y. Indeed, if G’ is a C*-function
of the type (6.5) that satisfies (6.6), then

Gx,u) :==G(x,u) 1y — (u@uw) for all xcCloB, ucu (6.7)

defines another one. The function G defined by (6.7) satisfies, in addition to (6.6),
the following normalization condition:

uCNull G(x,u) for all xcClog, uc, (6.8)
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It is easily seen that y determines uniquely a C*'-function G that satisfies both
(6.6) and (6.8), and from now on we will assume that G denotes this function.

Remark 2. One can prove that Assumption TIT is implied by the following

Assumption IIl'. Thereisa k€ P* such that for every biregular oriented surface
(&, n) with & CH we have

[ 7(x,n(x), ve(x) dl,| = k area (¥). (6.9)
Rbos&

Unfortunately, we do not know of any convincing physical reasons that one

might use to justify Assumption ITI" or Assumption 1. []
Now let an oriented regular surface (%, n) with & C Clo # be given. Then
G(lyce, 1) = (x— G (x,n(x)): Clo & —Lin (¥, %) (6.10)

is a mapping of Class C! in the sense of Definition 1 of Section 2. We use the
abbreviation

orm = AdiVy (Glgcs, M) & =W 6.11)

for the surface-divergence of G(lgcg, ) as defined in Definition 2 of Section 2.
Using (5.12) and the fact that

Tang(x) = {n(x)}* for all x€ Clo &, (6.12)

one can use the chain rule and the definitions of Section 2 to show that g(s
is determined by the following explicit formula:

0@ m(¥) = @ div, (G, n(x))) — n(x) - V,(wG(, n(x))) n(x)
(Vi @G, ) Vn[OH) - for all x€Clo &, we W™,
(6.13)
In the case when % =R and Lin (¥, R)=¥"* =~ ", (6.13) reduces to
0 m®) = div, (G(, n(x))) — n(x) - V.G (-, n(x)) n(x)
- (V) G, ) Vo[O3 for all x€Clo &, (6.14)

The normalization condition (6.8) ensures that G(1 54, 1) is a tangential mapping
in the sense of Definition 3 of Section 2. Hence we can apply the Corollary to
surface-divergence Theorem stated in Section 2 to obtain the following

Proposition 2. Let & be a section of # and let B be an appropriate biregular
partition for 2. For every internal side & € P5* of P we then have

f G(.Sf,v'gly) da + f y(x, Ug:;y(X), Uy(X)) dlx
&~ Rbo &
== { (G(y,ugly) _I_ Q(.Sp,ug;\y)) daa (615)
&

where @ is characterized by (6.13).
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Since #¢ R2, implies & C %, one needs functions Qf ‘the form gy, only
for surfaces & included in & when applying Proposition 2. Nevertheless, it is
important to note, for use in Section 8, that gy, as given by (6.11) or (6.13),
is meaningful even when & is a regular surface included in the boundary of 2.

7. Quasi-balanced interactions

We assume again that a region 4 and a contact interaction 7 as described in
Section 5 are given. We assume that Assumption ITT of Section 6 as well as the
Assumptions I and II of Section 5 are satisfied. Finally, we assume that the inter-
action [ is quasi-balanced in the sense of Definition 1 of Section 4. The continuous
function f:Clo #— # for which (4.7) holds is clearly uniquely determined
by I

For each oriented biregular surface (&, n) with & C # we now define

Py = O mT Qom: LW, (7.1

where 6y ) is characterized by Proposition 4 of Section 5 and gy is given by
(6.11) or (6.13).

It follows from Proposition 4 of Section 5 and from (6.13) that the functions
®.m defined by (7.1) satisfy the following two conditions:

(A) For every oriented biregular surface (&, n) with & C %, g»ny is continuous.

(B) If (¥, n) and (¥, n') are oriented biregular surfaces such that &' C &% C #
and n' =n|y, then

Py = Piz - (7.2)

It follows from Proposition 1 of Section 4, applied to the case when £ and 2
are suitably chosen biregular interior parts of £ in simple edge contact, that the
function y of AssumptionI of Section 5 satisfies y(x, —u, w) = —p(x, u, w)
for all x€ # and all (u, w)< (%*),. In view of the assumed continuity of y
on its entire domain Clo Zx(%?);, we conclude that

y(, —u, w) = —y(,u,w) for all (u, w)c (@?), (71.3)

i.e. that the assumption (6.1) of Proposition 1 of Section 6 is automatically
satisfied. Using this fact and the fact that an interior section 22 does not have any
peripheral sides, we conclude from (4.7) and Propositions 1 and 2 of Section 6
that the functions ¢, also satisfy the following third condition:

(C) Thereis a continuous function f: Clo #— #  such that, for every biregular
part Z#¢€ ., and every biregular partition ¢ for #, we have

> [ Pmda= g[ fdv. (7.4)

FeP, &7
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Nowlet x€ £ and u€ % be given. Then the plane section (x + {u}) N\ B
includes biregular plane surfaces 7 that contain x. For each such surface 7,
the constant u is an orientation of 4~ and hence @7 ), 07 ), and 07 ) are
all meaningful. It follows from condition (B) that

o(x, u) 1= (p(ﬁ',u)(x) (1.5

depends only on x and u# and not on what particular plane surface J has been
selected. Similar statements apply to

x(x, U) 1= 0z 4)(X) (7.6)
and
B(x, ) := (g (%) (7.7

because of Proposition 4 of Section 5 and (6.13).
We now add one more assumption.

Assumption IV. For each u€ %, the function o(, u): B— W given by (7.6)
is continuous.

It follows from (6.13) and (7.7) that
wf(x, u) = w div, (G(-, u)) — u -V (0G(, w) u (7.8)

for all xc #,uc¥, and wew*. Since the function G of Assumption III
was assumed to be of class C!, it follows from (7.8) that the function f(-, u):
& — W is continuous. Hence, since 6 =« -+ § by (7.1) and (7.5)—(7.7), we
conclude that the functions ¢y, also satisfy the following fourth condition:

(D) For every u¢ %, the function 6(, u): #— % given by (7.5) in terms of
P 1S continuous.

The main result of [N3] is that the conditions (A)-(D) imply the existence
of a continuous function
F:3—>Lin(¥,¥) (7.9)
such that

F(x) n(x) = @ror.n)(X) = Oz m(X) + 0 my(x) for all x€ & (7.10)
for all oriented biregular surfaces (&, n) with & C 4.

Remark 1. If (D) is replaced by a stronger condition that need not be satisfied
by the functions ¢y . here (namely that ¢y ,) is uniformly bounded with respect
to &), the conclusion above was already obtained by one of us in 1957 (see [N1]).
If one assumes that the values of 7,(x) of the functions 7, of Assumption IT of
Section 5 depend on x and £ only through x, v(x), and the tangential gradient
of v, at x and if one also assumes that this dependence is of class C', then the
conclusion can also be obtained from the recent result of Fospick & ViRGa [FV].

O
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It follows from (7.3) that, under the present hypotheses, the function G of
Assumption III of Section 6 must satisfy
G(, —u) = —G(-,u) for all uc%. (7.1

Putting the results above together with Proposition 5 of Section 5, we obtain
the following conclusion

Theorem I. Let I be a quasi-balanced contact interaction for which Assumptions
I-1V are satisfied. Then there is a function

G: Clo #xUsph ¥ — Lin (¢", %) (7.12)
of class C* satisfying (7.11) and a continuous function
F: —Lin(¥,¥) (7.13)

such that, for any two disjoint sections & and 2 of & in biregular contact, we have

I(-@, ,@) = E f (Fvy —_— ley G(l'gpcg, v‘@'y)) da
FePNDy, &

+ Y, G (X, vp,0(x) vy(x)) dl,, (7.14)

%eBND,; € (ye@(rg)
whenever B and £, are appropriate biregular partitions of # and 2, and when {(%)
Jor each €€ By N Ly, is defined according to Definition 1 of Section 5.

Remark 2. If an interaction 7 satisfies the hypotheses of Theorem I, it cannot be
a pure edge interaction as defined at the end of Section 5. To see this, assume
that 7 is a pure edge interaction and that x& & is given. Then, by (7.1) and
(7.10),

0 = 6 n)(x) = F(x) n(x) — O m(X) (7.15)
for all oriented surfaces (¥, n) with x€ &% and & C 4. If (7.15) holds, then
¢wrm(X) can depend on (&, n) only through the value n(x). But (6.13) shows that
this can be the case only when G(x, -) has a zero gradient, i.e. only when G(x, u)
does not depend on u € %. In view of (7.11) it follows that G(x, -) = 0. Since
x €% was arbitrary, G must be zero. [

The following result follows from Propositions 1 and 2 of Section 6 and from
(7.10) and (6.6).

Theorem II. Let I be a quasi-balanced interaction for which Assumptions I-1V
are satisfied and let G and F be the functions described in Theorem I. For every
section P of % and every appropriate biregular partition P for P we then have
IZ,7)= Y [Fvgpdv+ 3] [ G(x, vy (X)) V() dI,.
sepint & epEer RbosNBay#»
(7.16)
In particular, if P is an interior biregular part of # we have

[P, P*) = fgthg dv= [fdv. (7.17)
Rbe 17
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If the function F: #— Lin (¥, %) is of class C, it follows from the diver-
gence theorem and the fact that (7.17) holds for all biregular Z¢ £, that

f=divF. (7.18)

8. Boundary conditions

We continue to assume that an interaction 7 satisfying the hypotheses of
Theorems I and IT of the preceding section is given. We have seen in the preceding
section that the field equation (7.18) is the same as it would be if there are no edge
interactions, i.e. if G = 0. The presence of edge interaction becomes manifest
only when suitable boundary conditions are imposed. Physically, such boundary
conditions describe the action of the environment on the boundary of the body
4% under consideration. We consider only the case when the action of the environ-
ment is a pure surface action. i.e. when there are no edge interactions between %
and the environment. Thus, we strengthen our assumption that I be quasi-balanced
as follows:

Assumption V. There are continuous functions f: Clo B> and h: Rbo B — W
such that
(2, 7% = ffdv + f hda 8.1)

7 CloZN\Rby%
Jor all parts P ¢ £,

The function s describes the surface action of the environment on 4.
Proposition 1 of Section 4 can now be strengthened as follows:

Proposition 1. If Assumption V' is valid, then I is skew in the sense that
KP,9) = —I2,?) for all ?,2¢ (2. (8.2)

The proof follows again from Theorem A, p. 76, of [N2] because (# >
K2, 7°): Q¥ is additive when (8.1) holds.

Theorem TII. Let I be an interaction for which Assumptions I-V are valid and let
G be the function determined by I as described in Theorem I. If B is a biregular
partition for # and € ¢ By is an edge of B, we have

G(x, V5.0 (0)) Ve (x) + G(X, Vg,0,(x)) Voo, (x) =0 for all x€¥, (8.3)
when F., F,€ B, are the two sides adjacent to the edge €.

Proof. If % is a cusped edge of 4, we have vy = vy, and vge = —Vgz 4, and
(8.3) is valid because of (7.11). Assume, then, that % is not a cusped edge of #
and let x€ % be given. For every curve ¢’ with x€ %' and ¢ C ¥, we can
construct disjoint sections 2, and 2, of & with the following properties: (i) 2,
and #, are in simple edge contact along 4’, (ii) one of the sides of £, adjacent
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to €', say &1, is included in &4, (iii) one of the sides of 2, adjacent to ¢’, say &5,
is included in &5, and (iv) the internal sides of #, and £, that are adjacent to
%' are not in cusped contact. Figure 1 illustrates this situation by showing a cross-
section orthogonal to %. It follows from Definition 1 of Section 5 that

Rp,0,E) ={L1}  85,0.(¢) = {F}.

Figure 1

Since I(Z, #,) = —I(P,, #,) by Proposition 1 above, it follows from Assump-
tion I of Section 5 that

[7@ Va0, v (@) dl. = — [7(2, vg,5.,(2), vo,(2)) dI, 84
¢ 4

because Vg0 l¢ = Voo e Vol = Voo len Vo'l = Vol and Vol
= Vg, |4 Since the curve ¢’ satisfying x€ %’ and 4’ C % was arbitrary, it
follows from (8.4) and the continuity of y that

V(% Vg.0,(X), Vo (X)) = —Y(X, Vg,0,(%), Vo (%))
In view of Assumption III, (6.6), the desired result (8.3) follows. []

If € is not a genuine edge, ie. if vy (x) = —vy, (x) for all x€ %, then
Vg0 (X) = Vg.0,(X) = vy(x) for all x€ ¥ and hence (8.3)is trivially satisfied.

Theorem IV. Let I be an interaction for which Assumptions I-V are satisfied
and which therefore determines the functions F and G as described in Theorem I.
For all regular surfaces & included in the boundary of the body & we then have

lim (FO) v5(0) = Qg |,p@ — hG)  for all x€ &, (8.5)
Where Qg is given by (6.11) or (6.13).

Proof. Let a regular surface & included in Bdy # and x€ & be given. It is not
hard to construct a section & of # with an appropriate biregular partition
B:={2,7,T', ¢} for 2 such that (i) J is an external side of # with x¢
and Clo 7 C &. (ii) 7' is an internal side of £, and (iii) ¥ = Bo J = Bo 7"
is the only edge of # and ¥ is a cusped edge (see Figure 2). Furthermore, & can
be constructed in such a way that 2 is included in an arbitrarily small neighbor-
hood of x and the values of vy, differ arbitrarily little from —wvg(x). Since
Pt = {7}, B3 = {7} and Rbo 7 C Bdy #”, we see that the formula (7.16)
of Theorem II gives

(2, 7)) = fFvg da + f G(z, vp.5(2) vo(z) dl,. (8.6)

7

Rbog”
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Figure 2

Using the corollary to the surface-divergence theorem stated in Section 2, the
notation (6.11), and the fact that v,,5 = vg|crs, it follows from (8.6) that

(2, 7% = JJ Fvgzda+ Jg(y,uﬁly) da. 8.7
On the other hand, since Clo #Z N\ Rby # = Clo &, it follows from (8.1) that
I(?, ") = [fdv+ [hda
and hence, by (8.7), that ’ i
y[ Fv,da = 3! *— 9(3-,%17)) da -+ g[fdv. (8.9)

Since v,|s~ differs arbitrarily little from —wvg(x), we obtain the desired result
(8.5) by dividing (8.8) by the area of 4 and then taking the limit as & shrinks to

& 0

9. Examples, surface tension

As a special example, we now consider the case when the function G of As-
sumption III, Section 6 can be expressed in the form (6.7) when G'(x, 1) depends
linearly on u. More precisely, we assume that there is a function

A: Clo #— Lin (7", Lin (¥", %)) .1
of class C! such that G: Clo Zx% — Lin (¥, %) is given by
Gx, )= (Ax)u) 1y —u®u) forall xeClog, uc%. 9.2

Let an oriented regular surface (¥, n) with & C Clo # be given. If we sub-
stitute (9.2) into (6.11), we obtain

ewrm = dive (A |pn) (1, —n @ n)). ©.3)
In view of (2.6), (9.3) is equivalent to
W0y my = divy (1 — n @ n) (wA |[pn)) for all we#'*, 0.9
where wA€ Lin (¥, ¥°*) =~ Lin ¥~ is characterized by
(wA) u) v =0(Aw)v) for all u,vc ¥, wcH*. 9.5)

Now let w€#'* be given and put
B:=wAl|y: ¥—Lny 9.6)
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so that (9.4) gives
09y ny = divy (Bn — (n - Bn)n). 8.7

In order to evaluate the right side of (9.7) we observe that the surface divergence
satisfies rules that are analogous to the rules stated in Section 67 of [FDSI] for
the ordinary divergence. In these rules, ordinary gradients must be replaced by
surface-gradients defined according to Definition 1 of Section 2. The analogue
of Proposition 2 of Section 67 gives

divg (Bn) = n - divy, (BT) 4 tr (BT Vn). 9.8)
The analogue of Proposition 1 of Section 67 gives
dive ((n - Bn)n) = (n - Bn)diven + V(n-Bn) -n. 9.9

Now, if : & —R is of class C?, then Vy is tangential (see Definition 3 of Sec-
tion 2) by (2.2), which means that (V#)-n = 0. Hence the second term on the
right side of (9.9) is zero. Therefore, using (9.9), (9.8), and (9.6), we see that
(9.7) yields

00y = 1 - divy (BT) + tr (BT Vi) — (n - Bn) divgn. (9.10)

Given x¢ &, the lineon L = -V, has the following significance (see Chap-

ter 3 of [FDSII]): L is symmetric, one of its spectral values is zero and the other
two are the principal curvatures of & at x. The mean curvature of & at x is given
by

Ho(x): =3 tr L = —4 tr V.n = —% (divy n) (%) 9.11)-

(Z is closely related to what are often called the “Weingarten map” and the
“Second Fundamental Form”). Using (9.11), (9.6), and the fact that Y has values
in Sym ¥°, we see that (9.10) becomes

W my = 1 - divy (wA)T|y) + tr (Vn(wAl|y)) + 2Hu(n - (0Alg) 1), (9.12)

valid for all @€ #'*. The use of (9.12) leads to a more explicit form for the
boundary condition (8.5).

If we substitute (9.2) into (8.3) and observe that vy (x) - V5.0 (X) = 0 = vy (x)
*Vg.9,(x) forall x€ % we see that the boundary-edge condition (8.3) becomes

(A®) vg,0,() Vo (X) + (A(X) Vz,0,(x)) Voo (x)) =0 for all x€ % (9.13)
when G has the form (9.2).

Remark 1. If we substitute (9.12) into the boundary condition (8.5), we obtain a
result that is consistent with one of boundary conditions that TouPIN obtained
in his treatment of non-simple elastic materials (see equations (10.9) or (10.14)
on p. 102 or [To2] or equation (7.9) on p. 402 of [Tol]). The boundary-edge
condition (9.13) is also consistent with a condition found by Tourin (see (7.11)
on p. 402 of [Tol]). [

We now specialize further. We assume that the space #~ coincides with ¥
and that the function A of (9.1) is defined by

AX)u := (k(x)-u) 1, for all x¢ CloB,ucy (%.19)
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in terms of a given function
kE:CloB—v 9.15)

of class C1. Let we ¥ be given, so that w-€ ¥"* (see the explanation of the
identification 7" =~ ¥"* in Section 41, p. 134, of [FDSI]). We then have

w-A=w@k W-AT=kExw. 9.16)
Substitution of (9.16) and w : = w- into (9.10) gives
W Qi =1 divy (k] @ w) + tr (Va(W ® k|y)) + 284(k|gp - 1) (n - w).
Using analogues of the rules (67.10) and (66.9) of [FDSI] we obtain
W 0 = V(k|g 1) - w4 2Hg(k|5 - 1) (1 - W).
Since this equation is valid for all w¢& ", we conclude that
0w = Y0y + 2Hgp 0gnt Where oy 1= k|, n. (0.17)

If (9.14) and hence (9.17) is valid and if the function F: % — Lin ¥~ has a con-
tinuous extension (also denoted by F) to Clo 4, then the boundary condition (8.5)
becomes

Fvgly = Vogu + 2Hu00V g0 — h|g. (9.18)
We now assume, in addition, that F has the form F := —pl,- for a given
p:CloZ—R (9.19)

and that b = —p,vy4 for a given
po:Rbo Z—R. (9.20)

In this case, (19.8) reduces to
(Po — D) Vgl = Vog + 2Hg0 4V 5 - 9.21)
Since Vo, is tangential by (2.2), it follows from (9.21) that Vo, =0 and

Po — P = 2Hy0,, 0Oy = constant. 9.22)

Remark 2. (9.22) is the classical formula for surface tension in fluids. It has been
derived here without assuming that the interface between different fluids behaves
like a material skin. The classical derivations of (9.22) are based on the assumption
that Bdy 4 is a “‘material surface” in some sense. A rigorous modern treatment of
such material surfaces is given in [GM], which also contains the derivation of a
formula similar to (9.18). [
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