Arch. Rational Mech. Anal. 118 (1992) 37-69. © Springer-Verlag 1992
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1. Introduction

This paper is concerned with the existence of trajectories homoclinic to
non-constant periodic orbits of the equation

eETV(x) + T (x) — T(x) + T(x)2=0, =x€R, (1.1)

in the phase space R*. Motivated by results of J. T. BEaLE [5] for a specific
water-wave problem (see Section 1.1 below), here we consider (1.1) as pro-
totypical of a class of Hamiltonian dynamical systems where our analysis will
yield results similar to his.

In a second part, to follow later, we shall re-examine in detail the solitary
water-wave problem which motivated the present investigation, and make ex-
plicit the implications of our approach for it.

L1 A water-wave problem

Our results for equation (1.1) are strongly suggested by J. T. BEALE’S
elegant and powerful contribution [5] to the existence question for solitary
water-waves when the Bond number (a non-negative dimensionless parameter
which indicates the strength of surface tension) lies strictly between 0 and 1/3
when the Froude number is close to 1. The Froude number is a dimensionless
parameter whose value reflects the phase speed of steady waves. When B =0
or B > 1/3, steady solitary waves whose exponential decay to zero is monotone
are known to bifurcate at Froude number 1 (see [2, 3, 4, 6]). Dealing directly
with the steady water-wave equations when the Bond number in the interval
(0, 1/3), BeALE has now shown that solitary-like waves, which settle down to
small-amplitude periodic disturbances at infinity, bifurcate at Froude number
1. Though it seems likely, it has yet to be proved that the amplitudes of these
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periodic disturbances at infinity are non-zero. By definition, a true solitary
water-wave is asymptotic to uniform horizontal flow far up and down stream.

Although it is shown in [1] that equation (1.1) has no solution which con-
verges to 0 as |x| = o if ¢ > 0 is sufficiently small, it is emphasised here that
the method of [1] does not extend to the water-wave problem (or, equivalently,
to (1.2) below), and therefore an analogous non-existence result for the water-
wave problem is unknown. The question of existence or non-existence of true
solitary waves of small amplitude when B € (0, %] and the Froude number
is close to 1 remains open, and, as BEALE points out in [5], a related important
open problem is to decide whether the periodic oscillations to which his waves
are homoclinic have non-zero amplitude.

While he does not settle the question of the existence or non-existence of
true solitary waves, BEALE’s work gives an important, entirely rigorous new in-
sight into the solitary wave problem overall, when the Bond number B is in
the interval (0,%] and the Froude number is close to 1. He works directly
with the water-wave equations using careful a priori estimates and Newton’s
method. If, however, one adopts an approach using a centre-manifold reduc-
tion (¢f Awmick & KIRCHGASSNER [2]), one find that the flow on the centre
manifold is governed by a fourth-order equation of the form

eV + 77 —z+ 722+ h(e,z,7,2",2") =0, (1.2)

n

which has a first integral j. Here A is of higher order and j(e&,z,2’,2”7,2”) is
constant on solutions. Thus, BEALE’s existence results imply analogous ex-
istence results for the equivalent problem (1.2), which, in turn, suggests that
similar results for (1.1) might hold. Here we shall vindicate this remark about
(1.1), and show slightly more.

The present paper concerns the existence of orbits of (1.1) which are
homoclinic to non-constant periodic orbits. It complements the non-existence
results of [1] and reveals the complex nature of the set of trajectories which
are homoclinic to «- and w-limit sets in a neighbourhood of the zero
equilibrium: the zero equilibrium is not connected to itself by a homoclinic
orbit, but uncountably many small amplitude periodic orbits are, for each
& >0 sufficiently small. The structure of the set of high-frequency periodic
solutions of equation (1.1) is shown in Section 2 to be that of a cylinder. This
analysis plays an important part in the development which follows. We shall
return to the precise form of equation (1.2) equivalent to the water-wave prob-
lem in Part II. Since our method is robust, the presence of higher-order terms
in (1.2) should not impair its effectiveness. Therefore we can reasonably hope
that this method for (1.1) extends to yield BEALE’s existence results for equa-
tion (1.2). If so, it covers the cases with both the zero and the non-zero phase
shift. To explain the significance of this remark it is necessary to give an
outline of the main result.

1.2. The main results

Section 2 is a detailed treatment of the theory of 7-periodic solutions of
(1.1) when 2me/7 is close to 1. We prove that for each ¢€(0,¢&y), where
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g > 0 is sufficiently small, there exists a circle of even periodic orbits which
contains both constant solutions 7= 0 and T= 1. This circle comprises two
semi-circles (the orbits on one being related to those of the other by translation
through half a period) whose common boundary consists of the two noted
equilibria, 0 and 1 (see Figure 1). This detailed analysis of the periodic case
is done following a Lyapunov-Schmidt reduction.

The question addressed in Section 3 is whether any of this plethora of
periodic solutions has stable and unstable manifolds which intersect non-
trivially. Let p¢€ [0,%) (p stands for phase-shift). Then for every ¢ > 0 suffi-
ciently small we show that there exists an even solution 7, of (1.1) such that
for any g€ (0, 1),

X

T; (x) — % sech? (5> — @4(x — pt})| = const. gl %, x>0,

where the constant is independent of &, and ¢} is some t4-periodic solution
of (1.1). Notice that g(x) = (3/2) sech? (x/2) is an even solution of (1.1),
which converges exponentially to 0 at infinity, when ¢ = 0. Here f, depending
on p and ¢, is a measure of the amplitude of ¢}, and 27g/7} is close to 1
if ¢ is close to zero. Moreover, for each N € N there exists a constant C(N,p)
such that | g% = C(N,p)e". Thus T, is an even solution of (1.1) which
resembles ¢ in a neighbourhood of 0, and which converges exponentially to
a translation of @} through p times its period as x — o. Moreover, the persis-
tent periodic tail has an amplitude which is O(e") for all N as ¢ 0. A
detailed account of these results is given in Section 3. With this picture in
mind, we can now explain a small difference between this approach and that
of Beaik [5] alluded to at the end of the preceding section. These results per-
tain to all phase shifts in [0,%) (see also the closing remark of Section 1.3),
whereas his method seems to preclude from consideration the case p = 0.
(Note that it is not necessary to consider all phase shifts in [0, 1) because we
will note later that ¢§(x — %ng) = ¢° p(x). This reflects the symmetry of the
circles of periodic solutions established in Section 2.)

1.3. The method

Our method is straightforward and robust. Let {¢}: 8 € (—m, n]} denote a
parametrisation of the circle of periodic solutions whose existence is proved
for €€ (0,&p) in Section 2. Let p¢€ [O,%). If ¢4 has period 7§, we seek an
even solution 7 of (1.1) such that

IT(x) =0(x) + ¢p(x — ptj) + w(x), x>0. (1.3)
Then w is an even function which satisfies an equation of the form

g + w” - o =f(p,B & w,x), (1.4)



40 C. J. Amick & J. F. ToLAND

(the exact form is given in (3.9)). The key observation is that if v,(x) =
cosk,x is a solution of &2v” +v” —v =0 on R, then a necessary condition
for (1.4) to have a solution « which decays to zero exponentially at infinity

is that
{ f(p B 0(x),x) v, (x) dx = 0. (1.5)

The main result of Section 3.3 is that (1.5) uniquely determines £ close to 0
as a function of p, ¢ and w when p¢ [O,%) and ¢ and w are small enough
in a sense to be specified. When this dependence is taken into account, (1.4)
can be re-written

2w +w” —w=Ff(p, & w,x). (1.6)

We show in Section 3.4 that (1.6) is a problem for which Banach’s Contraction
Mapping Principle yields the existence of a unique small solution for each
pelo, %) provided ¢ > 0 is sufficiently small (how small depending on p).

Finally in Section 3.5 we prove a priori bounds on the solutions w of (1.4)
which, when substituted into equation (1.5), yield that the functional
dependence of § on w and & means that || = C(N,p) e¥ as ¢ »0 for any
N € N. Since f§ is a measure of the amplitude of the periodic orbits at infinity,
the homoclinic orbit whose existence is established has amplitude
3/2+ 0(e?), while the periodic orbit which is its «- and c-limit set has
amplitude vanishing to all orders in ¢ as ¢ —0.

The proof here bears little superficial resemblance to that of [5]. In par-
ticular, the proof that the amplitudes of the periodic orbits are vanishing to
all orders as ¢ — 0 is proved here a posteriori using a priori estimates; in [5]
it is built into the existence proof.

To complete our discussion of method, we mention a somewhat bewildering
aspect of the analysis. While we deal with all phase-shifts p € [0, %), the treat-
ments of p =0 and p¢€ (O,%) from an analytic viewpoint are different. The
analysis when p =0 is regular and straightforward. However, when p € (0,%),
certain singular coefficients appear in the estimates of Section 3.2, caused
essentially by the anmalytical difficulty of extending a function such as
cos (x — &), x = &, as a smooth, even function C, say, on R. It is easy to see
that sup{| C”(x)| :x€ (—¢,&)} =z 1/e no matter how this is done. Thus non-
zero phase shifts introduce inverse powers of & which need careful analysis.

14. Related results

This paper was motivated by BEALE’s treatment of solitary-like water-waves
with periodic oscillations at infinity [5] which exist when the Froude number
is close to 1. Independently, Sux [11] gave a different, less complete account
of these phenomena. Later, Iooss & KiRcHGASSNER [8] gave yet another ap-
proach to the same water-wave problem using normal forms for an equation
similar to (1.2) which arises after centre-manifold reduction. BEALE alone has
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given a detailed, explicit account of the role of the phase, and an analysis of
the amplitude, for the periodic oscillations which exist at infinity, but no one
has so far given a proof that the periodic oscillations at infinity are non-con-
stant.

HuUNTER & SceHEURLE [7] have given an account of equation (1.1) less
detailed than here. Though they predict solutions convergent to periodic solu-
tions at infinity, their method does not seem to yield the infinity of homoclinic
orbits which exist, nor other details which are features of BEALE’s work, and
of this paper also. In contrast to the results obtained so far for the water-wave
problem, it is known that the oscillations at infinity for equation (1.1) are non-
trivial because Amicxk & McLEobD [1] have shown that when ¢ > 0 is sufficient-
ly small, there are no orbits homoclinic to the constant zero solution.

Finally, Iooss & KIRcHGASSNER [9] have made a fundamental new contribu-
tion to the solitary water-wave problem when the Bond number is less than
1/3. They have shown the existence of steady waves whose oscillations at in-
finity decay to zero exponentially, which bifurcate, not from Froude number
1, but from a critical Froude number which depends on the Bond number.
These are true solitary water-waves whose decaying oscillations at infinity
distingush them from the (until now) more familiar solitary water-waves which
decay monotonically to zero at infinity when the Bond number is zero or ex-
ceeds 1/3 ([2, 3, 4, 6]).

2. Periodic Solutions

In this section a set of even, small-amplitude, high-frequency, periodic solu-
tions of the equation

eT"(x) + T"(x) = T(x) + T(x)* =0, x€R, @.1)

is described in some detail when & > 0 is small. To be more precise, we are
interested in small amplitude solutions of (2.1) whose period 7 has t/27e close
to 1. To this end let

2,2
=650, 1="TF 5y, 2.2)
T
T(x) =071t(Vi/dx). (2.3)

The ¢ is a solution of
AUV 4 A" — St + 12 =0,
2.4)
t(x) =t(x+2n), t(x)=t(—-x)

if T is a z-periodic even solution of (2.1), and if 1 is close to | when 7/27e
is close to 1. It will be sufficient for our purposes to find all small solutions
of (2.4).

We begin by observing certain symmetries in the problem. If ¢ satisfies
(2.4), then #(x) = t(x + ) defines a solution 7 of (2.4), and 7(x) =+t(x) — &
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defines a solution of (2.4) if ¢ is replaced with —4J. Moreover, t=0 and r= 9
are constant solutions of (2.4). We investigate the existence of other solutions
of (2.4) by using the Lyapunov-Schmidt procedure, and in doing so we shall
seek to reflect the symmetries just noted.

Let Y and X denote respectively the Banach spaces of continuous, and four-
times continuously differentiable, even, 2m-periodic functions on R and let
G:R?xX —Y be defined by

G(A,0,1) = A% + At” — ot + 1%, (X,0,1) eR?xX. 2.5)

Clearly G is infinitely differentiable. Let K( CX CY) denote spanf{1, cosx}, and
let X; and Y; denote respectively the closed subspaces of X and Y which are
orthogonal to K in the usual L, inner product. If € X, then ¢ can be written
in a unique way as #(x) = a + bcosx + w(x), w€X;, and if such a function
¢t satisfies the equation

G(4,0,t) =0¢€Y,

then
A (x) + Ap " (x) + (2a — 3) w(x) + 1 bPcos2x + O (w?(x) + 2bycosx) =0,
(2.6)
2 1 2 2b 7 2
A% — Ab — b + 2ab + — § cosxy?(x) dx + — { cos’xy (x)dx =0,
n—= n -z

@.7)

1 T
~da+a’+1b*+ — [y?(x)dx=0. 2.8)

21 =

(Here Q denotes the projection operator on Y defined by the decomposition
Y=K®Y, and Q(Y) =Y;.)

By the Implicit Function Theorem, equation (2.6) can be solved for  in
a neighbourhood of 0€¢X, as a smooth function of (2¢ —dJ,b,4) in a
neighbourhood of (0,0, 1) ¢ R®. This is because the linearisation of (2.6) with
respect to w at that point is w” + w” = 0, and the left-hand side defines a
linear homeomorphism from X; onto Y.

Therefore, for some neighbourhood U of (0,0,1) in R3, a neighbour-
hood V of the origin in X; and a smooth function . U >V exists such that
if (a,b,4,0) €R* and (2a — 6,b, A) € U, then ¥(2a — 8,b, 1) is the unique
solution in V of (2.6) for this choice of (a, b, A,d). It is immediate, from the
assertion about uniqueness and the fact that = 0 is a solution of (2.6) when
b =0, that ¥(2a — 4,0,4) =0 for all (2a — 6,0, 1) € U. Consequently,

Y(2a — 8,b,4) =b¥(2a — 8,b, 1)

for some smooth function ¥. Substituting this expression into (2.6) and a
further application of the Implicit Function Theorem yields that
¥Y(2a — 0,0,4) =0, whence

¥(2a—6,b, 1) =b*¥(2a —,b, 1), (2.9)
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Y. U —X,; is smooth, and from (2.6) it follows that
¥(0,0,1) = — 4 cos 2x. (2.10)

Now note that if (a,b,4,d,w) € R*x X, is a solution of (2.6) and if we
put ¥(x) = w{x + ), then (a, —b, 4,0, ¥) also satisfies (2.6) and ¥ € X.
Hence, by uniqueness,

Y(2a—6,b,4) (x+7) =¥(2a~3, —b 1) (x). (2.11)

Now we substitute b*¥ for y in (2.7) and (2.8) to obtain the so-called
bifurcation equations. They are

4 =z
b(A% — A+ 2a —9) +b— { cosx(¥(2a — 3,b, 1) (x))%dx
n -7

2b3 4
+ 5 [ cos?x¥(2a — 6,b,1) (x)dx =0,  (2.12)
n -

b4 n
a®> —ad + b + - § (PQ2a—=6,b,2) (x))*dx=0.  (2.13)
n—n
If =0, then (2.12) is satisfied and (2.13) is also satisfied if and only if
a=0or a=4. Since ¥(2a — 4,0,1) =0, this accounts for all the constant
solutions of (2.4) previously noted. For non-constant solutions b + 0. To in-
vestigate these further we may divide (2.12) by & to obtain

b3 Jid
(A2 =A+2a-08)+— | cosx(¥(2a—6,b,1) (x))*dx
n—=

2 T
7 § cos?x¥(2a — 8,b,4) (x)dx =0.  (2.14)
-7
Note here that if (a, b, A, §) satisfies (2.13) and (2.14), so also does (a — o
b, A, — ), reflecting the earlier remark that if ¢ satisfies (2.4), then so does
t —J when —J replaces J in the equation.
Thus all small solutions for J in a neighbourhood of 0 are found by find-
ing all small solutions with § = 0 small. (See (2.18) below.)
Because of the identity (2.11) it follows that the left-hand sides of (2.13)
and (2.14) are even functions of b (reflecting a previously noted symmetry due
to translation invariance). Thus they can be written

a? —ad +1b*+ b*(2a — 6,b%, 1) =0, 2.15)
M —A+2a-0+bJ2a—-06,b* 1) =0, (2.16)

where
I(2a — 6,b%, 1) 20 (2.17)

and 7 and J are smooth functions.
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Before proceeding further we note that, by (2.15) and (2.17), b £ 0 if and
only if either 0 < a < d or d < a < 0. Recalling (2.2), and our earlier remark
about symmetry in J, we shall henceforth restrict attention to the solubility
of (2.15) and (2.16) in the region

0<a<d<dy, for some dy> 0 sufficiently small. (2.18)

Let B be used to denote b? in (2.15) and (2.16). We can apply the Implicit
Function Theorem and solve for (B, A) as a function of (a, d). The result is
that there exist neighbourhoods M and N of (0, 1) and (0, 0) respectively and
a smooth function ¢ :N —M such that ¢(a,d) = (B(a,d),A(a,d)) gives the
only solution in M of equations (2.15) and (2.16). It follows from (2.15) that
B(a,d) >0 if and only if 0 < a < J or d < a < 0. Since B = b2, we need on-
ly consider the solution set D =D* U D~ where,

D* ={(a,VB(a,d),A(a,6),0):0<a<d<d) (2.19)
D™ ={(a, —=b,1,0):(a,b,1,56) €D}
for some dy > 0 sufficiently small. Because of (2.15)
B(0,0) = B(4,6) =0, (2.20)
and because A is close to 1 and (2.16) holds, we find that
2(0,0) =1 (1+V1+45) and 1(4,0) =11 +V1—-45). @21

Thus we have found the complete picture: locally all small solutions of
(2.4) lie on ‘“‘a cone’’ which, via the scalings given in (2.2) and (2.3),
transforms into a ‘‘cylinder’” of high-frequency solutions of (2.1). This is il-
lustrated in Figure 1.

Fig. 1. In both diagrams the dotted lines denote lines of constant solutions. The one
on the left pertains to equation (2.4) and that on the right to equation (2.1).

With this image of the solution set of (2.4) in mind, we consider equations
(2.15) and (2.16) for a fixed J € (0, dg). An application of the Implicit Func-
tion Theorem at (a,b? A) = (0,0, 4(0,0)) shows that (a,A) is uniquely
determined as a function of b2 Let us write

(a, 1) = (As(b?), As(b*)), bels,
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where I; is an open interval about 0 in R and (45(0), 15(0)) = (0, 4(0, 5)).
If the left-hand side of (2.15), (2.16) is considered to define a function from
a neighbourhood of (0,0,1) in R? to R2, the Jacobian matrix of partial
derivatives with respect to (a, 4) has determinant of the form

D(a,b,),0) = (2a — d) (24 — 1) + O(b*) as b —0. (2.22)

Moreover, at a solution (2.15) and (2.17) imply the existence of by > 0 and
a constant (both independent of &) such that

b? < 2(ad — a*) = const. b if |b| < by. (2.23)

Therefore there is a constant (I"> say) independent of & such that if
(a,b,1,0) satisfies (2.15) and (2.16), d€ (0,d,) and b? < I'*6?, then

a€(0,35) if ae(0,}9). (2.24)

In particular, I" can be chosen such that every solution (a,b, 1,d) of (2.15),
(2.16) with a€ (0,16) and b*> = I'*6* has

a€(0,16), D(a,b,A0) *0. (2.25)

From (2.25) and the Implicit Function Theorem it can be inferred that the do-
main of definition of (A4, As) can be extended to the interval (0,7%6%) for
some "> 0 independent of . We summarise this result and give estimates on
the implicit functions as follows.

Lemma 2.1. There exist dqg > 0 and I' > 0 such that, for J € (0, 6y), on each in-
terval (—1I06,10) are defined smooth, real-valued, even functions ags, As with the
following properties:

(as(b), b, 15(b),d) satisfies (2.15) and (2.16) if be (0,15), (2.26)

45(0) =0 and 0<asb)<1d if be (0,13), 2.27)
Kidas(b) < b® < Kydag(b), be(~I98,T¥), (2.28)
Kl da5 Kz
—)Vb=—"MB)={—=)b, be(0,1I0), 2.29
<5> _dbm_(a) (0,15) (2.29)

L(1+V1+46—8a5(b)) + Kjb* < as(b) = 1 (1 +V1 446 —8ag(b)) + Kyb?,

be(—196,19), (2.30)

b\ _di b
K (5) =) = -k, <3), be (0,19). 2.31)

Here K, and K, are positive constants, independent of 0 and b.

Proof. The existence of I, d, and the functions as and As; follows from the
discussion preceding the statement of the lemma and the Implicit Function
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Theorem, by putting as(b) = A(J, b?) and As(h) = A(J,b%). The estimates
then follow by choosing dJ, sufficiently small upon differentiating (2.15) and
(2.16) with respect to b. q.e.d.

We finish this section with an interpretation of this as a result about equa-
tion (2.1) using (2.2) and (2.3). We introduce some convenient notation. For
Be(—I,I) let

&= \/3, ,us(ﬂ) = ¢! /162(32/;’), ae(ﬁ) = 8_2052(82ﬁ),
Pi(x) = P(28%,(B) — €%, €28, e2ui(B)) (x),
95(x) = a,(B) + Bcos (U (B)x) + 225 (u.(B) x). (2.33)

With this notation we have the following result.

(2.32)

Theorem 2.2. If ¢€ (0, &), then
Co=lpp: —I'<p<TI}

is a smooth curve of solutions of (2.1) such that

y h ] d = a’ bl
@} has perio i T4, say
and the following estimates hold:
Ko (B) s B = Ko, (B), Be(~-I,I"), (233
dog
Kip= @ (B) = K38, Be(0, 1), (2.36)
VT T 487 = 8% () + KB = 1 ()
£
= % (0 + V1 + 462 — 8e%0,(B)) + K,&28%, Be(~I,I), (2.37)
£
—Kéf = % (B) = — K8, Be (0, ). (2.38)

Here K, and K, are positive constants independent of f and e.

3. Homoclinic Orbits
3.1. Introductory remarks
Recall that the equation ¢” — ¢ + 6> =0 on R is satisfied by the func-

tion X
o (x) =3 sech? 5 (3.1
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Thus o is a solution of equation (1.1) with & = 0. Moreover, for each
£€(0,¢) and e (—1,I') it is proved in Section 2 that there exists a solu-
tion ¢} which is periodic of period Tj where 15 = 2ne(1 + O(&?)) as ¢ =0
uniformly for g€ (~I,I"), by (2.37). For any pe[0,1) let

Php(x) = @p(x —ptf), x€R. (3.2)

The purpose of this section is to prove that for each p¢€ [0,%) there exists
a solution T of (1.1) for all ¢ sufficiently small (how small depending on p)
such that T is even and

| T(x) ~ ¢5,(x)| =0 exponentially as x — o,
where £ is a function of ¢ and p. Recall that, in the notation of (2.33), for
any p€[0,3)
Php(x) = ag(B) + fcos (us(B) x = 2mp) + B PF(u,(B) x — 2mp).  (3.3)

Note that y, and o, are even functions of B. It should be noted that there
is no loss of generality in restricting p to the interval [O,%) since by (2.11),
(2.32) and (2.33) (pf;,% = ¢% 4. For technical reasons the analysis in the case

p=0and pe (0,%) is different, though some notation is common to both.

Since 7§ = 27e (1 + O(e?)) as ¢ =0 uniformly for € (—I, 1) it is possi-
ble to choose g,>0 such that 15 € [ne,3ne] for all e€(0,¢) and
Be(—I,I'). Let n:R =R be a C®-function such that

nx)=0if x=%, nkx)=1lifxzn

and such that |7 ® (x)| = M, k€{0,1,2,3,4}, xeR. (Here, as elsewhere, £
is a convenient notation for the kth derivative of £) Now for all g€ (0, &)

and pe (0,1) let
n(x) =n =
» ve)’

(P 0) = )P (prh) =0, keN, niprh) =1, 75(0) =0, (.4

so that

()™ = M(pe) ™%, k€{0,1,2,3,4}. 3.5)
p

Now let
Dho(x) = ph(x), x€R, (3.6)

and for pe (0,%) let @3, be an even function on R given by
Dpy(x) = np(x) 05,(x), xz=0. (3.7)
Now we seek a solution T of (1.1) in the form

T(x) =0(x) + D5,(x) + w(x) (3.8
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where w is an even function which tends to zero exponentially at infinity. Such
a function T satisfies (1.1) if and only if w satisfies

2o + 0" —w + 200 = —&%e" — 2005, — 205 ,0 — 0 — V§,, (3.9
where

Vio(x) =0, xe€R, (3.10)

Vi, =X (Dh,)" + (D5,)" — Bh, + (Df,)%. 3.11)

The remainder of this paper focuses on the question of existence for a solution
of equation (3.9) which decays to zero exponentially at infinity.

3.2. Function spaces and invertible operators

In this section we define some function spaces and fashion some results
on invertibility of operators suitable for the analysis to follow.

Let g€ (0,1) be fixed throughout, and let Z denote the Banach space of
continuous even functions f on R with

7] = supfe?™| £ (x)] :x € R} < oo.
Note that integration on (x, o) gives |f® | = ¢*"|f ™|, 0=k =n. Let

Z,={feZ:fPezZ 0=sk=n, keNU[O}}
with

1= Y5 1@l
k=0

The usual space of r-th power ‘‘Lebesgue integrable functions’” on R will be
denoted by L,(R) and its norm will be denoted | -|,, 1 = r = . Our purpose
is to study the operator on the left-hand side of (3.9). For convenience let

Sy = e*u” + u” — u + 2ou.
We need some further notation. Suppose that

ko= N{(1+V(1+469))/2} sothat e%i—k2—1=0. (3.12)

Then v,(x) = cosk,x is the bounded solution of the equation
eV + v —y =0; (3.13)
it is unique (up to translations and scalar multiplications). Let K, = ek, and

note that K, =1 as ¢ 0. Now define a differential operator D, by

D =u" — K *u+ 2K, %ou, £€]0,¢)

where K; is defined to be 1. The following results are given with applications
to equation (3.9) in mind.
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Lemma 3.1. The number gy > 0 can be chosen such that

(@) D, defines a linear homeomorphism from Z, onto Z such that the norm of
D; ' is bounded independent of €€ [0, ;).

(b) If f is a continuous even function with compact support in (—a,a), a <1,

_Sf(x)dx =c¢, Dou=fand ucZz,

then there are constants independent of a, ¢ and & such that
llu] = const. (¢ + a?| fle)
[/ (x)| = const. (c + a?| flo) |6 (X)|, |x| Za,
[ (x)| s const. (1 +a)|flelx], |x|=a,

and if Dyu, = f, then |u — uy|y = const. e?(c + a?| f|o).
(€) If Dou=v,G, then u= —k; 2av, + ew, where |w,|, is bounded indepen-
dently of €0, &).

Proof. Since K, —1 as ¢ —0, it is enough, by continuity, to establish (a) for
Dy. Part (a) in this case is already proved in [2], Lemma 13, and [10].
(b) Suppose Dyu = f Then there is a constant such that

|t + || = |u|y +|t|; +|u”]y = const.| f|; = const.a| fle. (3.14)

(See [10, p. 276].) Hence

U (a)| =|0§ u"(x)dx’ = 05 {u(x) — 20 (x) u(x) + f(x)}dx

< const. (a?| flew + ). (3.15)

Now Dyo’ =0 on [a, o) because ¢” — o + > =0 on R, and Dyu =0 on
la, o) because supp (f) C(—a,a). Hence u = oo’ on [a, »). (Otherwise u
and ¢’ would be linearly independent solutions of Dyw = 0 on [a, o), which
would imply that all solutions of Dyw =0 on [a, o) tend to 0 at infinity. If
Xg > a is such that a(xg) = %, and wg is the solution on [xp, ) of the ini-
tial-value problem Dgw =0 with w(0) = w'(0) = 1, then clearly wy(x) —> o
as x = co. This would then be a contradiction.) From (3.15) and the fact that
a€(0,1) we deduce that

la|l =|u'(a)/a”(a)] = const. (a?| f|e + €), (3.16)
whence
fu'(x)| = const. (6% fle + )" (x)], |x|za. (3.17)
Morteover, for x € [0, a],

X

lw (x)| = 05 u”(x) dx| = const. (1 +a)| flex (3.18)
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by (3.14). Also
lu(x)| = const. (a%| fle + )| 0 (x)], x2za, (3.19)
and for x¢€]0, a]

lux)| =lu(a)| + §|w ()| de = |u(a)| + const. (1 + a)| f|o (a® —x?)

x

= const. (¢ + @%| flw), (3.20)

by (3.18). Combining (3.19) and (3.20) completes the proof of the estimates
of Dg’lf in (b). If D,u, = f, then D,(u, — u) = (K; 2> — 1) (u — 20u). Hence

| u, — ul, = const. &*||ul|, from the definition of K, and part (a),
< const. 2(¢ + a*| fle), by the preceding estimate.

(¢) Note that

D.(—k;%ov,) = av, — er,
where

ro(x) = e Mk, 20" (x) ve(x) — 2k, 'o’(x) sink,x — k72K, 0 (x) v, (x)
+ 2k 2K 202 (x) v, ().

Now || 7,|| is bounded independently of ¢ since ek, =1 as & = 0. Thus part (c)
follows by part (a). q.e.d.

The following result lies at the heart of the analysis. The operator %7 is
defined before (3.12).

Theorem 3.2. Suppose that u€Z, and S4u =f. Then there exists a constant in-
dependent of € such that

ellw| + | u| = const.| D, 'f ||, = const.| £ (3.21)

Moreover, if f=g+h where h has compact support in (—a,a) and
a
H_ah(x)dx| = ¢, then

elw| +||u|| = comst. (c + a®|h|. + | g])- (3.22)

Proof. Let
v(x) = e%u”(x) + K2u(x) — 2eK; %0 (x) u(x). (3.23)

Then because u =f and ¢” = ¢ — o?, it follows that
Dy = e{—4K; 20w’ —2K;* (K2 -1+ 2~ K)o)ou) + f

=g} w, + wy) +f, say, (3.24)
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where ||w| < const.||#’|| and | w;| = const.|u|. A substitution from (3.23)
now gives

e2u” + K2u = e*D; N (w; + wy) + 262K %0u + D 'f.
Now a multiplication by #’ followed by integration over (x, ) for x = 0 gives

e (x)? + Ku(x)? =

2 [ (D7 (wy + wy) +26°K, %0u + D7 flu' dy
&

< const. <82 {e‘quH ull ||| + | o7NHw

)

F(Da_lwﬂuldYB +

= const. <82€ 2w+ 1D w ] lully + xf |(D;"'wy) u| dy

+ e D el + 1071 )
< const. e 204e? ul [u] + || D11 (.29

A similar estimate holds for x = 0. Now multiply both sides by ¢2?* and take
the supremum of each term on the left-hand side and add to get

e?lw(|* + KZllull* = const. (&2 |[u[[uw']| + ]| D11}
= const. {(e*|w'|* + eflull®) + | ull| D5 13,

by Young’s Inequality. Hence for all ¢ > 0 sufficiently small, there exists a con-
stant such that

&l |* + | ul)? = const. ||| D f1,

from which (3.21) follows. (Recall that |[D; !f||; = const.|| | by Lemma 3.1.)
To obtain (3.22) we return to (3.25), with f=g + & to get

' (x)? + Kju(x)? < const. (&% % [uf|w| + [lu]| g] + e 2| DA || u]
+ <F|(D8_1h)’u}dy +&%(c + a*|h|w) Hu||)

< const. (e (|| ul| ||| + [|u] (8] + ¢ + a®| h])})
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since, by Lemma 3.1(b), |D;'h — Dy 'h|, = const. e?(c + a?|h|.) and
xjm| (Dg *h)’ u| dy = const. (¢ + azihim)jo\ua”l dy
< const.e 2% (c + a®|h|o) |u|, xza, (3.26)
and for x€ (0, a)
Fiormua=(+§) 1o

X a

< const. (Sa((1 +a)|hley)u(y)dy + e‘zq“(c+a2\h|w)|\u||>

< const. (a*(1 + a) | h|w + ¢ + a?|h|o) |ull e 2%
< const. (¢ + a?| hly) | ul e 2.
Hence
el w|* + [|ul|® = const. (e?[lull | + [u] (lg] + ¢+ a*[hlw),

and (3.22) now follows as in an earlier calculation. q.e.d.

3.3. A necessary condition for existence

If equation (3.9) is to have a solution w € Z, then

§ (e%kiav, + 20 v, 05, + 20v,0 + 205 0wV, + @V, + v,V Jdx =0 (3.27)
because v, satisfies (3.13). The purpose of this section is to show how (3.27)
implies that 8 is a function of w. To see this we need some estimates based
on (2.38), (3.3), (3.6), 3.7), (3.10) and (3.11).

If pe(0,3), €€(0,&) and e (—1,I'), then

Vi, is even, supp (V§,) C (—3npe, 3 npe), (3.28)
oo pti r;
\ | Vg,p(x)dx‘ = 58 V/?,p(x)dx\ = SS {DPpp(x) — (®z’,p(x))2}dx‘
— ~pT —pt

3nep/2

ésp/z{qﬁ;p(x) — (®5,(x))*}dx| < const.epB, (3.29)

| Viple = const. (;%) , (3.30)
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and

) p‘[
_5 VeV pdx 205 VeV, dx

P/
= —2[X{(DG,) " vi+ D5, v} + D5, Vi +2 [ v (5,) 2 dx
0

= 2sin (kpt}) [e%k, (D5,)" — %305, + kD5 1(pTh)

PTG 5
+2 § v (D5,)%dx
0

pT
= 2k sin (k,pt5) [€2(05) " — (K2 —1) 951 (0) + 20§ ve(@f )% dx

= 2k, sin (k,pt§) (B (1 (B))* — E( e (B) + B) + O(e*B* (u(8))?)

OB + 2 ;fﬁ v (85,)2dx  (by (2.33))

= 2k, sin (k,pth) {— (1 + 2&%) B+ O(B%) + O(&*B)} + O(epB?)
= 2k, (sin27mp + O(pe* %)) (= (1 +26%) f + O(*) + O(&*B)}
+ O(epp*)
= 2k,sin (27p) (— (1 +26%) B + O(B%) + O(&*B)) + O(epp?)
as & —0. (3.31)

Therefore if pe€ (0,%), I and g, can be chosen to be independent of p such
that

oo

§ veVi,dx = —k.Bsin 2np), &€ (0,¢), (3.32)

uniformly for g€ (—7,I"). Similar calculations yield that for p¢ (O,%), g€
(03 80) and BE (—F9F)’

a oo
5 (e

% _j: Ve(x) Vi, (x) dx < —kysin (27p). (3.34)

&

d
< const. &p, ’%Vﬁp < const. ¢ *p~*, (3.33)
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It is useful to note at this stage that for any p€[0,}) (taking n§=1)

9 0 g 9 i e £ 2np
ooy ([l

0

a o0
=2£, (S a(x) ng(x) fo, (B) + Bcos (4 (B) x — 27p)

0

+ &2 P5 (u(B) x — 27p) v, (x) dx)
=2 S o (x) 1y (x) {oe(B) + cos (uz(B) x — 27p)
0

+ 267 PG (ue(B) x — 27p)} v, (x) dx

+2 g xBus(B) a(x) 1y (x) {—sin (4, (8)x — 27p)

0

+ 67 B(Ph) (u(B)x — 27p) vy (x)}dx

+2 S o(x)ng(x) €4° (5%, (%))(ug(ﬁ)x ~27p) v, (x) dx

0

= 20(8) S 0 (x) 15 (x) vy (x) dx
0

+2 S o (x) 115 (x) cos (4 (B)x — 2mp) v, (x) dx
0

+ 0(&B%) + 0(&78) + O(6%)

22

= a(f) S o (x) ve(x) dx

-3

@x

+2 S o (x) 75 (x) cos (pz(B) x — 27p) ve(x) dx

0
+ 0(ef).



Trajectories Homoclinic to Periodic Orbits 55

Now o’ () = O(f) as B —0 by (2.36). Hence by the Dominated Convergence
Theorem, and by (3.38) and (3.40) below, it follows that if p =0, then

<o

a%( § a@f;,pvgdx> -3 as ¢ —0. (3.35)

Theorem 3.3. Let p€ [0,%) be given. Then there exist positive numbers &, and
py such that if €€ (0,¢,) and w€Z with || = p,, then there exists a unique
Be(—1I,I') for which (3.27) holds. Moreover, the dependence of f on w€Z is
smooth and there is a constant (depending on p) such that

| 8(0)| = const. (e‘3cosech£> , (3.36)
e
[8(w)| = const. (B(0) +[w]) ¥ lw|=p, (3.37)

Proof. We begin by observing that for any £ > 0 a contour integration gives

o oo

S coskxo(x)dx = % _L cos kx sech? (—;—) dx = 67k cosech (k). (3.38)

— e

Hence if ki, k, = 0, then

5 cos (kix) cos (kyx) o(x) dx
=3n{(k; + k) cosech ((k; + k,) ) + (k; — ky) cosech ((k; — k) 7)}.  (3.39)
Therefore by (2.37),

[>~]

| ve(x) cos (u(B)x) o(x)dx >3 as £ >0 (3.40)

— o

uniformly for f€ (—7,7"). Now by using (3.38) we can rewrite (3.27) as

o0 (=]

67k e?cosech (k,m)+ Lvaw{a)+20 +285 Jdx + § (2095, + V§,) vede=0.

) (3.41)
Now j:ZO'VS &p,dx = W (B, p, &), where W is bounded for ge(—I,I'),
pE [0,%), €€ (0, &y, by (3.3) and (3.7). Also

6mkle? cosech (k) + § vew{w + 20 + 2¢fi,p}dx‘

< const. [8_3 cosech (-Z-) + [|w]|] (3.42)
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for all pe [O,%). If pe (O,%), then (3.32) and the preceding two observa-
tions yield that &, and p, can be chosen such that the existence of a unique
pe(—1I,I") for each ¢€(0,¢,) and weZ with |w| = p, follows by the
Mean-Value Theorem for functions of one real variable.

Now suppose that p = 0, so that V£, =0 and &} , = ¢}. Therefore in this
case

oo

20705, =2 | ovilag(B) + eos (u(B)x) + 2BV (B) x)}dx

oc

= 2a,(f) fwavsdx + 28 Sma(x) v, (x) cos (u, (8) x) dx

o]

+26°6% | a(x)v,(x) Phu(B) x) dx

o (8) -
=2 6
ﬂ{ "8

kycosech (k) + | a(x) v, (x)cos(u,(8)x) dx

+&% | o () v () Ph(us(8)x) dx} ,

so that the last term in (3.41) converges to 68 as ¢ 0 by (3.40). The existence
of g3 and p, such that (3.41) has a unique solution g€ (—7,I") when p =0,
€€ (0,gp) and |w|| = po is again immediate from the Mean-Value Theorem.
Now for all p €[0,1) the estimate for | 5(0)| follows from (3.41), (3.42), and
the smooth dependence of f on wéeZ follows by the Implicit Function
Theorem. This completes the proof of the theorem. q.e.d.

Let us denote the functional dependence of S on w in this theorem by
writing
B=p(w), €€(0,8,), |w]=p,. (3.43)

We have already noted that

| B5(w)| = const. [8‘3cosech (%) + |[a)|l] , (3.44)

and from (3.27) we can immediately calculate the Fréchet derivative of §; by
the formula

[ 20 (Pheay, + @ +0) v dx
dfildl w = — ; — . (3.45)
Y { § 20v, 0%, +20v, 95, + v.V5, dx}

B=B5 ()



Trajectories Homoclinic to Periodic Orbits 57

So if pe (0,1), there exists a constant such that
| dBI@]]| = const.e, || & = py, (3.46)

because of (3.34), since all the other terms in (3.45) are bounded.
If p=0, then V;,=0 and the denominator in (3.45) is

Y T
2 S dv££(¢f;,p)dx+2 S a)vséﬁ(@fg,p)dxgl

by (3.35) for all e€ (0, &) and | @| = po, provided &, and p, are chosen suffi-
ciently small. Therefore we conclude that when p = 0 there exists a constant
such that

| dB§ID]| = const.  if g€ (0, &), [|@] = po- (3.47)

We record the formula

—L 2w (@%;(0)’1, + O') ngx
el @ = — . (34

a (o=
Py {_jm (20 D5, + VE,) vgdx}

B=85(0)

prE[O,%), Be(—I,I"), e€(0,¢,) and if we€Z is a solution of (3.9)
with |w| = p,, then f = p5(w). Thus (3.9) is equivalent to the problem

Hw = Gy (w) (3.49)
where
_ 2 i
Gy (w) = —&%6" =20 Pjew),p — 20 Ppiiwrp — ©° = Vis(a) p- (3.50)
Note that
_ 2 i
G;(O) = —¢& O'v — 20 @f;;‘(o) - V%;(O),p

and hence that for some constant depending on p
| GE(0) || = const. || &2 (3.51)
by (3.30) and (3.36). Note also that the Fréchet derivative of Gj at & is given

by the formula
a
dGil@]l w = —dpi[o]w {2(0‘ + ) < Qﬁf},l,) + (i Vfgp> \ }
p p=pie)  \9B =85
—2(Pheiyp + B) @. (3.52)

If pe (0,%), then (3.52) gives that

3
dGid]w = L@ 0 — (dBE[d] ) (a_/s V;p)

B=F5(@)
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where || L;[@]] is bounded for ||@| = p,, uniformly as ¢ =0. If p =0, then
| dG§l@]]| is bounded for | & = po

uniformly as & —0. Note the formula
a

In order that some estimates later are easy to obtain we write the formula
(3.45) using abbreviated notation as

At l[&] w _ [(w)
dpyld]w = = B

9 .
% (D(ﬁ',w))iﬁ=ﬁ§(&>)

where the dependence of the formula on & and p has been temporarily sup-
pressed. With this notation a calculation based on (3.45) yields a formula for
the second Fréchet derivative of £;, namely,

d*BEID] (v, w)
= —2(D(®)) ! S Vevw dx
+2(D(®)) ~?{ [(w) oovvi (D5, 5e (o) dx
& Y B.p’ 1By ()

— oo

N
+l(V) S VEWELE(Q%,I,Hﬁ;(&))dx

[

. A a 8% R
— (D@) 2 Ty i(w) Sw[(zvgwwavg)qsf,,p+vgv,gp],,§(mdx

— e

When pe (0,1), it follows that |D(&)| = const.e ™! as £ >0, and so

dx

> 2
d*BEID] (v, w) = M(v,w) — D (@) [(v) I(w) S <—a V%,p>
B=B5(&)

ap?

(3.54)

where |M(v,w)| = const. || v|||w]| for pe (0,3).
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When p =0, it is clear that for |&®| = po,
d*B§[@) is bounded as & —0. (3.55)

3.4. The existence theorem

Suppose that p ¢ [0,%), £€(0,¢,), and let F;:Z, »Z be defined by
Bou = Hgu — dGE[0lu, u€Zy. (3.56)

The following result is the key to the existence of homoclinic orbits discussed
in the Introduction. Let

78 = {uEZ: § vaudx=0}. (3.57)

Theorem 34. Let p€ [O,%). Then €, > 0 can be chosen sufficiently small that
Sy is a linear homeomorphism from Z, onto Z°. There exists a constani
(depending on p but independent of €) such that

ellw]| + {|u| = const.]| Ful. (3.58)

Moreover, if h€Z? is such that

[«

supp (k) C (—a,a) C (—1,1) and l [ h(x)dx| =c,

— o

and Fpu = h, then
ellw| +||u|| = const. (¢ + a* h|x). (3.59)

Proof. Suppose that u€Z, and Fju = f. It is immediate from (3.13), (3.48),
(3.53) and (3.56) that f=Z°% So %,:Z;—Z° Next we show it is injective
and establish (3.59).

Suppose that u€Z, and Fyu = f Then

Hu = dGi[0lu + f

3
= 2P0, = (dBI01) ) (20 25,)

B=F5(0)

a
— (dB;[01u) — (Vj,)

Y i

B=8;(0)

=h+h+h+1
say. By (3.44),

| fill = const. B5(0) | u| = const. I:s_3cosech2 <£>] lul, pel0,}). (3.60)
3



60 C. J. AMick & J. F. ToLAND

When p =0, it follows that f;=0 and

©
- <z § uav£> ov,
B=£§(0) e

where M(e) —0 as ¢ =0 by (3.40), (3.48), (3.3) with p = 0, and (3.6). Hence

= M(e)||u

w

ad
” (dB510] u) p (20 D)

oo

5 adx{ ID7 (av) s + M(e) 1D 1u]

— oo

D (A =3

=< const. (& + M(¢e))||u| (3.61)

by Lemma 3.1(c). Thus when p = 0, Theorem 3.2, (3.60) and (3.61) together
give
el +|ul = const. | D7 F +h +f + )

< const. {[s*cosech <%> +e +M(a):| lul + Hfll} .

Thus for & > 0 sufficiently small,
ellw[| + [lull = const.| fI|.

This gives the required inequality from which the injectivity of .%§ follows.
Now suppose that p = (0,1). Then (3.46) gives that

| 2] = const. & ul|. (3.62)

Now (3.28), (3.29), (3.30), (3.33) and (3.46) show that supp (f3) C
(—3en,3en), | fil» < const.e ™! and | { ¥ fidx| = const. ¢%. Thus (3.22) gives
that

gl|w’|| + ||u|| = const. [8‘3cosech <§> + 8] lul +|fI, (3.63)

for ¢ > 0 sufficiently small. In this case, too, the inequality and the injectivity
have been established. The proof of (3.59) is immediate from Theorem 3.2.

Now we prove surjectivity from Z, onto Z°. Suppose that f¢ Z%. Then we
need to prove that there exists w € Z, with

o +w —w=—-200 +dG0]w + f. (3.64)
This can be rewritten as a system of equations
" — K ?w=r, (3.65)

e + Kor = —20 @ + dGi[0] w + f. (3.66)
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If w€Z, then the right-hand side of (3.66) is in Z°® because f€ Z® and dG;[0]
is defined via (3.48) and (3.53). Hence for any w € Z equation (3.66) can be
solved for reZ, by the formula

r(x) = _?1 fwsin (ks(x — ) (—20w + dG[0] w + f}dy = Biw + f,

€

where feZ, is arbitrary, since fe Z% is arbitrary, and B;:Z—Z is compact.
Hence (3.65) and (3.66) are equivalent to

0" — K0 =Biw +f. (3.67)

The left-hand side of (3.67) has a bounded inverse from Z to Z, and so
(3.67) is equivalent to

w=Cw+f

where C;:Z —Z is compact. The injectivity of % ensures that C; does not
have 1 as an eigenvalue. The surjectivity now follows from the Fredholm Alter-
native for compact perturbations of the identity. q.e.d.

Now we turn the proof of existence of solutions. For each p¢€ [0,%) and
¢€(0,¢,) let

Gi(u) = GL(0) +dG[[0)u + Ri(u), |ul = p,. (3.68)
Then equation (3.9), or equivalently (3.49), has the form
Py (u) = G5(0) + Ri(u), |lull = pp- (3.69)

It is clear from (3.68) and (3.48) that G;(0) + R;(u) € Z° for all u€Z, and
hence (3.69) can be reformulated as a fixed-point problem

u= () (G0) + RE(w)), (3.70)

to which Banach’s Contraction Mapping Principle applies.

The case when p = 0 is the more straightforward; we deal with it first. In
this case, because of (3.55) there exists dy > 0 such that if € (0, py) and if
lur]l, | uz|| = 6, then

IRy (1) — Ry(w)|| = dod | uy — wa).
By Theorem 3.4 and (3.51),

| (Z%) ™' (GE(0) + RE(u))|| =< const. (e + do|u|?)
< comst. (&% + |ul|?) = Co(e? + ||ul?),
say. Hence if ||u|| = 2Cye} and €€ (0, &), then

| (B2 ™ (G5(0) + REw) | = Coed(1 +4C3ed) = 2Coed (3.71)
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for gy > 0 sufficiently small. Similarly

I (25 ™' (Rf (1) — RE(uy) || < const. dod || uy — uy

where || u; |, | #,|| = 6. Choose py = 2C,e§ such that (const. dypy) = 1. Then if
& > 0 is sufficiently small for each &€ (0, &), equation (3.70) has a unique
solution in the ball of radius p, about the origin in Z when p =0, by
Banach’s Contraction Mapping Principle. Clearly there exists a constant such

that |w| = const. &%,

The argument for p ¢ (O,%) is complicated by the formula (3.54) for the

second derivative of f; in a neighbourhood of 0 in Z. Let

[><]

2
O(v,w) =D(@) 2 [(v) [(w) <a_2 V;,p) dx.
f =B ()
A calculation based on (2.38), (3.3), (3.7) and (3.29) gives
S 6/5‘2 Vﬁp =< const. .
Since
|D(&) 3| = const.¢®  when pe (0,1),
it follows that
10(v, w)|| = const. e*[[v] | w],
| BEI&] (v, w)| < const. e||v][|w] (by (3.54)).
Also
92 const.
PV (Vi) = e
When p € (0,%), equations (3.52) and (3.54) yield that
LG@] (v, w) = O (v, w) — (dBLD] (v, w)) ( Vﬁ,,>
op p=BE(&)
62
p’ p=B(&)

=0(v,w) + R(v,w)
where | Q(v,w)| = const.|[v|||w| as ¢ =0 and
supp (R(Vs W)) C (_M ﬂ{;‘,z 7'[8),

|R(v,w)|s = const. | v|||w| e,

{ R(v,w) (x) dx| = const. &>

(3.72)
(3.73)

(3.74)
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Now d*GE[w] (v, w) € Z° since GE(w) €Z° for all zew, and so if |W| < p,,
then
| (ZF) ! d*GEIw] (v, w)|| < const. (° + &) |[u] | v].

by (3.59). Along with (3.73) this estimate shows that the remainder term
(%) _1R§(u) in (3.68) is uniformly small as ¢ =0 and has a Lipschitz con-
stant which tends to 0 as ¢ —0. With this observation, the Contraction Map-
ping Principle may be applied as in the case p = 0 to (3.70) to give the main
result of this section, which is the following theorem.

Theorem 3.5. Let p € [0,%). Then there exist &, >0, p,>0 and constants de-
pending on p but independent of €€ (0,¢,) with the following properties.
(@) If ¢€(0,¢,), then equation (3.9) has a unique solution w,€Z with
| = pp-
(b) | w;| = const. g2,
) If ﬂ}f(wg) is defined by Theorem 3.3, then for each N there is a constant such
that .

| Bé(w,)| =< const.eV as & ~0.

Proof. Parts (a) and (b) are established in the discussion preceding the state-
ment of this result. Part (c) is the substance of the next section of the paper.

3.5. The asymptotics of f as ¢ =0

In this section we complete the proof of the result announced in the In-
troduction by showing that in the solution of (1.1), whose existence is proved
in Section 3.4, | 8| = C(N) e as ¢ >0 for all NeN where the constant C(N)
is independent of e.

To do this we need an interpolation inequality and some a priori estimates.
The first is based on a well-known inequality of LANDAU.

Lemma 3.6. Suppose that u€Z,. Then
1w ||? = 4)juef "]

Proof. If s,¢> 0, then

u(t +s) =u(t) + su'(2) + js (s —w)u”(t + w) dw,
and so 0

s

[su' (1) = u(t)| +|u(z +5)| + 0§ (s —w)u"(t + w)dw

<e 7 {2Hu|| +u”| Oss (s —w) e“qwdw}

se ot e (54 D et s e fon o ]
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Since u is even, we infer that for all s > 0,
! 2 s "
[ = —lull + "]
s 2

In particular, if s = 2(]«|/||="||)!/?, then

@] < 4llu|ju"]. qed.

In proving the next result we shall need the estimate in Theorem 3.2, along
with the following trivial observation.

Lemma 3.7. Suppose that f€¢Z, and D,g =f", g€Z,. Then

Iglh =D (£l = const. || £l = const. || £]|,

where the constant is independent of &.

Proof. If D,g =f”, then

De(g —f) = Ka—zf_ 2Ks_2 O'f,
whence
g —f =D (K — 2K %of ).

Hence |g|l; =| flli + const. |D;'f|; = const. || f|; < const.| f’|| by Lem-
ma 3.1. q.ed.

The key observation in this section is an @ priori bound for solutions of
(3.9). Recall that for ke N u {0},

|(5,) ¥ < const. g{, Vo) ® =0,

B
(V) W] = const.w, supp (Vﬂ({c}) C (—3mne,3ne), pe(0,1).
Here and elsewhere in this section the constants depend on p and k, and are
independent of ¢ and p.

Theorem 3.8. Suppose that p € [0,%). Then ¢, and p, can be chosen sufficiently
small that if w€Z, is a solution of (3.9) with |w|| = p, and €€ (0,¢,), then
w €Zy for all NeN and there exists a constant c(p,N) such that

o@D + ™| = c(p,N) (e + 8|2—£|_—1 +IL£,|), NeN, (3.75)
&
o]l < c(p,0) (e +|B]). (3.76)

Proof. The first step is to observe from Theorem 3.3 that ¢, and p, > 0 can
be chosen so that || =|B;(w)| is smaller than any preassigned positive
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value if €€ (0,¢,) and || = p,. Equation (3.9) can be rewritten as
Ay = —e*cW =20 D, — w® — 20 D5, — V§ . (3.77)

Therefore by (3.28), (3.29), (3.30) and the fact that V§,=0 when p =0 we
find that

elw'| + o] = const. (2 +|B||wl + [w|® +18] +p|BD,
whence
el @’| + || = const. (€* +|8]). (3.78)

This gives (3.76). Now differentiate (3.77) twice to obtain
Syw” =—4d'w’ —20"w — 2¢® — Rw Dp, + w? + 20 D53 — (Vip) s

whence, by Theorem 3.2 and Lemma 3.7,

el

lIA

const. {lwl[ +lw| + & + 20D, + 0 + 20 PF )| + p('f‘}

IIA

wm{wwwm+ﬁﬂ§wwwWNﬂwwm+@+%ﬁ

Iﬁl

1A

leoll + =7+ =5~

const. {“w“ +o| + &+
€

const. (8 + Uﬂ + Iif»') .
£ £

Along with (3.78) this gives

B plﬂl}

IIA

MWWwamG+g+

which means that (3.75) holds with N = 1.

Now the proof is by induction on N. Suppose that for some MEN, M = 2,
inequality (3.75) holds for all N¢é N with N =M — 1. We shall infer that it
holds for M, and the result will follow by mathematical induction. Differentia-
tion of (3.77) 2M times gives

2M -1
%w My _ _ E ((2M)Cr) O.(2M—r) CO(r) — 820'(2M+4)
r=0
—{Qw 8§, + * + 20 @ ,) I} — (V5 ),

whence, by Theorem 3.2 and Lemma 3.7,

2M -1
|| = const. {( Y ||w"’]|> + &2+ Qo d5, + 0 +20@5,) Y|

+ ez|<V,§,p)2M|w} =
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2M-2
< const {(uw‘w-“n Hol+ ¥ ||w<’>n) i

r=1
2M 2 2M -2
18], plBI
+E (2M1r>|| 0P| + EHw [ @M=1=0 + 2M1+_8W
r=1 r=1

M-1
< const. {Hw(ZM‘”H + ) (0¥ +[0®]) + 2
j=1

= [ () 1001+ () 1o ]

+ T [0® D@2 + [0 |02

J

R

+
e

R

I
-

+

82M—~1 82M

| B pl/)’l}
Now since (3.75) holds for alt NeN with N = M — 1, this gives
£2M—1

| w2 | = const. {Ha)(ZM 1)” +e+ Iﬁl + B[ﬂ} . (3.79)

Hence, by Lemma 3.6,
|2 < 4|02 [

< const. || =2 || {||w(2M D +e+ Lﬁ‘  + pA—IZ'Z‘} ,
£
from which it follows (by the theory of roots of quadratic equations) that

|2 < cons. {Hw@M‘Z’HZ + @] ( LA Pg'zf))}

Hence, since (3.75) holds for N =M — 1, we find that
|0~V = const. ( m' p|ﬁ’)

82M

A substitution of this into (3.79) yields that (3.75) holds when N = M. The
result now follows by mathematical induction. q.e.d.

This result and Lemma 3.6 show that for any N €N,

P02 < 4] @V ||| V2|

B p|B B B
oo o+ 21422 (c o L2k 242

4
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_ 2 !ﬁl 14
= const. <8 +TN+ N1

< const. ( +

2 2
gconst.<8 +1+15| i l)

by the Cauchy-Schwarz Inequality. Hence

|| < const. (1 +e+ L’B‘ + 821N+|1>. (3.80)

Combining (3.75) and (3.80) we find that for any €N, r = 2,
||| = const. (1 + Iﬁl p'{’);). (3.81)
e ]

As usual the constant here depends on r and p, but is independent of ¢, w
and S.

The main result of this section is now almost immediate from (3.40) and
(3.81):

Theorem 3.8. If T is a solution of (1.1} in the form (3.8) (whose existence for

pE [0,%), €€ (0,¢,) with |w| = p, was proved in the preceding section), then
for NeN there exists a constant depending on N and p such that

| &5 ,|0 < const. ¢V as & >0.

Proof. We have seen in the proof of Theorem 3.3 that equation (3.41), which
determines f;(w), is of the form

<o

6mkie’ cosech (k) + § viw(w +20)de +2 § @5, dx

— 0o

+ B{R(B,&p) +pS(B,e,p)}=0  (3.82)

where R(f,¢,0) =6 and |S(f,¢&,p)| = const.(1/€) as £—-0, if pe (O,%). Also,
for each N there exists C(N) such that

67k, e? cosech (k,m) = C(N) e  as ¢ —»0. (3.83)
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Now v,(x) = cos (u;(8)x) and so 2N integrations by parts gives

IIA

—

_Evaw(w‘*sz)dx‘ (us(ﬁ))‘w; Sm{w2+2aw}(2mdx~

2N
< const. EZN{ E Hw(r)” (Hw(ZN—r)” + 1)}
r=0

2N
< const. &2 {n ol ||+ |1+ T o]
r=2

AN=-2
£y ||w<'>|||w<2N-f>n}

r=2

8] plﬁ))

< const. g2 {(a2 +8) (1 + g T oy
€

2N

< const. e?V {1 +
&

| B] p)ﬁ!}

+ =
82N—1

< const. {e2V + ¢| 8| + p|Bl}. (3.84)

A substitution of (3.83) and (3.84) in (3.82) gives the existence of an absolute
constant A and a constant K independent of ¢ and § but depending on N and
p such that

Hence ¢, and Py > 0 can be chosen sufficiently small that
|8 =|B%(w)| = const.e”

if |w|=p, and e€(0,&), since R(B,¢0) 26 as -0, S(8,8p)=
const. (1/g) as € >0 if p€ (0,1), and

| 8] =|BE(w)| = const. (¢ > cosech (7/e) + p,)

by Theorem 3.3. This completes the proof of the theorem. g.e.d.
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