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Abstract

The formation of a visual image in electrophotography can be modeled as
a time-dependent free boundary problem. The electric potential —u satisfies
Au =1 in the toner region and Au = 0 outside this region, whereas on the in-
terface (which is a moving boundary)

a
_ velocity of the interface,
oN

N being the outward normal to the toner region. It is proved that this problem
has a smooth solution for a small time interval; furthermore, for a certain
version of the free boundary condition, the solution is unique.

0. Introduction

The formation of visual images in electrophotography is accomplished by
means of a toner injected onto the surface of the photoconductor. The toner
is carried by biased carriers and, as a consequence, tends to accumulate in
those regions of the photoconductor surface which carry surface charge cor-
responding to dark spots in the document which is being copied (the distribu-
tion of this charge represents the electric image of the document); for more
details see [1, 2, 5, 6, 7].

We consider here a 2-dimensional model wherein a pixel is represented by
an interval —a <x < a. We denote by —u the potential of the electric field
which is responsible for the motion and settling of the toner. A small potential
difference M (M > 0) is maintained between boundaries y = b (where u = M)
and y = —h (where u = 0). The surface of the photoconductor is {y = 0}, and
the electric image is assumed, for simplicity, to be a surface-distribution of
uniform density o, ¢ > 0, supported on an interval

I={(x,0); ~y<x<y}] where 0<y<a.
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Figure 1 shows the formation of the visual image: The domain D where
Au =1 is precisely the region occupied by the toner. Off D u I the function
u is harmonic, and it satisfies the boundary conditions shown in Figure 1; fur-
ther,

[)r = u,(x, 0+) ~u,(x,0-) = —g, —y<x<y.

1
u=M (a,b)

Au=0
1,20 u,=0
{-a,0) S
(a,0) X
Au=0
u=0 (a,-h)
Figure 1

The domain D lies in {y > 0}, and I" = 8D n {y > 0} is called the free boundary.
After the development of the visual image has been completed, u becomes
time-independent, and the equilibrium condition

u

— =0 on I’
ON
must hold.
The above model was studied by FriEbMAN & Hu [3] under the conditions
0.1) : h<b M<gh.

Both conditions are satisfied in the physical model. Indeed, in the units of
volt-ampere-coulomb and microns, Au =k where k ~ 3, ¢ = gy (kgy) where
Gy~ 4x1071° and xe, is the dielectric coefficient, ey ~ 24X 1072, Thus
o ~ 15. Also, A =20, b = 600 and M = 50. It follows that & < b whereas the
inequality M < oh becomes 50 < 15 x20.

It was proved in [3] that if p/a is close to 1, then the problem has a unique
solution with I initiating at x = —a and terminating at x =a, and u=M
above I. On the other hand, if y/a is small, then there exist infinitely many
solutions for which the toner set D consists of two symmetric components [3].
The case of small y/a was also studied, more recently, by Hu & WanG [4] who
proved the existence of a solution with D a connected region. The uniqueness
of such a solution has not been proved and it is altogether unclear which of
the solutions is dynamically stable, i.c., physical. It should be noted that both
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cases, y/a near 1 and p/a near 0, are physically not very interesting since most
pixels are neither nearly all dark nor nearly all light. For the case of in-
termediate y/a, no existence results are known.

As the photocopying machines are becoming faster, there may not be
enough time for the visual image to develop fully. Thus there is a need to
study the time-dependent problem: How does the visual image evolve in time?

In the time-dependent case u is a function of both (x, y) and ¢, and the
toner region D = D(¢) and the free boundary I" = I'(t) = oD (¢) nf{y > 0} also
depend on z. Denote by ¥V, the velocity of points in I'(¢) in the direction of
the outward normal N =N(t) to D(t). The continuity equation for the
charged toner is dp/dt = —V-J where J = upE = — upVu is the current densi-
ty; here E is the electric field, p the charge density and u the mobility. Since
p = const. = py > 0 in the toner and p = 0 outside the toner, the continuity
equation means that the free boundary I"(¢) must move according to the law

du
0.2 V,=—— on I'(¢),
0.2) Y (®)

provided we take upy = 1.

In this paper we consider this evolutionary toner problem and prove the
existence and uniqueness of a solution for a small time interval 0 ¢ = 1.
We also establish some geometric features of the free boundary. The main
results are stated, more precisely, in § 1, where the structure of the paper is
also outlined.

Throughout this paper it is assumed that (0.1) is satisfied.

1. Statement of the main result

Set
R={(x,y); —a<x<a, —h<y<bl.

For simplicity we take y = 1 in Figure 1; then, of course, a > 1.
Consider a family of curves

F(y:y=fx10, —x1) <x<x)
for 0 =t = 1y satisfying the following properties:
fx 1) =f(—x,1),
flx, 1) >0 if |x| <x(r), f(x0(2), ) =0 where

l<xp(t)<aif 0<t=1, x(0) =1,

| f(x, )] = if |x] <xo(0),

|log ¢|
—C

if 1<x<x() (C>c>0),
|log 7|

.Y)  filx, ) =
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G
(1.1) [fx('af)]o,aémo“— (0O<a<i, G>0),

|
V>0, y<filx,)) <y if [x] <1 =36 (y;=y:(0) >0),
cit|logt| =xo(2) — 1 = Cytflogt| (Cy>c;>0),
{(x, f(x, 1))} lies between the polygonal lines /;(¢), l,(¢) where
I;(t) has vertices (—1 — Q;¢t|logt|,0), (—1, 4;1), (1, 4;¢) and
(1 + Q;t|log ], 0), for some constants 4, > A; >0, 0, > 0; > 0.
Here [ ]o,, denotes the o-Holder coefficient in the variable x.

Denote by D(¢) the domain bounded by I'(¢) and the x-axis, and consider
the following problem:

A = {1 in D(¢),

(1.2) 0 in RAD(),

the limits u,(x +£0) exist for —1 <x <1 and

(1.3) uy(x, 04) —u(x,0-) = —o if —-1<x<1,
u is continuous in RX[0, z,] V €0, %], and u
(1.4)
is continuously differentiable in R\{(x,0); -1 =x =1},
(1.5 u(x,b,t) =M, —-a<x<a,
(1.6) u(x, —h,t) =0, —-a<zx<a,
.7 w(xa,yt)=0 —-h<y<b.

By uniqueness u(x, y, 1) =u(—x,y, ).

We now wish to consider I"(¢) as unknown, and impose the free boundary
condition (0.2). We recast (0.2), however, in a way which depends more directly
on u:

Suppose we write

(1.8) r®:x=x(t4), y=y(t1) (0=ts1)
where 1 is a parameter such that
x(Oa A') =l9 }’(0, A) =0’ —A'O(t) </1</10(t)’
Ap(0)y =1, Ag(r)<1if ¢>0,
(1.9)
y(t, Ay >0 if >0, |A] <Ap(p),
y(t, £4(2)) =0 if £>0.

Notice that the condition (0.2) means that

d 8
©0.2) LR AN
i’ dt aN
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or

dx a a d
0.27 ——+ux=a—x, el =a-y
dt oA dt A

where a is an arbitrary function of (x,y, t), odd in x. We henceforth make
the choice a = 0, which is mathematically the simplest (see Remark 1.1 below
for explanation). This means that we replace (0.2) by the condition

dx dy
1.10 — = —ulx,yt), —=—u(x,t).
(1.10) 7 (x, 3, 1) i uy(x, 3, 1)

Remark 1.1. Theorem 1.1 below asserts the existence and uniqueness of a solu-
tion (u, I') to (1.1)—(1.10) (for small time). Similarly one can prove the ex-
istence and uniqueness of a solution to (1.1)—(1.9) and (0.2”) for any smooth
function a(x, y, t) odd in x. This solution however results in the same function
v and in a reparametrization of I given by the functions x =x(¢ A1),
y =75(¢, A) defined as follows:

dx 0%
—+ X ~9 ~’t = ~’ ~’t A £ 091 =ls
7 (%, 9, 1) = a(%, 3. )M £(0, )

g=5(t, A) =f(x(t, A1), 1) (I:y=f(x1).

Indeed, after solving the differential equation for £, we compute, using (0.2),

Yooz
E (x s )"fx +ft+uy

ax
= (—ux+aa)fx+f,+uy

ay

_fx'— 3/1

We conclude that the choice @ =0 made above is nothing but a certain
parametrization of I

Remark 1.1 justifies the following definition:

Definition 1.1. If u, I" satisfy (1.1)—(1.10), then we say that they form a solu-
tion to the ewolutionary toner problem for O st =<1y,.

The main result of this paper is the following:

Theorem 1.1, If (0.1) holds, then there exists a unique solution to the evolutionary
toner problem for some time interval 0 <t < t; (> 0).
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In § 2 we study the function #(x, y), which is the initial state u(x, y, 0)
of the solution #. In § 3 we establish interior C2** estimates for the potential

3;)5 log [(x — &)+ (y —m)AV2 dé dr

along I, where D is a domain in {y > 0} bounded by I” and the y-axis; it is
assumed that I"is a C'*“ curve. These estimates are crucial for the proof of
Theorem 1.1. Section 4 outlines the strategy for proving Theorem 1.1: It is
based on establishing a fixed point for a mapping .# of a family .7 of curves
I'(t):x=%(t, 1) y=7( A) into itself. The images I'(t):x=x(t, A),y =
y(t, A) are defined by the ordinary differential equation (1.10) where u is the
solution to (1.2)—(1.7) and where D(¢) are the domains bounded by I'(¢)
and the x-axis. The precise definition of %7 is given in § 5. In § 6 we begin
with the analysis of the ordinary differential equation, constructing barriers
that are used to find simple yet sufficiently good approximations to the solu-
tion.

Next, in §§ 7 and 8 we establish, respectively, C' and C'*¢ estimates for
the curves I'(t), showing that ./ maps .7 into itself. Finally, in § 9 we prove
that a sequence of iterates .Z"D(t) converges to a unique fixed point of .Z,
thereby completing the proof of Theorem 1.1.

The estimates

1) —— =fim s
|log ¢ |log ¢

for 1<x<x(t) (C>c>0)

for the free boundary provide an interesting bound for the slope of I'(¢) as
it descends toward the x-axis. The lower bound is critical to the proof of
Theorem 1.1. The solution can in fact be continued, in the time, as long as
such a bound can be a priori established, provided f(x, ) remains uniformly
positive for —1 = x < 1. Indeed, this is so because the estimates of § 7 work
with arbitrary initial time rather than just with initial time O.

In § 10 we study the shape of the free boundary for |x| < 1. We discover
the rather surprising fact that, for any small # > 0, the free boundary
y =f(x,t) for 0 5x =1 — 5 cannot be monotone decreasing in x. In fact, in
the ‘‘average’ sense it is actually monotone increasing! On the other hand,
f(x, £) is monotone decreasing for x > 1. The form of the free boundary is
shown in Figure 2. It indicates that in a fast image-development of a document
with one black spot, the photocopy appears lighter at the center of the spot
than in the rim. This phenomenon is known as the ‘‘edge effect.”’

y=Fix,¢)

N\

-9 v

Figure 2
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§ 2. The initial state
Initially the toner set is empty, ie., D(0) =¢. Hence u(x,y) =
u(x, y, 0) satisfies
—A = ox_1,1(x) 6(y) in R,
d(x,b) =M, -—-a<x<a,
2.1)
u(x, —h) =0, —a<x<a,
n(xa,y) =0, —-h<y<b

where J(y) is the Dirac function.

Theorem 2.1. The following inequalities hold:
2.2) ih,(x,04) <0 if |x]| <1,
(2.3) i,(x,0) >0 if 1<|x| <a.

Proof. By the maximum principle, #(x, y) >0 in R. Introduce the function
v(x, y) = i(x,y) —#(x, —y) in —a<x<a, 0<y<h.

Notice that
v(x, k) = u(x, h) > 0.

Since v(x, 0) =0 and » is harmonic, it follows, by the maximum principle,
that v,(x, 0+) > 0. Since v,(x, 0+) =i (x, 0+) + #Z(x, 0—-) and since, for
|x} > 1, u is smooth and thus #,(x, 0—) =i, (x, 0+), it follows that

2i,(x, 0) = v,(x, 04) >0 if x| >1,

i.e., (2.3) holds.
If x| <1, then @#,(x, 0+) — #,(x,0—) = —0, so that

2.4) 2, (x, 04+) = —0 + »(x, 0+).

In order to estimate v, (x, 0+) from above we first obtain an upper bound
for v(x, h). Let w(x, y) be the solution to

—Aw = OX[~a,a} (x) 5()’) in R

with the same boundary condition as #. By the comparison theorem,

(2.5) i(x, y) = wlx, y).
Observe that w is independent of x and, in fact, as easily verified,
M + ob
b+(}7z (y+h) for —h<y<0,
wxy) = M + ob M + ob
h+ - y for O<y<b.
b+ h b+h
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Hence, by (2.5),

M + ob

v(x, h) =u(x, h) =w(x, h) =2 h—och=B.
b+h

The harmonic function V{(x,y) = By/h majorizes v on y=~h, and
v(x,0) =V(x,0)=0. Also v,=V,=0 on x= xa. By the comparison
theorem it then follows that v < V and
M + ob

b+h '

B
vy (x, 04) < Vy(x, 0) = Z= —0g+2

Recalling (2.4) we get, for |x| < 1, that
2(M+0b) 2(M—ah)
b+h  b+h

2i,(x, 04+) < —20 + =0 by (0.1,

and (2.2) follows.
Remark 2.1. Theorem 2.1 implies that the velocity of the free boundary is in-

itially positive for all x€ (—1, 1), but not for |x| > 1. This means that I"(¢)
begins growing only from points of the interval

(2.6) I={(x0); -1<x<1}].
Set
0
@) () =~ | log[(x =& +y1" .
T -1

Then & is a harmonic function off I, and it satisfies the jump relation
(2.8) [D)] = &y(x,0+) — D,(x,0-) = —0, —-1<x<I1.

We can write
2.9 w(x,y) = @(x,5) + w(x,y)

where y is harmonic in R.

3. C'*® estimates on VG(x, f(x))

In this section we study the function

G.1) G(x, y) =~ ISJS log [(x — &2+ (y — m)Y? d¢ dn

where D is a domain given by
3.2) D={0<y<f(x), —ay <x <ag},

for some ay€ (0,a). Denote by B,(xp,¥) the disc f{(x—xp)%+
(y — y0)? < 4?}, and set, for simplicity, B,(xo) = B, (%0, f(%p)). We assume
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that f satisfies the following conditions:
3.3) fx)=f(—x) and f(x)>0 if —gy<x<ay, f(xa) =0,

and there exist (xg, yo) and u > 0 such that

(3.9 —gtu<x<da—Hf, U<y<b-u,

(3.5) | f ()| =1,

(3.6) 70) =F G| 0 e g,
|t — x| ue

for any (x;, f(x;)) (i=1,2)in B, (xy), where 6, a are positive constants and
a<l1.
Set

B.7)  VG(x, f(x)

1 x—£& fx)—n
= dé dn, dé d
2 SS (x=8%+ (f(x) —n)? ¢ an SS (x=8*+ (fx) —n)? ¢ an

D D

1
=—(A(x), E(x)).
2n

In this section we prove:

Lemma 3.1. Let the assumptions (3.3)—(3.6) hold. Then

(3.8) {d““x) +’dE"" < C(|log u| +6),
dx
59 L {,dA(x) _dA®) ldE(x) _dE(®) } _ €, Collogul
|x —Xx|* dx dx dx dx us u®

Jor all (x, f(x)), (X, f(X)) in Bys(xy) where C is a positive constant indepen-
dent of 0, o and pu.

Proof. For any small p > 0 introduce the truncated integrals

x—¢

3.10 A = dé dn,
G-10 o) H x=8*+ (f(x) —n)? ¢ dn
D\Bp(x)
fx)—n
3.11 E = dé dn.
G40 as H G2+ (fo) —n)2 T

D\B,(x)
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As is easily verified,

(3.12)
wApx) _ —@x =82+ (f®) =)’ =2(f(x) =) x=&) f'(x) o
& x=&*+ (fx) —n)?
D\Bp(x)
' SS o N- ey dSgy = 5,(x) + b, (%)
=2+ (fx) — gy HBen T Apl8) T
9B, (x) "D

where N is the exterior normal to dB,(x), and e; is the unit vector in the
direction of the x-axis. Writing

(65 77) = (x,f(x)) +p((.01,(1)2) (6()%+(U%=1)

in L,, we get’

wi(N-e
(3.13) L,= 1( Zl)dw
||
o8,(5) [ 2= (xl;f(x))}
2 2
w1 1
= — ——dw + S — dw
2 2
|| leo|
0B (x) nfw, —f (x) <f'(x) (@ —x)} N
where

D —
S = 3B,(x) N {W} Afws — F(x) <F/(x) (@1 — )]

and AA B = (A\B) U (B\A4). The first integral on the right-hand side of
(3.13) is equal to —%. Since the set § is contained in the set of points
(&, ) such that
0
|n = f(x) —f"(x) (&—x) élﬁglf — x|+,

we deduce from (3.13) that

0
(3.14) B+ 5l = C o p™.

To estimate I, assume first that f'(x) =0 and replace x — & by —¢ and
f(x) —n by —#n. Then

—&+n?
we )] e

D\B,(0)
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For u>p> o0 >0 we have

Ila - Ilp
—&+n? —&+n?
- @12 M= @+
[B,(0\Bg(0)]ND [B, (0)\B(0)1n{n <0}
—& + 5 —& + p?
" @t @rmyp
[B, (OB, (0)]nD [B,(0\B,(0)In(n<0}
= Jl + J2 .

Clearly J; = 0. In J, the symmetric difference between the two domains of in-
tegration is contained in the set of points (&, ) such that

0 o
In] = — &
u
(recall our assumption that f’ vanishes at x). Hence
P Coju> P g
2| gcgrdr S B =c (p*-a%
¥
a 0
where (r, ¢) are polar coordinates, and thus
0
(3.15) |\, — | = C/F (p*—0ac%).

It follows that {I;,} forms a Cauchy sequence and therefore it has a limit, say
L; further,

co
(3.16) I, —L| §;(;p°‘.

So far we have assumed that f'(x) =0. If f’(x) £ 0, then we obtain
another term

Clf'(x)| (p* — %)
on the right-hand side of (3.15), and since | f’(x)| < 1, inequalities (3.15) and

(3.16) remain valid with another constant C.
From what we have proved so far it follows that

3.17)
dA (x) x
Ral R
. —(x =87+ (f(x) =n)>=2(fx) —n) (x — &) f'(x)
+1 dfd
= G=O7+ (F(x) =) S
D\Bp(x)

o5 [[ e
0

D\B,(x) [B, (x)\B,(x)IND
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where the limit exists, and the last term is actually bounded by
})i_r)%lllp —L,| = Co,

by (3.15). Since

C
= S — rdrdp = Cllog u|,
Y
D\Bu(x) D\Bu(x)

it follows that |dA(x)/dx| = C(|log 1| + 0).
We next consider E,(x). We can write

dE,(x) _ SS F@E=9"=2G=(f0) =) = (F& -’ f'®) 4,

dx x=8%*+ (f(x)—n)?

D\B,(x)

deﬂ Ele +J2p.

A (FG) =) N-e,
(x =2+ (f(x) —n)?

3B,(x) D

We can proceed as in the case of 4,(x); the only difference is in evaluating
lim sz:

: Wy
1 — <«
plr%sz = | |2

0B, (x) N{w, —f (x) <f'(x) (w;—x)}

d(l)l dCOZ =0.

We obtain, analogously to (3.17),

(3.18)
EE) _ iy S S [ E=9=200=0) (£ =) = () =1 4o g,
dx b0 (x=&2+ (f(x) = n)

D\Bp(x)

where the last limit in fact exists; furthermore, |dE/dx| is bounded by
C(jlog u| + 0).

We now proceed to estimate the o-Holder coefficient of d4/dx. Introducing
the function

(3.19)
—(x =2+ (fx)—m)?E=2(fx)=n) (x— & f (x)
(x=8%+ (f(x) —n)?

_ =0+ (f0) —1)? _2(f(x) —n) (x = O F'(x)
@E=+ (f@ —n? @=O+ (fx) —n)?

D(x, &, ) =
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we can write

dA
(3.20) % B(x, & n) dE dn + SS B(x, & 1) dE dn
B, ()\B, (1D D\B,,(x))
x—¢
N N-e, dS
S @-O2+ (fa) —p)2 " P

3B,(x) \D

= El(-x: P> .u) + EZ(xa Ps ,I,l) + E3(x, p) s

where we shall take 0 < p < u/8.
We begin by estimating

1 -
(321 L= — |Ei(x, p, 1) — E1(%, p, p)],
|2 — x|

distinguishing two cases:
Case (): [(x—%)2+ (f&x) —fE)A? =p/4,
Case (i): [(x —%)*+ (f(x) —F@)I"? =z p/4.

By (3.19) and the mean value theorem,

|¢(xs é’ T']) - ¢(i9 é,”){

< sup i(—(x-— &>+ (fx) —n)2)| x— ]
T dE\ =0+ (F@) —n)?

20/ =) =8 |,

PR Gty (e — 2| T T

+sup|f’(x)|-sup |x — x|

1( 2(f(x) = 1) (x— &) )
d\(x— &%+ (flx) — )2

where sup |A#{x)| here means the sup of |#(%)| when % varies over the interval
with endpoints x, ¥. Setting

R=[(x-8%+ (f(x) —n)Y'?

and using the assumption of case (i), we easily find that

R}

Cpl=>  Co w
s+ —— ) Ix—x|°,
R U*R

(22 (B &M — BE LN S < lx—F]+ O |x—g|
UER

A

since [x —X| < p<R.
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For x € Byj4(xp) we have

D(x, &, n) ddn =0.
[Bja (\By ()N =f(x) <f"(x) (x — &)}

Therefore
(3.23) Ei(x, p, ) = §§ D(x, &, n) dE dn
1B, (xp)\Byja(x)]nD
+ §§ @@, & ) dEdn =Ti(x) + Ta(x)
5,(0)
where

Sp(x) = {[Byja(x)\B,(x)] n DIA{[B, 4 (x)\B,(x)] n{n — f(x) <f’(x)(x — E)}}.

Set
Q1 = [B,(xo)\B4(x)] "D, £, = [B,(x)\B,4(x)I n D.

To estimate J,(x) —J;(X) we use the estimate (3.22) if (&, n7) €82y N 253
if (&, 1)¢2; N Q,, then we simply use the estimate

C
|¢()C, C’ ”)| éﬁ

and a similar estimate for ®(X, &, ) (with R). We get

1—o
D | Y G

|X—.7E|a R3 ‘uthZ
B, (x)\By g (o)
C 11
+ 4+ \dan.
P SS <R2 RZ) S
Q A,

The first integral is bounded by

Cp'™® Co
PO
In the second integral r and R are =u and the domain of integration has area
O(u|x — x|). Hence the integral is bounded by C|x — x|/u. We conclude that

Cco

(3.24) 1 (x) — Ty ()] g/f;+—.

|x—i|a o

To estimate |Jy(x) —J,(¥)| we first examine the differepce of the sets
S, (x) ~and S,(x). These sets have the form §,(x) = Q; N £ and S,(x) =
2, N £, where

B = [Bya(O\B,(x)l n{n —f(x) = f'(x) (x = &)},
By = [Ba(®\B, ()] n{n — f(X) <f'(F) (F) — ).
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We can write

329 L) -L®l= I (e é&n) -dG &)

Sp(x) NS, (%)

+ I (o &m +|P@&E En)l).

8,(x) (S, (%)

Using (3.22) we find that the first integral is bounded by

u4 OR[u™ - 5
Clx — %[ SRdR S (pR3 + aRZ) dp
U
p 0

1
§C|x—f|°‘ (74-—9&).
u u

In the second integral the integrand is bounded by C/Rz. Furthermore, the
domain of integration, (2; N 2;)A (2, N Q,), has an interior piece with
R=~p and area = |x —X| p'™® and an exterior piece with R =~ u and area
~|x — x| '+ Hence this integral is bounded by

l14+a 1+a
Clx - | (” e ) < Clx —z|°.
' p U

We conclude that

C
[J2(x) —J2(%)| é‘;"'%-
u

[x —%|*

Combining this with (3.24) and recalling (3.23), we obtain

c{ + 6)

(3'26) IEI (-xa 2 ﬂ) - El (f, 0, .u)l =

E

|x — x|

if case (i) holds.
Consider next case (ii) and set

A=4[(x — 5+ (f(x) = FR)HV.

The same argument that was used to prove (3.24) shows that

1
— B (x, &, 1) d& dn — § ® (%, &, 1) d& dn
|2 = X|%| B,\B, (01D 1B, () \ By (£)]nD

SC(1+B).

- o

U
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On the other hand, by the proof of (3.15),

1 _
— @ (x, & 1) d& diy — if ®(x, & 1) dE dn
|x —X|%| B\B,(»)InD 1B, (D\ B, (®)]ND
1 -
=—— o emi+ I e &)
|x = %|*| Bix)\B@1nD 1B, (5)\B, (911D
1 0 0
<C— L)< C—.
Ix - xla u u

We conclude that (3.26) also holds in case (ii).
From the definition of E, in (3.20) we see that we can apply (3.22) pro-
vided that (x,f(x)) and (X, f(x)) belong to B,;(x). We then get

3.27)

lx —x|*

11—«
_ 7] 6
Ey(x, p, ) — Ey(X, p, 1) = C + dé d
|Ea(x, p, 1) 2(xpﬂ)_S (R3 uaRz)fﬂ

D\B,, (xp)

1 7}
C(—&+—a]10gu]> .
us o u
Consider finally

Es(x,p) —Es(F, p)= | G &mdSy—~ | GG E 1) dS,
aBp(x)nD aBp(i)nD

IIA

where
x—=£ Nee = — (x~-&?
(x—8%+ (flx) —n)? [(x = &2+ (flx) — )2

€=
in the first integral, and G(x, &, ) is similarly defined in the second integral.
Notice that

(3.28) { G(x, &, 1) dSey = —%.
3B, (x)n(n — f(x) <f'(x) (£ - x)}

Also, with v = (v, 1) = (X — x, f(F) = f(x)),

Es(x, p) —Es(® p)= | G & n)dSy,
8B, (x)ND()

Gx, & n) =

- { G(F, & + vy, 1 + vy) dSgy.
6Bp(x)m{D(t) —v}

Since, as is immediately seen,
G()_Ca 6 + AR + UZ) = G(JC, é, ”)’
we deduce, after using (3.28), that

|Es(x, p) — Es(%, p)| = { |G(x, &, m)] dSy
3B, (x) n2n{n ~ fx) <f'(x) (~x)}
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where Q is the symmetric difference of the sets D(¢) and D(¢) — v. In the
last integral, the integrand is bounded by C/p and the domain of integration
has measure

o _
=-—|x—X["p.
u
Hence
_ co
(329) — Q!E3(x’ p) _E3(x9 P)] é_oz
|x — %] p

Combining (3.26), (3.27), (3.29) and using (3.20), we deduce the Hélder
estimate (3.9) for d4/dx. The same analysis can be used to derive the Holder
estimate (3.9) for dE/dx.

4. QOutline of the proof of the main result

To prove Theorem 1.1 we shall proceed as follows:
Choose a family of curves

f(f)ZX=f(t,/1),y=}7(t,M, OététO’
“.1) (0, 4) =4, §(0,2) =0, —Ap(?) <A< A(r),

)7(f, A’) =)7(t’ _1)3 f(ta A) = —-f(t’ _l)
with 15(0) =2; Ao(#) <1 if t>0; §(1, 1) >0 if |4| < g(#), t>0; and
7(t, 49(¢)) = 0. Denote by D(t) the region bounded by I'(s) and the x-axis.

Recall that the function #(x, y) (= u(x, y, 0)) studied in § 1 has the form
(2.9) where &(x, y) is defined in (2.7), and
Ay =0 in R,
(4.2) wix,b) =M= ®(x,b), w(x —h) = -, —h),
v,(xa,y) = =D (xa,y).

Let w be the solution of

Aw = xp (x,y) in R,
4.3)
w(x, ) =0, w(x, —h) =0, w/(=xa,y)=0.

We can write

4.4 w(x, 3, 1) = G(x, 3, 1) + {(x, 5 1)
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where

1
4.5) Gyt = §§ log [(x = &)+ (v — m)1V* d¢ dn,
D(z)

Af=0 in R,

“.6) b 1)=—G@x b 1), &x —ht)=—-Gx —h 1),
L(2a,3,0) = —G(£a, 3 1).
Set
4.7) u=i+w=0+y+G+{

and consider the differential equation (1.10).

In the following sections it will be shown that this system has a solution
x=x(t, A), y=y(t, A) for 0 =t =1; it determines a family of curves I(z)
as in (1.8) and a family of sets D(¢):

4.8) D(¢) is bounded by I'(¢) and {y = 0}.

Our plan is to show that the mapping from {D(¢)} to {D(¢)} has a unique
fixed point. The solution u = u(x, y, t) corresponding to this fixed point,
together with the corresponding family I'(¢), forms a solution to the evolu-
tionary toner problem, ie., to (1.1)—(1.10).

The existénce proof also establishes an asymptotic behavior of the curves
I'(t) near the critial points (£1, 0), for ¢ - 0.

5. The ordinary differential equation

We assume that the functions £(¢, 1), ¥(¢t, ) are defined in
0, = {5, A); —=2o(8) < A < Ag(2), 0 <t<min (5, F(1))}
for some f; > 0, and satisfy the following conditions:
£(0,2) =4, (0,1) =0, F(,A)>0if 0<r<i(L),
.1 F(E(A), 1) =3(1, 2(1)) =0,
£(t, —A) = =x(t, ), J(@ —1) =3, —4),
A— (s 4) and A - §(z, 1) belong to C** for each € [0, 1],

(5.2)

1

—<ix(t, A)<2.

2 04
Consequently, the inverse function A = Ax, 1) of x =%(¢, A) is well defined.
If we set

y=9(2) =3(t, A(x, 1)) =f(x, 1),
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the function f(x,¢) is then defined for —xy(¢) <x < xy(¢), for some
xp(t) > 1, and
(5'3) f(x’ t) :f(_x’ t)a

£ 1) {>0 if —xp(1) <x<xy(2),

5.4
=0 if [x] = x(0),
5.5 14+ Qit|logt| <xy() <1+ Qytllogt] (OG>0 >0),

the curve {(x, f(x, t))} lies between the polygonal lines
(5.6) Li(t), I,(t) where ;(¢) has vertices (—1 — Q;¢|log ¢|, 0),
(—13 yit)9 (1, yit): (1 + Qit|10g tl9 0)

with y, >y > 0,

57 £ 0] <2 [x] =300,
log ¢|
Ly )
(5.8) fo(x, 8) > if 1<x<x(r)
log |
where 0 < Ly < L;, and
1fx(x’ t) _fx(-i; t)l L2 . —
9 = f — ,
O TR Fmmre o s@mor | RO S»I<n0
where L, >0, 0 <a<1i.
Set ’

W= (0, 0z, Ly, L1, L, )

and denote by .7y the class of functions (%, y) satisfying (5.1)~(5.9).
We shall need an explicit form for the first derivatives of the function @
defined in (2.7):
1

b (x, y) o ad
(5.10) —=F=—— | “log [(x — &) + y¥ d¢
ax 4 ) ox
-1
a o (x—1)2 +y?
=—log[(x — &2+ L= —log— "2 |
g CE LG =T+ Y = x+ D242
1
0D (x, o
00(x,y) _ 0o —yT—z de
dy 2r ) (x=&) "+
-1
G l: 1—x 1 +x]
= — — jarctan + arctan
2n y y
where arctan is taken to have values in [-%, Z] (arctan(—x) = —arctanx).
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In view of (4.7), the ordinary differential equations (1.10) can then be writ-
ten in the form
. o, (1-x)?2+y°
x=——log——m—F—— — X, y) —we(x, y 1),
. g(1+x)2+y2 Wy (x, ¥) (x, 5, 1)
5.11)

. o 1—x 1+x
y =, jarctan + arctan =¥, (x, y) —wy(x, 3 ).
T y y

From (4.5) we have

1/p’

/
VG, 31| = C SS dedn SS d¢ dn SS de dn

R R?P
1516} B D)

where 1/p + 1/p’ = 1. Since |D(¢)| = Ct and since the last integral is bounded
if 1<p<2, we get

s
|VG(x, y, t)| = Cs8° VYé>0.

The same bound hqlds also for G(x, y, t) and thus, by the definition of
in (4.6), also for V{. We conclude that

s
(5.12) |Vw(x, y, )| = Cst* .
Set
(5.13) B =y, (1,0).

We wish to consider the behavior of the solution of the ordinary differen-
tial equations (5.11) near the point (1, 0). For simplicity we set & =x — 1.
Then, by (5.12), (5.13),

E=—Zlog (&2 +y%) +o(l),
4n

2+
(5.14) y= g {— arctané + arctan 5} — B+ o0(1)
27 y y

=9 atan® + E) — B+ o)
2m y 2

as t—~ 0, (& y)— (0, 0.
By Theorem 2.1,

(5.15) B>0, %—B>0.
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We want to approximate (5.14) by the system

(5.16) E=-"log &,
47
9 _B ifé<o,
(5.17) y=12
—B if £>0.
If we set
dé
(5.18) F(z) = S —
|log £2|
]

the solution to (5.16) with £(0) = & is given by

(5.19) F(E(t)) — F(&) = —1.
47

In the next section we shall use this approximate solution to construct bar-
riers (or invariant domains) for solutions of the complete system (5.11), and
then derive a simple but sufficiently effective approximation to the solution
of the system. »

6. Construction of barriers

We shall prove that the solution of (5.11) with £ =x — 1, £(0) =&, <0,
|&| small, must remain in the region Ry, indicated in Figure 3.

(60,0 (0,0} (£0,0) £

Figure 3
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We need to construct upper barriers I} and I3 and lower barriers 7, and
I'y. From (5.17) we see that

ag
y = (5~ )t+ y (v constant)

for £(z) < 0. Combining this with (5.19) we get the solution

_ g 1

B 57; ¢ — 2B

where y, is a constant. We now construct upper and lower barriers Iy, I,

having a form similar to (6.1).
We begin with an upper barrier 7 defined as

1
F13)7=I.[F(f—8¢'0) —F(& —e&y)], & =E=elél

(6.1) Aoy =F(&) + v, 4o

(6.2)

1
where A = 9.
2n o —2B
for any small & > 0 and for sufficiently small ¢ > 0.
We need to show that the vector field along Iy as determined by (5.14)
has smaller slope than Ij. The slope of this vector field is

—e >0,

g {— arctan—é + arctanz—_'—é} —B+o()
&y _ 2n y y
d¢ 1
- f;z log {62 + F-[F(é —&y) — F(&o — 850)]2}

<4—Tc<%—B+o(l)) 1 1
g
l log {fz + 5 [F(E—el) = F(& - 850)12} ’

1 1
< T a2
4 |log (& — &&p)?|

The last inequality is a consequence of

1
&+ 5 F(E —ao) — F(& — eo)l* > (£~ o)’
which is clearly valid if éogf s &y if efy < €< e|&|, then the second
term on the left-hand side majorizes the right-hand side.
We next construct the lower barrier I5:

=slope of I; (by (6.2)).

Fz:y=%[F(é+8!rfo}) C P+ ele)], GsEs —dell,
6.3) o 1
5;1“-0—23

where A = +¢&, &>0.



A Free Boundary Problem in Electrophotography 281

We compute the slope dy/d¢ from (5.14), along I:

i{—arctan( Ao )+£} — B+ o(1)
dy _ 2n F(E+&|&)) —F(& +elél) 2
de :

1
— % 1og {52+ LIFE +elt)) - Fé+ 8|§o|)]2}
4n A

If & = & = —¢|&)], then the expression in the arctan is negative and large in
absolute value, if |&| — 0 (¢ is small but fixed). Hence the arctan (---) is
approximately equal to —%. Also the denominator is positive and smaller
than -

(1 + 1) -Z |log &2 =2 (1 + 1) (1 + ) |log (& + £]& )2
4 47

if & =¢& = —4e|&|, where 5y, y, are positive numbers which converge to

zero if &, — 0. Since
o

—mn —B
2n 1
U — > — s
g
4n
we deduce that along 15,
d 1 1
s = slope of I,

e~ i |log (& + | &))2

if &=¢= —4eléol.
We proceed to construct the barrier I3, I',. From (5.17) we have that
y = —Br+ y (with y a constant) for £(z) > 0. Recalling (5.19) we see that

(6.4) - Ly =F(&) + vy, ¥, constant,
4nB

is an approximate solution. This suggests the upper barrier

1 = =
Iy:y= —‘I[F(f—gfo)—F(fo“Efo)] for el&| =¢=&
(6.5)

where 1 = g _ g, Eo is small;
4rnB

&’ is any small number and ¢ is positive and sufficiently small. To verify this
we compute along I3 the slope of the vector field (5.14):

g — arctan < +§ — B+ 0(1)

2n 1 3
= [F(& = olo) = F(& — )]

b _
&

l =
- 4—67; log {62 + e (F(& —g&y) — F(& — e — 850)]2}
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For ¢ >¢g|&;| the expression in the arctan is positive and large so that
arctan (---) is approximately 7. The denominator is negative and
4nB 1
>—-Q0+n))—  —
o |log (¢ — &)
(cf. the argument in the case of I3); ny — 0 if & — 0. It follows that
d 1 1
_y< — ———————— =slope of Ij.
dé A |log (& — &&y)]
Consider next

1 — _
f45y=—I[F(f'f‘eo)"F(fo"'?-fo] for —e|&| =¢=4
(6.6)

7

where A = 7 + &
4B

with any small ¢’ > 0 and sufficiently small & > 0. We can argue as in the case
of I} to deduce that along I

dy > —-B 4+ o(1)
dé

1 —
— f— log {52 + B [F(&+ e&y) — F(& + 650)]2}

s

1 1
T
A |log (& + e&p)*|

hence I is a lower barrier.
We finally have to fit endpoints of I'y with I3 and I, with I;;. This gives

the approximate equations for &, &:

= slope of Iy;

2n 4nB =
(0 —2B)—F(&|) = —F(&),
g g
6.7)
2n 4B _
(6 —2B) —F(&|) = —F(&),
g o
the ratio of the left-hand side to the right-hand side (in both expressions) goes

to 1 as & — 0.
From the relation

X X

dé X dé
= +
S logé logx S (log £)2

0 0

we deduce that

X

dé x 1 >
= = f 0-
6.8) F(x) Slloggzl |log x? | (1+0(|10gx!)) o

0
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Hence (6.7) implies that

= o—2B - og—2B
6.9 = , =~
6.9 <) 2B &), & B

[&o]-

- From the form of the barriers we conclude that the solution of (5.11), or
(5.14), with £(0) = ¢&,, y(0) = 0 behaves approximately like a solution to
(5.16), (5.17). More precisely:

Lemma 6.1. The solution to (5.11) with £(0) = &, < 0, y(0) = 0 satisfies

F(E+0(&]) = F(& + 0(|&))) =§t,
(6.10)

(3—B> t(1+0(l) if £<0,
y=1\2

—=B:(1+o0()) +y if £€>0

where o(1) -0, éO(léo[) 0 if &0, wniformly in (&, ).
0

7. C! estimate of I'()

By Lemma 3.1 Vw(x, y,¢) is in C'*® on y =f(x, #); it is not, however,
that smooth elsewhere. Since we shall need to work with C'*® functions of
(x, y) on the right-hand sides in (5.11), we are forced to modify the function
Vw(x, y, t). Figure 4 is a visual aid in describing the modification. The inter-
nal longitudinal curve is the curve y = f(x, #). Each transversal line segment
[ is of lenght &yr, where g, is small enough. Along each [ we take a cutoff
function {;, {;=1 on I nf{y =f(x, ¢)}, and define

(7.1 A, y, 1) =w(x, f(x, 1), 1) §.

We construct the [ and {; to be symmetric with respect to the y-axis, {; =0
at the endpoints of /, and along the segment [/ the directional derivative D;{;

~xolt) x=0 Xolt)

Figure 4
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of {; is O(1/¢). Then, by (5.12),

|\DA| =0 (l—lJ,S) along /,
2

for any small § > 0. On the other hand, the derivative of 4 along the curve
I'(t) is bounded by C(|logy| + 6), as a consequence of Lemma 3.1 with
u=¢llogy|, & >0 and small (the assumptions (5.6)—(5.8) enable us to
choose ¢, and ;). The angle between [ and I" is at least = Lo/|log ¢| by (5.8),
and therefore ,

(7.2) 743 0 5+ Cllog y| [log ¢
tZ

for any small 6 > 0. Similarly we define

(7.3) B(x,y, 1) =wy(x, f(x, 1), 1) §
and, then,
_ Cs
7.4 \VB(x, 5, t)| = —,; + Cllog y| |log ¢].
tZ

The reason we choose the line segments [ to be horizontal near y =0 is
that otherwise, the singularity in the C'** estimates at (x,(z), #) (which oc-
curs as we take 4 — 0 in Lemma 3.1) propagates into the entire subinterval of
[ lying in {y > 0} (with one endpoint at (xy(¢), 0)). The factor |log ¢| on the
right-hand sides of (7.2), (7.4), which results from this choice of /, does not
cause any difficulties.

We henceforth replace (5.11) by

. o (1—x)2+y .
x=——log —+—"— (X, Ax, y, 1),
i g(1+x)2 —W(x, y) —Ax, ¥, 1)

(71.5)

x 1+
+ arctan

y= % {arctan x} ~wy(xy) = Blx, 3, 1).

y

Suppose we follow the procedure outlined in § 4 and establish a fixed point,
using (7.5) instead of (5.11). At the fixed point, (¢, ) =x(f, A) and
$(t, A) = y(t, A), and therefore A and B coincide with w, and w, respectively,
ie., (7.5) reduces to (5.11). This fixed point would then be a flxed point also
for the mapping based on the ordinary differential equation (5.11), and thus
the existence proof would be completed.
We proceed to prove that the curves I'(r) belong to the class ofy. We
begin by studying the C! nature of these curves near x = 1, y = 0, and again
resort to the change of variable £ = x — 1. If we differentiate (7.5) with respect
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to the parameter A and set X = 3£/dA, ¥ = dy/dA, we obtain

04 A
+g &)X+l Y——X-—7Y,
14 ay
(7.6)
__9_ Y sy, 0 ¢
2m &2 + y? 21 E2 4+ y?
9B B
, ) X s Y-—X—-——Y,
+g3(& ) X+ g4(&, y) Pe P
(1.7 X(0) =1, Y(0) =0;

the functions g; have uniformly bounded derivatives.
The slope of I'(t) is given by W= Y/X, as A varies. From (7.6) we easily
obtain an equation for W(t) = W(&(t), y(2)) = W(E(2), y(1), A):

(7.8)

: g v 0B g ¢ aA 3B
W={[-——-—"— - — - = - — -
(2n52+y2+g3 aé)+<2n52+y2+(g“ g‘)+<ac ay»W

oA
+ (2 L+ Z ) wo) =o.
2n & +y dy

Hence
(7.9) ¢

WU)zS [ 10

0B .
T B0 4y T8y ©) = (9, (), s)]

t
o_ o B
e {S [27: 20 1 yin T 880 L0,y ()
04 0B
(?5—5) (&(2), y(2), r)] dr
oy M ~
+ S [271 2(7) + (1) + 5 (&(1), y(1), 1) — 2 (&(1), y(v:))]

s

X W(é(f),y(f))} ds.
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By Lemma 6.1, the trajectories of (7.5) with |&| small approximately
satisfy the equations (see (6.10))

F(&) — F(&) =§ f,

(7.10) y=<%—B)t if £<0,

y=—Bt+y if £>0, y constant,

where F is given by (6.8).
Choose any M large. By (7.10) (or, more precisely, by (6.10)), if |&]| is
sufficiently small, we have:

If |£()] = My(z), then |F(&(0))| <|F(&),
(7.11) o
so that |F(&)] ~ " y(t) = A|F(&)|

where A is a positive constant A, if £(#) < 0 and another positive constant 4,
if £(r) > 0.

Lemma 7.1. The following inequality holds:

t
(7.12) S @l cloelloel&ll

: 2(s) +y°(s) = |log &l

Proof. We split the integral into integrals over {|¢(s)| >y(s)} and
{|€(s)] = y(s)}, and use (7.11). We obtain

t
|E(s)]

7.13 —
719 S E2(s) +¥2(s)
0 {1£()| >y (s)}

ds C
+ : < .
S |1(5)] |F(£o)|“s IHOIRSION

Here and in the sequel, when we write integrals such as

or ,
{1E(s) zy(s)} {[&(s)| sy (s)}

it is always to be understood that s varies in the interval 0 = s =+
By (5.14),

: G
E~ —— (4%,
47
and log (&% + y?) = log &* if y(s) =|&(s)|. Hence, in this range,

G g
47 log £%]°
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Also, from (6.10) we see (using (6.8)) that the range of |¢(s)| when
|£(s)] > y(s) lies in an interval = [|F(&)|, col&o|l, co >0. Hence

<ol &ol

[E(s)] 1¢] [log &|
1) >y(s)} a1l &ol/llog &l
B log ¢o | o] < cloglog[&]|
log ¢;|&| — log|log |& || — |log [ &l |

On the complementary set {]&(s)] = y(s)} we have
4r 2 .2 2
5 o= Tlog (&P +yY) ~ —logy” ~ —log|[&|

by (7.11), whereas |&(s)| = y(s) = |F(&)|. It follows that

(7.15) s3] (s)] < y(s))] = ¢ JECDL

110g|fo|]-

Assertion (7.12) follows from using (7.15) and (7.14) in (7.13).

Lemma 7.2. The following estimates hold:

t
S ] y(s)2 =S
&2 (s) +y°(s) |log ¢|

(7.16)
0
(7.17)

t

S 62(3‘:;@) dsgllozt[ at points (E(1, 1), (1, M) with &(t, 2) > 0,

0

where C, ¢ are positive constants.

Proof. We first establish both (7.16), (7.17) in case £(z, ) > 0. For any large
M > 0, we write

¢

y(s)

(7.18) S———ds= S -
EX(s) + y*(s)

§ (£ >My(s)) ()] SMy ()}
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Then (cf. (7.14))

y(s) ds
———————ds = C|F (&)
£2(s) +¥2(s) ()] ()]
{|£(s)| >My(s5)} {1E(s)] >My ()}
<ol &l dﬁ
= C|F (&) S e
’ &*[log &2|
C1M|fo”|103|fo[|
Since
1
S 3 de =~ ! if -0
& |log &  e|log g
&
(cf. the proof of (6.8)), it follows that
(7.19) 2_2’% s < E _1__
E5(s) +y°(s) M|log | & ]|
{1€(s) >My(s)}
Next, by (7.11),
y(s) ~ ds
(7.20) —————ds = C|F(&) —~
E2(s) +y*(s) PG E(s) + C*|F(&)|*
{E(s)| =My (s)] {|E(s)| =My (s)}

where C is a constant independent of M; here ‘=’ means that ‘“<’’ holds
with constant € and ‘=" holds with another positive constant C, of course
not the same. Also, by (7.11),

47 .
;” & =log (&2 +y%) =~ —log (F(&))2 ~ —log /~.

Hence
y(s) ClF ()| i

(7.21) mds == —1—— 5 62 F )

y*(s) |log ¢ | &+ CH(F()

{1€(s)[ =My(s)} 0<[E] < CIF (&)
£<0
¢
|log ¢|

(Since £(¢, A) > 0, the integral on the right-hand side should actually extend
also to a range of &s with &> 0; however this portion of the integral is
bounded by the same integral taken only over £ < 0.) Using (7.21) and (7.19)
in (7.18), and choosing M large enough, we obtain both (7.16) and (7.17).

Notice that the condition &(z, 1) > 0 was implicitly used in the proof of
(7.17). This condition implies that the trajectory (&(s), y(s) for 0 =5 = r con-
tains at least the part of the full trajectory in {y > 0} which lies in {£ <0},
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and this allows us to assert that the domain of integration for the &-variable
in (7.21) contains an interval —C|F(&)] < & <0 and is contained in another
interval —C|F(&)| < & < C|F(&y)|.

If we drop the restriction that £(z, A) > 0, we can only establish (7.4) with
“<? instead of *‘=~?”’, and this together with (7.19), (7.21), establishes the
assertion (7.16).

We now proceed to estimate W from (7.9). We prove that

(7.22) [W()| =
|log ¢|

b

¢
|log |

7.23) W] > at (&(t, 1), y(1, 4)), if &1, 4) > 0.

Recall that W= W(z, A) is a function of both ¢ and A, and W(0, 1) = 0.
Hence for any A there exists a constant C(A4) such that

c(h)
llog ¢|

(7.24) |W(t, 1)| =

We are considering here values of A near x = 1, which correspond to values
of & < 0 with |£| small. Although C(A) may possibly become unbounded
as A — 1, the inequality (7.24) is still useful.

By (7.2), (7.4),

*

! 1
JUVA| +|VB) ds s C2 *+c [ |logs||logy(s)| ds.
{jlogy ()| >1/ ([logs| 2™ )}

The asterisk over the last integral indicates that we only integrate over the
range of s for which VA or VB do not vanish. From the definition of A, B
it follows that, in j*, s =~ t, The last integral can now be estimated by
substituting y = y(s) and using the relation dy/ds = 1. We get the bound

1
expl—1/22 2 |log1]]

-5
Cllog | f  llogyldysCt
0

ST

Hence
¢ 1.5
(7.25) §(vA| +|VB)) = .
0

Using (7.25), the bounds |g;| = C and Lemmas 7.1, 7.2, we see that the
_exponent in (7.9) is bounded by

c ci4) C
|logt| |logt||logt|
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If 0 =t =1, where ¢, is small enough so that C(1) <|log ¢| in (7.24), then
we deduce, using (7.9) and Lemma 7.2, that

(7.26) [W(1)] = {l +L (1 + CM))} L
|log t] [logt]/ ) logt

We may decrease C(A) if necessary so that it actually satisfies

C(A) = sup |W(s, A) log¢]|.

0=r=1y

Then (7.25) implies that C(4) = C where C is independent of A. This allows
us to repeat the above argument with ) <t =<2, etc. We conclude that
(7.22) holds for small ¢, say 0 < 7 = ¢, where #,is positive and independent of A.

The proof of (7.23) follows from (7.9) upon using (7.22), (7.25) and (7.17).

So far we considered only what happens if |&] is small, ie., if A is
near 1. The same considerations apply also to the case where A is near —1.
We therefore known how the trajectories of the ordinary differential equations
behave in {y 2 0} when 1 — J; <|A| <1 and 0 =7 =1t, where J; and ¢ are
sufficiently small positive numbers.

All the other trajectories, i.e., those with —1 +d; <A1 =1 — J;, are very
smooth if O0=r¢=1t, where 7, is a sufficiently small positive number
such that all these trajectories stay in a region —1+dy<x<1-—4, for
some 0 < Jy < J;; here we take 0 <1, < #,. For all these trajectories

) a
(7.27) Fo1, Do ifroo,
A oA
and the corresponding portions of the I'(z) are uniformly C'*%. Further-
more, by continuity,

(7.28) fee ) =CL [fi( D0 = G 0 [x] <1 -6y

One can easily check that with the exception of (5.2) and the Holder condi-
tion (5.9), the family (x(z, A), y(z, 1)) satisfies all the conditions imposed on
(£(t, 1), $(t, 1)) in §5, provided 0 =7=1¢. Indeed, (5.7) and (5.8) for
(%, y) follow from (7.22), (7.23) and (7.28), and (5.4)—(5.6) follow from Lem-
ma 6.1. Furthermore, the new constants L;, Q;, ¢, are actually independent
of the constants Z;, Q;, t, in § 5. By appropriate choice of these initial con-
stants, we conclude that, with the exception of (5.2) and (5.9), the mapping

(7.29) MAX(E, A), (8 A} = {x(8, 4), y(1, A)}

maps .y into itself.

The proof of (5.9) is given in § 8. Here again it suffices to consider only
the portion of I'(#) for which the trajectories initiate at (&;, 0) with & < 0
and |&;| sufficiently small. The proof of (5.2) for (%, y) will follow from
(7.27) and the proof of (5.9), and therefore need not be further discussed.
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8. C1** estimate of I'()

Writing ¥ = XW in the first differential equation of (7.6), we can im-
mediately solve for X:

t

- _o_ ¢t
0 = e S { 27 E2(s) +y2(s)
0
o y(s)
-———2" W ,
27 E20) + 92(5) (8) + (g1 + &) (£(s), y(5))

A
+ & (&(s5), y(5)) W(s) — % (&(s), y(s), 5)

o
= ), y(9), 5) W(s)} ds.
ay

Using (7.22) and Lemmas 7.1, 7.2 we find that X(¢#) =1 if A >1 (e, if
& <0, |&| —0), that is,

BE(t, 1) _

o 1, or &E(tA)—E(A)=A—1.

8.1)

This implies that
8.2) if A4 <4,, then &(¢, Ay) < &(L, Ay) along I'(z).

The right end-point (xo(z),?) of I'(r) corresponds to some value
A =Ap(z). From (8.2) it follows that I'(z) is formed precisely by the points
(x(t, 1), y(t, A)) with —2q(2) < A < Ay(2).

To prove the Holder continuity of the slope of I'(¢), we take two values
A and 1 near Ay(z), but smaller than 4,(¢) and their corresponding trajec-
tories. For simplicity we set

E@) =8, ), y@) =y A1), W) =Wt l),
Ey =& 1), y@) =yt 1), W) =Wwli).

Set
Py ==L, Gl =
&4y &+ y?
We easily compute that
2%y &~ y?
(8.3) ;=G =——"2 _ P =~G=—2 T
@Y T @y’
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From (7.8) we deduce that

W-Ww W —
4 = =<~U— : u(é,y))

dt|A—2® \z & +y~ A"
c y 0A . W=W
—_—— . — w = J
2n£2+y2+ay(é’y’t)>( +W)M_Ma+ (1)
where
(8.4) .
g F o
J(t) ——{;{' Ma[(b(f,}’) ¢(é,y)]+(l Ma[é’z(fa)’) gs(‘f:}’)]
! [~(£ 1) — ~(E ~t)]
IA A’lu 9y’ C 7y’

W 0A 0B 04
+ Bl . s;t . » , b
M—M"‘[( y) (&0 = (35 By) (€ )]

W . W .
\i T 7 G y) - G(f,y)]+uL Ma[u(é,y) u(&, 91
c W2 w?  [4d -
’ 17 s T » o 3~
t o I D) — P& N+ = M"[ (& m— (éy)]
§r2
ll Ma[gz(é,y)—gz(f,y)]
where 1 = g4 — g;. Hence
W(t)—W(t)
8.5 M[}L—M”

_f 1 ¢ oy a_/f N
_OjdsJ(s)exp[OSd {2 71y +u(§,y)+(2 ey 8y)(W+W)}].

From (8.1) and (7.22) we have

ay(t, A) C
(8.6 oA ( llog t!
Hence
®.7) [E—E&|* +|y —5|*= ClA - A|*.

Since g; is in C, it follows that

1 3
. I * i ’~ =C'
(8.8) - Malg(é y) — &, M| =
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We next show that

1 - - _ I
(89) IA _Z(a{[IVA(f’ Vs t) - VA(€9 }7, t)l] + [|VB(€’ ) t) - VB(é, }7, t)l]}
=S+ jogs|llog
2ot 17

where § = min (y, ¥). Indeed, from the definition of 4 in (7.1) we have de-
duced (7.2), and similarly we can show, using Lemma 3.1, that

Cllog 9| |log ¢t
¢ Cllogy||log1|

[VI&]O,OL = 1 Y
tz""é"i—a !y]a

2

where [ 1o, stands here for the «-Holder coefficient in (&, #). In view of

(8.7), the assertion (8.9) for A follows. The proof for B is the same.
From Lemmas 7.1, 7.2 and the estimate (7.24) we deduce that the expres-

sion in the exponent in (8.9) is uniformly bounded if |&,| is small enough.
Notice that if A < 1, then § =y, and, as in the proof of (7.25),

1

1
SA ~|log 9(s)|[log s| ds if t— 0.
y(s)

Using this in (8.9), and then also using (8.8), we conclude from (8.5), (8.4) that

W@ - W
(8.10) IA—Z]"‘
<C+ Sds CHM(xr) [£0) = E6)] +1y(s) = 5(o)l/llog 5|
¢ |A—2|®

0

+CHa¢(x,> 1£) = &)\ /llog s| +1y(s) = 5(s)|
0

|4 —4j®

where x, = ré(s) + (1 — r) &(s), ry(s) + (1 — r) ¥(s); here we used the mean
value theorem and (8.3) in evaluating the difference of the @’s and G’s in (8.4),
and we also used the fact that 1 +0+a<l in (8.9) (which is valid if
0<a<iand § is sufficiently small)

By (8.1), (8.6),

%é Clé(s) = &),
( ) - ~( ) C _ cC _
Iyli —zylas | éllog s|“|y(s) —y(s)|'® éilogs] — &)1
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Consequently, using (8.3), we obtain

8.11) | W (1) —~W(f)|
|4 —Al®
el 18—y
éryr C ér — Vr Z —a.
§C+CSds S (5,2+y,2)2dr+|logt| S (£3+y3)2dr [E£(0) = S
0 0 0

here we used the fact (which follows from (8.1)) that

(8.12) 18(0) = &M =1&(s) = &)

To prove the Holder continuity we only need to show, in view of (8.12),
that

|W(t) — W(t)] - C

(8.13) 5 = — :
|4 — A" min [y(z), 7(¢)]1¢

The initial point of I'(z) is given by (&(z),0) where & (f) = Ao(z) —1.
Recall also that

(8.14) (1) ~tlog t.

To prove (8.13) we consider two cases:
Case (i): |&(0) — &(0)] > €& (0],
Case (ii): | &(0) — &(0)] = &|& (1)

where & is a small positive number.
In case (i),

| W(t) _NWUH SIW(I)|~+|W(t)] - C
A =41 T (&l&@®])* T |logt||tlogt]®

(8.15)

by (8.14), (7.22).
In case (ii) we have, by (8.12) and the approximate equations (6.10), that

() = E(1), (1) =y(2)
in (8.11) and, therefore,

|W(t) — W (1)
| — 1|

2 1o t IHORIO] 1 St |E2(s) — y*(s)] p
=C+ Clawl {S (&2(s) +y*())*? s+llogtl0 () +y2 )2

(8.16)

0
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We evaluate the integrals by the same method used to prove Lemmas 7.1,
7.2. First '

1

1£(s) y(s)]

8.17 ds = ee=J J.

@17 S (20) +y2(9)2 " " 1rh
0 {£(s) zy ()} {|E()| =y ()}

By (7.11), (7.15),

s __ C IF(EE(t))|= C
y2(s) T [F(&(0)]? [log| & (D] |&(n)]

8.18y J,=C S
HHOIESION

Next, since |y(s)| = C|F(& ()],

c|& (1)
- ds = dé
Ji=C\F t < C|F t — .
sar@ao) | Ansareor |
{HOIESIO) Cl& ()] /|log ()]
The last integral is
z1/{( Cgo_(f) )2 lo |Cf(1(t)| }
log | £ (2)] |log | &, (2)]]

(by integration by parts; cf. the proof of (6.8)) and, therefore,

Ji= —C
1o (8)]
Combining this with (8.18), we conclude from (8.17) that
1) y0s)] c
8.19 ds = —= .
&) S (&) +72(9)2 " = &)

0

Next we estimate

t

él
ds = -+ =L +L,.
S (£2(s) +y2(5))? L
0 1) z() &) =y(s))
c| &)
d.
Ll é C 3 S é C #‘
E2(s) ) €] log &]
1E(9) zy(s)} C1& (1) fllog|E(0)]|

éc/{ SO |, 150 }é_C .
[og [&o™] ||~ [1og |&o()]]| ) T 1& ()]
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Also,

ds C
[ é -
y2(s) T | & (1)

IL,=C S
HIOIESIO)]
by (8.18). It follows that

t

E2(s) C
8.20) ds < ——.
( OS (&%(s) +y*(s))? SE\éo(t)}
Finally,
(8.21) St Y2 (s) gs< - C
‘ (&(s) +y2(s)?  Tl&|

0

Indeed, the left-hand side is bounded by

d d
c o+ C o
& (s) yo(s)
HIOIESTO) {1 =y()}
The first integral bounded by
el (1)
dé C

¢ 3 S=,
] &P |log & T & (0)]
C1& ) fflog| &

and the second integral has already been estimated in (8.18) by C/|&(?)]-
Using (8.19)—(8.21) in (8.16) we find that

WO -Wo| ¢ _ €
A =A% T &(n] T [tloge]*

(8.22)

where we have used also (8.14). Recalling (8.15), we conclude that (8.22) holds
in both cases. This implies (8.13), since the right-hand side of (8.13) is larger
than C/t*.

So far we have (tacitly) assumed in the above analysis that £(0) and £(0)
are near 0, i.e., x(0) and £(0) are near +1. The same estimate holds if x(0)
and %(0) are near —1. Finally if x(0), £(0) are in some interval [—1 + Jy,
1 —&,] with J; >0, then the C't estimate is rather immediate (see the
paragraph containing (7.27)).

A review of the proof shows that the constant C in (8.13) is independent
of the constant L, in (5.9). Hence by choosing L, larger than this constant
C, we conclude that the mapping (7.27) maps &y into itself.
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Remark 8.1. Since we have proved (8.22), which is stronger than (8.13), it
follows that if we replace (5.9) by

L
(8.23) [f(s Do = ——,
|# log ¢|

then ./ still maps the new class .7, into itself; we denote this new class by
LY.

9. A fixed point

We have shown that .# maps a family {x(s, A), (s, )} in &Y into
another family {x(z, 1), y(¢, 1)} in ZY,, provided 0 < < 1, where £, is a snf-
ficiently small positive constant. Denote by 7'(z) and D(¢) the boundaries and
domains corresponding to {£(t, 4), y(¢, A)}, and define I'(¢), D(z) similarly
with respect to {x(¢, 1), y(¢, 1)}. Then we write

D(t) = #D(1).

Choose any element {x(t, 1), y(z, A)} in % with the corresponding do-
mains D(¢) and boundaries I'(¢), and define the iterates

D" () = 4D (t) (n=1,2,...)

where D (r) = D(z).

The modification of Vw as described in connection with Figure 4 is
somewhat arbitrary. We could for instance replace the transversal segments 1,
(of direction p) with concentric segments of larger length; the length being
=~ gyt if the midpoint is in [x| < 1, and it grows to = gyt|log r| as the direc-
tions of [, become horizontal. Let us choose the cutoff functions {, such that
they are equal to 1 on each symmetrically situated subinterval of [, of length
%|ly|. From the approximate behavior of the trajectories as described in § 6
(see Lemma 6.1) we can deduce that if 7 is small enough and the internal
longitudinals are the curves I'(t) corresponding, say, to the domains D?(¢),
then we can carry out the modifications of w,, w, by (7.1), (7.3) with the
same 1,, {; for all the D"(¢), n = 2. Furthermore, for each n = 2, each line
segment [, (or its extension) forms angle = 6y, <% (6, constant) with the
direction (x,(z, ), y,(s, A)) of the trajectory at the point (x(z, 1), y(z, 1)).

Since
c

V| = s
|Cll_t|10gt) t

1A

the analysis in §§ 7, 8 remains unchanged.
Now take two domains

Di(r) =D" (1), D,(t) =D"(1)

and introduce in addition to the usual Hausdorff distance J;(¢) = J,(D;(¢),
D, (1)) another distance function based on measuring distances along the half
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lines fy in {x 2 0} or in {x = 0} containing the line segments I,:
d(1) = d(D1(1), Dy(1)) = sup diam{fy M [0D,(2) U 8D, (1)1}
7

Clearly (since 6p < %),
9.1) 8,(1) = ().

Denote by r; = (x;, ¥;) = (x;(z, A), y,(t)) the trajectories defining the
boundaries I;(¢) of .#D;(t) and by X, = (4;, B;) the modifications of Vw;.
The ordinary differential equation for r; is then

9.2) () = =Va(r() - L), ).
Recall also that
1 - -
©3) Vwi(x, 3, 1) = = = SS (" 2, 2”) dg dx + Vy,
2n P p
Dy(1)
where

=@x=8%+ (y—n)?
and V; is a smooth function.
We can write

(94) IAI(Y; t) _/‘1‘2(7; t)‘

N (N o | A (T
1D, () D, (1)1 NBs(r) [D,(£) "D, (1)\B_5(7) D (1) AD, ()N B,s(r)

E]1+]2 +J3

Here ¢ is any fixed large positive constant. The integrand in J; is bounded
by C/p (using (9.3)). Hence

(9.5) I < SS ..
p
B

cr

In J; we estimate the integrand also by C/p and conclude that
(9.6) J3 = Co(2) |log 6,(1)] .

Finally, using the definition of A; above and setting Z(r) = [D;(¢) n Dy(£)]\
B_s(r) we see that

x(t) — & x(1)

p} P}

Jzécgs dé dy

(1)

where (x;(2), (1)) = () and p7 = (x:(1) = &)* + (y:(1) —n)*. Applying
the mean value theorem we get

C
S = Cdl(l) SS ?g Cél(t) |10g 61(t)| .

(0
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Combining this estimate with (9.6), (9.5) we get, after using (9.1),
9.7) |41 (r, 1) — Ay(r, 1)] = CO(¢) |log 6(1)].

We now take the difference of (9.2) with i = 1 and i = 2. After using (9.7)
and the corresponding estimate for the B;, we obtain

9.8) |r = nl, = |Va(r (1)) — Va(r ()]
+ | (r(8), 1) — Xi(r2(2), £)| + CS(2) |log (1)].
By the mean value theorem and (7.2), (7.4),

|21 (r(0), 1) — X1 (ry(2), 2)] S 9 (2) |71 (2) = ra(2)]
where

1
9.9 (1) =—l+—6+Cllogy(t)|\logt|,
2

and where y(z) belongs to the interval (y;(f), y,(2)).
By the mean value theorem, also

Vit (ri () — Vi (ry (1), 1)] = V2| |y () = r2(0)]
and, as easily verified,

9.10) V2a(x, y)| =

|x| +y

We can then write

(9.11) 111(8) = r2(8)] = C[8(s) |log 8(s)| efol "1 ds
0

where the expression in [---] is the sum of y(z) plus the right-hand side of
(9.10) evaluated at a point in the interval (r,(z),7,(z)). By the results of § 8
((7.22) and Lemmas 7.1, 7.2) it follows that

sup {expj[---]} -1 if t—-0.
0

O<s<t

Hence (9.11) implies that
t

9.12) S (MAD\(t), #Dy (1)) = C{d(s) |log d(s)]| ds.
0

We apply (9.12) to the domain D, (¢) = D"(¢), Dy(¢) = D""'(z). Setting

g:(t) = 6(D™(2), D" (1)),
we get

t
(9.13) g1 =C § n(5) log g,(s)] .
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We assert that
9.14) g.(2) =A™ |log t]".

Indeed, this is true for n = 1 if 4 is sufficiently large. Proceeding by induction
we assume that (9.14) holds for some n and prove it for n + 1.
Applying (9.13) we get

1

gnt1(f) = CA™ [ 5" |log s|" |log |4 + log s + log | log s||| ds.
0

Since log s is negative whereas 4 + log |log s| is positive if s is small,
0<log|4 +log s+ log|log s|| =|log s|.
It follows that

t
9.15) gne1(t) = CA™ [ 5" |log s|"*! ds.
0

But

tn+1 |10g t|n+1 3

I3
s" |log s|"*l = + Vs™|log s|" ds
05 |log s — <§ |log 5|

and therefore
2tn+1 Ilog t|n+1

¢
Ssn|10gsin+lé
0 n+1

if z is small. We substitute this into (9.15) and choose 4 > 2C to complete the
proof of (9.14) for n + 1.

By compactness, any subsequence of {I'"(¢)} ={dD"(¢t) n {y = 0}} has a
further subsequence which converges to a C'* curve I'(r). We assert that the
complete family {I""(¢)} has a unique limit. Indeed, this follows from the fact
that for any two sequences {I"™(¢)}, {I™(t)},

5(Dn](t)aD"2(t))_)O as ny, np = 0,
by (9.14). If we denote by D(¢) the limit in the J-metric of the D"(¢), then
AD(t) = D(1).

It can be easily checked that u(x, y, t) is continuous in (x, y, ¢), and this com-
pletes the existence part of Theorem 1.1.
To prove uniqueness suppose we have another solution with domains D (z)
and set
() =6(D(r), D(1)).

We can choose the same [,, C,y for both domains, and therefore (9.12) can be
applied. We thus get

t
d(t) = C [ d(s)|log 8(s)| ds.
0
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We deduce as before that
o(t) =A""|logt] Vnz1,

so that &(z) =0, i.e., the two solutions coincide.

10. The shape of the free boundary

Theorem 10.1. The function u(x,y) satisfies
(10.1) Uy(x, 0) <0 fO<x<a x+1.

Proof. Consider #, in
Rs;={0<x<a, —h<y<bj\Bs(1,0), J>0.

Notice that # and #,, are continuous across {(x,0),0=x=1-4}
(i (x,04) — iy (x, 0—)) = — g, = 0) so that &, is actually harmonic in R;.
By (2.9) and (5.10) we see that

i, <0 in Bs(1,0)

if & is small enough. Since, further, # =0 on dRs\dBs(1, 0), it follows by
the maximum principle that

(10.2) 7, <0 in0<x<a —h<y<b.
Consider- the harmonic function
wix, ) = (%, y) = @ (x, —¥)

in RE={0 <x<a,0<y<h}. This function is bounded in a neighborhood
of (1, 0), as a consequence of (2.9) and the fact that @,.(x, y) = D, (x, —y)
(cf. (5.10)). Alsow=0o0onx =0, x=a and y = 0, and w(x, h) < 0, by (10.2).
Therefore, by the maximum principle, w < 0 in R} and wy(x, 0+) < 0. This
yields (10.1).

Let us define curves f4(¢) in {y > 0} by

x=x0(ts )")’ }’=)’0(t;/1)

where
Xo = —Ux(Xp, Yo)» Yo = —Uy(xp, Yo,
10.3) ”
x(0, 1) =4, 0, A)=0 (-1<i<]).

Since

' 3 F
(10.4) o, Y-y as=o0,

oA dy

I(t) can be written in the form

(10.5) Io(8) ={y =folx, 1)}
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provided # is small. From (5.11), (5.12) it follows that

3.5
(10.6) | f(x, 1) —folx, 1) =Ct* -, 6>0.
Set
9%i(x, 0) £
(10.7) got0) = = BB ey~ fe) ay.
Ox dy 0
By Theorem 10.1, g’(x) >0 if 0 <x < 1.
By (10.4),
0 dyo/04 Ay
— , 1) = — =—(14+0(®).
o Jo(x, 1) oxo0h 2 ( (1))

On the other hand, for any # > 0,
d dy, % axy 8% dy,
— e - T = 1+ 0(t
Gy arayan apan oW +oM)

if 0sx=1-—#, by (10.4). It follows that

0

— fo(x, 1) = go(x) (1 + 0(1))

ox
and, by (10.6), that

3¢
(10.8) f(x,t)=(gf(x)t+0(t2 ) O=sx=1l-n.
We summarize these results:

Theorem 10.2. For any n > O the free boundary y = f (x, t) satisfies (10.8), where
gx)>0if0<x<.

Thus f(x, t) is increasing in x in an ‘‘average’’ sense.

From (10.8) we sec the precise linear growth in z of the free boundary,
when 0<x=<1—7.

We recall that

(10.9) _C . fulx, 1) < —

— = if 1=x<x(2)
|log #| |log 1|

where C>c> 0. Thus f(x,t) decreases in x for 1 <x<xy(¢), at rate
~ 1/|log t|. The shape of the free boundary, for a small time ¢, is described
in Figure 1 of Section 1.
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