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Rayleigh’s Conjecture
on the Principal Frequency
of the Clamped Plate
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0. Introduction

The theory of isoperimetric inequalities in mathematical physics goes back to
Lord RAYLEIGH’s paper (1877) (cf. [1, 2]) in which he conjectured three inequalities
between physical and geometrical quantities of plane domains. Namely, he conjec-
tured that:

(1) Of all fixed membranes with a given area, the circle has the minimal

principal frequency.

(2) Of all clamped plates with a given area, the circle has the minimal principal

frequency.

(3) Of all conducting plates with a given area, the circle has the minimal

electrostatic capacity.

Fager [3] and KrauN [4] found essentially the same proof for the first of
Rayleigh’s conjectures. The third of Rayleigh’s conjectures was proved by Porya
& SzeGo [5]. The second Rayleigh conjecture remained open up to now. Partial
results were obtained by PorLya & Szeco [2] who proved that the conjecture is true
provided that a corresponding ground-state eigenfunction is of constant sign. Unfortu-
nately, in general the ground state of a clamped plate can change its sign. This was
observed, e.g., for a suitable annular plate by DurriN & SHAFFER [6], for a semi-infinite
strip, by DUFFIN [ 7] and for a polygonal domain by KoNprATIEV, KOZLOV & MAZ'YA
[&]. Recently TALeNTI proved in [9] that the conjecture (2) is true up to a factor of 0.98.

The aim of this paper is to prove the second Rayleigh conjecture. A sketch of
this proof was given in the announcements {10, 11]. In our proof we use a de-
composition introduced by TALENTI [9].

1. Statement of the result

Let @ = R? be a bounded domain. Let us consider in the domain Q the
Dirichlet spectral problem for the biharmonic operator:

(1.1) A%u;=Ju; inQ u=|Vu|=0 on dQ.
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Here the A; are the eigenvalues (arranged in increasing order) and the u; are the
corresponding eigenfunctions of the positive self-adjoint operator H defined in
L»(2) by

(Hop, p) = [ 1Ap|*dx, ¢eCy(R).
Q

If 0Q is smooth, then the u; are classical solutions of (1.1). Let us denote

AMRQ):=44.

Theorem. Let Q* < IR? be a disk having the same area as the domain Q. Then
ALY = A(2*),

and furthermore, equality holds only when the domain Q is a disk.

2. Notation

We denote by B, < R? the open disk of radius r with center at 0, S,:= 9B,,
B:=B;,85:=8;.

If G = R? is a bounded domain and fe L?(G), we denote by f* € L>(G*) the
decreasing circular rearrangement of the function f (see, e.g., [9]).

For the problem

Au=f inG, u=0 ondG,

we denote P f:= u (so that & is the inverse Dirichlet Laplacian).
By d/0n we denote the inner normal derivative.

3. Proof of the theorem

Consider the

3.1. Variational Problem. For r,R > 0, r*> + R? = 1, minimize the functional
§g Sl dx + g, f5 dx
i (@11)* dx + V5, (@ 12)? dx

under the constraints: f; and f, belong to L*(B,), are functions of |x| only
and obey

I(fhfz) =

{ fidx= | frdx.
B, Bx

We denote by I, the infimum of I(f;,f;) under the given constraints.
If we set & f; = v;, then Problem 3.1 is equivalent to
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3.2. Variational Problem. Minimize the functional
KB, (Avy)? dx + fBR (Avy)? dx

53, vidx + jBR v3 dx

under the constraints: vy € W*%(B,) and v, € W >2(Bg) are functions of |x| only,
vy =0o0nS,, v, =0 o0n Sk and

vy v,
—ds= | —=ds=0.
f o ds j o ds 2

S, Sr

Let us denote by G(p, a) the Green function of the Dirichlet problem for the
biharmonic operator in the disk Bg, where the singularity is at the point a. Then
(cf. [2, p. 141])

R(z—a 1 _
63 Gpa=lz—aPin| R (1RG0l ~ 1R - a2l

where z and a are the complex numbers representing the points p and a. This
representation formula implies that G(p, a) > 0 for p, a € By.
The Krein-Rutman theorem implies

34. Lemma. The principal eigenvalue of problem (1.1) in a disk By is simple;
the corresponding eigenfunction is positive and hence is a function of the radius
only.

Reference [12] proves

3.5. Lemma. If A>u=0in B,u=0o0n S, and 0u/on >0 on S, then u > 0 in B.

Consider the problem

5,
(3.6) A*u=cu inB, u=0 onsS, a—u=1 on S.
n

If ¢ < A(B), this problem has a unique solution u(c, x) which depends smoothly on
the parameter c.
From (3.3) it follows that

3.7 u(0, x) > 0.

3.8. Lemma. Let 1i:= du/dc. Then
(3.89) (e, x) >0 forall 0 £c< A(B), xeB.
Proof. If we assume the contrary, then there exists ¢, € [0, A(B)), xo € B with

1,2(00, Xo) =0
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such that for all c€[0, ¢y), xe B
i(c, x) > 0.
Then from the last inequality and from (3.7) it follows that
u(co, x) > 0.
From (3.6) we derive
A%i(cy, X) = coti{co, X) + u(cy, x)in B, 1 =|Vi|]=0onS.
Since by our assumption #({cy, x) = 0 and u{cy, x) > 0, from (3.3) it follows that
t(co,x) >0 in B.
This contradiction proves the assertion.
Let v be a minimizer of the functional [, (Av)*dx under the constraints:
ve W*?(B) is radial, v=0 on S, dv/0n=a on S, [,v’dx 2 b, where a,b >0

are given constants. By the multiplier rule there is a number o such that the
Euler-Lagrange equation for this problem is

(3.9) A?v = oav in B.

Let u(c, x) be a solution of boundary-value problem (3.6). Then u minimizes the
integral

(3.10) [ ((Aw)? — cu?)dx

under the constraints: u € W*2(B),u = 0 on S, du/on = a on S. Hence if ¢ < 0, then

fu?(c,x)dx < [ u*(0, x)dx.
B B

From the last inequality it follows that constant « of (3.9) is non-negative.
Let (v,, v,) be a minimizer of Problem 3.2. Then each of the functions vy, v, is
a minimizer of the problem leading to (3.9) in the disks B,, By, respectively. Hence

(3.11) A?p, =a,v, in B,, A%v, = a,v, in Bp,

with a4, 0, > 0.
Let (v,, v;) be a minimizer of Problem 3.2. We prove that vy, v, = 0:

Let us define a function v in B, which is radial and satisfies Jv/or <0,
— 0v/0r = |0vy/0r| in B,. Then

{ (Av)?dx = | (Avy)*dx,

B B
(3.12) ’ g
[ v2dx = | o] dx,
B, B,

and the second inequality is strict if v is not identically equal to v;. Hence, since
(v1, v,) is a minimizer, v = v; and so vy = 0. A similar proof shows that v, = 0.

3.13. Lemma. Let r,R £ 0, dv,/0r <0 on S,. Then ay < A(B,), %, < A(Bg).
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Proof. Let A,:= A(B,), and let u; > 0 be the principal eigenfunction of problem
(1.1) in B,. Then

1
(314) J‘ulvl dx :/,L_J‘UlAzul dx
B, ! B,
o 1 {ov
=/1—1 Jvluldx +/1_1J6_111Au1ds'
B, S,
Note that

0= [ uA*(r? — |x|?)dx = Ay | uy(r® — |x|*)dx — 2r | Au, ds
B, B, s,

and therefore Au; > 0 on §,. Hence
Jugvydx e § uyvy dx;
B, A1 B,
consequently from (3.12) it follows that
o < )»1.

A similar proof shows that o; < A(Bg).

3.15. Lemma. Let a, b, c,d > 0 and either y > 1,a/b > c/d or 0 <7y < 1, a/b < c/d.
Then

vya+c¢c a+c
3.16 -
(3.16) PO)= T by d
Proof.

6_p_ ad — be

dy  (yh + d)?

and so the inequality evidently follows.
3.17. Lemma. Let (vy,v,) be a minimizer of Problem 3.2. Let 0 <r <R and
v, /or <Qon S,. Then

R 4

Ay é <—> xy.

r
Proof. Let us denote
Avi=fii=12 R’ =k>1, |fFde=a, [vidx=>b; vi(/kx)=u(x),

Au=g, v,(x/Jk)=wx), Aw=h.
Then

[u?dx =by/k, [g’dx =kay, [w?>dx=kby, [h?dx=ay/k
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For contradiction, let us assume that o; > k2a,. Since

ou 6U1
%ds = J‘Eds,
S,

h
the pair (u, v,) satisfies the constraints of Problem 3.2, We have
A%y =k?a,u.
From Lemma 3.8, identity (3.14) and our assumption that o; > k?a,, we conclude

that

by >—=.
1>k

Since the pair (vy, v,) is a minimizer, we have

a1+a2< ka, + a,
by +b, T by/k+ b,

Now (3.16) implies that

ka, + a, < vka, + a,
by/k +b, by +b,

with y = kb, /b, > 1. So a; < yka,, or

4 _ 22
b, <k b,
Since
ow o0v,
Jv%ds = J\Fn‘ds,
Sk Sk

the pair (v,,w) satisfies the constraints of Problem 3.2. By inequality (3.16),
we have

ay +a1/k ay +xafk

by + kb, by + b,

with k = b, /kb, < 1. Since we proved that

Kdq b2a1

=—=— < d,,
k k%, ~®
we conclude that

ag +a1/k<a1 +a,
b, +kb, by +b,

But this inequality contradicts the assumption that (v, v,) is a minimizer.
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Inequalities (3.17) and (3.8") imply that

jBr vy dx < jBR s dx.

(3.18) TS

3.19. Main Lemma.
0
—I1,=20 forO<R.
or

Proof. Let (f,f>) be a minimizer of Problem 3.1. Recall that r> + R? = 1, and let
0 <p <r. Let gi(p, x) be the restriction of the function f; to the disk B,. We
assume that p* + p'? = 1. Let g,(p, x) be an extension 6f the function f, onto the
disk B, such that g,(p, x) is a function of p and |x| only, monotonically nonde-
creasing for |x| € (R, p') and such that for all ae R,

meas{x € B,/\ Bg, g2(p, X) > a} = meas{x € B,\B,, — fi1(x) > a}.
Thenforalla<p <,

[gidx= [ grdx, [gidx+ [ g5dx=C,
B, B, B, ,

B

p

where C is independent of p. Let us denote

i p, x):= Dgi(p, x).

Then
ﬁl (p:' X) = ﬁ1(09 x)'Bp - 51(07 x)IS,,
and hence
0 . .2 1 094(0, x)
i d - =
o g 01(p, x)dx B an g 11 (0, x)dx

By similar reasoning we obtain

= 105,00,x) . .
"R o JR 5,(0, x) dx.

0 ¢ .2
%E{' Uy (p7 x)dx

Since

jaul(o, x)dx _ Jévzé(), x)ds,

on n
S, Sk

we have by (3.18) that

0 N
35 I8, T (P ) dx R Jp, 51(0, %)dx

—_—— <1
2 [g, 02(0, x)dx

IA

0 N
5; §BP, Dl(pa x)dx

p=0
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Thus we conclude that

<0,
p=0

0
P (I b7 (p, x)dx + | B3 (p, x)dx>
ap B, B,

as required.

3.20. Lemma.
lim I, = A(B).

r—0
Proof. By the variational principle,

(321) Q) = inf 1o A &
fou?dx

under the constraints u € W22(Q), u = |Vu| = 0 on Q. Let
I (Aw?dx B

inf ———— ==
1 fpurdx ¥

where the infimum is subject to the constraints u € W*2K(B,), u = 0 on §,. Since
the operator & is bounded in L?(B,), it follows that f > 0.

Let 0 < r < R and let (f1(r, x), f2(r, x)) be a minimizer of Problem 3.1. Without
loss of generality we may assume that

§ filr,x)dx =1
B,

(3.22)

for 0 <r < R. From (3.22) it follows that
IB, flz(ra x)dx >_ﬂ_
§5, @filr,x)*dx

Since
1
2
dx = —
gr fl (r, x) X =2 7’[;"2

and I, < const for all 0 < r, it follows that

f i@, x)dx — o0
Bz

as r — 0, and hence

| (@f>(r, x))?>dx - o0
Br

as r — 0. Therefore
[, 12,0, %)] dx

-0 - Q.
[ @hr ) dx

(3.23)
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Let us denote h(r, x) = f,(r, x) — 1. Then
[ hdx =0,
By

and hence

oDh)

Sk
Since 2h is a radial function, we conclude that
Ph=\V@h| =0 on Sg.
By (3.21), we have
h*dx
LI
f B, (Dh)* dx
Furthermore h? = f;* — 2f, + 1 and so taking into account (3.23) we get
£ dx
(3.24) lim inf —L?Z—Z— > /(B)
=0 [, (Df)? dx

This inequality and (3.22) complete the proof of the lemma.
Let fe L*(G), G = R? be a bounded domain. Let us assume that Zf> 0in G.
Then

(3.25) [@)72dx< [ (@f*)dx,
G G*
with equality only in the case when f= f* (cf. [9, 13, 14]).
Let u; be a ground state of problem (1.1), and assume that meas Q = x. Let
(32600 QTi={xeQu;(x)>0}, Q :={xeQu(x)<0}, Au:=/

Let f. be the restriction of fto Q7 and f_ be the restriction of ( — f) to Q. From
(3.11) it follows that

[ fax . [ fE2dx + [f**dx
Cfuldx T [(@fH)2dx + [(@fF)dx

with equality only in the cases when either Q is a disk or £ is a union of two disjoint
disks. Without loss of generality we may exclude the case of two disks from our
consideration. Since du; /0n = 0 on 4Q, Green’s formula implies

{ fdx=0
Q

Q)

and hence

ff+dx= j f-dx,
ar Q-

[ fidx= | f*ax.
B, Bx
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Thus by Lemmas 3.19 and 3.20 we have
MQ) 2 A(B)

with equality only in the case when Q is a disk. The theorem is proved.
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