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Abstract

We prove results on the asymptotic behavior of solutions to discrete-velocity
models of the Boltzmann equation in the one-dimensional slab 0 < x < 1 with
general stochastic boundary conditions at x = 0 and x = 1. Assuming that there is
a constant “wall” Maxwellian M = (M;) compatible with the boundary conditions,
and under a technical assumption meaning “strong thermalization” at the bound-
aries, we prove three types of results:

L. If no velocity has x-component 0, there are real-valued functions f(t) and §,(1)
such that in a measure-theoretic sense

S0, ) = B1(O0M,,  fi(L, 1) = B2(t) M;

as t — oo. f§; and f§, are closely related and satisfy functional equations which
suggest that () - 1 and f,(t) > 1 as t - c0.

II. Under the additional assumption that there is at least one non-trivial collision
term containing a product f, f; with v, = v;, where v, denotes the x-component of
the velocity associated with f;, we show that in a measure-theoretic sense f84(t) and
B,(t) converge to 1 as t — oo. This entails L!-convergence of the solution to the
unique wall Maxwellian. For this result, v, = v; = 0 is admissible.

1II. In the absence of any collision terms, but under the assumption that there is an
irrational quotient (v; + |v;])/(v; + |vi|) (here v;, v; >0 and v;, v, < 0), renewal
theory entails that the solution converges to the unique wall Maxwellian in L®.

1. Introduction

We are concerned with the long-time behavior of global solutions to initial-
boundary-value problems for discrete-velocity models of the Boltzmann equation
in the one-dimensional “slab” 0 < x < 1, with stochastic boundary conditions
compatible with a steady Maxwellian. As in [8], we consider a discrete-velocity gas
of particles moving with a finite number of velocities v, € R3, ie 4 = {1,‘. ..,m}.
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By f;(,t) we denote the density distribution function of the particles moving with
the i-th velocity. We assume that there is homogeneity in the y- and z-spatial
directions, so that all £, depend only on x and ¢ and satisfy the equations

Ocfi +vi0xfi = QL 1), (L.1)
i € A. Here, v; is the x-component of v;, and
Q£ f)= _}k:(A iffi — AG S f),

i € A. The transition rates A¥/(4;}) are nonnegative constants, which we assume to
satisfy

b= Ah =4k (1.2)
(indistinguishability of the particles),
Afwj+vi—~v—1v) =0 (1.3)
(momentum conservation) and
Aj = Al (1.4)

(microreversibility or detailed balance).

The equations (1.1) are complemented by general stochastic boundary condi-
tions at x = 0 and x = 1. We use KAwAsHIMA’s notation [8].

Let A, = {ie A; ;> 0}, A_ = {ie A;v; < 0}. At x = 0, the boundary condi-
tions are

f(0,8) = Z BY £0,1), ied,, (1.5)
and at x = 1,
fil, t) = Z B fi(1,1), ied_. (1.6)

The transition coefﬁcwnts B};, v=0,1, are nonnegative constants. We use the
abbreviations ) ; andz fory ., and} ;, ,respectively. In order to guarantee
mass conservation, we impose the following conditions on the By

ZB,,U,-{—UJ-:O, jed_,
(1.7)
ZB”vl-i-v,—O, jed..

The conditions (1.7) not only imply mass conservation, but also allow the proof of
an entropy theorem (see Section 2), as demonstrated for the discrete case in [8] and,
for the full Boltzmann equation, in [2].
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Our next restriction on the boundary conditions is that there exist constant
Maxwellian equilibria M = (M,);., such that

MlzngMjf iEA+,
i
! (1.8)
M;=Y BiM;, ied_.
i

A vector M is called Maxwellian in this context if all the M ; are positive and if
AHMM; — MM;) =0 (1.9)

for any i, j, k, le A.

We mention that (1.5)-(1.9) are modelled after the corresponding boundary
conditions for the full Boltzmann equation (see [2]). The discrete analogue con-
sidered here is discussed in detail in [8]. A general introduction to discrete-velocity
models of the Boltzmann equation is given in [7].

Clearly, the Maxwellians satisfying (1.8) form a cone in a subspace of R™
In addition to these boundary conditions, we supplement equations (1.1) by
initial conditions

fi(x,0) =f; o(x), i€ A4, (1.10)

where f; o € CL[0,1]. To guarantee classical solvability of the initial-boundary-
value problem, we require that the initial data satisfy the compatibility conditions

- +
fi,0(0) =3 B £,000),  fi,o(1) =) B f;0(1). (L.11)
i j
We further assume the normalization '
1
Z ffi,o(x)dx = 1. (1.12)
ied O

The conditions and assumptions made so far are physically natural. In addi-
tion, we make the following more technical assumptions, which are used in our
present proofs, but can certainly be relaxed.

Al. No v; is zero.
A2. All the BY, B}; are positive.
A3. There are indices i, j, k, | such that v; > 0, v; <0, v, = v; and A% > 0.

Assumption Al ensures that every particle eventually meets the boundary and
assumption A2 implies that there is “good mixing” at the boundary (as is true for
real wall Maxwellians). A3 is a more technical assumption which we need to apply
a specific method. We point out that A2 implies, by the Perron-Frobenius The-
orem, uniqueness of the wall Maxwellian given by (1.8) modulo a factor. We
henceforth always assume that this wall Maxwellian is normalized such that

Y M =1 (1.13)

ied
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If some of the v; are zero, our methods still apply if the collision terms are such
that the corresponding M; are uniquely determined from the M, with v, + 0 and
the conditions (1.9) and (1.13). The Broadwell model (see (1.14), (1.15) below) is the
standard example for this situation. In Section 3, where we treat the full problem,
we can relax condition Al if the Maxwellian remains unique. In Section 4, where
we treat the collisionless case, we have to insist on condition Al. ,

Our objective in this paper is to prove that under conditions A1-A3, every
global solution of (1.1), (1.5), (1.6) and (1.10) must, eventually get arbitrarily close
in L', to the Maxwellian defined by (1.8). A slightly weaker result is obtained
without A3.

This result generalizes a recent convergence result for the Broadwell model in
a box (see [1]), and our research was indeed motivated by the result and the
methods from [1]. For the Broadwell model

(0 + Ox)v = 2% — vw,
(8, — 00w = 22 — vw, (1.14)
0,z =t (ww — 2?),
with reflecting boundary conditions
v(0,1) = w(0,1), v(l,1) =w(l,1) (1.15)

the Maxwellian cone consists of the constant vectors (g, a,a) (a > 0), and conver-
gence of the global solution to (1.14), (1.15) to the unique Maxwellian follows from
the observation that as a consequence of the H-Theorem, v, w and z eventually vary
very slowly along their characteristics, while z> ~ vw with the exception of sets of
small measure. Note that Al is not satisfied for the Broadwell model.

The generalization of the convergence theorem for (1.14) which we present
here needs improvements of the methods developed in [1], which we present in
Section 3.

In the course of this research, we naturally encountered the question of to what
extent the boundary conditions enforce convergence to equilibrium. To this end,
we consider in Section 4 the collisionless (or free-flow) problem, i.e., the case where
Q:(£.f) is replaced by O for all i e A, and A3 is replaced with

A4 T = {y,;;thereisanie A, andaje A_ such that y;; = |v;| + |v;|}, then there
is at least one irrational quotient y;;/y .

A4 implies that the mixing guaranteed by conditions Al and A2 is eventually
“spread out” in time.

We demonstrate in Section 4 that under assumption A4, the free-flow problem
can be recast as a Markov renewal process (see CINLAR [3]) with non-arithmetic
probability distribution, and a generalization of the rather profound renewal
theorem (see [4]) to this situation implies that the solutions of the free-flow
equations with the boundary conditions (1.5), (1.6) converge in L™ to a constant
vector.
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In Section 2 we review the basic properties of the system, mainly the mass
conservation law and the entropy theorem, and we formulate the necessary global
existence and uniqueness result as proved in [8]. In Section 3 we generalize the
estimates from [1], based on the entropy theorem, to the present case, and prove
our main theorem. v

We remark that the main obstacle towards a generalization of our main result
to two or more dimensions is the lack of a satisfactory global existence and
uniqueness theory in this situation.

2. Global Solutions, Mass Conservation and the Entropy Theorem

The following theorem is proved in [8]. The proof is based on an adaptation of
known techniques for the pure initial-value problem to the present case.

Theorem 2.1. The initial-boundary-value problem (1.1), (1.5), (1.6), (1.10) subject to
all the constraints (1.2)—(1.4), (1.7), (1.8) has a global nonnegative classical solution.

Remark. The results in [8] contain no information about uniform bounds on the
solution, although such bounds are certainly to be expected.

Theorem 2.2. The global solution given by Theorem 2.1 satisfies

ijlx t)d ‘ (2.1)

1eA 0

(mass conservation) and for each constant Maxwellian M satisfying (1.8),

ijlln]\{[ (x, 1) dx

ied
0

t

|

+Z Uiﬁ(l,f)lnfi(—]\l/l’;[—) ZJ v, £10,7)In fz(o T)

ied i ieA
0 0

A=

+ j AS(fifi— fkﬁ)lnffjdxdr

7 Jhi

-y Jfl 0 ln——(x (2.2)

ied

Remark. The boundary terms in (2.2) are the difference with respect to the case of
the pure initial-value problem.

Proof. The proofs of (2.1), (2.2) are also given in [8]. Equation (2.1) is an easy
exercise; we include the proof of (2.2) here because of the central importance of (2.2)
for our result.
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Multiply (1.1) by I + In f; and sum over i € A. Standard manipulations based
on (1.2), (1.4) yield

A finfit o Sufinfi= —3 ¥ A4S -AAWID . 23

l]kl ff

Similarly, let M = (M;),., be the constant Maxwellian satisfying (1.8) and (1.13).
Multiplying (1.1) by In M;, summing over i and using (1.9), we find

3,2 (f;lan) + axz UifilnMi

Y AG(fifi—-Af)(nM; + InM; — In M, —In M;)

ijkl
=0 (2.4)
by (1.9). Substracting (2.4) from (2.3), we get

f fif
UZMA 1 (fifi fkfz)lnff

Integrating this from 0 to 1 with respect to x, and from 0 to ¢ with respect to time,
we arrive at (2.2). g.e.d.

azfm +a Yuifilns -

Theorem 2.3. The boundary terms in (2.2) satisfy the inequalities
(0, ¢t )
> v, £:0,¢) Inf’—ggI—) <0, (2.5)

Yo st Y

Under assumptions A.1 and A.2, equality in (2.5) holds exactly if there is a factor B1(t)
such that f}(0,t) = () M; for allj e A_, and equality in (2.6) holds exactly if there is
a By(2) such that f;(1,t) = B.(O)M; for all je A,

Proof. Let h(y) = nlny (for n > 0), h(0) = 0. his a convex continuous function, and

we can write the entropy flux Z v,fln—f— as Y, v;M;h <J\Jj}> For ie A, and

(2.6)

i

x = 0, it follows from Jensen’s inequality and (1.8) that (we suppress the arguments

0 and 1)
() -2 (32 ) ) =205t (5 )

and therefore, by (1.7), that

va,ln—fl—z
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3o

= 0.
This inequality was first obtained by GatieNoL [6]. It follows that

~ Y wfi0, t)lnf‘(o 2l @7

ied

and equality holds exactly if the values f;(0, t)/M ; are all equal for each je A_.

At the other end (x == 1), we use the same estimates. As above, forie A_,

fi(l,9) ! fiL,Y)
() sz magns).
andasv; <0Oforied_,

C (L) My (500
S Mh< ) p MZB,,Mh<M )

j

By repeating the estimates preceding (2.7) we obtain

S (1, 0)ln f(l t) > 0.

g.e.d.

We now draw information from the entropy equality (2.2). Recall that the
Maxwellian M in (2.2) has been normalized such that 3, [ f; o(x)dx = Y, M, =
We rewrite (2.2) as

Hy [ 110 + 4] e(@ds = Hy[ £10) + [Eu0,0)dt — [ Ex(l,)dr,  (28)
0 0 0

where Hy[ f1(6) =Y., [¢ filn 2 /i

1

o) = [ £ A4 —4ih) “’j:j},

is the (nonnegative) entropy production due to particle interactions in the interval
at time 7, and

(x t)dx is the H-functional relative to M,

(x,7)dx

Eu0,0= T vifiln < /i (0,7, Sx(1,0) = Y, wfiln s

ieA ied

Ji (1.9

are the (negatives of the) entropy production terms at the boundaries at time 7.
From Theorems 2.2 and 2.3 we read off the following facts:

Theorem 2.4. o H)y, is decreasing (and by Jensen’s inequality, = 0).
o [ e(v)dr is uniformly bounded.
o [oEm(0,7)dv and [}, &x(1,7)dv are uniformly bounded.
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Proof. It is enough to show the first statement; the rest then follows from identity

(2.8) and Theorem 2.3. Let h(x) = x In x; then the strict convexity of & and Jensen’s
inequality imply

Zh( )(M dx) >h<2ff,dx)

Equality applies exactly if f; = M; a.e. q.ed.

Ot =

The powerful information which the last theorem gives us is that the entropy
relative to.M and the integrals

t 1

[] 3 atss ﬂﬁ)lnf;f;dxdf 29)
s ijkl 1

as well as the integrals over the boundary terms in (2.2) are uniformly bounded.

3. The Main Theorem

For later reference, we formulate a lemma about the compactness properties of the
solution family { fi(*, £) }ies in L*. The proof is a straightforward generalization of that
given in [1] for the Broadwell model. We denote the Lebesgue measure on [0, 1] by 4.

Lemma 3.1. For every ¢ >0, there is a 6 >0 such that for all t >0 and all
X < [0,1] with A(2) < 6,

Y [ft,x)dx <e

ied X

Remark. This is a consequence of the entropy theorem (Theorem 2.2) and the facts
stated in Theorem 2.4.

From Lemma 1, together with the mass conservation law, it follows that every
family { £i(:,t)}; 5 0, i € A, forms a weakly relatively compact set in L'.

Next we recall the concept of a “renormalized solution”, which for our problem
is equivalent to the concept of a classical solution. The advantage which we gain is
that, as a consequence of Theorem 2.2, the effect of the renormalized collision terms
can be shown to become weaker and weaker for large times. This is the assertion of
Lemma 3.2 below.

Definition. {f(t,x)};, is called a renormalized solution of (1.1), (1.5), (1.6) and (1.10) if

QL)
1+ f

and if the initial and boundary conditions are satisfied.

0 + v; 0 [ In(1 + )] = (3.1)
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Now let ty— oo and let Cy >0 be a given sequence. Define rectangles
By = [ty ty + Cx1 % [0,1], and let

ay = J‘Z AR (fify— fkfl)lnf]}’dxdt

N

By Theorem 2.4, ay — 0 as N - oo (formally, we can even set Cy = o).

Our next objective is to use the entropy bounds given by Theorem 2.4 to
estimate the absolute values of the various terms whose sum is Q;(f, f). To simplify
our notation, let

\Q:l (£ f) = X AGIfufi = S fil.

Jjki

Lemma 3.2. If Cyay — 0, then there exists a sequence &y~ 0 such that for all i

JIQil(ﬁf)
L+f;

dx dt < &y.

By

Proof. For every 6 > 0, there are constants My, N; < oo, such thatif s > — 1, then
D Is| £ Mssln(l +5) for |s| = 4, 62)
2) |sI> £ Nssln(l +s) for |s] < 6 ’

(s In(1 + s) is superlinear away from the origin, and quadratic in small neighbor-
hoods). Now fix a 4. Then we can write

il (£ f) w Sifi St
f s dt<Bj;Aul+ﬁ T ‘dxdt.
where B;,r:{(x,t) %ﬁ—l‘gé}, and By = By — By. We suppress the depen-

dence of By on the indices i, j, k, [.

Now use the estimates 1) and 2) in (3.2), with s —?—J{l — 1, to obtain
L)
ity (ﬁfz ) St
- <) AM Ms|{ == —1)In—dxdt
f 2,48 PR AN 1if;

é M(;aN.
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For the second integral, we use the Cauchy-Schwarz inequality and estimate

ZJ : Akljﬁﬁﬁ‘;’ l)dxdt
;Ak’“f,-)%(flfffl %I 1(2 dxdt>%

éZAi-‘}\/E&qNa(ﬁcﬁ ff)lnj:kj;’d dt>

Jkl

§\/_C>N\/Naaf1v-

We have also used the mass conservation law. The assertion of the lemma now
follows by taking &y = Msay + «/N;Cyay and ey = sup, > v&y. q-€.d.

Lemma 3.2 is a generalization, and the proof is a s1mphﬁcat10n of Lemma
3 from [1] and its proof.

We discuss what happens if Cy = 1 for all N and if t, = N. In this case, the entropy
theorems from the previous section imply that ) yay < 0. Lemma 3.2 then says that

f 10:( ff)dxdt < Myay + /Noay . (3.3)

Unfortunately, because we do not know whether Z ay < 00, we cannot

w1
conclude directly from Lemma 3.2 that | | 10:] (fff)
00 i

In the sequel we always assume that ty = N. This is not essential, but it
simplifies the discussion. From the Cebyshev inequality we get the following useful
consequence of Lemma 3.2.

Corollary 3.3. /%2{(x t)eBN,IQllg_f ff ) > /ey } NE

Proof. \/sTvzl{(xt)eBN,'Q"(” } ”'Ql'(ff)dxdmg qed.

dxdt < c0.

Let P = (x, 1) be a point in By. By L;(P) we denote the characteristic associated
with the velocity v; passing through P, extended forward and backward until it
reaches the boundaries. It follows from (3.3) that there is a sequence gy converging
to zero (we use again the symbol ey to denote this sequence) such that

f J lQI(ff)dsdxégNa

0 Li(x,tn)
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and because there are only ﬁnitel}vf many velocities, the sequence ey can be chosen
independently of i. By using the Cebyshev inequality again, we then have

Corollary 3.4. A{x; maxieAJ Qi ff)d > \/_} \/'

Li(x, tn) 1 +_f;

Lemma 3.5. There is a constant C; >0 such that for all t 20, all ie A and all
mz=2,

Ax; filx, t) 2 mM;} £ Cy/(mlnm).

Proof. This follows from the boundedness of the functional H,,; and the estimates

fi
. X > . <l — . e
Mm /I{f,(x,t):Mlm}zlnm fllan

{x; fi(x,t) = M;m}

S 1, Hu0) + €,

In

where in the last step we have used that x ln—]\)/% is bounded below. g.e.d.

i

Corollary 3.6. The sets of x where f; 2 ex? (p > 0) are of measure o(1) as N — 0.
(See Lemma 6 in [1].)

Corollary 3.7. Except on a set of points x of measure < \/Q,
VarL g, 10 (1 +£) £ /ey,

There is a constant C > 0 such that if P, and P, are two points on Li{(x, ty), then
except for x € [0,1] in a set of measure o(1)

|fiP1) = fi(P2)] < Cey™.
Proof. The first assertion follows from Corollary 3.4 by noting that

Q£ )

(0 + v:05) In(1 +f)l £ = ny;

From this inequality,

1 P
n(LERP)
L+£)(P)=
with the exception of points (x,ty) of measure o(1). By applying elementary
manipulations to this inequality and using the fact that by Corollary 3.6 the set
where fi(x,ty) Z ey '/* is of measure o(1), the second assertion follows. q.e.d.

Remark. The above discussion shows that we can actually control | e 19l
(/. f) ds except for points x of small measure. It follows that we have control of
varf; along most characteristics.
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We now abbreviate Iy = [N, N + 1]. Then, by the proof of Lemma 3.2, we
obtain

Corollary 38. Let 0<p < 1. Then, for q<1—p, Y AN|fifi—=fifil Sek on
Iy x [0,17, with the exception of a set of two-dimensional Lebesgue measure o(1).

Proof. First note that if A{x;fi(x,t) 2 ex?} =o(l) for tely, then A*{(x,t)e
Iy x[0,17; fi(x, t) = ex?} = o(1). Therefore,

A2{(x,0)e Bx; |Qil( i /) 2 €%}

- P{mne Bl l(ffﬁjf; 4

+/i

—),2{(x 0 By 10U 1) 122 T

= el and f; = ex? }

fl>

1+f_£Nandf’<8N }

+ AZ{(x t)e By; |Q:iI( £ S)

<o(l) +/12{(x t)€ By; 1Q:l(£.S) Lt ; Sﬁ’v}

IQI(ff)>1£
1+, =27

Qi (£ f) S
+ (J———l v dxdt)ZsN

<o(l) + 257771,

A

<o(l) + ﬂz{bc t) € By;

IIA
o

This estimate completes the proof.

The previous lemmas and corollaries put us in a position to draw further
conclusions from the Entropy Theorem 2.4. First, let C > 0 be an arbitrary but
fixed constant. From Theorem 2.4 we know that

N+1

[ &m(0,0)dc -0
N

as N — co. Let Iy(C) = {t € Iy; Vi £;(0,7) < C}. Because we know from Theorem
2.4 that &,,(0, t) does not change sign, it follows that

[ &x(0,7)dt —0.

Ix(C)

Now note that h(y) = y Iny is strictly convex on (0,C] (A"(y) = 1/y), and use the
definition of &,; and the boundary conditions to get

£u(0,0) = Zth(ZBSAAjLS&T)> S MZBSH,I(LE&JT))
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These facts together imply

Lemma 3.9. For all ¢ > 0,

fi0,9  fi(0,7)
M, M,

/l{t € Iy(C); 3i,j € A such that

} o(1)

Proof. By Cebyshev’s inequality &,(0, t) = o(1) on Iy, except on sets of measure
o(1) as N — oo . We are only concerned with times 7 for which all £;(0, 7) = C. Since,

as N— oo,

M; .
by assumption, there is an i € A, with M; > 0 such that B} i >0foralljeA_,it

J
follows from the strict convexity of h on (0, C7 and the lower bound 1/C on 4" that
&u(0,7) can only be small if all the f(0, 7)/M, j € A_, are close to each other (if there
fi 5
M M
applying the boundary condition we get the assertion of the Lemma for all j € A.
g-e.d.

were one pair i, j such that were large, then &, would be large) By

Corollary 3.10. For all ¢ > 0 there is a sequence Cy — o0 such that

ﬁ(o t) ff_(o.’_t) > g} = 0(1)

™, M,
>8}.

By Lemma 3.9, ay(C) -0 for each C. Next choose a sequence Cy — o0 and
consider the family of sequences ay(C,y), from which we choose an appropriate
diagonal sequence. The assertion then follows. g.e.d.

)u{teIN(CN) 3i, j € A such that

Proof. Choose ¢ arbitrary but fixed and let

f(0,7) _£(0,7)

ay(C) = {te IN(C); 3i, j € A such that M M,

Corollary 3.11. For all ¢ > 0,

f:0.9) 10,9

AStely; i, je A such that
{ENIJE such tha M, M,

> 8} =o(1)

Proof. By Corollary 3.10, we only need to show that A(Iy\Ix(Cy)) = o(1) as
N — o0, and this follows from Corollaries 3.5 and 3.7. q.e.d.

as N - oo,

In the sequel we use the symbol “ & ” to denote equality up to order o(1) as
N — o0, with the exception of sets of measure o(1) (in one or two dimensions,
depending on the situation). So we have just proved that there is a function f,(f)
such that in this sense on Iy

fO.0)~ B ()M
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(if, e.g., v; > 0, we can take f,(¢) = f1 (0, £)/M ; this shows that 8, can be chosen to
be continuous). Similarly, there is a function f,(f) (which can be chosen as
f1(1,8)/M;) such that

JL )~ B M.

Remark. Note that so far we have not used any information supplied by the
control of the collision terms. In fact, everything said so far applies to the free-flow
problem, ie., the case where the collision terms are replaced by zero in the
equations, with the same boundary conditions.

For the full problem we now use Corollary 3.8 to collect further information
about the functions §; and f,. Recall that Y A¥| fi f; — fif;| = o(1) on By, with the
exception of sets of two-dimensional measure o(l). This implies that
| fi fi — fif;| = o(1) whenever A} > 0, except on sets of measure o(1) on By. Since by
Corollary 3.5, every f; ( f;, fi, Ji, Tespectively) varies slowly along most of its charac-
teristics, and since f; & f(t) M, on the left boundary with the exception of small
sets, we get that

o(1) = |(fii = fiS)) (%, O = | B1(P:) B1(Py) MM ; — B1(Py) B1(Py) M M|

(see Fig. 1), where P, = P;(x,t), etc.
Recalling that M is a Maxwellian, we bave that M;M; = M, M;, and hence

B1(P) B1(P;) = B1(Pr) B1(P)). (3.4)

Notice that the location of the points P;, P;, etc. depends on the particular part of
the collision term under consideration. We assume for the rest of the discussion
that v; < v, <0 <, < vy, as indicated in Fig. 1, but this assumption is just for

P= (x,1)

Figure 1.
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convenience. If the point P = (x,t) is moved along the characteristic associated
with v;, then P; remains fixed, but the other points move in such a way that
Po—P  P—P,
an
P,— P, P,— P

remain fixed and depend only on the velocities. In fact, a short calculation shows
that the first quotient is (v; — vy)/(v; + |v;]), and the second is (v; + |vi|)/(v: + |v;]).
We denote these quotients by a and b respectively; then our assumption on the
velocities implies that 0 <a <b < 1.

We can also move the point P vertically, i.e., we can keep x fixed and vary t; the
points P;, etc., then also move vertically, with the same speed. Let P;(x,t) = (0, 1)
and P;(x,t) = (0,7 + s). Then we realize that (3.4) can be rewritten as

P1(@)fi(t + 5) = Bi(x + as) B1(z + bs) + o(1) (3.5)

where s £ v; + |v;, except on sets of measure o(1) in Iy % [0, v; + {v;{] with respect
to (t, s). We have therefore proved our first main result.

Theorem 3.12. There is a continuous function B(t), t = 0, such that
Ately;| fi0,8) — () M| > e} -0 (3.6)

as N — oo, and B(t) satisfies the functional equation (3.5) in Iy x {0, v; + |v;|], with
the exception of sets of measure o(1). Except for sets of measure o(1} as N — oo the
Sunction B,(t) is just a shift of B1(¢).

Proof. Only the last statement has not yet been proved, but is an immediate
consequence of Corollary 3.5. q.ed.

1t is completely trivial that §,(¢) = 1 satisfies (3.5). If we could show that this is
the only solution of (3.5) as t — oo, it would easily follow, from the convergence in
measure spelled out in (3.6) and from the slow variation of f; along most of its
characteristics, that f; > M; in L' as t — co. Unfortunately, we failed to find
a rigorous proof that f;(z) - 1 as 7 — oo follows from (3.5). It is true that 8, can be
considered continuous and “almost periodic” (because of the slow variation of the
fi along their characteristics, the values of f; repeat, with small errors, after times
[
v o
the fact that (3.5) applies only up to small sets.

Under the additional assumption A3 from the Introduction, we can prove
a stronger result. The method we employ is a generalization of the one used in [1].
Again, we use the symbol “ & ” to denote “approximate equality except on sets of
measure o(1)”.

Suppose now that A3 applies and that v, = v; > 0, A’fj > 0. By Corollary 3.8,
Jefi ® fi f; Consider next a point P e Iy x [0, 1]. f; varies slowly along L;(P), so
fi(P) = B(r)M; (see Fig. 2).

,whereie A, ke A_), but problems arise from the error term in (3.5) and
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Figure 2.

Let Q be a point on the characteristic L; leaving the point Qo where L;(P)
reaches the right boundary. As f; varies slowly along L;, and as f;(Q¢) = B1(7) M;,
by the boundary condition and Theorem 3.12, it follows that

[Q) = 1M, f(Q) = Bi(0)M;, fi(P1) = Bi1(0)M; 3.7
and, as f; and f; vary slowly along L, = L,,
S iPy) & fi Q). (3-8

Finally, f;f;(Q) = fi fi(Q) and f; f{(P1) = fi fi(P1). It follows from the last three
identities that

[if{Q) = fif;(Py). (3.9)

Notice that we need, for this step, no information about f; and f; except (3.8). It is
for this reason that we can also allow v, = v; = 0.

We now need a lemma which says that for large enough N, §; cannot be close
to zero except on sets with asymptotically vanishing measure. Specifically, let
C(N,d) = A{te [N,N + 17; B,(t) < 6}. Then we have

Lemma 3.13. For every ¢ > 0 there are a 6 > 0 and an N, such that C(N,d) < ¢
for all N = N.

We defer the proof of Lemma 3.13 until the end of this section.
The identity (3.9) can be rewritten as

B1(o) M; 1 () M; = fi(P1) p1(0) M},
and because by Lemma 3.13 f,(c) # 0 except on sets of arbitrarily small measure
(explicitly (o) > ¢ except for ¢ in a set of measure &),

Ji(Py) & Bi(t) M.
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Now note that as Q varies along QoR (see Fig. 2), P, varies along a line RS
transversal to the v;-characteristics. Since f; varies slowly along its characteristics,
it follows that

(L0 = f(P) = p1(t) M;

for t € J,, where J is the interval indicated in Fig. 2. But this implies that §, is
approximately constant on J;.

By using simple overlap arguments and mass conservation, we readily see that
in the sense of measure

pr0) =1, Ba(r) -1

as T — o0 . This means that every f; approaches M; on Iy in the sense of measure.
But convergence in the sense of measure together with the weak compactness given
by Lemma 3.1 imply L*-convergence, which is our main result.

Theorem 3.14. Under conditions A1-A3, or under conditions A2, A3 if the Maxwel-
lian M is unique,

lim ¥ }|f,.(x,z) ~ M,|dx =0,

29 440

Proof of Lemma 3.13. The proof is by contradiction. If the assertion of the lemma
is false, there must be an ¢ > 0 such that for all § > 0 and all Ny thereisan N = N,
with C(N,d) = e. In addition, mass conservation, the compactness property from
Lemma 3.1 and Corollary 3.7 imply that there are constants C; >0 and C, >0
such that

A{te[N,N +17, Bi(t) > C1} 2 C, (3.10)

(in other words, §, cannot be close to zero almost everywhere, and the mass cannot
concentrate on small sets by the entropy theorem; we omit a detailed verification of
(3.10)).

Let G be the set in [N, N + 1] where f; > C;. A simple geometric argument
shows that there is a constant K > 0 (depending only on the angle between the i-th
and j-th characteristics) such that the two-dimensional measure of the set of points
(x,f)e [N, N + 1] x[0,1] for which both L;(x,t) and L;(x,t) meet G is at least
K(A(G))*. In Fig. 3, for convenience and without any loss of generality, we have
indicated G as a pair of intervals and (some of) the intersection set as the resultant
parallelogram. Since f; and f; vary slowly along most of their characteristics, we
have that f;f; > CIM;M; on most of the intersection set. Using again that
Sfufi = fif;, it follows that f; f; > CTM, M, on most of this set. The characteristics L;
and L, are identical and form a strip S indicated in Fig. 3. Let f; and f; denote the
values of f; and f; at a point R in the intersection set D of the strip S and the strip
E formed by the characteristics L; emerging from the set where B:(t) < 8. By
assumption, this set has macroscopic measure. Since /i fi — fi fi = (x = f) fi + fi
(fi = fi) and since | f; — fi| < ¢X/* (except on a small set) and f; < &5 */* except on
a small set, it follows that f; f; >4 C2 MM, on most of D. However, by the same
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B, <o

B>

ﬂ1>C1

Figure 3.

reasoning applied to the strip E, f; f; < const. ./é in D. As J can be arbitrarily small
and D has macroscopic measure, we have a contradiction to Corollary 3.8, and the
proof of Lemma 3.13 is complete.

4. The Collisionless Case

The case where Q;( £, /) is replaced by zero appears to be simpler at first glance,
because the explicit solution of the initial-boundary-value problem is immediate:
The f;’s are constant along their characteristics, and the boundary conditions
redistribute incoming to outgoing densities at the boundaries. The entropy the-
orem (Theorems 2.2 and 2.3) applies, but the term e[ f](¢) is replaced by zero.
Entropy increase is entirely due to mixing at the boundary.

In addition to the conditions which we have assumed so far, we now make the
additional assumption:

Ad. LetI' = {y; = |vi| + |v;l;i € A ,j e A_}. There are velocities such that at least
one quotient y;;/yy; is irrational.

Under assumptions Al, A2 made in Section 1 and the additional assumption

A4, we shall prove

Theorem 4.1. Let f; o € C,[0,1], i € A, be fixed initial data satisfying (1.11), (1.12).
Then, under the conditions A1-A3, the solution f,(x, t) to the collisionless initial-
boundary-value problem

(@ + v:0x) ;i =0
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with initial condition (1.10) and boundary conditions (1.5), (1.6) satisfies
lim fi(x, t) = M; 4.1)
t—~w

where the M ; > 0 form the (unique) Maxwellian equilibrium given by (1.8), (1.9) and
where the convergence is uniform in x € [0,1].

We remark that it is sufficient to establish (4.1) when x = 0 (or x = 1), for then
the uniformity follows immediately by the constancy of the f; along characteristic
trajectories.

The method we are going to use to prove Theorem 4.1 employs probabilistic
techniques. In order to apply these, we first have to renormalize the Bj; to obtain
row stochastic matrices. The key for this is the condition (1.8).

Let

M* =Mca,, M~ =Mca.,

BO = (B%)ieA+,jeA,7 Bl = (Bilj)ieA,,jeA,u
Equation (1.8) becomes

M*™=B°M~, M~ =B'M~™. 4.2)
Splitting Rt = R+ x R4-, we form the vector M = (M*, M 7) and the matrices

0 B° .
B = (Bl 0), V = diag(M;).
If B= VBV, then
- 1

and in particular, B has exactly the same block structure as B. Since M = BM, we
have

Bl )= (44)

ie, B is row-stochastic. As B is irreducible (this follows easily from the block
structure and assumptions A1, A2) and nonnegative, it follows from the Frobenius
Theorem (see [5]) that (1,...,1) is the unique eigenvector associated with the
eigenvalue 1. The left stationary vector for B is also easily found.

Set v* = (U)iens, 0 = (0)ics. Then v"B®= — v~ and v B' = —v™, so0 if
v=(", —v")e R it follows that vB = v. We see that v = (Jv;| M), satisfies

vB =v. (4.5)

FOI' eaCh X, t Setf+(x’ t) = ((fl(x7 t))ie/l-m OA_)y f_(xa t) = (OA+7 (ﬁ(x: t))iEA—) € SRA,
where 0" denotes the zero element in R”. The equations (1.5), (1.6) become

70,0 =Bf0,1, f(L1)=Bf"(1,1), (4.6)
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which, in the new coordinate system
)=V T, ¢ )=V (x0), (4.7)
may be written as
q*(0,0) =Bq~(0,0), g (1,1)=Bgq*(1,0. (4.8)

In component form, the constancy of the solution along characteristic trajectories
and (4.8) together yield

4:(0,0) = ) Bijqj<1,t——1—) Yied,,
jed- ‘vjl

: 4.9)
g(L,y=Y B,.jq,.(o,t ——> VieAd_.
jeds ;]
We now turn to the Markov renewal version of our problem. The notation and
motivation follow that of CINLAR [3].
For i, je A and ¢ = 0, define the functions

. 1
Bij if tg I—U—I’
Q,j,t) = ’ 1 (4.10)
0 if0t<—.
IUjl
We observe the properties
0(i,j,t) > 0, ' (4.11)
0G,j,s) =00, ), 1) fors=t, (4.12)
Vied, Y lim QG,j,0)=Y B;=1. (4.13)
jrTe j
Let X, and T,, n=0,1,2, ... ,be random variables on a probability space
(Q, P) satisfying X, e A and T,e R, = [0, o ] for all n, and

0=Ty=T,< ... £T,= ...
Assume that the process (X, T,) evolves according to a rule
P{Xys1=Js Tar1 — T St|Xo =10, X1 =01, .., Xy =in, To=t0,. .., Ty =1tn}
=P{Xn+1 =) Tnr1 = Tn St| X, =iy}
= Q(iy, J, 1). (4.14)

In the terminology of CINLAR, (X,, T,) is a Markov renewal process (henceforth
abbreviated as MRP) with semi-Markov kernel Q(i, j, t). Given the kernel Q(, j, £)
satisfying (4.11)4.13), it is easy to see that there exists a MRP evolving according
to (4.14). '

Since B is irreducible, the Markov process X, is irreducible. As B;; =0 and
(B?);; > 0 for all j € A, each state recurs after exactly two steps in the process. The
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sojourn time between two occurrences of state j, € 4. passing through stateie A
.1 1 . o . .
is |——| + |———l Thus the (cumulative) distribution function F(j,, jo, t) of these
Ui, Ui '
sojourn times between recurrence to state j, may be computed explicitly.
1 1 A .
Set I',(jo) = {i eA_; m + ﬁ < t}; then F(jo,Jjo,t) = Zisrt(m Bj,;, so condi-
Jo v
tion A4 ensures that F is non-arithmetic (see CINLAR [3]). A similar expression may
be derived for j, € A_. Accordingly, the MRP (X, T,) is said to be irreducible and
aperiodic.
Before we can state our main result, we need to establish some notation: For
7 > 0, define the hitting times to the interval (7, oo ) by

N, =sup{m; T, < 7}.

So Ty +1 is the first time that T, > 1. Given i,j € A, 7, £ > 0, we also define hits to
the interval (7,7 + £] starting at zero:

H(i,j,1, &) = P{Xn +1=J, Ty +1€(t,7+ ]| Xo =i}
Fori,jeA,t20,and n=0,1,...set
ralis o ) = P{X, =j, T, S t| Xo = i}.
Define

R(i7j> t) = z Vn(i,j, t).

nz 0

R is the so-called Markov Renewal Function.
v = (|v;]M;);c 4 is the left stationary vector for B (see (4.5)). Finally, we define
the expected sojourn time during visits to j by

mj:}:g ~ 00k 0} .

Using (4.10), we easily see that

Let m = (m)je 4.
Lemma 4.2. For all i,je A and all £ 2 0,

. . 1 < .
}LIE) H(laJ’T,é) zv—m’ Z Vi j. @g(k,_], S)dS,

keA 0

where @C(k’ja S) = Q(k,j,S + é) - Q(kafs S)'



358 C. Boskg, P. GRZEGORCZYK & R. ILLNER

Proof. Let n = 0 be fixed. Summing over k ¢ A and 1ntegrat1ng over x € [0, 7], one
obtains

P{Xyi1=J, Tor1€(@@t+ &l Xo =1}

= z j‘P{Xn-{—l:j, Tn+1—Tne(f—x,‘[—f—f—x]'XO:i’

ked O

X, =k T,=x}dr,(,kx)

ZjP{Xn+1_]7 wi1— Twe(@—x14+ & —x]| X, = k}dr,(i, k, x),

ked O

where we have twice used (4.14). This may be written as

) i ek, j, T — x)dr,(i, k, x).

ked O

Summing now over N, = n (disjoint events) and using the Monotone Convergence
Theorem yield

H(izjyfaé) = P{XNI-\‘-I =j: TN1+1 G(T:T + é:llXO = l}

= Y Joek.j, 7 — x)dR (i k, x).
ked O .
By the Markov Renewal Theorem (Prop. 4.9, p. 331 in CiNLAR [3]) this latter
expression converges, as T — o0, to

— 3w j pelk, j, s)ds.

Ve mke/l

g.ed.
As we know the form of Q, v and m explicitly, we obtain

Corollary 4.3.

1 1

v;| M for 0SES —
s e o7
hm H(l:».ls T, é) - M 1
o J for &> —.,

Y M |vj]

It is now easy to see how this result determines the values ¢;(0,¢), je A_, and
g;(1,t), je A, for large values of t. The equations (4.9) can be written in terms of
integration with respect to point measures. For 7 > 0,

Vie A+, J‘ qp(o, S) 5i,r(dps ds)

AxR

§ ap(1,s) X Bydje—it(dp, ds), (4.15)

AxR jed-
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(] aashl) ST )
t=0 4 i s
o .
L e N A /
]
. D g, (s)
ke
Figure 4.
Vied-, | gq,(1,)0; (dp,ds)
AxR
j qp(0> S) Z Eijéjqrﬁ",}ﬁ (dp’ dS), (416)

AxR jeA+

where J, ; denotes the point mass at (i,¢) € A x R.

The distribution of the measures on the right-hand sides of (4.15), (4.16) is

2 Q(Ljst - é)n

jea
so if we iterate these expressions and stop the point masses when they first reach the
set A x(— 00,0), the distribution of these discrete measures is the same as the
hitting distribution of (X, T,) to (z, o), namely H(, j, 7, £). Since the H(, j, 7, £)
converge pointwise as T — oo, the stopped discrete measures coverge weakly to

p;, /(dE) = S M, M || M; 2(d8) = p(dS)

where A(d¢) denotes the one-dimensional Lebesgue measure on (— oo, 0). Note the
independence of the right-hand side from i. We conclude that for all ie 4,

0 0
lim @)= Y [ a@m@+ T | dmds) (417)

where the §; are obtained by projecting the values of ¢; to the real axis along
characteristic lines (see Fig. 4):

4is) = q;( —slyyl)  forje A,

, , (4.18)
di(s) = q;(1 + slv;]) forjeaA_.
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Finally, by a change of variables on each integral in (4.17) we may integrate over
[0,1] to obtain

-1 1
lim ¢;(0,7) = (Z Mk> Y [ ai(x) M;dx. 4.19)
T ked keA O
But from (4.7) g;M; = f;, and we combine this with the normalization (1.12) to
obtain (4.1). This completes the proof of Theorem 4.1.
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