
s. F. s Computation of Aristotle's and 
Gergonne's Syllogisms 

Abstract. A connection between Aristotle's syllogistic and the calculus of rela- 
tions is investigated. Aristotle's and Gergonne's syllogistics are considered as some 
algebraic structures. It is proved that Gergonne's syllogistic is isomorphic to closed 
elements algebra of a proper approximation relation algebra. This isomorphism per- 
mits to evaluate Gergonne's syllogisms and also Aristotle's syllogisms, laws of conver- 
sion and relations in the "square of oppositions" by means of regular computations 
with Boolean matrices. 

Introduction 

The aim of the  present  art icle is to establish a connection be tween  
Aristotle 's  syllogistic and the calculus of relations. 

For  this purpose  I define a new algebraic s t ruc ture  called a proper  
approximat ion  relation algebra (PA.BA) tha t  is a combinat ion of the  
proper  relat ion algebra (see [2, p. 345]) and the approximat ion  space (see 
[8]). P A R A  m a y  be considered as a generalization of the  classical calculus 
of relations proposed b y  Tarski (see [10J, the bibl iography of subsequent  
works see in [6]). 

To determine  the  connection be tween  2 A R A  and Aristotle 's  syllo- 
gistic I consider the  later  as an algebraic s t ructure .  Such a t r ea tmen t  
of Aristotle 's  syllogistic goes back  to Lorenzen [5]. Then I introduce one 
m o r e  algebraic s t ruc ture  called Gergonne's  syllogistic and show tha t  Ari- 
stotle 's  syllogistic is in a sense a subs t ruc ture  of the  Gergonne's syllogistic. 
Final ly  I point  out  a _PARA, closed elements algebra of which is isomorphic 
to Gergonne's  syllogistic. This isomorphism permits  to evaluate  Gergonne's 
syllogisms and also Aristotle 's  syllogisms, laws of conversion and rela- 
t ions in the  "square  of opposit ions" b y  means of regular  computat ions  
with Boolean m~trices. 

The algebraic model  of Aristotle 's  syllogistic proposed in this article 
seems to be more  sa t is factory  in comparison with Lorenzen's  model tha t  
he buil t  in [5] using the classical relation algebra. The distinguishing fea- 
tu re  of m y  model  is the  in t roduct ion of approximat ion  operators  into the  
classical relat ion algebra~. This permits  to formalize Aristotle 's  syllogistic 
b y  using mood " B a r b a r a "  as the  sole axiom (Lorenzen used 6 axioms 
in his model) and to compute  effect ively Aristotie% and Gergonne's syllo- 
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gisms. Moreover,  by  distinguishing actual  and potential  syllogisms (see 
the  end of w of this article) it seems to be possible to model Aristoteli~n 
"ecthesis" algebraically. 

w Aristotle's syllogistic as an algebraic structure 

Let  us consider the  algebraic s t ruc ture  

Ar = (a~R , , �9 - i  <~, OR~ OD, SO>, 

where  a~R ---- {A, A ,  O, 0 ,  I ,  E ,  1}; �9 is the  b ina ry  operat ion on aAR 
presented  in Table 1.1 (empty  squares correspond to the  case r.s = 1 
for some r, s e aaR); -1 is such a u n a r y  operat ion on azR tha t  

A -1 = _/i, X -1 = A ,  0 - I  = O,  ( )  "~ = O,  1 - 1  = I ,  E -1 = 3 ,  1 -1  = 1 ;  a n d  

finally <~, CR, OD, SO are  the  b inary  relations on a~R presented by  the  
graph in Figure  1.1. This graph shows tha t  C_R, 029, SO are symmetr ic  
relations. I t  should be noted  tha t  Table 1.1 for the  operat ion,  was for the  
f irst  t ime proposed by  Lorenzen in [5] (He used the  symbol O instead of 
the  symbol 1). Then a rb i t r a ry  elements of Ar will be designated as r, s, t. 

Being intui t ively in terpre ted  the  elements of the s t ruc ture  Ar cor- 
respond to the  Axistotle's fune tors :  

A All - - - -  are  - - - - ,  
- - - -  belongs to all - - - - ,  

O Some - - - -  is not  - - - - ,  
6 does not  belong to some - - - - ,  

I Some - -  is - - ,  

:E N o  - - - -  is - - - - ;  

unequal ; t ies  r.s <~ t for r # 1, s # 1, t # 1 correspond to the syllo- 
gisms r (x , z ) ,  s ( z , y )  [ - - t ( x , y ) ;  equalities r . s = l  for r # l ,  s # l  
mean  tha t  the  premisses r(x, z), s(z,  y) do not  entail  necessari ly some 
cntegorical proposi t ion;  unequal; t ies r ~< s -~ for r # 1~ s # 1 correspond 
to the  laws of conversion r (x , y )  F-s(y ,x) ;  and  finally relations r<~s, 
CR(r, s), CD(r, s), SC(r, s) for r # 1, s # 1 correspond accordingly 
to the  supera l tern  relation, con t ra ry  relation, contradic tory relation 
and  subeont ra ry  relat ion between the  functors  r aI~d s. I t  is easy to verify 
t ha t  the  algebraic s t ruc ture  Ar contains full information about  all Aristot- 
le's syllogisms, laws of conversion and  relations in the  "square of opposi- 
t ions ' .  Then in this art icle Aristotle 's  syllogistic will be mean t  as the  alge- 
braic s t ruc tu re  At .  

w Gergoxme's syllogistic 

In  this pa ragraph  I define an algebraic s t ruc ture  called Gergonne's 
syllogistic which m a y  be considered as an algebraic model  of the  so-called 
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Gergomie's relations (see [3]). :~Ioreover, here  I propose ~ general  method 
for building " the  syllogistic of ~ theory  over given situations sys tem".  
The core of this notion is in the  following. Let  :T be a f irst-order theory  
containing a finite set ~ of b inary  predicate  symbols. I f  the definite con- 
ditions ~re hold then  ~ is called ~ situations system of the  theory  ~T. I t  is 
designated in short  ~s :T(r In  the  theory /~(~)  some set of its formulas 

q CR CR 

]~igure 1.1. 

called categorical  propositions of the  theory  T(a)  and some se~ of its theo- 
rems called syllogistic theses of the  theory  T(r are  selected in accordance 
with the  definite rules. :Moreover~ the syllogistic theses are  considered 
~s some operations and relations on the  set of categorical propositions. 
So~ some ~lgebr~io s t ruc ture  c~l]ed the  syllogistic of the  theory  T over 
the  situations system r m a y  be nniquely pu t  into a.ccord~nce with the  
theory  Y(r Gergonne's  syllogistic is one of the  syllogistics of the ~r~nsi- 
t i r e  relat ion theory.  Another  interest ing syllogistics of this theory  and  
others  were built  by  me in [4]. 



212 S. /V. Furs 

Then speaking about  f i rs t-order  theories I will follow Mendelson's 

t ex tbook  [7]. The designation i ---- 1, n will mean  tha t  i is changed ~rom 
1 t o n .  

D~]~I~ITIo~ 2.1. Let ~ -- { ~ ,  . . . ,  =.} be a set of binary  predicate  
symbols of a theory  T. a is called a situations system of the  theory  T iif 

the  following axioms are  hold (here i , j  = 1, n) :  

(1) [ - r = l ( x ,  y )v  ... v=~(x~ y) ,  

(2) [ -~  7[z~(x,  y ) &  =i(x,  y)] iff i r j ,  

(3) for any  i there  exists j such tha t  
F-~ =~(x, y) - =j(y,  x). [] 

Then I shall make  use of ~, =~, ... as designations for situations l rom a. 
The expression T(a) or T(=~, . . . ,  =n) will designate the  abbreviat ion for 
the  phrase % t h e o r y / '  containing a situations system a = {=~, . . . ,  ~,}" 

Let  us consider the  t ransi t ive  relat ion t h e o r y / ' ~  containing the  single 
b inary  predicate  symbol A and  the  single axiom A ( x , z ) & A ( z , y ) = -  

A (x, y). Let  us define the  addit ional  b inary  predicate  symbols ~ ,  c ,  = ,  
~V, ~, l in the  theory  / '= as follows: 

(1) x ~ y  - - A ( x , y )  & A ( y , x ) ,  

(2) x c y ~ A ( $ ,  y) & 7 A ( y ,  #), 

(3) x = y ~ y c x,  

(4) N(x ,  y) -~ -1A(x, y) & "-']A(y, x), 
(5) x r y ~ ~ ( x ,  y) & 3z[(x ~ z) & (z c y)],  

(6) x l Y ~ .~(x, y) & 7 3 z [ ( x  ~ z) & (z c y ) ] .  

THEOtCE~ 2.1. /'he set of l~redicate symbols { ~ ,  c ,  ~ ,  % i} is a situations 
system of the theory / '~.  

Paoo~.  By  the  axioms of Defini t ion 2.1. [] 

Le t  us consider the  s t ruc ture  #a = (0~ 1, 2, 3~ 4, 5}, where  0 is the  
set of all circles on the  Euclide plane and  1, . . . ,  5 are  b inary  relations 
on 0 tha t  is called Gergonne's  relations (see [3]) and  is dei ined in the  
following way:  

x ,y  y x y 

I 2 3 4 

x =  y x ~ y  x D y  x ~ y  

x y 

C C  
5 

x l /  



Computatioq, of Aristotle's... 213 

The s t ruc tu re /~a  is a mode l  of the  theory  T~ if the  p red ica te  symbols  
~ ,  c ,  ~ ,  o~, I are i n t e rp r e t ed  by  the  relat ions 1, ...~ 5 as it  is shown in the  

F igure .  
To s implify the  nex t  discussion it  is convenien t  to enrich f i rs t -order  

theories by the  special b ina ry  pred ica te  symbol  0 in the  following way:  
}--TO(X, y) --= ~(X, y) iff ~ r  7 F ( X ,  y), where  E is an a rb i t r a ry  formula  
of a t heo ry  T t h a t  contains  exact ly  two free  variables x and  y. 

DEFI~ITIO~ 2.2. Categorical  proposi t ions  of a theory  T ( z ~  . . . ,  ~n) 
are formulas  of this theory  of the  k ind  z~(x,  y ) v  . . .  vzc,~(x, y), where  

m -- 1, n, zi v~ zj for i V: j ;  and  also the  formula  O(x ,  y). The categori-  
cal proposi t ions z~(x, y ) v  .. .  v z~(x,  y) and  O(x~ y) are called the  un i ty  
proposi t ion  and  the  null  proposi t ion respect ively.  [] 

Fo r  example  the  following formulas  are categorical  prCl0csiticns of 
the  theory  T A ( ~ ,  c ,  ~ ,  % l): (x c y), (xcoy)v(xly) ,  ( x ~ y ) v ( x c  y ) v  
v (x ~ y). Then  I shall refer  to categorical  proposi t ions s imply as to  
"proposi t ions"  and  use u, v~ w only for des ignat ion a rb i t ra ry  proposi t ions 
of a theory  Y(r The expression u(x~ y) will m e a n  t h a t  u contains  exact ly  
two free variables x and  y; x is the  f irst  var iable  and  y is the  second va- 
riable. 

DEFII~ITION 2.3. Syllogistic theses of a theory  T(r are its theorems 
of the  following k ind :  

(1) u ( x , y ) v v ( x , y )  -- w(x , y ) ,  
(2) u (x , y )&v(x , y )  ~- w(x~ y),  
(3) u(x, y) =~ ~v(x,  y), 
(4) u(x, y) ~v(x ,  y), 
(5) u(x, y) ~ v(y, x), 
(6) u(x ,z)  &v(z~y):~.w(x,y)andifforsomeproposition wl~F_Tu(x,z} 

& v(z, y) ~wl(x,  y), t hen  ]-T w(x, y) ~wl (x ,  y). 

If  the  syllogistic thesis (6) takes  place for some proposi t ions  u,v,w ~hen 
the  t r ip le t  (u, v, w) is said to fo rm an (actual) syllogism of the  theory  
T(~). 

For  example  the  fol lowing formulas  of the  theory  T ~ ( ~ ,  c ,  ~ ,  co, [) 
are syllogistic theses of this theory :  (x o) y) _=_ (y r x), [(x c y) v (x r y)J& 
& [ ( x = y )  v ( x ~ y ) ]  ~- (xcoy),  (x = z )  & ( z c  y) ~ (x ~ y) v ( x ~  y) v 
v (x = y) v (x co y). Indeed ,  it  is easy to show t h a t  the  f irst  two formulas  

are theorems  of T~,  the  l a t t e r  formula  forms a syllogism of T A ( ~ ,  c ,  =,  % 
l) as it  is p roved  in the  Appendix .  

DEFI~ZTIO~ 2.4. An  algebraic  s t ruc tu re  

T[T(G)]  = <a,  U, (3, -- ,  < ,  ~i, 1, -1, .}, 
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where  a = 2"; u ,  n ,  �9 are  b inary  and  -- ,  -~ are  u n a r y  operations on a; 
~< is a b inary  relat ion on a; O, 1 are  designated elements of a, is called the  
(actual) syllogistic of the  theory  T(a) over the  situations sys tem ~ iff the  
operations: the  relations and the  designated elements a re  defined as fol- 
lows: 

(1) u't3v' = w '  iff ~ - ~ u ( x , y ) v v ( x , y )  ~ w ( x , y ) ,  
(2) u ' n V ' = W '  iff F-Tu(x,y)  & v ( x , y )  ~ w ( x , y ) ,  

(3) u '  = (~') i f f  ~ - ~ u ( x , y )  ~ -7v(x ,y ) ,  
(4) u'  ~< v' iff l - z u ( x ,  y ) ~ v ( x ,  y), 
(5) u'  = (v') -~ iff ~-p u(x,  y) =~ v(y,  x), 
(6) u " v ' =  w' iff (u, v, w) forms a syllogism, 
(7) O is the  e m p t y  set and  1 is the  set a. 

I n  this Definit ion u'  designates the  set of all predicate  symbols contained 
in the  proposition u. [] 

TH]~0~E~ 2.2. f, et T*[T(a)] = <a, u ,  c7, - - ,  ~<, O, 1) be the reduet 
of k~[T(a)], and [a[-= n. Then W*[T(a)] is a finite n-atomic Boolean algebra, 
where ~J, (3, --,  <~ are the usual set-theoretical operations and the relation 
on  a ~ 2  a. 

I~ooF.  By  the  axioms of Definit ion 2.1. [] 

The symbols r, s, t will be used only for designation a rb i t r a ry  elements 
of a syllogistic Y(a). 

Tm~o~E~ 2.3. The following identities take place in every syllogistic 

(1) (rws).t  = (r.t)w(s.t) ,  
(2) r.( sut)  = (r.s)u(r. t) ,  
(3) ( r u s )  -~ = r - ~ u s - ~ ,  
(4) r . O  = O . r  = O, 
5) ( r . s )  -1 = s - ~ ' r  -1,  

(6)  (r-- l)  -1 m r ,  ( r  -1) ~- ( r )  -1 .  

P~oo~. :By the  definit ion of the  corresponding syllogistic opera- 
tions. [] 

Le t  ~ [ T ( z l ,  . . . ,  z~)] be a syllogistic. The redue t  <% .> of W [ T ( ~ ,  ... 
. . . ,  ~ ) ]  will be called the  groupoid of this syllogistic and  the  sets {z~}, ... 
�9 .., {zn} will be called atoms of this syllogistic. 

Gergonne's  syllogistic denoted then  by  G is the  syllogistic W[T~ ( ~ ~,  
~ ,  % I)]. Let  us agree upon the  representa t ion  of G. I t  is not  necessary 
to represent  specially Boolean operations of G because they  are  usual 
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set-theoretical  operations on 2 ~ . . . . .  ~,1}. As it follows f rom identities 
(1) -- (3) of Theorem 2.3, to determine values of the operations �9 and -~ 
it is sufficient to point  out  its values on the  atoms. Values of the operation 
-~ on the  a toms are :  ~ -~ = ~ , c - ~  = ~ , ~ - ~  = c ~ o - ~  = ~ , l - ~  = l. 
Table 2.1 is the  mult ipl icat ion table of the smallest subgroupoid of the  
G's groupoid t ha t  contains the  atoms. The following agreements  are made 
in this Table :  

(1) If  the  equal i ty  r . s  = 1 is t rue  for some elements r, s of G then 
the  corresponding square of the  Table is empty.  

(2) The mult ipl icat ions by 1 and  by  ~ are not  included in the  Table 
because for any  element  r of G, r .1  = 1 . r  = 17 r . ~  = ~ . r  = r. 

Table 2.1 is given wi thout  proof. :But using Theorem 6.1. the reader  
m a y  easily control  any  syllogism of this Table. 
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The G's operat ion �9 is in terpre ted  in the model/~a as follows. For  example,  
c-o~ _-- {c~ o ,  ]} (see Table 2.1). I t  means t ha t  for all circles x, z~ y~ if 
circles x and  z arc in the relat ion c and  circles z and  y arc in the relation 
~, then  circles x and y m a y  be either in the  relat ion c or in the relat ion 
r or in the  relat ion Z and m a y  be nei ther  in the relat ion ~ nor in the  
re la t ion ~ .  

DEFr~I~IO~ 2.5. A syllogistic T I T ( a ) ]  is a proper syllogistic of the 
theory  T(a) iff each axiom of the theory  T is derived f rom syllogistic theses 
of this theory:  [] 

Evident ly ,  G is a proper syllogistic of the theory  : T ~ ( ~  c~ ~ ,  % [). 
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w Connection between Aristotle's and Gergonne's syllogistics 

Aristotle 's  syllogistic Ar  is in ~ sense a subs t ruc ture  of Gergenne 's  
syllogistic G. 

T~Eol~?~ 3.1. I f  ~: Ar-+G is the map 

r A A 0 5 Z E 1 

then for all elements r~ s of A t ,  
(1) ~(r.s) = ~(r).~(s), 
(2) ~(r-1) = [~(r)]-~, 
(3) r <~ s i f f  ~(r) <.< ~(s), 
(4) Old(r, s) i f f  ~(r)n~(s)  = o ana ~(r)ue(s)  # 1, 
(5) CD(r, s) i f f  q~(r)nq~(s) =- 0 and ?(r)uq~(s) = 1, 
(6) 8C(r, s) i f f  qJ(r)n~(s) ~ 0 and ~(r)wr = 1 and r v e  1, s # 1. 

PnooF.  Immed ia t e ly  b y  Table 1.1 and Table 2.1. [] 

w PARA and its closed elements algebra 

The aim of this pa rag raph  is to poin t  oa t  ~ 2 A R A  closed elements 
a lgebra  of which is isomorphic to Gergonne's  syllogistic G. Potent ia l  
syllogisms are  cursorily discussed in the  end of the  paragraph.  

DEFZNZTION 4.1. A proper  ~pproximat ion  relat ion algebra ( P A R A )  
is an algebraic s t ruc tu re  

2"z~(~*) = <B, u ,  n , - ,  ~<, O, 1, |  ~.>, 

where  B = 2 M2 is the  set of all b ina ry  relat ions on ~ set  M;  w~ n~ -- 
are Boolean operat ions over  relat ions;  ~< is Boolean inclusion of relat ions;  
O is the  zero relat ion and 1 = M 2 is the  uni t  re la t ion on M;  -1 is the  con- 
version of relat ions;  G is the  composit ion or the  re la t ive  p roduc t  of rela- 
t ions;  and f inal ly a* is a sys tem of relat ions on M which is a par t i t ion  of 
the  set  M 2 into equivalence classes. [] 

Then r*~ s*~ t* will be  used for designat ion of a rb i t r a ry  relations on M 
and n* -- for designation of the  relat ions belonging to a*. 

DEFZ~ITION 4.2. Approximat ion  operators  in /'z~(a*) ~re operators  
<> : B - ~ B  and [] : B--->B defined as follows. Le t  a* = { ~  ...~ :r*}. Then 

<>,*= 0 ,.*l, = 0114-",,*11, 
i = 1  i = l  
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whe re  
, [z:* if z*c~r* v~ O, 

l~i ,r*l  = i 6 ,  7 if ~:c~r* = O; 

/=7 if ~* ~< r*7 
J ,  r*ll = / 0 .  7 if not ~*<r*.  [] 

:For a given relat ion r*, the  relat ion Or* is called the  closure or the 
upper  approxima.tion of r*, and the  re la t ion []r* is called the  interior or 
the  lower approx imat ion  of r*. I f  for  some r*, Or* = r* then  r* is called 
a closed relation.  The following f igure explains the  sense of the  operators  
0 ~nd V~. 

. . .  

J 

l i  

~  

' i  

~ r  �9 , r "  D r  ~ 

H e r e  the checked squares p ic ture  a set  M s with a par t i t ion  a* = {z~, z*,  .. .  
. . . ,  z*} and  the  ha tched  domains represent  accordingly the relations 
<~r*~ r* and  Elf*. 

I t  is evident ,  tha t  P A I ~ A  is a combinat ion  of the  proper  relat ion al- 
gebra  (see [2, p. 345]) and the approx imat ion  space (see [8]). The choice 
of the  symbols  �9 and [] for designat ion of the approximat ion  operators  
was m o t i v a t e d  b y  the  close connect ion be tween  the  approximat ion  spaces 
and  the  proposi t ional  mod~l c~]culus $5 (this connect ion will not  be  
discussed here). 

DEFIEITION 4.3. The (actual) closed elements algebr~ of a P A P A  
/~M(a*) is ~n algebraic s t ruc tu re  

r~(~*) = <D, u ,  n ,  , <, o ,  1 , . ,  -1>, 

where  D is the  set  of ~ll closed relat ions on M;  u 7 n 7 - 7  ~<~ -i  are  the  
r educ t s  of the  corresponding operat ions of UM(a*); O, 1 are  the  same 
relat ions as in /'2~(a*); the  ope ra t ion ,  is defined for 911 relations r* 7 s* e D 
a s  r * . s *  = O ( r * |  [ ]  

Let  us s t a r t  building a P A R A  7 closed elements algebra of which is 
i somorphic  to the  syllogistic G. For  this purpose  let  us consider the  s t ruc ture  
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#o = <Mo, A*>, where  Mo = {1, 2, . . . ,  8} and A* is the  following relat ion 
on Mo: 

1 

2 

6 

)4 5 

8 
7 

:Figure 4.1. 

If  the  predicate  symbol  A is in te rpre ted  b y  the relat ion A* then #0 
is a model  of the  theory  T~. Le t  us define addit ional  relations on M 0 
,us follows: 

~* = A*n(A*) - I ,  

~* = A*~(A*) - I  

= ,  = ( ~ , ) - ~ ,  

~*  = A*n(A*)- I ,  

o* = i V * n ( = * |  ~*) ,  

I* = ~ * n ( ~ * Q  =*).  

The relat ions sys tem a~ = {~*,  c*,  ~*, ~o*, I*} is evident ly  a par t i t ion  
of MS. Le t  us define a map  f :  G--->I~Mo(ao) aS  follows. For  all r, s, t e G, 

(l) if r is an a tom,  then  f ( { ~ } )  = ~ * , f ( { c } )  = ~* and so on; 
(2) i f f ( r )  a n d f ( s )  are  a l ready known and $ = r u s t h e n f ( O  ---- f ( r ) u  

wf(s).  

TI~EO~E~ 4.1. f is an isomorphism between G and I~o  (~*). 

I ~ o o F .  I t  follows f rom Theorem 6.2 of the  Appendix.  [] 

So, the  evaluat ion of Gergonne's  syllogistic theses is reduced to compu- 
ta t ions in the  algebraic s t ruc ture  /~o(~o).  ~ r o m  computa t ional  point  
of view it is convenient  to represent  the  elements of P~0(~*) (i.e. the  b inary  
relat ions on Mo) b y  means of Boolean matrices.  I hope tha t  the  reader  
knows the way  of the  b ina ry  relations representa t ion  (else see for exam- 
ple [1, Ch. XIV,  w167 13-14]). The relat ion A* under  these conditions may  
be represen ted  as follows: ( empty  squares denote  zeros) 

Le t  us consider as an example  a computa t ion  of Gergonne's  syllogism 

~ ' 1  = { = , ~ ,  l}. 
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1 
2 
3 

4 
5 
6 
7 
8 

2 3 4 5 6  7 8  
I I 

1 

1 

1 1 1  
1 1 1 1 1 

1 

A *  

i, 1 

tl l 
1 1  

1 
1 

111 t 

1 
1 1 t  

Q 

I 
m *  e ~ * |  I *  

t l " 1 1 1 

1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1  

1 1 1 1 1 1 

1 1 1 1 1 
1 1 1 1 1 

1 1 1 

I 1 1 1 1 1 1 i 
I "  

Let us designate t* = co*@ l*. In accordance with Definition 4.2, it may 
be computed that  ~*rTt* = c*rTt* ----- O, ~*c~t* # 0, r # O, 
I*nt* # O. So, co*'l* = <> (co* | l*) = 

By the use of Theorem 3.1, the method described above may be adopted 
to the evaluation of arbi trary Aristotle's syllogisms, laws of conversion 
and relations in the "square of oppositions". 

Potential syllogisms may be defined in any theory T(a) dually in com- 
parison with the actual syllogisms. Namely, some propositions (% v, w) 
of a theory :T(a) will be said to form a potential syllogism of 2"(a) 
iff I--Tw(x, y) ~ 3z[u(x, z) & v(z, y)] and for any proposition w~, if 
I- r wl(x, y) ~3z[u(x,  z) & v(z, y)], then f-~ Wl(X , y) a W(Z, y). By means 

of a suitable set of the potential syllogisms it seems to be possible to model 
Aristotelian "ecthesis' .  (See about this [9], [11]). 

w Evaluation of n-premissed theses 

The method considered in w allows to evaluate Gergonne's and Aristo- 
tle's binary syl!ogisms. In this paragraph I extend the received results 
to arbi t rary n-premissed Gergonne's and Aristotle's theses. I t  will be 
supposed in this paragraph that  variables of the theory TA are numbers 
1, 2, 3, ... and metavariables over the variables are the symbols i , j .  
I remind also that  u' means the set of all predicate symbols containing 
in a proposition u. 
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Dv.FI~I~Io~ 5.1. A n-premissed Gergonne~s wff  is e T~ 's formula 
of the  kind u~ & . . .  & ~ t ~ v  in which there  are  no proposit ions of the  
t y p e  u(i~ i). [] 

Gergonne's  wffs will be  called simply as "wffs".  Arb i t ra ry  wffs will 
be  denoted  b y  ~. The wffs containing exact ly  m different  variables will 
be  denoted  as #m. I t  a lways will be  supposed (it does not  lead to decreas- 
ing of generali ty)  t ha t  the  set oi all variables contained in some wff ~b "~ is 
{1, 2, . . . ,  m). 

The following T~'s formula  denoted  then as ~o is a 4-premissed wff  
containing four  different  var iables  1, 2, 3, 4. 

& [(4 = 3) v (~ ~ 3)] ~ [(2~ 4)]. 

(5.~) 

])EFII~ITIO~ 5.2. A wff  ul & . . .  & u ~ v  is a n-premissed Gergon- 
ne's thesis iff 

(1) v' =# 1, 
(2) ~ rA u~ & .. .  & u~ ~ v, 

(3) if v contains var iables  i~ j then  the  formula  u~ & . . .  & u~ ~ O(i ,  j )  
is no t  der ived in the  theory  T~. [] 

DEFINITION 5.3. The m a t r i x  of a wf i  

qS"~: ul  & ... & u~:z.v is a m Xm mat r ix  D(q~m), 

elements of which are  elements  of Gergonne~s syllogistic G. These elements 
of the  mat r ix  D ( r  m) are  defined as lollows: 

d/j 

{~},  if i = j ,  
(~ u 'k( i , j ) ,  if Aij is no t  empty ,  

kezJij 

1, in all o ther  cases. 

Here / r  e Aij ill  k e {1, . . . ,  n} and  there  exists a proposit ion u k e ( u l ,  . . . ,  u~} 
such tha t  u~ = uk(i ,  j ) ,  i.e. u k contains exact ly  two free variables i and j 
and moreover  i is the  f irs t  var iable  and j is the  second var iable  (see w Def. 
2.2 and below). [] 

The mat r ix  of the  wif  ~0 designated as 2)o is represen ted  in F igure  5.1a. 

])EleII~ITIOI~ 5.4. The symmetr iza t ion  of a ma t r ix  2)(q~) is a ma t r ix  

D ( ~ )  defined in the  following way:  dij ---- di~nd~ 1. H e r e  n and -1 are 
the  operat ions  of the  syllogistic G. [] 



Computation of Aristotle's.,. 221 

The symmetr iza t ion  of the  ma t r ix  Do is presented  in Figure  5.lb.  

1 __% 
(a).Do 

N 03 

= I 1 

1 I = m 

1 ('n 

(b).D o 

c I m 

D ~ I m 

I I ~ co 

m ~ co 

(c).(Do)3 
Figure 5.1. 

A mat r ix  mult ipl icat ion is defined as D " ( r  m) = D ' ( ~ m ) . D ( ~  ~) iff 
t !  ! 

dij ---- (~ dik.dkj , where  N ,  " are  the  operations of G. The r-power of 
k = l  

a ma t r i x  D ( r  for r ) l  is def ined as 

DI(~)  = D ( r  

Dr+l( r  = D r ( ~ ) . D r ( ~ ) .  

DEFI~I~rO~ 5.5. D~(q~) is the  sa tu ra t ion  of a ma t r ix  D(q)) iff Dr+~(q~) = 
= Dr(C). [] 

The sa tura t ion  of the  ma t r i x  Do is presented  in F igure  5.1c. 

TI~WOBE~ 5.1. Zet q~ : ul & . . .  & u~ ~ v  be some Gergonne's w f f  and 

v' r ! .  s also [D(r  ~ be the saturation of  the matrix D(q~). Then the 
following two assertions A and B are equivalent: 

(A) u~ & ... & u~ ~ v  is n-premissed Gergonne's Thesis; 

(]3) i f  v contains variables i , j  then 

(1) a~ <<. v ' ( i , j ) ,  
(2) d~.. r o .  z) 

This theorem will be s tr ic t ly  proved  in m y  another  article. [] 

The e lement  d~4 of the  ma t r i x  (Do) ~ p ic tured  in F igure  5.1c is equal to o. 
In  accordance  with  Theorem 5.1 it means  tha t  the  wff r is a 4-premissed 
Gergonne's  thesis. So, Theorem 5.1 provides a me thod  for evaluat ion of 
a rb i t r a ry  n-premissed Gergonne's  theses. B:~ using Theorem 3.1 it is easy 
~o adopt  this me thod  to evaluat ion of a rb i t r a ry  n-premissed Aristotle 's 
theses. 
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w Appendix 
The Appendix  consists of two l~ r t s .  The deduct ion syllogisms Theorem 

and un example  of its uti l ization nre considered in Pu r l  :[. The syllogistics 
representa t ion  Theorem is proved ~n P a r t  2. This Theorem ~sserts theft 
P A R A ,  closed elements algebrn of ~hich  is isomorphic to n syllogistic 
T [ T ( a ) ]  m a y  be made  f rom % sufficiently rich model"  of the  theory  
r(o). 

Part 1. The deduction (actual)  syllogisms Theorem 

T ~ o ~  6.1. .Let TET(~)] be the proper syllogistic of a theory T((y). 
~or all propositions % % w of the theory T(a) the following assertions A 
and B are equivalent: 

(A) (u, v ,w) forms a syllogism of T(~); 

(B) (1) for any predicate symbol z~ contained i~ the proposition w there 
exists a model #~ of the theory T such that 

#~ I= 3x 3y 3z[u(x, z) & v(z, y) & ~(x, y)]; 

(2) for any predicate symbol ~ ~ a which is not contained i~ the 
proposition w~ 

~-r u(x~ z) & v(z, y) ~ -]~(x, y). 

The Theorem was proved  in V4]. [] 

To i l lustrate the  u~Aliz~tion cf Theorem 6.1 let us consider ~ proof 
of the  G's syllogism D. ~ = { ~ ,  ~ ~ ,  w}. In  ~ccord~nce with i tem (1) 
of Theorem 6.1~ for ench predicute  symbol  ~ contained in the  proposi t ioa  
(x ~ y) v (x ~ y) v (x ~ y )v  (x o~ y) we should l~oint out  u model  #~ of 
the  theory  T A such tha t  

#~ [= 3x 3y 3z[(x ~ z) & (z ~ y) & (xzy)].  (6A) 

The ~ollowiug s t ruc tures  ure for example  the  sui table models:  

).1= 

3 

1 
]Jcf, 
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Indeed,  these s t ructures  are  t ransi t ive relations, hence they  are  models 
of the  theory  Y A. Condition (6.1) is also satisfied. This condition is sa.ti- 
sfied for example for /~= if we set 2 ~ x ,  1--+z, 3 ~ y .  

Then, in accordance with i tem (2) of Theorem 6.1, we should prove 
the  theorem (x ~ z) & ( z  c y ) ~ - l ( x l y )  in the  theory  T~. The proof 
of such theorems is ve ry  simple. Let  us suppose tha t  there  are  a, b, c such 
tha t  (i) (a = b), 

(2) (b c v), (3) (ale). Then we have :  
(4) by  (1) and  (2), 3z[(a ~ z ) &  (z c c)]; 
(5) by  (3) and by  the  definition of the  predica te  symbol I, -] 3z[(a ~ z) & 

& (z = e)] ,  

but  this contradicts  to (4). So, the  theorem is proved.  
In  pract ice it is advisable to use Theorem 6.1 only for deduct ion of 

a "sufficient se t"  of syllogisms. 

DEFI~ITIO~r 6.1. A sufficient set of syllogisms of a theory  T(a )  is 
such set of its syllogisms tha t  for any  pair  of elements of the  syllogistic 
TIT(a) ]  the  values of the operat ion �9 m a y  be obtained f rom this set by  
means of the  identities of Theorem 2.3. [] 

The following set is a sufficient set of syllogisms of the  theory  T~ ( ~ ,  
~,  = ,  ~, I): 

~ ' = = ~ ,  ~ ~ = { ~ , ~ , I } ,  ~ I = I ,  = ~  = { ~ , ~ , = , %  = - ~ , =  

= { ~ ,  {o}, ~ . i  = { = ,  ~ ,  I}, ~.r = ~, ~ , I  = { ~ ,  ~ ,  I}, I I  = L. 

Part 2. (Actual) syll6gisties representation Theorem 

D~FI~CITIO~ 6.2. # is a sufficiently rich model  of a theory  T(~) iff 
for any  its syllogism (u, v, w) and  for any  predica te  symbol z contained in 
the  proposit ion w, 

# I= 3x3y3z[u(x ,  z) & v(z, y) & z ( x ,  y)] (6.2) 
[] 

I t  is evident  tha t  verification of condition (6.2) m a y  be res t r ic ted to 
a sufficient set of syllogisms. Using l~igure 4.1 and the  sufficient set of 
syllogisms of the  theory  T ~ ( ~ ,  c ,  ~ ,  % l) which was presented  above 
it is easy to see t ha t  /~0 considered in w is a sufficiently rich model of 
this theory.  

:Let ns take  the  following agreements  up to the  end of the  article. 
Let  T(a) be a f ixed theory  and  T[T(a)]  its proper  syllogistic. Then, let 
# = <M, a*), where  7~i r is ~ non-empty  set and a*, ta*t = [~I, is a system 
of b inary  relations on M, be a f ixed sufficiently rich model  of :T(a). Let  
I :  a--->a* be the  corresponding in terpre ta t ion  map  such tha t  I (x)  = z*, 
w h e r e  ~6cr~  ~* ~ or*. 
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By axioms of Definition 2.1, a* is a par t i t ion of the set M. t tenc% 
we can determine the  I~ARA I~M(~*). Let us define the  map  f :  T[T(a)] -~  
-~/'M(~*) aS follows. For M1 r, s, t e TET(~)], 

(1) if r is an a tom then  f(r) = I(r) ;  
(2) f i r ( r )  andf ( s )  are already known and t = rws, t h e n f ( t )  = f(r)wf(s).  

T ~ E o m ~  6.2. f is an isomorphism between W[T(a)] and FCM(~*). 

P~00~. f iS evidently an injection and its image is the set of all closed 
elements of the  P A R A  /~M(a*). In  another  words~ f is a bijection between 
T[T(a) ]  a n d / ~ ( ~ * ) .  The proof of the theorem is trivial except the  proof 
of the  equMity f(r.s)  = 0 If(r)Qf(s)] for all elements r, s, t of ~[T(a) ] .  
But  the  proof of this equality is evidently reduced to the proof of the  
following theorem. 

T~E01~E~ 6.2.1. I f  propositions (u, % w) form a syllogism of the 
theory T(~), then 

(1) for any predicate symbo~ ~ contained in the proposition w, (~|  
n~ r O; 

2) for any predicate symbol ~ e a which is not contained in the proposition w, 
(~ Q~) n ~  = O. 

Here ~ designates the relation in FM( a*)~ corresponding to a proposition ~. 
More eorrectly~ if  u' is the set of all predicate symbols contained in u~ then 

f (u ' )  = ~. 

P~OOF. (1) In  accordance with the agreements above~ 1~ is a sufficien- 
t ly r ich model of T(a), i.e. condition (6.2) is satisfied. This implies i tem 
(1) of the  theorem. 

(2) In  accordance with Theorem 6.1~ for any syllogism (u, v~ w) and for 
any predicate  symbol ~ e a, which is not  contained in the  proposit ion % 

[-~ u(x ,  z) & v(z, y) ~ - ~ ( x ,  y), 
i.e. 

# ~- -~[u(x,z) &v( z , y )  & ~ ( x , y ) ] .  

This implies i tem (2) of the theorem. [] 
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