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Abstract. A generalization of the mathematical homogenization theory to account for locally nonperiodic solutions is 
presented. Such nonperiodicity may arise either due to the rapidly varying microstructure (e.g.: graded materials, microcracks) 
or because the macroscopic solution is not smooth and may have significant variation within a microstructure. In the portion 
of the problem domain where the material is formed by a spatial repetition of the base cell and the macroscopic solution is 
smooth, a double scale asymptotic expansion and solution periodicity are assumed, and consequently, mathematical homo- 
genization theory is employed to uncouple the microscopic problem from the global solution. For the rest of the problem 
domain it is assumed that the periodic solution does not exist (cutouts, cracks, free edges in composites, etc.) and the 
approximation space is decomposed into macroscopic and microscopic fields. Compatibility between the two regions is 
explicitly enforced. The proposed method is applied to resolve the structure of the microscopic fields in the single ply composite 
plates with a centered hole and with a centered crack and in the [0/90Is laminated plate. Numerical results are compared to 
the reference solution, an engineering global-local approach, and the direct extraction from the mathematical homogenization 
method. 

I Introduction 

In studying a heterogeneous medium, such as composite materials, one can adopt two different 
points of view: 

(i) a microscopic description, where microscopic constituents (with characteristic length l) are 
considered as a continuous medium, with their own equilibrium, kinematic, constitutive equations 
and interface conditions with other constituents, 

(ii).a macroscopic description, where characteristic microscopic length I is disregarded, and 
we treat the medium as homogeneous on a much larger (macroscopic) scale, denoted by L, which 
may represent the dimension of the specimen or a typical wavelength. 

Typically, the ratio//L, denoted here by e, is very small, and therefore modeling of sizeable 
problems entirely on the microscale is not realistic. Thus, a double scale asymptotic expansion 

u(x,y)  = u~ + + e2u2(x,y) +.-. (1) 
where x is a (macroscopic) position vector of the point, y the vector of the stretched (microscopic) 
coordinates, i.e., y = x/e,  provides a rigorous mathematical framework to simultaneously model 
phenomena at two different scales. The resulting partial differential equations can be uncoupled 
into two separate problems (on the micro and macro scales) if, and only if, the following two 
conditions are satisfied: 

(i) microstructure is periodic, i.e., the composite material is locally formed by the spatial 
repetition of very small microstructures, or unit cells 

(ii) u k (x ,y )  terms are periodic in they variable with the same period as that of the microstructure. 
Under ihese assumptions, the theory known as mathematical homogenization provides a 

rigorous deduction of macroscopic and microscopic behavior. The fundamentals of this theory 
can be found, among others, in (Benssousan et al. 1978; Sanchez-Palencia and Zaoui 1985). The 
engineering counterpart to the homogenization, focusing on defining equivalent thermomechanical 
properties of a heterogeneous medium, appeared in the engineering literature much earlier. A 
survey of such activity can be found in (Hashin 1970; Christensen 1979). 
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Unfortunately, if either material is locally nonperiodic, such as in the case of graded materials, 
or material is periodic but the solution is not periodic in y variable, such as in the presence of local 
effects, the use of asymptotic expansion (1) for the purpose of extracting local (microscopic) 
distribution of stresses and strains, will generally yield poor approximations of the local fields. On 
the other hand, in practical applications most of the critical behavior occurs in the portion of the 
problem domain where assumptions (i) and/or (ii) do not hold. This difficulty has been partially 
resolved for the case of periodic media in the vicinity of free edges (where only assumption (i) 
holds), by employing an asymptotic expansion of different nature in the boundary layer region 
and matching the solutions in the outer and inner regions using one of the "matching rules" 
(Murdock 1991). An excellent discussion of such techniques can be found in (Sanchez-Palencia 
1985). Obviously, if either microstructure is nonperiodic, or if the geometry is irregular, a different 
approach, more suitable for numerical computations is needed. 

The primary objective in this paper is to present a consistent mathematical framework to study 
coupled global-local effects in a heterogeneous medium (which are not necessarily periodic in the 
sense of assumptions (i) and (ii)). The contents of this paper are as follows: In Sect. 2 the problem 
domain is decomposed into the periodic and nonperiodic media. In the region where periodicity 
is assumed, a double scale asymptotic expansion is employed, while in the remaining nonperiodic 
portion of the problem domain, the displacement field is decomposed into the microscopic and 
macroscopic fields. Consistent variational framework is employed and continuity of displacement 
field is explicitly enforced. Section 3 describes the finite element solution procedure to obtain 
homogenized material properties, macroscopic response, and microscopic information including 
displacements, stresses and strains. In Sect. 4 we conduct numerical examples to study the structure 
of the microscopic fields in a single ply composite plate with the hole and with a centered crack 
and in the [0/90-1~ laminated plate employing the present formulation. 

2 Problem statement and variational framework 

Consider a heterogeneous medium, where the material is formed by the spatial repetition of the 
base cell on the major portion of the problem domain 12 p c /2 .  On s p we assume that both the 
microstructure and solution are Y-periodic, i.e., if Y(Yi) is a basic period in the stretched coordinate 
system (see Fig. l(ii)) and f (x ,y)  is Y-periodic function on I2 P, then f ( x , y  + kY) = f(x,y), where 
k is an integer. To be more precise, we say that in the neighboring points A, B in Fig. l(ii) 
homologous by periodicity, the value of the function is almost the same; but in points A, C 
homologous by periodicity but far away in the x variable, the values of the function are very 
different. 

In the remaining portion of the problem domain 12 r c 12 (12ru I2 P = 12 and .Or c~.QP = ~) ,  
where the edge effects are dominant or material is not Y-periodic, we make no periodicity 
assumptions and the solution is assumed to be a function ofx only. In order to capture both global 
and local effects, the displacement field on .(2 L is decomposed into the microscopic and macroscopic 
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fields 

u(x) = uP(x) + uZ(x) for x~.Q L. (2) 

We start with the formal statement of the strong form of the boundary value problem for linear 
elastostatics, which states: Find the displacement field u on .(2 such that 

c~xj~rij = b i on ~ (equilibrium equations) (3a) 

(7(]. : Dijklekl on 12 (constitutive equations) (3b) 

ekl ~- (~XkU l --[- C3XtUk)/2 on J2 (kinematical equations) (3c) 

ui = g/ on Fg (displacement boundary conditions) (3d) 

aijnj = ti on F t (traction boundary conditions) (3e) 

where F is the boundary of the problem domain .(2, which consists of the prescribed displacement 
boundary F o and the prescribed traction boundary Ft; g~ and t i are the prescribed displacements 
and tractions on F o and I t ,  respectively; bi are the body forces on s D~jkl is a positive definite 
constitutive tensor; #xj denotes the partial differentiation with respect to x j; standard tensorial 
notation is used with summation over the repeated indexes. Note that in .(2 v, which will be 
subsequently referred to as a composite domain .Oe(x,y), the fields (ui, a~j, e u, Djykt) are functions 
of x and y, while in 12 L they are functions of x only. 

To establish the governing equations on I2 v in terms ofu~ u~(x,y) . . . .  , uk(x,y) we insert the 
asymptotic expansion of u(x,y) given in Eq. (1) into the strong form (3) and then identify equal 
powers of e. The resulting o(e- 2) and o(e- 1) equations arc as follows: 

o(e-2):  Oyj(DijklC3YlU~) = 0, 0(8-1): Oyj[Dijkl(OXtU ~ + OylUl)] _~ 0 (4a, b) 

where the chain rule is used to differentiate functions f ( x , y  = x/e) 

~3xi[f (x ,y  = x/g) ] = Oxif  + Oyj f ~xiyj = Oxif  + e - lOyj f .  (5) 

It can be shown (see for example Benssousan 1978, Chap. 1, Sect. 2) that the only Y-periodic 
function u~ that satisfies (4a) is given by 

u~, = u~,(x). (6) 

From Eqs. (6) and (4b), using the same arguments as before, it can be shown (Benssousan 1978) 
that u ~ must be of the form k 

1 = tikij(y)eOj(X) d- Ul(X) (7) U k 

where 

eij(o X) ---- (OXiU ~ + ~XjU~ (8) 

The strain field on f2 v can be found from differentiation of (1) with respect to x, which yields 

ei j (x ,y  ) -~ ei~(X ) + 0.5(~3yiHjkt + ~yjHikt)e~ 

+ 0.5e(HmOxje';j + HjktOX, e';a + Ox,~) + ~3xj~]) + o(e2). (9) 

For subsequent computations we will consider only o(1) terms, and thus taking the limit of e ~ 0 
we obtain the following expressions for the displacement and strain fields: 

= ~uP(x) + uL(x) for x~ f2  L (lOa) 

ul lug(x) for x~f2 P (lOb) 

and 

=- ~eP(x)+eL(x)  for x~/2 L (l la)  

g'iJ (eOj(x) + tI-tijkl(Y)8~l(X) forx ,  y~ .Q  e (l ib) 
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where 

Tiju(Y) ~- 0.5(t~yiH ju + t~yjHiu). (1 lc) 

Remark 1: ~I'i~k~ possesses minor symmetry (with respect to indices i ~ j  and k ~ t ) .  

Remark 2: C o continuity of the displacement field is enforced by equaling macroscopic and zero 
order displacement fields 

u~ for x e D  (12) 

and constraining the microscopic field uL(x) defined on f2 L at the interface F eL between the two 
regions 

UL(X) = 0 for x ~ F  pL (13) 

where F PL is defined so that F PL n F = ~ .  

Remark 3: The inhomogeneous displacement boundary conditions on the boundary of D L are 
satisfied by the macroscopic field, i.e., ue(x) = g(x) and uL(x) = 0 on Fg. 

Remark 4: Equation (10) shows that the influence of heterogeneity on the displacement field in 
~ e  is negligible, while the influence on the strain field is of a comparable order of magnitude to 
that of the macroscopic strain field. On the other hand, in the region g2 L, where the local effects 
are dominant, the influence of heterogeneity on the strain field as well as on the displacement field 
could be of the same order of magnitude. 

We next proceed with the statement of the weak form of the boundary value problem for the 
linear elastostatics in a locally nonperiodic heterogeneous medium. 

Given: 

(i) ~ = {u(x)lueC~ u = g  on F0} (14a) 

(ii) ~C = {w(x)lw~C~ w = 0 on Fo} (14b) 

(iii) U = {v(x) lve C~ v = 0 on F o w F PL} (14c) 

(iv) ~ = {h(Y)lheC ~ (on the unit cell), h Y-periodic}. (14d) 

Find u~  uLE~ ,  Hkij~,~ and u, e(u) as defined in Eqs. (10, 11), such that for all 6u~ 6uLs~ ,  
6Hk i~ ,~  and the test functions (or variations) defined as 

= ~6u~(x)+ 5u~(x) forxs~2 L (15a) 

6ui ( 6u~ x ) for x~2P  (15b) 

6eij = ~ fie~(x) + geL(x) for xEf2 z (16a) 

( 6e~ + Tijkl(Y)6e~,(X) + 6 ~j~,(y)e~,t(X) for x,yr 'e (16b) 

6 Tijk,(Y) = 0.5 {6(~yiHjki) + 6(OyjHiu)} (16c) 

the following weak form holds 

6[e~ + T~g~t(Y)e~ ] D ijkt(x, y) [e~l(x) + Tu,,.(y)e~ ] dI2 
~P(x,y) 

+ ~ [6e~ + 5eL(x)]D~ju(X)[e~ + ~Lt(x)]da -- ~ 5u~ F 
o r- 

- ~ 6u~ - ~ 5uL(x)ti(x)dF - ~ 6u~(x)b,(x)dF=O. (17) 
F F n  ~ L  DL 

In order to integrate expressions of the formf (x ,y )  over the composite problem domain, [2P(x,y), 
we denote that 

f ( x , y )dF2=~+ ~ ~ f ( x , y ) d Y d D  (18) lim 
e-~O ~(x,y} I I .O(x)Y 
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where I YI stands for the volume (or the area in two dimensions) of the unit cell. The above 
integration scheme can be interpreted as an averaging of an oscillating function in the infinitesimal 
domain and then subsequent integration of the resulting smooth function over the entire domain. 
Applying (18) to the first term in (17) yields the following 

~r~L ~L 

+ f je~(x)Diju(x)e~,(x)d.Q + f je~(x)Diju(x)e~,(x)d.O- ~ au~(x)t,(x)dr 
~ L  st~L rrh  ~'~L 

-- ~ buL(x)b,(x)dF- ~ ju~ - ~ c~u~(x)t,(x)dF + ~ G~k,(X)E~(x)~,(x)d[2= 0 (19) 
.0 L t2 F .OP(x) 

where 

Dijkl : 1 S [(~irn(~J n "j- tF"niJ(Y )]Dmnst(x'y)[rks~Stt + ~stkt(y)]dY 
IYIv 

1 ~ 6 ~' tmnij(y)Omnst(X,y)[~ks~lt  -~ ~ s t k l ( Y ) ] d Y .  Crijkt - ! r lv  

(20) 

(21) 

Remark 5: Dijk, is termed as a homogenized constitutive tensor. It can be seen from (21) that it is 
symmetric and positive definite if the material properties of microconstituents are symmetric and 
positive definite. 

3 Finite element analysis for the locally nonperiodic heterogeneous medium 

In this section we describe a finite element solution procedure to obtain homogenized material 
properties in .O P, macroscopic response on O, and microscopic information (displacements, 
stresses and strains) in both .(2 e and .62 L. 

To construct the finite approximation q/F, ~V,  ~e~F of the spaces q/, ~ ,  ~ e~, respectively, we 
subdivide the global problem domain ~ and the local problem domain OL c ~ into the global 
and local element subdomains, such that U.Oe ~ = t2 and 0 O e  L = 12 L, respectively, which are then 
interpolated using hierarchical basis functions 

,,o N ~ dO 6 u O = N O y O ,  , - ,  = Niad a 6uL= NLa,Sdra (22a, b) 
i i A  A 

where the upper case subscripts indicate degrees-of-freedom. The displacement field u(x) in the 
problem domain I2 L ~ 12 is obtained by adding the contributions from the global (macro) and 
local (micro) finite element meshes. The boundaries of the elements in the two meshes do not have 
to coincide. The C ~ continuity at the interface between the macro and micro meshes F PL is imposed 
by constraining the degrees-of-freedom at the interface F pL 

I = 0. (23) 

For more details on the various mesh superposition techniques see (Fish et al. 1992, 1993). 
In a similar fashion we construct the finite element approximation ~ F  of the space ~ in the 

unit cell Y using hierarchical basis 

Hug = NP, a dPjka 6H,j k = N~arCl~k a" (24) 

The hierarchical shape functions (N ~ N e, N L) for a quadrilateral element can be obtained by 
a tensor product of one-dimensional spectral interpolants Hs(s)Hi(t), which can be defined as 
integrals of Legandre polynomials, where s e [ -  1, 1] and t ~ [ -  1, 1] are parametric coordinates. 
The resulting two-dimensional shape functions and their corresponding degrees-of-freedom are 
termed as nodal (I, J < 2), side (I < 2, J > 2 and J < 2, I > 2) and internal (I, J > 2). 
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The symmetric gradient fields corresponding to Eqs. (22) and (24) are given by 

e~ = 0"5(0xJ N~ + ~x~N~a)d~ = B~ d~ 6e~ = B~ 6d~ (25a) 

eL = 0.5(c3xjN~A + = t3 L,j  6e'  = B A,Sd (258) 

Discrete equilibrium equations are obtained by substituting interpolants (22, 24, 25) into the weak 
form (19-21) and requiring arbitrariness of variations for the following three cases: 

(i) 6d a = 6d~ = 0 and Vd~]ka # 0 Y periodic 
(ii) 6dykA = 6d,~ = 0 and gd~ :# 0 

(iii) adY~A = ad] = 0 and Vd~a # 0. 

Condition (i) leads to a unit cell problem in Y applicable only in the portion of the problem domain 
.QP c .Q, while conditions (ii) and (iii) provide a macroscopic response coupled with local effects 
on .Q~ c .Q. The structure of the resulting system of equations is summarized below: 

KCo KLe d L = / f ~  (26a) 

o o 

K~ = I B'~jaDijktB~ d'O + AK~ AK~ I BT"A(DI'R,-- ~ B~ = J .I Dijkl) klDd~"2 (26b, c) 

c B ~ D B L dO L KAE -~ ~ i jA~ i j k l  klE---- '  K . ~ =  ~ B~.DijktBI~IEd~Q (26d, e) .QL 

= B o ~jcD~jklB~,v d r  + AKcF, f a = ~ N~ + ~ S~abid~ (26f, g) 
Y Ft .Q 

(26h, i) f ~ =  S NLsti dF + ~ N~sbfl'Q, fi].c = - ~  B~lcDi~k~dY. 
Ft OL y 

Remark 6: Periodicity of boundary conditions in a rectangular geometry of a unit cell implies that 
the micro-displacement field up to the rigid body motion H(y), the micro-strain field 7"(y) and the 
micro-stress field D(y) 7*(y) are equal on the opposite sides of the unit cell, while the microtractions 
D(y) T(y)n0') are equal and opposite. It is convenient to implement this type of boundary condi- 
tions in the existing finite element architecture by connecting pairs of opposite nodes with rigid 
springs. The stiffness matrix of a rigid spring element connecting a pair of opposite nodes is given by 

[ 1 -11] for p>>l (27) AKP= P --1 

and the assembled stiffness matrix corresponding to all rigid links is denoted by AK P (see Eq. 26f). 
Let d~ and d~ be the vectors representing degrees-of-freedom on the opposite sides of the unit cell, 
i.e., d~ = d~ and let dg be the internal degrees-of-freedom in the unit cell. Then the partitioned 
system of equations in the unit cell is given by 

KP + Ak P K~2-  AK p KP3~ ( d~ / 

- -  ( 2 8 a )  

K~3 K~3 K~3] \ dP3] f 3 ]  

where Ak p is a sub-block of AK P. Both, the rigid springs and the d~ can be eliminated by adding 
the first two rows and columns in Eq. (28a), which yields the following system of equations for the 
unit cell problem 

K~3 + K~3 K~3 J \ d ~ ]  k, f 3  ]" (28b) 
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Two global elements 
/ _  \ 

\ 

/ 
A single superimposed element (f2~1 ) Fig. 2. Numerical integration scheme 

Remark 7: Equation (25) shows that as a result of the periodicity assumption in 12 e the micro- 
mechanical problem is completely uncoupled from macromechanical problem. The unknown 
coefficients d p are evaluated by solving the micromechanical problem in the unit cell Y for various 
combinations of indices i and j. Note that the stiffness matrix K e is formed and factorized only 
once and the finite element model in the unit cell is solved for six (three for two dimensional 
problems) different "loading conditions" (right-hand sides) because of the symmetry in indexes i 
and j. The homogenized material properties are subsequently determined from the discretization 
of Eq. (20) 

- ITI !  Re "le ]dY  (29) 
i - i  

and subsequently are used to solve a coupled global-local problem (the first two equations in 26a). 
For details on the theoretical rates of convergence of homogenized material properties in terms 
of solution refinement see (Guedes and Kikuchi 1990). 

Remark 8: If the solution in the entire problem domain is assumed to be periodic i.e., O L ~  ~ ,  
then the resulting system of Eqs. (25) degenerates to the classical homogenization problem: 

K ~ 1 7 6  ~ AK~ and K P d e = f  e. (30) 

Remark 9: The microscopic fields (stresses and strains) in both 12 e and 12 L can be postprocessed 
by substituting interpolants (22, 24) into (10, 11). For example, the detailed strain field is given by 

o x d ~ L I. (31a) el j = ~ B o A (  ) A "~- BijA(X)dA fo r  X~ff2 L 

([6ki(~tj + Bi~a(Y)dk~A]B~tB(x)d~ for x, y e O  e. (31b) 

Remark 10: If local element domains overlap more than a single global element, a special 
quadrature scheme has been developed in (Fish 1992; Fish and Markolefas 1993; Fish et al. 1993) 
in order to integrate the coupling stiffness matrix K c, which contains strain-displacement matrices 
expressed in the underlying and superimposed element coordinate systems. This integration 
scheme is briefly summarized here: 

(i) Subdivision of superimposed element domains (J-2~) into subelement domains (Oij) defined 
schematically as (see also Fig. 2): 

Loop over all underlying and superimposed elements 
If L 0 12 I n / 2  s # ~  Then ~ I s = ~ n l 2 J  a 
End loop 

(ii) Subdivision of subelement domains (12~s) into simply shaped domains (12 tSK)--triangles or 
quadrilaterals in 2D. For elements with straight edges, g2~z is a convex polygon, which can be 
subdivided into convex quadrilaterals (one of which may be collapsed into a triangle) by simply 
connecting one of the vertices with others as shown in Fig. 2. 
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(iii) Prior to the execution of the element routines we precompute all the necessary information 
for integrating the coupling term and store it in the permanent file. In practice, precomputing this 
information consumes only a small fraction of the total execution time. 

For alternative integration schemes see also [10]. 

Remark 11: Special care must be exercised to avoid the singularity of the stiffness matrix. The 
singularity or rank deficiency occurs if the local and global meshes have identical deformation 
modes. The redundant degrees-of-freedom can be constrained either a priori in the case of 
structured superimposed meshes (Kim et al. 1993; Fish et al. 1993), or by eliminating equations 
with zero pivots which are encountered in the course of the factorization process past the 
factorization of the base (macro) mesh (Fish et al. 1992, 1993). 

4 Numerical examples and discussion 

The test problems are divided into two parts. In the first part, we evaluate homogenized material 
properties using the mathematical homogenization formulation and test the convergence of the 
equivalent material properties as the finite element mesh of the microstructure is Uniformly 
refined. For comparison purposes, we will also consider the self-consistent method (Hashin 1970; 
Christensen 1979) for finding the overall material properties of a composite system. In the second 
part, we test the ability of the proposed superposition method to accurately resolve the microscopic 
fields of interest in the areas of high stress concentration and compare its performance with the 
classical method of homogenization and a typical engineering global-local approach described in 
this section. We consider single-layer composite plates with a centered crack (representing a 
singular macroscopic solution) and with a centered hole (representing a smooth macroscopic 
solution) subjected to a uniform tension. Both long and short fiber microstructures are considered. 
Since our basic mathematical model is two dimensional, fibers are idealized as rectangles. 

For the third test case, we analyze a (0/90)s laminated plate/beam, idealized with two different 
microstructures corresponding to 0 ~ and 90 ~ layers. Fibers in the 0 ~ layer are idealized as sheets 
of infinite depth (a plane strain problem), while the fiber cross-section in the 90 ~ layer is idealized 
by a square. 

For all test cases Boron-Atuminium composite system is considered with the following 
material properties; Boron fiber: Young modulus equal to 400GPA, and Poisson ratio 0.2; 
Aluminium matrix: Young modulus equals to 72.5 GPA and Poisson ratio 0.33. 

To study the rate of convergence of homogenized material properties we consider a hypothetical 
checker-board type and long fiber microstructures as shown in Fig. 3. Meshes with 4 x 4, 6 x 6, 
8 x 8 and 10 • 10 elements are used. The results in Fig. 3 show the linear rate of convergence of 
the equivalent material constants as the finite element mesh is uniformly refined. In the case of 
long fiber microstructure a very coarse mesh provides almost exact results since the strain field is 
almost uniform, while with short fiber microstructure a significantly greater refinement is needed 
to obtain the same level of accuracy. 

An engineering approximation technique for finding the overall material properties of a 
composite system--the self-consistent method--was also employed for comparison. For this 
purpose, the fiber volume ratios for the long and short fiber microstructures were taken as 0.5 and 
0.375, respectively. It should be noted that the formulation of the self-consistent method is based 
on the assumption that the inclusion (fiber) is a ellipsoidal shape which is embedded in a 
homogeneous overall medium. The mathematical homogenization formulation, on the other hand, 
accounts for the precise (idealized) geometry of the microstructure. Differences in the overall 
moduli found by the self-consistent method and the mathematical homogenization technique are 
therefore expected. Table 1 compares the results obtained from the self-consistent method and the 
mathematical homogenization method. The self-consistent method yields slightly higher values of 
the overall elastic constants compared to those obtained from the mathematical homogenization 
method. 

Numerical results for the Crack, Hole and Beam problems are compared to those obtained 
from the reference solution, the direct post-processing from the mathematical homogenization 
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Table 1. Comparison of the self-consistent and mathematical homogenization techniques 

Long fiber model Short fiber model 

Mathematical Self- Mathematical Self- 
homogenization consistent homogenization consistent 

D l l l l  136.147 165.548 122.457 132.491 
D2222 245.81 247.575 151.351 205.753 
D1212 46.85 64.887 42.112 51.384 
Dl122 36.076 42.048 36.191 36.926 

All values are in Gpa 
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Fig. 10. Crack p rob lem with  shor t  fiber 
microstructure: Surface plots of  cry in the 
micro domains  obtained using the reference 
solution and the superposi t ion me thod  

formulation, and the engineering global-local technique. The geometry, loading and boundary 
conditions for all three problems are given in Fig. 4. For the Crack problem, c is the half length 
of the crack, w the half width of the plate, and h the half length of the plate; the ratio c/w is chosen 
to be 0.1. For the Hole problem, c is the radius of the hole, w the half width of the plate, and c/w 
is taken as 0.1. For the Beam problem, h is the total thickness of the beam and w the half length 
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of  fhe beam span; the fiber volume ratio in both layers is taken to be 0.5. For  simplicity, the value 
of  the applied traction in the global domain is set to 1.0 for both Crack and Hole problems, while 
for the Beam problem, the uniform applied traction is taken as 0.1. 

The issue of  finding the optimal location and the polynomial  order for the superimposed 
meshes is not addressed here. Instead, some experience gained with p- and s-methods is used here 
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as a general guideline to construct the global and superimposed meshes. The global and local 
(micro) finite element meshes for all test cases considered are presented in Figs. 5-7. The topogra- 
phy of the micro meshes is chosen so that it would accurately represent the geometrical features 
of the microconstituents. For all test cases, the polynomial order of the global and local meshes 
is taken to be three and four, respectively. 

For the reference finite element solution, the mesh is strongly graded towards the high gradient 
region of interest. Within this region, the finite element mesh is identical to that used in the 
superposition formulation. 

Figures 8-11 show the surface plots ofa r for the Crack problem as extracted from the reference 
solution, the superposition method, and the post-processing from the mathematical homogeniza- 
tion formulation for both the long and short fiber microstructures. The solution at the singularity 
is not included in the plots; the output domain starts from the matrix next to the fiber neighboring 
the crack tip and extends to the next three fibers (see Figs. 8 and 10). The mathematical homogen- 
ization post-processing results are shown at two different locations: one near the high stress 
gradient region (point A in Figs. 9 and 11) and the other (point B in Figs. 9 and 11) away from 
the high stress gradient region. 

For the long fiber microstructure, it can be seen that in the vicinity of the crack, the super- 
position method predicts significant variation of the stress field within the fiber itself whereas the 
mathematical homogenization technique shows constant stress within the fiber and the matrix 
regardless of the macroscopic location. Away from the high stress gradient region, the solution 
obtained from the superposition method is almost identical to that obtained from the mathematical 
homogenization technique. 

For the short fiber microstructure, similar trend is observed: The superposition method 
captures high stress gradients at the crack tip as well as the mild stress concentration at the corners 
of short fibers. Away from the high gradient region, similar stress distribution is observed with 
both, the superposition and the mathematical homogenization methods. For both microstructures 
the results obtained with the superposition method are in good agreement with the reference 
solution. 
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The surface plots of try for the Hole problem are presented in Figs. 12-15. In the long fiber 
microstructure case, the superposition method yields a maximum stress value of 5.75 near the hole, 
while the reference solution yields 5.6 and the post-processing from homogenization, 3.4. As in the 
Crack problem, the superposition method predicts significant stress variation within the fiber itself 
in the close vicinity of the hole and it is in good agreement with the reference solution. Slight 
disturbances can be seen (Fig. 12) at the boundary between the two global elements due to the 
insufficient refinement in the global mesh. 
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For the Beam problem, Figs. 16 and 17 show the surface plots of the peeling stress ar within 
the region where delamination normally initiates, i.e., at the junction of 0/90 interface and the free 
edge as shown in Fig. 7. Both the reference solution and the superposition method predict 
significant stress gradients at the junction between the free edge and the fiber-matrix interface 
mainly due to the two-dimensional idealization of the problem. This is to be expected, since mild 
stress singularity is present at the interface between any two different materials at the free edge. 
Figure 17 shows that the peeling stress cry obtained from the mathematical homogenization 
formulation in a 90 ~ layer is in good agreement with the reference solution and the superposition 
method. However, in a 0 ~ layer the homogenization theory predicts a constant peeling stress field 
in the entire problem domain and does not sense the presence of the free edge singularity. 

The possibility of using a typical engineering global-local approach in order to extract the 
microscopic fields of interest is also examined. By this technique one solves the global problem 
first, and then the displacements away from the hot spots are applied as essential boundary 
conditions on the local domain of interest. This approach has been tested for the Hole problem 
with both the long and short fiber microstructures. The geometry and the finite element mesh for 
the local domain have been chosen to be identical to those of the superimposed mesh shown in 
Fig. 6. ar results are given in Fig. 18. It can be seen that for the long fiber case, where the stress 
distribution is generally smooth within each phase, the overall stress distribution and the maximum 
stress values are predicted with a reasonable engineering accuracy. On the other hand, for the 
short fiber case, where the stress oscillations are encountered within each phase, the stress value 
at the tip of a hole is overestimated by a factor of two, and the quality of the overall stress 
predictions strongly degrades in the close vicinity of the hole. 

One may possibly improve the performance of the uncoupled global-local technique by 
subjecting a local domain of interest to the boundary conditions extracted from the postprocessing 
in the unit cell. This will necessitate the postprocessing of the microsolution (displacements or 
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tractions) on the entire interface between the global and local domains, and thus the practicality 
of this approach from the engineering standpoint becomes questionable, especially in the three- 
dimensional case. 

Conceptually, the superposition method and the coupled global-local approach, where homo- 
genized material properties are used in the global region and the material properties of 
microconstituents in the local region, are similar in the sense that the global and local solutions 
are coupled. Besides from the theoretical differences, there are several key practical issues making 
the superposition method advantageous. 

(i) The superposition method does not require constraint equations or transition zones between 
the global and local regions. Compatibility between the two regions is explicitly enforced. 

(ii) The superposition method is hierarchical in the sense that the global stiffness matrix, 
representing the overall behavior of the entire model, can be used as a preconditioner, P, to the 
coupled global-local model. To fix ideas we return to the Hole problem with short fiber micro- 
structure. The condition number (the ratio between the largest and the smallest eigenvalues) of 
the coupled stiffness matrix (the first two equations in 26a) preconditioned with the Jacobi 
preconditioner is 2743. On the other hand, the condition number of the preconditioned system 
with the block diagonal preconditioner (AK ~ neglected to preserve the previous factorization of 
K ~ defined as 

p = (32) 
K L 

is only 222. Furthermore, the solution from the homogenized model is used as an initial guess in 
the iterative process in solving the coupled problem. More details on the theoretical aspects and 
application of the preconditioned conjugate gradient and hierarchical multigrid methods in 
conjunction with the superposition method will appear in reference (Fish et al. 1993). 
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