%g;gg A Finite Model Theorem for the
Propositional p-Calculus *

Abstract. We prove a finite model theorem and infinitary completeness result for the
propositional g-calculus. The construction establishes a link between finite model theorems for
propositional program logics and the theory of well-quasi-orders.

1. Introduction

L, is a propositional u- or least fixpoint-calculus related to systems of Scott
and DeBakker [11] and Pratt [8]. L, was introduced in [2], where an
exponential-time decision procedure and complete finitary deductive system
were given for a restricted class of formulas. In [3], a nonelementary decision
procedure was given for full L,. In this paper we prove that every satisfiable
formula of L, is satisfied in a finite model. We also give a complete infinitary
deductive system.

Finite model theorems are useful in obtaining efficient decision procedures.
In general, the smaller the model (as a function of the size of the formula), the
more efficient the decision procedure. The standard technique for obtaining
finite models in propositional program logics is filtration, a technique borrowed
from modal logic. It was first used in propositional program logics to obtain a
finite model theorem for Propositional Dynamic Logic [1], thereby giving a
nondeterministic exponential-time decision procedure. Filtration does not
work for L, [2, 9], thus a new technique is needed.

We prove the result by showing that the size of a minimal model for a given
satisfiable L, formula is related to the size of a maximal set of pairwise
incomparable elements in a particular ordered structure involving sets of
ordinals. This establishes a connection between finite model theorems for
propositional program logics and the theory of well-quasi-orders.

Basic definitions are given in §2. In §3 we define a partial order < on
formulas and extend it to a quasi-order on collections of formulas. In §4 we
consider models whose states are labeled with sets of formulas, and give local
conditions (involving <) on labelings which insure that a state satisfies all
formulas in its label. The results of this section may be of more general use in
performing surgery on models. In §5 we show that a certain quasi-order < on
sets of ordinals is a well-quasi-order [4], therefore has a finite base. In §6 we
combine the results of §4 and §5 to obtain a finite model theorem. In §7 we
show how the finite model theorem gives a complete infinitary deductive
system. §8 contains conclusions and directions for further work.

* Supported by NSF grant DCR-8602663
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2. Definition of L, and L;

The systems L, and L; were defined in [2]. We review the definitions
briefly, referring the reader to [2] for a more detailed presentation.

2.1. Syntax

The basic nonlogical symbols of L, and L] consist of
1. propositional constants P, Q, ...
2. propositional variables X, ¥, ...
3. program constants a, b, ...
Formulas p, q, ... are defined inductively:

1. X

2. P

3. pvyg

4 Tp

5. La>p

6. aX.pX,a an ordinal
7. uX.pX.

In (6) and (7), pX is a formula with a distinguished variable X, all of whose free
occurrences are positive (occur in the scope of an even number of negations 7).
Intuitively, X . pX represents the a-fold composition of the operator AX. pX
applied to false. L, is the language defined by (1—7). L, is the countable
sublanguage obtained by deleting (6).

The operators A, —, false, true, and [a] are defined as usual. In addition,
we define '

vX.pX = uX.1p 71X,

The operator v is the greatest fixpoint operator.

The usual quantifier scoping rules, as well as the definitions of bound and
free variables, apply to uX, vX, and aX. A formula with no free variables is
called closed.

An L} formula is said to be in positive form if it is built from the operators
v, A, v, <O, [, and 11, with- ] applied to atomic subformulas only.
Every closed L, formula is equivalent to a formula in positive form.

2.2. Semantics

A model is a structure 4 = (S, I), where S is a set of states and I is an
interpretation function interpreting the propositional and program constants,
such that I(P) = S and I(a) < S x S. A formula p(X) with free variables among
X =X,,..., X, is interpreted in .# as an operator p# which maps any
valuation 4 = A, .., A, of X over subsets of S to a subset p#(4) of S. The
operator p# is defined by induction as follows:

@1  XHA) =4
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(22) P4 = I(P)

23)  (p v ™A =p“AupA)
24  (p(A) = S—p"(4)
2.5  Ka>py“(A) = <a*)(p*(A)
where in (2.5),
(a™>(B) = {s|3te B(s, ) e I(a)}.

In order to give the semantics of aX.pX and uX.pX, let pX be a formula with
distinguished free variable X occurring only positively. Let X denote the other
free variables in p. Thus pX = p(X, X). We assume by induction hypothesis
that the operator p* has already been defined.

(26) O0X.pX"A) = false” = &
27  (@+1)X.pX*(A) = p*aX.pX*(A), A)

28)  6X.pX*(A) = |J BX.pX*(A), § a limit ordinal
B<é

29  pX.pX*(A) = | ) X .pX*(A)
B

where in (2.9), the union is over all ordinals f. Taking u > o for any ordinal «,
(2.6-2.9) reduce to the single definition

(2.10)  aX.pX*(A) = | ) p*(BX.pX*(4), A)
. f<a ’
where o is either an ordinal or u.
Because p is positive in the variable X, AX.p#(X, A) is a monotone set
operator, and

2.11) a < f—oX.pX*(A) < BX.pX*(A).

There exists a least ordinal x such that xX.pX*#(4) = (x+ 1) X.pX*#(A4), and it
follows that uX.pX“#(A) = xX.pX*(4). The ordinal x is called the closure
ordinal of the operator 1X.p#(X, A), and uX.pX*(A) is the least fixpoint of
iX.p*(X, A).

If p is closed, then p is a constant function, i.e., p#(A) is a fixed set of states
independent of 4. In this case, we say s satisfies p if sep*(4) and write
M, sk porsk pwhen # is understood. We write = p if 4, s|= p for all .4
and s.

2.3. Closure

Let p be an L, formula in positive form. The closure CL(p) of p was defined
in [2]. It corresponds to the Fischer-Ladner closure of PDL [1]. It is the
smallest set of formulas such that:
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peCL(p)
if TPeCL(p) then Pe CL(p)

if g v re CL(p) then both ¢, re CL(p)

if ¢ A re CL(p) then both g, re CL(p)

if <ayqe CL(p) then ge CL(p)

if [a]qe CL(p) then ge CL(p)

if ¢X.qX eCL(p) then q(cX. gX)e CL(p),

where o is either p or v. CL(p) is finite, and is in fact no larger than the number
of symbols of p [2].

N N

3. A Partial Order on L; Formulas

Let & =0a,,...,a, and B = B,,..., B, be n-tuples of ordinals or u, and
define & < fifa; < f;, 1 < i < n. Let p be a formula of L in positive form. Let
%, X,.q; X5 -+ %, X,.4, X, be a list of all occurrences of subformulas of p of

the form aX.gX, where each «, is either x or an ordinal, listed in the order in
which they occur in p. We denote this by writing
p=M%V~a)=M@

Replacing a; in p with f;, 1 < i < n, results in a well-formed L, formula p(P).

We define p(cx) <pPifa<p. That is, p <X qif p and g are 1dent1cal except for

the ordinals appearing in subformulas of the form aX.rX, and the ordinals

of p are not greater than the corresponding ordinals of g. We define
= p(y, ..., ), the L, formula obtained by replacing all ordinals by u, and

observe that p <X p* for all L] formulas p. By (2.11) and the fact that p is

positive,

(3.12) if p<gq then I p—q.

If X, I are sets of L, formulas, define

(3.13y X<TI if Vgel 3pel p=xgq.

From (3.12) we have that

(3.14) if T<XT then E A2~ AT.

Finally, if X is a set of L) formulas, define

¢ = {ptlpe X}.

4. Annotated Models

Let .# = (S, I) be any model, and let @ be a function labeling each state
se S with a class @, of closed positive L; formulas. The labeling @ is called an
annotation of .#, and the triple (S, I, ©) is called an annotated model.

The following definition of well-annotation gives local syntactic conditions
that insure that states of an annotated model satisfy their labels (Lemma 4.2).
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This is useful in performing surgery on models, because in practice it is easily
checked that these local conditions are preserved by certain cutting and pasting
operations.

DerINITION 4.1. An annotation @ is called a well-annotation if the
following conditions hold:
if Pe@®,, then si= P
if TPe®,, then sk= 1P
if pv qe®,, then either pe @, or ge O,
if p A qe®,. then both p,ge O,
if aX.pXe®,, then 3f < o p(fX.pX)eO,, o an ordinal or u
if vX.pXe®,, then p(vX.pX)e O,
if <adpe @, then t(s, t)el(a) and Ip' < p p' €O,
if [alpe®,, then Vi(s, t)el(@)—Ap'<Xpp'ed,. O

P NN R WD

Lemma 4.2.
(i) If © is a well-annotation, then sk= O, for all s€8§.
(i) If @ is an annotation such that Vs sk @, then © can be extended to
a well-annotation O satisfying the property
@y (Jeér<s |J CL@g.
seS teS,qe0;

- PROOF. (1) Suppose © is a well-annotation. For any closed positive L
formula q, let ¢ = {s|]3¢ <qqe€®}. If §=4,,...,q, is a list of closed
formulas, let ¢° denote the list 4, ..., ¢7. Let p(X) be an L} formula in
positive form with free variables among X = X,, ..., X,. We prove by
induction on the structure of p and by transfinite induction on ordinals that

p(§° = p*(3°).

In particular, p® < p# for any closed p. This will establish (i).
1. P® ¢ P* by Definition 4.1(1).
2. T1P% < 1P* by Definition 4.1(2).
3. X,9° = qf = X{(q°.
4. (p v 9@° = p(@° v q(@)° by Definition 4.1(3)
< p*(@° v q*(@®) by induction hypothesis
= (p v qy"(g°).
5 (pa q)(q)" < p(@)® N q(@)° by Definition 4.1(4)
< p(g®) n ¢ “(@% by induction hypothesis
= (p A 9"(G°).
6. <a>p(q)® < <a*»p(g)® by Definition 4.1(7)
< (a">p*@®) by induction hypothesis and monotonicity of {(a*)
< Ka>py*(q®).
7. [a]p(9)® = [a*](p(q)®) by Definition 4.1(8)
< [a*]1p*(q®) by induction hypothesis and monotomc1ty of [a*]
< ([adpy“(3®).



238 D. Kozen

8. aX.pX(9)® < \Jp<.P(BX.pX(d), §)° by Definition 4.1(5)
< | p<at™(BX.pX(§)°, ¢°) by induction hypothesis on p
< Jp<aP™(BX .pX*(q%), ) by induction hypothesis on f and mono-
tonicity of p*#
= aX.pX*(G®).

9. vX.pX(9)° < p(vX.pX(3), §)° by Definition 4.1(6)
< p*(vX.pX(g)°,3°) by induction hypothesis on p; but vX.pX*(g®) is the
greatest subset A of S such that 4 < p#(4, §°), therefore

vX.pX(3)° < vX.pX*(3°).

(ii) Let @ be any annotation such that s = @,. We will add new formulas to
O to satisfy the conditions of Definition 4.1, always preserving s = @, and
making sure that for any new formula p, p*e€ CL(g") for some g already
appearing in some @,.
1. If pv qe®,, then sk=p v g, so either sk=p or sk q. If the former,
set @,:= O, u {p}, otherwise set O,:= O, U {q}.
2. fpArqge@, set O,:=0,u{p,q}.
3. If [a]lpe@,, then for all ¢ such that (s, t)eI(a), t}= p. Set ©,:= O, U {p}
for all such ¢.
4. If vX.pXe@, set O,:= O,U {p(vX.pX)}.
5. If aX.pX € @,, then s aX.pX, so by (2.10) there must exist a f < a such
that sk p(BX.pX). Pick one such B and set O,:= @, U {p(fX.pX)}.
6. If (a)pe O,, then there must be a state t such that (s, t)eI(a) and t }= p.
Pick one such ¢ and set O,:= 6, U {p}.
Let @ be the final value of @ obtained by this procedure. Then O satisfies
the conditions of Definition 4.1 and the property (4.1). [

5. Well-Quasi-Orders

DEFINITION 5.1. A quasi-order is an ordered set (@, <) such that < is
reflexive and transitive. (Q, <) is a well-quasi-order if any of the following five
equivalent conditions hold:

1. Every set has a finite base: VA = Q34, < A4, A, finite, such that Vye 43x

€ Ayx < y (ie., such that 4, < A4 in the sense of (3.13)).

2. < is well-founded, and there is no infinite set of pairwise <-incomparable

clements.
3. Every countable sequence X,, X;, ... has x; < x; for some i <.
3
4. EBvery countable sequence x,, X,,... has a countable monotone sub-

sequence Xx; < X; < ... .
5. Any linear order on the quotient Q/= extending < is a well-order, where

x=yiff x<yand y<x. O '

Any well-order is a well-quasi-order, any subset of a well-quagi-order
is a well-quasi-order, and the direct product of any finite collection of
well-quasi-orders is a well-quasi-order. The proof of the equivalence of the
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above five conditions uses Ramsey’s theorem. See [4] for further details and
references.

The power set of a well-quasi-order, ordered by (3.13), is not necessarily
a well-quasi-order. However, Nash-Williams defined the concept of better-
quasi-order, and showed that any better-quasi-order is a well-quasi-order, and
the power set of a better-quasi-order is a better-quasi-order [6, 7]. Since the
definition of better-quasi-order is rather involved, we refer the reader to
[5, 6, 7] for the definitions and basic results, from which the following lemma is
not hard to derive:

LEMMA 5.2. ‘(P(0"), <) is a weli-quasi-order, where O" is the class of
n-tuples of ordinals, P(0") is the class of all sets of such n-tuples, and S < T iff
VBeTIaeSa< B [

6. The Finite Model Property
TueoreM 6.1. Every satisfable L, formula p, is satisfied in a finite model.

PrOOF. Suppose p, is satisfiable. Let .# = (S, I*) be a model and
o € S# such that s, = p,. Label O, = {p,}, O, = @ for s # s,. By Lemma
42(ii), ® extends to a well-annotation & satisfying the property (4.1).

We wish to show that ({@siseS““}, x) is a well-quasi-order. Let
{Pos -.-» Px} = CL(po)- By (4.1), every pe @, satisfies p* = p; for some 1 < i
< k. In other words, every pe®, is contained in some =-ideal (p)
= {qlq < p;}. Moreover, p < q only if p* = ¢g*. Therefore

6,<X60,-Vqe03peb,p=<q
©Vqeb,n(p)Iped,n(p)p<q, 1 <i<k
—0,np)<6,np), 1 <i<k.

Since any finite product of well-quasi-orders is again a well-quasi-order, it
suffices to show that each of the k quasi-orders

(6,0 (p)lseS*}, 1<i<k
is a well-quasi-order. If p, = p,{u, ..., u), this amounts to showing that each
{alp:(@DeB}seS*}, 1 <i<k

is a well-quasi-order. But this is immediate from Lemma 5.2.

Now by Definition 5.1(1), the set {€,]|se S#} has a finite base under <.
Therefore there exists a finite set §¥ < S such that Vse $#3te 5% 0, <0..
Let f: S*—S% such that @, < 6,.

Define a new annotated model 4 as follows. Take S* = S# and
I¥(P) = I*(P), but

(@) = {(s, fO)I(s, 1) € [*(a)}.



240 D. Kozen

In other words, /" is exactly the same as .#, except that we cut every edge (s, t)
in I*(a) and replace it with the edge (s, f(t)). The annotation @ on .1  is still
a well-annotation: Definition 4.1(1—6) is still satisfied since no labels were
changed, and Definition 4.1(7—8) is still satisfied since @, < 6,.

Now define a finite annotated model # = (§%, I¥, 6 [ §%) by restricting
N to 8%, ie, IF(P)=I1"(P)nS¥ and I?(s) = I*(a) n ¥ xS*. The an-
notation @ [ S¥ is still a well-annotation: Definition 4.1(1 —6) is still satisfied
since no labels were changed, and Definition 4.1(7—8) is still satisfied, since
any (s, t)e I” (a) is also in I (a).

Thus &# is a finite well-annotated model. Moreover, f(so) E @ s
by Lemma 4.2(i), therefore f(s,) = @so by (3.14), and p,€ @so, therefore

fGo)EDPe- O

7. An Infinitary Deductive System

The deductive system is the same as the one in [2], with the addition of the
infinitary rule of inference

nX.pX—-q,al n< o

7.1
() pX.pX —q

This deductive system can be shown complete by a straightforward adaptation
of the completeness proof of [2]. The difficult part is showing that the system is
sound, because the above rule is not valid if interpreted as an implication; in
other words, it is not true in general that

nX.pX* < qg*, all n < 0o-uX.pX* < g*,

as easy counterexamples show (see [2]). However, it is the case that if
nX.pX* cqg* for all n<w in all models #, then uX.pX* < q* in
all models .#. For, suppose there were a model .# and state s with
seuX.pX* n 71g*. or in other words sk uX.pX A T1g. By Theorem 6.1,
there would be a finite model & and state t of # with t = uX.pX A T1q. But
since all closure ordinals in a finite model are finite, ¢ = nX .pX A 71q for some
n < o, thus nX.pX% & q”, a contradiction. We have established

THEOREM 7.1. The deductive system of [2], augmented with the infinitary
rule (7.1), is sound and complete for L,. []

8. Conclusions and Directions for Further Work

~ Streett and Emerson [10] have recently given an elementary-time decision
procedure for L, involving automata on infinite trees. As a corollary to their
construction, they obtain a finite model property. Moreover, their construction
gives elementary bounds on the size of the model (roughly four exponentials),
whereas ours does not, at least in the current state of (the author’s) knowledge.
Nevertheless, the construction of the present paper has the advantage that it is
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more direct, and establishes a link between finite model theorems for program
logics and the theory of well-quasi-orders. For example, the construction of
Theorem 6.1 shows that the size of a minimal model for a given satisfiable
formula is related to the size of a maximal set of pairwise <-incomparable
elements in a particular structure on sets of ordinals. We are currently refining
this relationship in the hope that it may shed light on the complexity of the
decision problem for L,.
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