
L. Interpolation Properties 
MAKsmow of Superintuitionistic Logics 

Abstract .  A family of propositional logics is considered to be intermediate 
between the intuitionistie and classical ones. The generalized interpolation property 
is defined and proved is the following. 

Theorem on interpolation. For every intermediate logic L the following sta- 
tements are equivalent: 

(i) Craig's interpolation theorem holds in L, 
(if) L possesses the generalized interpolation property, 
(iii) Robinson's consistency statement is true in L. 
There are just 7 intermediate logics in which Craig's theorem holds. 
Besides, Craig's interpolation theorem holds in L iff all the modal companions 

of L possess Craig's interpolation property restricted to those formulas in which 
every variable is preceeded by necessity symbol. 

l .  In terpola t ion  propert ies of logical theories are of interest  for 
logicians. W. Craig [1] s ta ted  interpolat ion theorem for the  classical pre- 
dicate logic in 1957. In terpola t ion theorem for intuitionistic predicate  
logic was proved  b y  K. Schiit te [19], D. ~[. Gabbay  [3, 4] invest igated 
interpolat ion propert ies  of some extensions of intuit ionistic predicate  
logic. In terpola t ion  theorems are obta ined for some m o d a l  logics in 
[2, 5, 18] and for many-va lued  predicate  calculi in [15]. 

We  consider a family of proposit ional  logics to be  intermediate  be tween  
the intuit ionistic and the classical logics. 

I t  is p roved  in [11 i 12] tha t  there exist  jus t  7 in termediate  logics in 
which Craig's interpolat ion theorem holds;  there  are only 3 posit ive logics 
with the  interpolat ion proper ty .  There arc no more than  38 modal  logics 
which ~re normal  extensions of $4 and have the interpolat ion p roper ty  [13.]. 

We  take  &, v ,  ~ ,  -7, 1 as primit ive logical symbols  of languages Lz~ of 
proposit ional  logic. 

Craig's interpolat ion theorem in a logic /5 is formula ted  as follows: 
"If  (A ~ B) is in L ,  then there exists a formula C such tha t  (A ~ C) ~ L 

and (C ~ B) e L and all the  variables of C are contained in bo th  A and B ' .  
This formula C is called ~n interpolant  of A and B in L. In  classical 

logic C! Craig's interpolat ion theorem has a number  of equivalent  for- 
mulations.  For  instance, interpolat ion theorem for disjunctions:  

"If  ( A v  B) is in L ,  A and B are formulae of languages ~ and s 
respectively,  then there exists a formula C of the  language Lz 0 = . ~  ns 
such t ha t  bo th  (A v C) and (C ~ B) are in L".  

I t  is easy to get  this sentence from Craig's theorem replacing (A v B) 
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by  its equivalent  (in Cl) ( -7 A ~ B) .  In in termedia te  logics different  f rom 
Cl formult~e (A v B) and  ( 7  A ~ B) are not  equivalent.  Of course, the  
abovement ioned  theorem for disjunctions holds in intuitionistic logic 
I n t  due to the well-known G6del's theorem on disjunctions. However,  
I n t  is the  only in termedia te  logic in which both Craig's interpolat ion 
theorem and  G6del's theorem hold. 

Consider now formulae of the  kind (F  1 ~ 2'2) , where F1 and  ~2 are 
produced f rom A i  e ~ ,  B i e Ae2 by  means of & and v.  Such formulae 
are  reduced in I n t  to conjunctions of formulas t(Aj & B~) ~ (A2v B2)). 
The usual  Craig's interpolat ion theorem seems not  t o  be useful for the  
la t te r  formulas.  Only in C / w e  can reduce such a formula  to ((A~ & -7 A2) 

( -1 B~ v B~)) and then  apply Craig's theorem. In  the  present  article we 
prove tha t  any  in termedia te  logic L with Craig's interpolat ion theorem 
possesses the  generalized interpolat ion p roper ty :  

"Le t  (A~ ~ A~), (B~ ~ B~) be formulas of languages ~e~, ~ . ,  respecti- 
vely.  Is ((A~ & B~) ~ (A~v B~)) is in L ,  then  there  exist an  n and  for- 
mulas C n ,  C2~, C2~, . . . ,  C ~ ,  C ~  of the  languuge ~o  -- ~e~ r ~ ,  such tha t  
L contains 

(A, ~ (A~ v Cn,)), (A, & C(k.+m) ~ (a., v C~,,)), 

for  any  k : l , . . . , n - - l ' .  
The converse to the  generalized interpolat ion proper ty  is the s ta tement  

in any  in te rmedia te  logic since 

k = l  

Thus, (see [12]), there  are just  7 in termedia te  logics with the  generalized 
interpolat ion p roper ty :  

L 1 -: I n t ,  
L2 =- K C  = I n t  + ( - l  A v 7 - 7  A ), 

= x n t  + (x  v ( x  = (B v -7 B)), 
L 4 = L 3 §  = B ) v  (B = A ) v  ((A = 7 B )  & ( -TB ~ A)), 
Ls = L~ + L3 , 
L 6 -= L C  = l n t §  ~ B ) v  (B ~ A)), 
L 7 ~- C l  = l n t + ( A  v - T A ) .  

Obviously, one can take  n = 1 in the  generalized interpolat ion pro- 
pe r ty  for L _= C1 which is the  only in termedia te  logic of the  first  slice [6 ]. 
One can take  n ----2 for three logics of the  second slice with the inter- 
polat ion proper ty .  I t  is impossible to l imit  n lor the  remaining logics 
L C ,  K C  and I n t .  
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I~E~A~K. I t  is easy to derive Craig's theorem from the generalized 
interpolation property.  Take B 1 ~- 1, A 1 -- 0 = 1. For  instance, 

n--1 
C : Cnl & & (C(k+l)2 ~ Ckl ) 

k=l 

i s  an interpolant  of A2 and B~ in L. 

Craig's interpolation theorem is equivalent to l~obinson's consistency 
s ta tement  [17 ] in theories based on the classical predicate logic. Robinson's 
consistency s ta tement  for intermediate logic L can be formulated as 
follows: 

"Let  <T1,/el> , <T,, F,> be consistent L-theories in languages ~1 and 
-~2, respectively, and let <TinT,,  ~lr~Fn> be a complete L-theory in 
the common language 5e 0 = f f l n s  n. Then <T1uTn, F~wFn> is a com- 
plete L-theory".  

l~emember, [3], tha t  a consistent Z-theory in a language ~ is a pair  
<T, F> of sets of formulas of ~ which satisfies the condition: there are 
no formulas A, ,  . . . ,  Ak e T;  B1, . . . ,  B, e/~ such tha t  L F ((A, & .. .  & A~) 

(Blv . . .  v B,)). Z-theory <T, F> is complete, if T u F  = .~'. 
Gabbay [3, 4] has stated tha t  in the family of extensions of intui '  

t ionistic predicate logic Robinson's s ta tement  implies Craig's theorem 
bu t  the  converse is not  true, in particular, Robinson's s ta tement  does 
not  hold in intuitionistic predicate logic. On the contrary, for propositional 
logics we prove 

T~E0~EM i (on interpolation). For any intermediate logic L the fol- 
lowing statements are equivalent: 

1) Craig's interpolation theorem in L, 
2) the generalized interpolation property of L, 
3) Robinson's consistency statement for L. 

PaOOF. 1-->2 is a consequence of theorems 2-4, which will follow, 
3-+1 can be s tated in the same way as in [3]. :Now, we prove 2-~3. Let  
Z possess the  generalized interpolation property.  Let  <T,, ~ >  and <Tn, F,> 
be consistent L-theories in languages ~ ,  and Lf,, respectively, and 
<T, nTn, F luFf>  be a complete L-theory in the common language 
�9 ~o = .~1 n ~ n .  

Suppose for reduction ad absurdum tha t  <T~uT2, F1u.Fn> is incon- 
sistent. Then there exist formulas A ~ , . . . , A ~ e T 1 ;  B~ , . . . ,B~eTn;  
A~, . . . ,  A~ e/~1; B~, . . . ,  B~ e F~, such tha t  L F ((A~ & B~) ~ (Any B,) 
where A 1 = A ~ & . . . & A ~ ,  8 1 - - B ~  & . . .  & B~, -4n = A 2  ~ v . . . v A ~ ,  
B,  -~ B~ v . . .  v B~. Using the  generalized interpolation proper ty  we have 
an n and 011, C2~, C~, . . . ,  0~1, C~n e.~o, such tha t  

(ai) L F  (_4~ ~ ( invO~l))  (a2) L F ((AI&C(~+,)~) ~ (A, vU/1)) 
(bl) L F ((C~1 & Sl)  = Bn) (b2) L F ((C(~+~)~ & B~) = (C(~+~)~v Bn) ) 
where k : 1, . . . ,  n - -1 .  
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Due to (al)  we have Cn~ ~ ' 1  because of consistency of (T~,/v~).  
So, C~ ~2 'o - - - -~ r  ~nd C~ e T 0 = T I ~ T n  as (T0 ,~o~ is complete.  
Now~ C~ eTn,  so (b2) and consistency of ( T ~ / ~ n )  imply C~n ~/~n and  
C,n e To. Fur ther ,  C~ e T~ and C(n_~) 1 r ~ because of (a2), so C(~_~)~ e To. 
Applying (b2) ~nd (~2) ~gain we receive Cii e To for all i~ j .  In  part icular ,  
C~ e To ~- T~ and (T~, Fn~ is an inconsistent L- theory  because of (bl).  
Contradiction. 

We adduce  now two corollaries of Craig's interpolat ion theorem.  
In the  s~me way  as for classical logic one can prove 

STATE_~E~T 1. I f  in intermediate logic L Craig's interpolation theorem 
holds, then L satisfies Beth's definability theorem. 

There is one problem still open, if Beth 's  theorem implies Craig's 
theorem in in termedia te  logics. 

In  [14] there  were formula ted  some principles os variables sep~ration~ 
in par t icular :  

I f  ((A 1 & B1) ~ (A n v Bn)) e L and formulae (A~ ~ A~) and (B~ ~ Bn) 
have  no common variables, then  (A~ ~ A2) E L or (B~ ~ B~) e L. 

STATeCrafT 2. I f  L is an intermediate logic in which Craig's inter- 
polation theorem holds, then L satisfies the abovementioned separation prineiple. 
In  particular~ all intermediate logics with the interpolation property are 
Hallden-reasonable. 

One can prove it using the  generalized interpolat ion proper ty .  All 
the  formulas Cn~C21, C 2 n , . . . , C ~ C n 2  are to belong to (0,1}.  Le t  
( B ~ B 2 ) ~ L .  Then, C1~ ----0 f rom L ~ ( ( C ~ I & B 1 ) ~ B n ) .  Fur ther ,  we 
obtain  C(k+~)~ -= O and C(~+~)z -= 0 for k ---- 1, . . . ,  n --1 f rom the  conditions 
L ~ t(A~ & C(k+~)n) ~ (A~v C~)), L ~ ((C(k+~)~ & B~) ~ (C(k+~)nv B~)). Conse- 
quent ly ,  we have  L b (A~ ~ An) becanse L ~ (A~ ~ (A2 v Cnl)). Hallden-  
-completeness is obtained at  A~ = 1, B~----1. 

Note  t ha t  the  principle of variables separation is valid, for example~ 
in all extensions of LC. 

2. We use the  in terpre ta t ion  of in termedia te  logics in extensions of 
modal  logic $4 to Prove the  generalized interpolat ion proper ty  of logics 
L: - -LT.  Take  & , v ~ D ,  ~ E3~<>,l as pr imit ive logical symbols of 
modal  logic. 

Remember ,  [7], tha t  one can accord to every  formula  A of intuit ionistie 
logic its t ranslat ion T ( A ) -  a formula  of m o d a l  logic which satisfies 
the  following condit ion:  

A e l n t  ~ T(A) ~$4 .  
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The translation T is defined as follows: 

T(P)  = E]P if P is a variable, 
T (A & B) = T (A) & T (B), 
T(A v B) = T ( A ) v  T(B), 
T (A  ~ B) = [ ] ( . . ~T (A)vT(B) ,  
T C-]A) = [] ,-~T (A), 
T(1) = 1. 

A formula of modal  logic is said to be special i f  each of its variables 
is preceded by the  necessity symbol [] .  

TI%ANSLATIOI~ L:EMI~A. ~or any special modal formula D there exists 
a formula D' of intuigonistic logic, such that 

S4 ~ (OD -- T(D')). 

Proof by induction on the  construction of D. 
Let  NE(S4) be a family of all the normal extensions of $4. If M is 

in NE(S4), ~(M) (see [8]) is its superintultionistic fragment,  i.e., 

e(M) = {x  IT(A) e ~ } .  

Each M ia NE(S4) is called a modal  companion of e(M). 
The weak Craig's theorem in modal  logics is Craig's interpolation 

theorem with the  additional condition tha t  the  (modal) formula (A D B) 
is special. 

T n ~ o ~  2. Let M e NE(S4). Then the weak Craig's theorem holds 
in M if f  e(M) possesses the generalized interpolation property. 

P~ooP. Let the  weak Craig's theorem hold in M and let ~(M) 
((A, &B, )  ~ (A2vB~)). Then, M b ((T(A~) & ,-~T(A~)) ~ ( ~ T ( B ~ ) v  

v T(B2)). By the weak Craig's theorem there exists an interpolant  (Y of 
(T(A~) & -~T(A2)) and ( ~ T ( S ~ ) v  T(B~)) in M. Replacing all variables 
/~i by [3Pt we obtain a special formula C', such tha t  

(1) M b ((T(A1)& ~T(A~)) ~ C'), M ~(C' ~ (,-,T(B~)vT(B~)). 

The formula C' is a Boolean combination of subformulas [] C~. Therefore, 
by Lemma 5 of [10] there exists an n such tha t  

(2) S4 ~ (C' --= G~v (G~ & ~ G ~ ) ) v  .. .  v (G~ & ~G~)) ,  

where (7 n = [3 G', C(k+~)~ = [] ((7' v (7(k+m), (7(k+~)~ = [] ( ~(7'  v (Tk~)" 
t tence, 

(3) s 4  ~ (v' =- G~ a ((7(~-,)~ v ~ G ~ )  a . . .  a (G~ v ~ ( 7 , ) ) .  

By translation lemm~ there exist non-modal  formulae D n ,  D ~ ,  D2,, . . .  
. . .  ~ Dnl ,  Dn2, such tha t  
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s 4  ~ (c,~ ~ T(D~)). 
From (1) and (3) 

~: ~ ((T(~) a ~ T ( ~ ) )  ~ ~1), 

Then 

e(~) ~ (& = (&v  ~ ) ) ,  
e(M) k ((A~ & D(k+~)~) ~ (A~v D~I)) 

Similarly, from (1) and (2) 

e(~) ~ ((D~ a ~ )  ~ B2), 

(k = 1 ~ . . . , n - - 1 )  

(k = 1~ . . . ,  n - - l )  

e(M) ~ ((D(k§ ~ B1) ~ (D(k+l)2v B~)) (4 = 1 , . . . ,  n - - l )  

So, ~(M) has the  generalized interpolation property.  
Sufficiency. Let ~(M) have the generalized interpolation proper ty  

and let M ~ (A ~ B), where (A ~ B) is a special formula. :Reduce A to 
the form V (An & ~Ai~),  and B - - t o  the form & ( ~ B i ~ v  B12), where 

i t 
A~1~ ---- E]A~k, B~k ---- E]B~k. Then, the  formula (A o B) is equivalent in 
$4  to the conjunction of formulas ((Ai~ & ~'~Ai2 ) ~ (~ ' - ,Bi lvBt2))  for all 
i ,  j. By  translat ion 1emma 

$4 b [] ((An & ~A~:)  ~ ( ..~B~ v B~2)) -- T ((A*~ & Bi*~ ) ~ (A~* v B~.2) ) 

for some non-modal a ; ,  ~7~, B~,  B;~. Now we have 
$ 

Using the  generMized interpolation proper ty  of e(M) we h~ve 

M ~ (T(A*~) & .-.T(A*:)) = C,i, i ~ C,j = (,~T(B~.I)v T(B~.2)), 

where Cij is a Boolean combination of formulae C'k, C~k - -non -moda l  
formulae containing only common variables of (Ai~ ~ A*2) and (B~ ~ B~*). 
Then, C = v & Cis is an interpolant  of A and B in M. Q.E.D. 

i i 

:Note tha t  if M is ~ logic of the second slice [10], one can replace (2) 
in the proof by  M ~ C' -- Cxx v ,'.~C22. So, the generMized interpolation 
proper ty  can be formulated for intermediate logics of the  second slice 
as follows: 

If  L b (A~ & B~) ~ (A2 v B2), there exist formulae Cx and C2 such tha t  

/5 t- (Ax & C~) ~ (A~ v C1), 
L ~- ((7~ & B~) ~ B~, /5 I- Bx ~ (C~ v B~) 

and all the  variables of C~ and C~ are contained in both  (A~ ~ A~) and 
(B~ ~ B~). 

Due to theorem 2~ Craig's interpolation theorem for M implies the  
generalized interpolation proper ty  of 0(M). Craig's interpolation theorem 
was proved in $4, $4.2 [5], and in $4.4, $5  [18]. Hence, it  follows tha t  
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intermediate logics L1 = lug,  L~ = KC, L~ = KC,+(A v (A  ~ (By --1B))), 
L7 = Cl have  the  generalized interpolation proper ty  and the  weak 0raig's 
theorem holds in all modal  companions of L1, L2~ Lh, Lr, i.e., in infinitely 
many  logics, l~emember, [13], tha t  Craig's interpolation theorem is valid 
only for finitely many  logics in NE(S4). 

I t  remains to prove the  weak Craig's theorem for modal  companions 
of L3, Lt ,  L 6. I t  is s tated [13], tha t  Craig's interpolation theorem in 
M e NE(S4) is equivalent to the superamalgamation proper ty  of the  
corresponding variety 93tM of closure algebras des by the  identities 
{A = 1 I A e M}. We prove tha t  the weak Craig's theorem holds in M 
iff the  class 9~M Of all special closure algebras in 9XM has the superamalga- 
marion property.  Remember,  [10], t ha t  closure algebra 9~ is special if 
it is generated by the set G(~g) = {rqx Ix e 92}. 

To any pseudo-]3oolean algebra 9~ there corresponds a special closure 
algebra 8(92), such tha t  G(S{9~)) = 92. 

A class K is said ~o possess the  superamalgamation property~ if s 
any 920, 92~, ~ e K, such ~hat ~I0 is the common subaigebra o~ 9~ ~nd 
92~, there exist 9~ e K  and monomorphisms el: 9~-->9~, e~: 92~-->92, such 
tha t  el ~ 920 = e2I~o and 

(Vx e 9~) (Vy e %) [~j (x) ~< ej (y) 
~(3z e 9~o)(x ~<i z ^  z % y ) ,  

where { i , j )  = {1, 2). 

T ~ _ w o ~  3. .her M be in NE(S4). Then the following statements are 
equivalent: 

a) The weak Craig's theorem holds in M, 
b) 9 ~  has the superamalgamation property. 
c) ~or any 9~o~ 92x~ 9~ e 9 X ~  such that 920 is the common s~balgebra 

of 9~, 9~, and for any a e A~, b e A~, satisfying She condition--](-~z eP~o) 
( a < ~ z ^ z < ~  2b), there exist 92 e ~  M and homomorphisms h~: 92a-~9~ 
h~: ~2-~92, sued that hl(a ) ~ h~(b) and h~[9~ o = h z ~ o .  

P~oo~ el a->b is analogous to lemma 2 of [13]. 
Obviously, b->e. We pro~e c-~a. 
Let  A , B  be special formulas and there be no interpol~nt of A and 

B in M. Let  ~1 ,  ~ be the  sets of all special formulas with variables of 
A and B, respectively, ~o  = ~ ,  and let ~ be the set of all the special 
formulas. Then the  algebra 9~ = 9~ = ~ / ~ M  is in 9~M, where 

A I - - ~  Az ~ M ~ [] (A1 ~ A~). 

Take a subalgebra 920 of algebra 92~ with the universe (C/~M G e ~o}. Let  
a = A/~M e 921 ~ b = B/~M e 92~, then  there is no c e 92o, such tha t  ao ~ e 
and c~< b. By condition c) there exist 9~ e 9X~, h~: 921-->92, h2: 92~-->92, 
such tha t  hl(a ) ~ h~(b) and h ~  o = h~92 o. 
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Define now a valuat ion v in 9~ as follows: 

V(P) Ihl([-]_P/c..~M) , if the  Variable P is contained in A 
= ~h~([::]P/- .~) ,  if P is in B. 

~Note tha t  if P is a common variable of A and B, then  

h i ( [ ] P I ~ )  = h~( E]~I~.,~) 

and v is defined correctly. Therefore, we have  v (D)  = h i ( D / ~ M )  for a n y  
D e ~ i  (i = 1, 2). Hence,  

v ( A  ~ B)  = v ( A )  ~ v ( B )  = hi (a)  = h~(b) :~ 1.  

Because of 9~ e 9~M, we obtain M I - / - A  ~ B.  Q.E.D. 
T n ~ o ~  4. A l l  modal  companions  of L1-L7 satisfy condition c) of  

Theorem 3. 
P~ooF. In  [11, s ta tements  1-6] it was in fact  proved for L = L~, . . .  

. . . ,  L 7 t ha t  for any  strongly compact  pseudo-Boolean algebras ~I~, 9i~ e ~ 
wi th  a common subalgebra 9~ o there  exist  a s trongly compact  pseudo- 
-Boolean algebra 9~ e ~  and  monomorphisms el: ~1 -~9~, ~2: 9~2-~9~, 
such tha t  el Fg~o = e2 ~9~o. 

:Now, let  ~o, 921, 9~ be special closure algebras in 9XM, x0 e 9~, Y0 e~I2, 
-7 (3 z e 2o) (xo ~ 1 z ^ z ~ Y0). Then, by  l emma 3 f rom [11] there  exist 
ultrafil ters ~1 on 9~ and r on 9~, such tha t  x o e ~ ,  Yo r ~ and ~I  ~ ~o = 
= r  Let  

V~ = {x eg~ I~ ]x  e r V2 = { x e A ~ l ~ x e q ~ 2 } .  

Then V~, V, are I-filters [16] on 9~ and  9~, respectively, hence, there  
exist na tura l  homomorphisms 

onto special closure algebras ~ and !~ 2. Algebras ~1 and  !D~ are s trongly 
compact  since 

([:]xv[:]y) e V ~ ] x  e V i o r  V~y e V~. 

Zet  V 0 = Fin~Io = V2C~2o, !Do = 2 o / V o .  Then there  exist mono-  
morphisms 

O~: !Do-~!D i where j = 1, 2, 6~(z/Vo) = z / V  t for z e9~ o. 

Maps ~i = ~f ~ G(~o) are monomorphisms of a pseudo-Boolean algebra 
G(!Do) into G ( ~ ) .  Since pseudo-Boolean algebras G(!Do), G ( ~ ) ,  G(!D2) are 
s t rongly compact  and belong to 9~(M), then  by  above ment ioned pro- 
pe r ty  of !lR~(~) , there  exist s t rongly compuet  ~ ~ .r und monomor-  

phisms e~: G( !D1) -~ ,  s~: G( !D~) -~ ,  such tha t  e~5~ = s~ 5~. Monomorphisms 
e t of pseudo-Boolean algebras can be ex tended  [8] to monomorphisms 
~i: s ( G ( ~ l ) ) - + s ( ~ )  of special closure algebras. If  
(4) z = V(z~l & ~ z ~ ) ,  where Z~k e G(!D~), j 1, 2, 

t 
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then 

~j(z) = V(~j(z~) & ~ ( z ~ ) ) .  
i 

I f  z is of t he  fo rm (4), where  zike G(!Do), t h e n  

(5) ~1~1(Z) = V($i~1(Z/1) a ~81~1(Z/2) )  = 
t 

/ 

Since ~ is s t rong ly  compac t ,  (1~} is a p r ime  f i l ter  on  E. There  exists  
an  u l t ra f i l t e r  �9 on  92 = S(~) ,  such t h a t  ~(~E = {1r (see 1emma 5 in [9]). 
Now,  le t  j e {1, 2}, z e92i, z = V(zil & ~z l , ) ,  zik e G(92/). P rove  t h a t  

i 

(6) ~jg,(z) e $ ~ z  e ~j .  

I n  fac t ,  for  a n y  z~k e G ( ~ ) :  

= ziklVj = l~*z~ke Vj~z lk  e ~t 

Therefore,  

Now,  for  a n y  z e 92t le t  

a~(z) = ~g~(z). 

D u e  to (6) we h a v e  h,(xo) e g~, h~(yo) ~ ~ ,  hence  h,(xo) ~ h,(yo). 
F o r  z ~ Ao on  a e c o u n t  of (5) 

h~ (z) = ~ g l  (z) = ~ (zl e l )  = ~ ~ (z/Vo) = 

= ~#~(z /Vo)  = h~(z). Q.E.D.  
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