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Propositional Modal Logics* 

Abstract. We show that the join oitwo classical [respectively, regular, normal] 
modal logics employing distinct modal operators is a conservative extension of each 
of them. 

A propositional modal ~anguage ~ has a count~bly  infinite set of pro- 
posit ional variables  and a set  C(.~) oi connect ives  comprising the Boolean 
connectives and a set iY(s at  most  countable,  of una ry  "necess i ty"  
connectives [] ; i~(s  ~ is the  set of formulas of ~ .  A classical modal logic [1] 
is a set  S of formulas of a proposit ional  modal  language s containing 
all the  Boolean tautologies and closed under  Subst i tut ion,  Detachment ,  
and  R:E (if [] ~ ( s  and a-~fl e S then  [~a-~[]fl e S.). Two such 
logics S and T are independent if iV(~s)n~V(s = O, and their join 
S@T is t he  smallest  such logic containing their set- theoretic union S u T .  
To say tha t  S Q T  is a conservative e~tension of S is t o  say t h a t  (S@T)~ 
n ( es) = s .  

A regular modal logic is a classical modal  logic containing ( []p A Dq)  
-~ [] (p A q) for each [] ~ 5V(LPs) and closed under  R R  (if [] ~ 5V(~s) 
~nd a-~fl e S then [ ]a-~[] f i  e S);  a normal modal logic is a regular modal  
logic which is closed under  R N  (if [] ~ N(Lfs)  and a e S then []a  e S) [1]. 
I t  is c~sy to see, however,  t ha t  a classical modal  logic is regular if a n d  
on ly  if it contains [ ] ( p ^  g) ~ ( [ ]pA Z/q), and normal if and only if it 
contains [] (p ^ q) ~ ( []p A []q) and [] (p v --p). Thus t h e  ~'regular jo in"  
[respectively,  "normal  join"]  of two regular [respectively, normal]  modal  
logics S and T, tha t  is, the  smallest regular [respectively, normal]  modal  
logic containing S wT, is the same as their "classical join" S O T .  So it 
is not  necessary to t rea t  regular and normal  logics separately f rom class- 
ical ones. 

THEOrEm. I f  S and T are independent classical modal logics and T 
is consistent, then S@T is a conservative extension of S. 

P~oo~:  Le t  ~ s  = ( A s ,  ~ s }  be the  Lindcnbaum-Tarski  algebra of 
S, t ha t  is, A s = { / a l i a  e~ (~es )  } where /a i = /ill ~-+(a~fi) e S ,  and 
~'s = (*s I* e C(~es) } where *s(/al[, . . . ,  /an/)  = /*a l  . : .  a~/  if * is n-ary. 
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Each  a e ~P(~s) determines the  polynomial  f~ over 2 s ,  and  a e S if and  
only if fa is identical ly i in 2 s .  The redue t  2~  = < A s , - - s ,  vs> is 
a eountably  infinite (unless S is inconsistent,  in which case the  t heo rem 
holds trivially) atomless (if /a/ r 0 and p does not  occur in a t h e n  
0 < /p ^ a / <  /a/) Boolean algebra. 

Similarly, the  reduc t  2~  of the  Lindenbaum-Tarski  a lgebra  
2T = <An, leT> of T is a countably  infinite (since T is consistent) a tom- 
less Boolean algebra. All countably  infinite atomless Boolean algebra~ 

O 

are isomorphic [2, p. 28]; let  ~ be an isomorphism from 2~, onto 2 s .  
Le t  2 = <As, ~u,T> be the  expansion of 2 s  such tha t  q is an isomorphism 
9s onto the  reduc t  of 2 to ' the language of 2T, t ha t  is 2's,~ = <*s.T[ 
[ * e C(Lsew)> , *s,T = *s if * e C(s , and *s,w(al, . . . ,  an) ----- q~(*~v(~o-la1~ 
. . . ,  e - f a n )  ) if * E C(Lf~/,). 

Let  A = {a e E(~fs$~) I f ,  is identically 1 in 2}. Then A is a classicat 
modal  logic, S a T  ~_ A~ and AnE(.~es) ~_ S, f rom which it follows thal~ 
S O T  is a conservative extension of S. 
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