8. K. THOMASON In'dependent . ‘ |
Propositional Modal Logics*

Abstract. We show that the join of two classical [respectively, regular, normal]j
modal logies employing distinet modal eperators.is a conservative extension of each
of them.

A propositional modal language £ has a countably infinite set of pro-
positional variables and a set (%) of connectives eomprising the Boolean
connectives and a set N(Z), at most countable, of unary “necessity”
connectives [1; F'(%) is the set of formulas of &£. A dlassical modal logic [1]
is a set S of formulas of a propositional modal language ¥, containing
all the Boolean tautologies and closed under Substitution, Detachment,
and RE (f D elN(¥s) and a=p € 8 then He=[1f € 8). Two such
logics S and T are independent if N(L)NN(ZLy) =@, and their join
SOT is the smallest such logic containing their set-theoretic union SUT.
To say. that SOT is a conservative extension of S is to say that (SOT)N
NF(Zg) = 8. '

A regular modal logic i3 & classical modal logic containing (CpA Og)
—[J(pnrg) for each [JeN(¥s) and closed under RR (if [JeN(Zg)
and a—f € S then Jea—[f € 8); a normal modal logic is a regular modal
logic which is closed under RN (if (0 € N (%) and o € S then [Ja e S) [1].
It is easy to see, however, that a classical modal logie is regular if and
only if it contains [J(pAgq) = (pA [g), and normal if and only if it
contains [J(pAg) = (CpA ¢) and [I(pv —p). Thus the “regular join”
[respectively, “normal join”] of two regular [respectively, normal] modal
logics § and T, that is, the smallest regular [respectively, normal] modal
logic containing SuT, is the same as their “classical join” S®T. So it
is not necessary to treat regular and normal logics separately from class-
ical ones.

THEOREM. If S8 and T are independent classical modal logics and T
48 consistent, then SPT is o conservative ewiension of S.

Proor: Let Wy = (Ag4, F¢> be the Lindenbaum-Tarski algebra of
S, that is, Ag = {/a/|aeF(¥Ls)} where [af = [f] < (a=p) e S, and
Fg = (*g | * € 0(ZLg)> where *s(/ayfy ..., [a,]) = [fay .. a,] if * i3 n-ary.
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Each a e F{¥%g) determines the polynomial f, over g, and a € S if and
only if f, is identically 1 in UAg. The reduct A = <{Adg, —g, Vs> I8
a countably infinite (unless Sis inconsistent, in which case the theorem:
holds trivially) atomless (if /a/ = 0 and p does not ocecur in a then
0 < [paal < |af) Boolean algebra.

Similarly, the reduct U, of the Lindenbaum-Tarski algebra
Wy = {Ag, Fp> of T is a countably infinite (since 7 is consistent) atom-
less Boolean algebra. All countably infinite atomless Boolean algebras
are isomorphic [2, p. 28]; let ¢ be an isomorphism from 2; onto Ug.
Let A = {Ag, Fgy) be the expansion of Ag such that ¢ is an isomorphisny
Ay onto the reduct of A to 'the language of Wy, that is Fgp = (Fgrl
| * € O(Lger), *sa = *s if * € 0(Zy), and *sqg(as, ..., a,) = ¢ (*r(¢” as,
ey @ ) iE * € O(Lp).

Let 4 = {a € F(Zggy) | f, 18 identically 1 in A}. Then 4 is a classical
modal logic, SUT < 4, and 4NF (L) < 8, from which it follows that
S@T is a conservative extension of S.
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