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on generalized compatibility conditions 
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Abstract. Three generalized conformlng elements for thin plate bending based on generalized compatibility conditions are 
derived: a triangular element with 9 d.o.f. (LT element) and two rectangular elements with 12 d.o.f. (LR-1 and LR-2). Their 
formulation is as simple as the conventional non-conforming element and they can be implemented in routine manner. By 
satisfying the generalized compatibility condition under constant moments, these new elements can always pass the patch test. 
Numerical examples show that high accurate result is obtained with fewer degrees of freedom by using these new elements of 
thin plate. 

I Introduction 

To formulate a non-conforming element or a hybrid-displacement element of thin plates, the 
modified potential energy principle (Pian and Tong 1987) should be used: 

rCmp = np - ~ H = stationary, (1) 
g 

where 

= M ( ~ w  - M ( ~ w _  

~p and rEmp are functionals of minimum and modified potential energy theorems, w is interior 
deflection, #, 0�9 0y are interelement displacements, Q�9 M�9 M�9 are boundary tractions on c~Ay 

B ased on the functional ~mp of Eq. (1), Tong (1970) formulated the hybrid-displacement element 
which has been used successfully in plate bending and other problems. Since the functional rCmp is 
a multifield variational functional which contains three kinds of independent variables (i.e. element 
displacements, boundary displacements and boundary tractions), the formulation of the hybrid- 
displacement element is rather complicated. 

Long (1988, 1989) developed the generalized conforming element which can be formulated by 
using the degenerated form of ~mp" The procedure consists of the following steps. Firstly, the 
interelement displacement compatibility conditions are relaxed and thus the variational principle 
initially used is the modified potential energy principle. Secondly, the following generalized 
compatibility condition 

H= Q � 9 2 4 9  ~ n - ~ � 9  - -~~ ds=O (3) 
o "~ \  ~s 

is assumed to be satisfied, then the multifield functional ZCmp degenerates to the single-field 
functional ~p. Finally, based on the simple form of np, the element stiffness matrix can be easily 
obtained by the conventional procedure. 

In this paper, three generalized conforming elements of thin plates are derived: a triangular 
element with 9 d.o.[ (LT) and two rectangular elements with 12 d.o.f. (LR-1 and LR-2). The stiffness 
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matrices of these elements are rank sufficient and pass Irons'  patch test. The performance is 
demonst ra ted  to assess these elements. 

2 Generalized eonforming triangular element LT 

The nodal  displacement vector of a triangular element of thin plate with 9 d.o.f. (Fig. 1) is 

{q}e=[w1 Oxl Oyl W2 Ox2 I/ly2 W3 Ox3 Oy3] T (4) 

where d 1, d �87  d 3 denote the side lengths of the triangle, w denotes deflection, and r = c~w/¦ and 
~y = ¦ denote rota_tions. Along each side of the element the deflection ~ is assumed to be cubic 
and the normal  slope ~�9 linearly distributed. The deflection field w of the element is expressed in 
terms of area coordinates L1,  L2 ,  L3 :  

w = [F~] {2}, 

where 

{2} = [21 2 2 2 3 2 4 2 5 2 6 2 7 

[Fa] = [La L2 L3 L1L2 L2L3 

(5) 

28 29 210 211 212]  T 

L3L, L~L2 L~L3 L~L1 L~L2L3 L~L3L1 L~L1L2]. (6) 

In order to solve {2} in terms of {q}e, it is necessary to establish 12 compatibil i ty conditions. First, 
three compatibil i ty conditions for w at each node are used: 

w(xi, Yi) - wi = 0 (i = 1, 2, 3) (7) 

from which 2 �87  22 and 23 are solved: 

B1 = WI' 2 2 = W2, 2 3 = W 3. (8) 

Further,  in order to solve 24, 2 � 8 7  212, nine generalized compatibili ty condit ions are established 
according to Eq. (3). The assumed element moments  are linear: 

M r = 0 0 L 1 L a L 3 0 0 []2 , 

Mxy 0 0 0 0 0 L 1 L 2 L 
9 

(9) 

where f l l , - . . ,  f19 are nine arbitrary parameters.  Substituting Eqs. (5) and (9) into (3), the following 
nine generalized compatibili ty conditions are obtained: 

~~l~w ~~~(~ ~~)+~l~ 0 ~'~L~ ~ '  ~~)1 ~s 
~~~o y ~~~ ,~~~ ~~)l~s 0 

B [y Im(~nn-~k�9 ( i=1 ,2 ,3 ) ,  (10) 
OAy 2A 

where I and m are directional cosines of the outer normal  on ~Ay A is the area of the element and 

bi  = Y2 - Y3, b2 = Y3 - Yl ,  b3 = Yl - -  Y2 

c l = x 3 - x 2 ,  c 2 = x l - x 3 ,  c 3 = x 2 - x l .  (11) 

F r o m  Eq. (10), 24, . . . ,  212 can be solved in terms of {q)e. Combining this result and Eq. (8), we have 

{2} = [ A ]  {q}e, (12) 
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in which 

[A] = [[A~] 

[ A i ]  = 

[ A 2 ]  = 

[ A 3 ]  = 

[A2] l A 3 ] ]  

1 0 

0 0 

0 0 

( - 3  + r2)/2 ( - 3 r 2 c  2 q- 3c 2 -]- 2cl) /12 

- - ( r  2 -t- r 3 ) /2  (3 r2c  2 - -  3 r3c  3 - -  q ) / 1 2  

(3 + r3)/2 (3r3c 3 + 15c 3 + 14ci)/12 

3 - r E (3rECE -- 9CE -- 8Ci)/6 

r E + r a ( - -3 r2c  2 + 3r3c  3 q- C l ) /6  

- ( 3  + ra) ( - -3 r3c  3 - 9c 3 -- 8c1)/6 

- - r  2 d- r a (rEc 2 + r 3 c  3 - -  Cl) /2  

- -  r 2 d- r a (rEc 2 q- r 3 c  3 - -  Cl ) /2  

- r E + r a  ( rEc2  + r 3 c 3 - c l ) / 2  

0 0 

1 0 

0 0 

(3 + r l) /2 (3rlc 1 + 15c 1 + 14c2)/12 

( - -3  + r3)/2 ( - - 3 r 3 c  3 -t- 3c a + 2c2)/12 

--(r  a + r1)/2 (3r3c3 -- 3r lc  i -- c2)/12 

- ( 3  + rl) - ( 3 r i c  1 + 9c i + 8CE)/6 

3 - -  r 3 ( 3 r 3 c  3 - 9 c  3 - -  8c2 ) /6  

r I -t- r a ( - 3 r a c  a + 3 r l c  1 + C2)/6 

r l  - -  r3 (r3c• + r l c l  - -  c2)/2 

r 1 - -  r 3 ( rac3  -1- r l c  I - -  CE)/2 

rl  - r3 ( r3c3 q- r l c l  - c2)/2 

0 0 

0 0 

1 0 

- - ( r  1 + r2 ) /2  ( 3 r i c i  - -  3 r2c  2 - -  c 3 ) / 1 2  

(3 + r2)/2 (3r2c E + 15c E + 14c3)/12 

( - -3  + r i ) /2  ( - - 3 r l c  i + 3c I + 2c3)/12 

( t l  + rE) (--  3r lc  i + 3r2c  E + c3) /6  

- ( 3  + rE) - - ( 3 r 2 c  2 q- 9c  2 q- 8c•)/6 

3 - r 1 (3r lcl  -- 9cl - 8c3 ) /6  

- - r  I + r 2  ( r l c l  + r 2 c 2  - -  c3) /2  

- - r  1 -b r 2 ( r l c  1 + r E c  E - -  c3) /2  

- -  r a + r2 ( r l c l  + rEC2 - -  C3)/2 

0 

0 

0 

- ( - 3 r E b  2 + 3b 2 q- 2bi) /12 

- ( 3 r E b  2 - 3r3b 3 - bi) /12 

- ( 3 r 3 b  3 + 15b 3 + 14bl)/12 

- - ( 3 r E b  E - -  9bE - 8bi)/6 

- - ( - - 3 r E b E  + 3 r3b3  q - b l ) / 6  

- - ( - -  3 r3b  3 - 9b  3 - 8bi)/6 

- ( r E b  2 + r3b3 - bi) /2  

- ( rEbE + r 3 b 3  - bi) /2  

--(rEbE + r 3 b  3 - -  bl)/2 

0 

0 

0 

- ( 3 r l b  I + 15b I + 14bE)/12 

- - ( - -  3r3b3 + 3b3 + 2b2)/12 

- ( 3 r 3 b  3 - 3 r l b  1 - b2)/12 

+ (3rxbl + 9bi + 8b2)/6 

- ( 3 r 3 b  3 - 9 b  3 - 8b2)/6 

- ( -  3r3b 3 + 3 r l b l  + b2)/6 

- ( r 3 b 3  + r l b i  - b2)/2 

- ( r 3 b 3  + r x b l  - b2)/2 

- ( r 3 b 3  + r i b x  - b2)/2 

0 

0 

0 

- ( 3 r i b  i - 3rEb 2 - b3)/12 

-(3rEbE + 15b2 + 14b3)/12 

- ( - 3 r i b  1 + 3b I + 2b3)/12 

- ( - 3 r i b a  + 3rEbE + b3)/6 

(3rEbE + 9b 2 + 8b3)/6 

- ( 3 r x b l  - 9bl  - 8b3)/6 

- ( r i b i  + r E b  2 - b3) /2  

- ( r a b i  + rEbE - -  b3)/2 

- ( r l b l  + rEbE - -  b3)/2 

(13) 
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3 [X3,Y 3 } 

( Xl ,Yl ) 1 d3 

and 

Fig. 1. A triangular element 

rt  -- 2 ~ F2 -- 2 ' r3 -- 2 
d 1 d 2 d3 

Substituting Eq. (12) into Eq. (5), we obtain 

w = [F~] [A] {q}e. (14) 

The element stiffness matrix [kl e may be derived by the conventional  procedure. This element is 
called LT element. 

3 Generalized eonforming reetangular elements LR-1 and LR-2 

The nodal  displacement vector {q}y of a 12-d.o.f. rectangular element 2a • 2b (Fig. 2) is 

{q}e=EWl ~xl Oyl w2 ~lx2 0y2 w3 I“ ~“162 W4 ~lx4 Oy4.] T" (15) 

The deflection field w of an element is described by 

w = [Fz] {2} (16) 

in which 

{2}T= E21 22 23 24. 25 26 27 28 29 210 211 212] 
[ F a ] = [  1 y ~/ ~2 ~q /,/2 r ~2t/ ~/~2 /13 ~3/~ ~q3] (17) 

and ~ = x /a ,  ~l = y /b  denote dimensionless coordinates. First, three compatibil i ty conditions for 
nodal  deflections wi (i = 1, 2, 3, 4) can be established: 

4 4 4 
E wi = 4(21 + 24 + 26)' E wi~i = 4(22 at- 27 -k- 29) , E Wil~* = 4(23 at- 28 -+ 2xo)" (18) 

i=1 i=1 i=1 

Further,  nine generalized compatibil i ty conditions are established according to Eq. (3) in which 
two sets of element moments  are assumed: 

My = 0 0 0 1 ~ ~/ er/ f12 

M~ 0 0 0 0 0 0 0 

(19a) 

4( 

a _L a _1 

)( 

Fig. 2. A rectangular element 
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Mr  

M~ 

1 

= 0 

0 

~176 ~176 ~ 0JIill 0 0 1 ~ r/ 0 0 0 f12 . 

0 0 0 0 0 1 ~2 /,/2 
9 

m o m e n t  (19a), the Thus  for the first set of  element 
as follows: 

")'1 

24 

)~6 1 

,~8 [ 

)q0 

211 

212 

(19b) 

relat ion between {2) and  {q}e can be wri t ten 

30 15a 15b 30 - 15a 15b 30 - 15a - 15b 30 15a - 15b 

-45  -15a -20b 45 -15a 20b 45 -15a -20b -45  -15a 20b 

-45  -20a -15b -45  20a -15b 45 -20a -15b 45 20a -15b 

0 - 15a 0 0 15a 0 0 15a 0 0 - 15a 0 

66 18a 18b -66  18a -18b 66 -18a -18b -66  -18a 18b 

0 0 - 15b 0 0 - 15b 0 0 15b 0 0 15b 

15 15a 5b -15  15a -5b  - 15 15a 5b 15 15a -5b  

0 15a 0 0 - 15a 0 0 15a 0 0 - 15a 0 

0 0 15b 0 0 - 15b 0 0 15b 0 0 -15b 

15 5a 15b 15 - 5 a  15b - 15 5a 15b - 15 - 5 a  15b 

-18  -15a -3b  18 -15a 3b -18  15a 3b 18 15a 3b 

- 1 8  - 3 a  - 1 5 b  18 - 3 a  15b -18  3a 15b 18 3a - 1 5 b  

obta ined  for the second set of  element m o m e n t  (19b) as follows: 

3a 3b 6 - 3 a  3b 6 - 3 a  - 3 b  6 3a 

- 3 a  - 4 b  9 - 3 a  4b 9 - 3 a  - 4 b  - 9  - 3 a  

- 4 a  - 3 b  - 9  4a - 3 b  9 - 4 a  - 3 b  9 4a 

- 3 a  0 0 3a 0 0 3a 0 0 - 3 a  

3a 3b - 1 2  3a - 3 b  12 - 3 a  - 3 b  - 1 2  - 3 a  

0 - 3 b  0 0 - 3 b  0 0 3b 0 0 

3a b - 3  3a - b  - 3  3a b 3 3a 

3a 0 0 - 3 a  0 0 3a 0 0 - 3 a  

0 3b 0 0 - 3 b  0 0 3b 0 0 

a 3b 3 - a  3b - 3  a 3b - 3  - a  

- 3 a  0 3 - 3 a  0 - 3  3a 0 3 3a 

0 - 3 b  3 0 3b - 3  0 3b 3 0 

A similar result is 

21 6 

22 - 9  

23 - 9  

B4 0 

2�87 12 

2 6 1 0 

;~7 = ~  3 
28 0 

29 0 

21 o 3 

211 --3 

'~12 --3 

W1 

ff]yl 
W2 

~~2 

Oy2 

w3 

@y3 
W,, 

Oy4 

(2O) 

- 3b w 1 

4b ~xl 

- 3b ~ky 1 

0 w 2 

3b ~/x2 

3b ~~2 

- b  w3 

0 r 

- 3b ~kr3 

3b w 4 

0 r 
- 3 b  Oy4J 

(21) 
Based on the two sets of  solut ions of  {2}, Eqs. (20) and  (21), the co r respond ing  stiffness matr ices 
of  two new rec tangular  elements, LR-1 and  LR-2,  can be established. 

4 N u m e r i c a l  e x a m p l e s  

Example 1. Simply supported and clamped square plate under uniform load 
Numer ica l  results for central  deflection ob ta ined  with the t r iangular  element LT  are given in 
Table  1 a long  with those ob ta ined  with the C T  element (Fricker  1 9 8 5 ) - - o n e  of  the mos t  accura te  
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Table 1. Central deflection--triangular element 

Computational Mechanics 10 (1992) 

Mesh Simply-supported Clamped 
(�88 plate) 

Element LT Element CT LT 

A B A B A 

CT 

B A B 

2 • 2 0.4014 0.4024 0 . 3 9 9 3 0  0.35118 0.12288 0 . 1 0 7 6 8  0 . 1 4 7 5 0  0.10732 
( -  1.2%) (-0.9%) ( -  1.7%) ( -  13.6%) (-2.9%) ( -  14.9%) (16.6%) ( -  15.2%) 

4 x 4 0.4051 0.4058 0 . 4 0 4 3 9  0.39280 0.12544 0 . 1 2 2 0 3  0 . 1 3 2 2 1  0.12232 
( -  0.3%) ( -  0.1%) ( -  0.5%) ( -  3.3%) ( -  0.8%) ( -  3.6%) (4.5%) ( -  3.3%) 

6 x 6 0.40574 0 . 4 0 6 0 9  0 . 4 0 5 4 0  0.40028 0.12611 0 . 1 2 4 5 2  0 . 1 2 9 1 2  0.12468 
(-0.1%) (-0.03%) (-0.2%) ( -  1 .5%) (-0.3%) ( -  1.6%) (2.0%) ( -  1.5%) 

Analytic 0.406235 ql4/(100D) 0.12653 ql4/(100D) 
solution 

Table 2. Central deflection--rectangular element 

Mesh Simply-supported Clamped 
(�88 plate) 

LR-1 LR-2 ACM LR-1 LR-2 ACM 

2 x 2 0.4051 0.4052 0.3939 0.1238 
( -  0.3%) ( -  0.3%) ( -  3.0%) ( -  2.0%) 

4 x 4 0.40616 0.40617 0.4033 0.1260 
( -  0.02Z) ( -  0.02%) ( -  0.7%) ( -  0.4%) 

8 x 8 0.40623 0.40623 0.4056 0.12645 
( - 0.001%) ( - 0.001%) ( - 0.2%) ( -  0.06%) 

0.1243 
( -  1.7%) 

0.1261 
(-0.4%) 

0.12646 
(-0.05%) 

0.1403 
(11.0%) 

0.1304 
(4.0%) 

0.1275 
(0.8%) 

Analytic solution 0.406235(q14/100D) 0.12653 (ql4/100D) 

Table 3. Central moment--triangular element 

Mesh SS pl.--uniform load 
(�88 plate) 

LT CT 

A B A B 

Clamped pl.--uniform load 

LT CT 

A B A 

2 x 2 0.5022 0.5161 0 . 4 9 9 8 8  0.43958 0.2909 0.2380 0 . 2 9 5 1 0  0.20527 
(4.9%) (7.8%) (4.4%) ( -  8.2%) (27%) (3.9%) (28.8%) ( -  10.4%) 

4 x 4 0.4798 0.4917 0 . 4 8 3 4 7  0.47005 0.2386 0.2343 0 . 2 4 6 7 1  0.22389 
(0.2%) (2.7%) (1.0%) ( -  1.8%) (4.2%) (2.3%) (7.7%) ( -  2.3%) 

6 x 6 0.47821 0 . 4 8 5 5 1  0 . 4 8 0 9 0  0.47493 0.23277 0 . 2 3 1 5 5  0 . 2 3 7 5 1  0.22605 
(-0.1%) (1.4%) (0.4%) (-0.8%) (1.6%) (1.1%) (3.7%) ( -  1.3%) 

Analytic 0.47886 (qlZ/10) 0.22905 (q12/10) 
solution 
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Table 4. Central moment--rectangular element 
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Mesh SS pl.--uniform load 
(�88 plate) 

Clamped pl.--uniform load 

LR- 1 LR-2 ACM LR- 1 LR-2 ACM 

2 x 2 0.51245 0.51233 0.52169 0.25523 0.25323 0.27783 
(7.0~o) (7.0~) (8.9~o) (11.4~o) (10.5~) (11.3~o) 

4 x 4 0.48730 0.48732 0.48920 0.23689 0.23696 0.24050 
(1.8~) (1.8~) (2.2~) (3.4~) (3.4~) (5.0~) 

8 x 8 0.48098 0.48098 0.48166 0.23109 0.23110 0.23191 
(0.4~) (0.4~) (0.6~o) (0.8~o) (0.8~) (1.2~) 

Analytic solution 0.47886 (q12/10) 0.22905 (q12/10) 

nine--d.o.f, triangular elements currently available. Two mesh orientations, A and B, are used 
(Fig. 3). Central deflection coefficients obtained with the rectangular elements LR-1 and LR-2 are 
given in Table 2 along with those obtained with the well-known ACM element. Moment coeffi- 
cients obtained with the triangular element and rectangular elements LT, LR-1 and LR-2 are given 
in Table 3 and 4 respectively. These new elements exhibit excellent performance. 

In order to test whether the LT element can pass the patch test, two examples, pure twisting 
and pure bending of plates, are analyzed with the LT element. 

Example 2. Pure twisting patch test 
A square plate is supported on three nodes A, B, C, and a load p = 5 KN is applied at node D 
(Fig. 4a). An arbitrary grid subdivision is shown in Fig. 4b. Correct results are obtained everywhere 
with the LT element. 

Example 3. Pure bending patch test 
A 2-element mesh (with node 1 fixed) is under pure bending, M• = 1.0 KN'm/m (Fig. 5). The LT 
element reproduces the exact solution and passes the patch test. 

I I 
A i“ A i“ 

~e,~~ ~ ~  ~'~ ~ ~ - -  ("~-1 plate , ~ ~  Mesh B 

C D C D Fig. 3. Two mesh orientations 

P=SkN ,_ 6.2 _, 

1 AF -I o 

Sl-Ii s a--I c 
a b - 
4 

Figs. 4 and 5. 4 Twisting patch test. 5 Bending patch test 

Y 9 "~14 

5 1l 10 

O 

2 X 
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