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Abstract. Some possibility of numerical analysis of coupled dynamic problems of linear elastic heat conductors on classical
thermoelasticity theory by using the boundary element method is shown in this paper. The boundary integral equation
formulation and its numerical implementation of the two-dimensional problem are developed in the manner by the newly
derived fundamental solution for the coupled equations of elliptic type in the transformed space and the numerical inversion
of Laplace transformation. The boundary element unsteady solutions of the first and second Danilovskaya problems and the
Sternberg and Chakravorty problem in the half-space are demonstrated through comparison with the existing solutions.

1 Introduction

Thermoelasticity deals with the interaction between temperature, stress and elastic deformation
due to both mechanical and thermal loadings. The basic system of differential equations governing
thermoelastic phenomena is more complicated and coupled one than the Navier equation ia
elasticity. The system is composed of a wave-type equation of the displacement field and a
diffusion-type equation of the temperature field. The first analytical solution in dynamic uncoupled
thermoelasticity was obtained by Danilovskaya (1950). Further extensions and developments to
that analytical solution was reported by Danilovskaya (1952), Sternberg and Chakravorty (1959)
and Boley and Tolins (1963). The class of problem which admits closed-form solution in dynamic
thermoelasticity is extremely small. Therefore numerical techniques have to be resorted to for more
complex geometries and boundary conditions and more complex coupled field theories. Numerical
solutions through the finite element method have been reported by Nickell and Sackman (1968),
Odean and Kross (1968), Ting and Chen (1982), Prevost and Tao (1983), Tamma and Railkar
(1988).

The boundary element method based on the boundary integral equation formulation of the
problem has been recognized as the one of effective approximate procedures for the numerical
solutions of various problems in continuum mechanics (Banerjee and Butterfield 1981; Brebbia
et al. 1984). Especially, applications of this method to the static or dynamic problems in linear
elasticity may be in the satisfactory stage. In spite of the existence of many investigations and
applications in this field, some attempts have been made on only formulation to apply the method
to dynamic problems in coupled thermoelasticity by Predeleanu (1981), Tanaka and Tanaka
(1981), Sladek and Sladek (1983).

This paper concerns with the boundary element application to the dynamic problems in two
dimensional linear coupled thermoelasticity. First of all, we apply the Laplace transform to the
governing differential equation because of difficulty to construct the time-dependent fundamental
solution (Tosaka 1986). And then, we derive the boundary integral equations of displacement and
temperature fields in the transformed space and present the coupled fundamental solution in a
closed form. The boundary element unsteady solutions of the first and second Danilovskaya
problems and the Sternberg and Chakravorty problem in the half-space demonstrate the versatility
and accuracy of the proposed method through comparison with the existing solutions.

Throughout this paper, the suimmation convention on repeated indices is used. A dot (") is used
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to denote time differentiation and a coma ( ), to denote partial differentiation with respect to x;
(i=1,2).

2 Governing equations

We consider the coupled dynamic problems of a linear elastic heat conductor based on the
so-called classical thermoelasticity theory. Let £2 be a finite domain with boundary I” occupied by
a homogeneous, isotropic, elastic body. And, let T = [0, £] be the time interval. The basic equations
of linearized coupled thermoelasticity can be given as lollows (Carlson 1972):

the strain-displacement relation

€= %(ui,j + ), (1)
the thermal gradient-temperature relation

gi="0 )
the equations of motion

Ty + by = pi, 3)
the energy equation

— g1 — 0oty +p=cb, @
the stress-strain-temperature relation (Duhamel-Neumann law)

Ty = (A — p0)0;; + prlug 5+ uy ), (5)
the heat conduction equation (Fourier law)

g;= —kg; = _kg,ia (6)

in which u;, e;;, 7;;. 4;, by, p are displacements, strain measures, Cauchy stress tensor, heat flux, body
forces, and the density of the elastic body, respectively.

The initial-boundary-value problem of the resulting field equations in terms of displacements
u; and temperature 0 can be written as follows:

field equations

1. 1
quf‘jj + ('{ + ﬂ)uj!ij - ’))BJ + pbi = Pﬁi, 9.,',' -t — ﬂﬁi,i + *Q = 0, (7= 8)
K K
where
k 7 K
K=—, == s =D 9
pe " Ko 0 kP {9)
initial conditions
uy(x,0) = quidx)  u; {x,0) = ge{x)
ai(x’ 0) = Ovi(x) 0(x,0)= QH(X), (10)
boundary conditions,
u, =1 on I',xT 0=0 on IyxT 11)
=tym;=17 on I, xT g=qm=4§4 on I xT.

Here the boundary I” with the unit normal vector component »; may be split into the displacement
boundary I',, the traction one I',, the temperature one I, and the heat flux one I'.

In this place, we introduce the Laplace transformation procedure to solve the above initial-
boundary-vaiue problem. By means of an application of the Laplace transform to the initial-
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boundary-value problem of the coupled thermoelasticity, we can rewrite the problem into the
boundary-value problem of elliptic type.
Applying formally the Laplace transform defined by
i;(x,w)= f exp (— ot (x, t)dt (12)
0

to the coupled system of Egs. (7) and (8) and taking into consideration of the initial conditions (10),
we can get the following elliptic type differential equations in the transformed space:

pi; A o+ i, — poril,— 90 = — G, (13)

E,ﬁ — ;{7— noi, ;= —H (14)

where the pseudo body force G; and the pseudo heat supply H are defined by, respectively,

G, = b+ poo; + P H=£Q+%9+’?oe- (15)
1]

Consequently, the initial-boundary-value problem reduces to the boundary-value problem of the
set of (13) and (14) with the boundary conditions in the transformed space.

For the sake of derivation of the boundary integral formulation of the boundary-value problem,
it is convenient to rewrite the above system of (13) and (14) into the following matrix form:

L,;U;=B; (ij=1273) (16)
where each quantities for two dimensional case are given as

HA + (A + p)D} — pw? (A +w@D,D, —yD,
2 D,D A+ (A +wD? —pw® —yD

[L,]= (A+u)D,D, A + (A + p)D3 — po» ¥ C; a7
—nwD, —nawD, A——
K

[7J'={ﬁ1 i, g}l‘, E:'={_GI_G2_H}T- (18,19)

Here we use the notations D;= d/dx; (i=1,2) and A, the Laplacian, as the abbreviation of
differentiation.

3 Formulation of integral equations

In order to derive the integral equation formulation of the coupled differential Eqgs. (16), let us
start with the following weighted residual expression of the system (16) for the weighting tensor V%

j(L,, ;= B)V*dR =0. (20)

After integration by parts and some manipulations, we can obtain the following boundary integral
equation set in terms of the transformed unknown functions:

e Ul ) = [ {Tx; )V 3 (x. s @0) — A, (x50) T (x, y; 0) }d I (x)
T

+ [ {0 (s )V (x, 35 0) — Blx; 0)VE, (%, y;0) AT (x)
I
- _‘. Ei(x; (U)V:'j(x,y; a))d!)(x), (i:j: k= 1: 23 3s o= ]’ 2)5 (21)

where c;; is the shape coefficient matrix to be determined with properties on both the location of
a boundary point x and the local geometry at the source point y, and the vector 7, and the
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corresponding quantity X', are defined by, respectively,
T = Tughp = (Al — Y0)0 5 + 18,5 + g 2) } s 22)
Z* = {(AVka+11(UV )aﬂtﬂ-l_y)(Vajﬁ—l_ V’;_}ﬂ }nﬁ (23)

Here the weighting tensor V% must be determined as the solution which satisfies the differential
equation

L V3= —0udlx—). (24)

From the above it is evident that the weighting tensor is the fundamental solution tensor for the
adjoint operator L;; of L;; given by

pA + (A + wD? — per® (A+mD,D, nwD,
[L;]— (4+wD,D, pA+(A+ M)Dﬁ —pw®  nwD, (25)
] .
7Dy YD, A=

Moreover, from the derived integral Eq. (21) and the stress—strain-temperature relation, the stress
tensor at some point y in the domain £2 can be expressed with the following integral equation:

T, 0)= _‘!’-{f},(x; )8 5, (X, ¥; ) — i, (x; @)D, (X, ¥, @) AT (x)
+ [{0 (x; )S,53(x,3;0) — 0x; @)D, 55 (x, y; @) }A T (x) (26)
r
— | Bdx; 0)S 5, (x, p; 0)dQ2(x), (2, B,y =1,2,k=1,2,3),
2

where we introduce the quantities

Sopi= AV n yV 300, 1V o+ Vi) (27)
=X ;‘m m )5,,ﬂ T ZY 2 ,,) (28)
{}1 3m n - 33 n}amﬂ + lu‘{(VBa n 3,6 n) } (29)

4 Fundamental solutions

Let us consider how to construct the fundamental solution tensor defined by (24). We follow the
methodology developed by Tosaka (1985) which was originated from Hérmander (1946).
We may put the fundamental solutions tensor ¥}, into the following potential expression:

Vi = md*, (30)

where ¢* is the scalar function and p;; is the transposed cofactor operator of L;; such that

2 A+ p W
20| 02— (L v+ )A+9—g}5, w{ (A——)—E}ADEDJ
Hap = (A F ,u)[{ (cf ( " ¢ x ? A+2u K 4

w2 w2 w? w®
boa=—nop| A== ], pap=—m| A== ), dn=ul+ 2| A——  A-— |, (31)
c C c C

2 2 1 2

where ¢, and ¢, are velocities of longitudinal and transverse waves, respectively, and é denotes
thermomechanical coupling parameter given by

S i (32)
A+ 2u
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Substitution of expression (30) into Eq. (24) yields

Lg* = —d(x—y) (33)
where L is the determinant of L From the adjoint operator (25} we can get immediately

L= p(d+ 2u)(A* — B A® + B,A — fiy) (34)
with

Bi= "’—; + “:—; U+, fo= ‘:—;(‘:—g + 3’—) + “’—;%(1 +8) By= (5_{2%)5"% (35)

After all, it is found that the scalar function ¢* is the fundamental solution for the differential

operator L. We can rewrite the above expression (34) into the following factorized form (Kupradze
1979):

L= p(d+ 2p)(A — kYA = h5)(A — k) (36)
in which the coefficients 43, hJ and h; must be determined as these which satisfy
2 2
Be=2 1 1+92 wE=22 =2 (37)
(o K (,1 K C2

In this place, if we introduce the assumption 1+ 4 = 1, then the above coefficients can be determined
with the following closed form (Tosaka 1986; Suh and Tosaka 1987):

w
== K=" M= (38)

However this assumption is applicable to only the restricted case in which the thermomechanical
coupling is very week.

From the relations (37) the coefficients h7 and A2 can be determined as the roots of the following
quadratic equation of unknown h?.

(h)? + [9;+(1 +5)2 ]hz +5°—9 ~0. (39)
< 1

Making use of the determined roots A} and A2, the fundamental solution of the operator (36) can
be given as

* .} — 1
P*(x,y, w) = 2ma 4 20 Z W, Ko(her), (40)

where K(r) is the modified Bessel function of the second kind of order zero with the argument
r=|x—y| and

-1 ~1 ~1
— N W = -
(W =B =R T (R =R —h) T (W — k) —hE)

After all, we can determine each component of fundamental solution tensor from (30) and (31),
respectively, by using of the derived fundamental solution (40) as follows:

1
Via= Z W[ WS, — () o7 5]
Impc? npCE k=1

3 3

GO, Vig=

=1 =

W=

(1)

1 3
&g Vi =£k§1 Wi ). (42)
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And, we can also obtain the quantities 2%,

or or 2 or
E:ﬂ = o kzl Wk|:( —Xy- )(r,anﬁ + _6;5“”) — 2%:,,"@",,3% — ¥ ;(r’ﬁna — 2r5ar’# %)
( )( —x,”—xk 1)1‘ Hy +6w€*r n:I
@ c? g c?
=2 5wl Gl (g —at ) Zeadie (128 i v an] @
27 k=1 c; " r; "o f " r

1 or 1 1 or
Z Wk[(fz,,_ffr) ,ﬁgr;‘i'@f;”ﬂ] _? Z ké‘lt,r%'

27rpc k=1

® _
25=

Here we introduce the following functions:

‘P*:{(hz——)(hz———z)—léwh"}K (rh)+{ L (re-2) Lol Lk (rh)

g K c1 L 20—\ * « K R
1 w) 1 w?

=122~ o R, =2 ki

nE = (h2 _ ‘;’—2)(112 C::Z)Ko (rhy). (44)

1 2

5 Numerical solution procedure

We can apply the standard boundary element procedure in order to solve numerically the system
of boundary integral Egs. (21). The boundary I"(x) is divided into Ne elements and the unknown
functions over each element are discretized with the following expression:

a=0"" =07}
8=ao7g" g @TG" (45)
where @7 are the interpolation functions and &', 7, 8, 8" are the nodal values of displacements,
tractions, temperature, and temperature gradlent respectlvely, at nodal point x on the boundary
element, If the pseudo body force and the pseudo heat supply are assumed to be zero, the discretized
form of the boundary integral Egs. (21) can be expressed as

Ne Ne

&,; Uy o) = ;1 7 f VE X&),y )@T(EAT(E) — Z:l iy 1[ Z (), y; )@ (AT(Q),

Ne

+ Z ;E Vi@ )@ (ar@— ¥ o I V330, 0)@'(dI()  (46)

e=1

where & = {£;} denotes the intrinsic coordinates on I',. For a]l boundary nodes, we can express
the discretized form (46) as the following matrix system of equation

Hlu + Hza = G1f+ Gza_". (47)

Reordering the system (47) with respect to the unknown, the final system of equation to be solved
can be expressed as follows:

AX=B (48)

where A is the influence matrix, B is the contnbutlon vector of the known boundary conditions
and X is the vector of unknowns in ", 0", ¢, ", The above system (48) can be solved with the
proper solver and we can get all the transformed unknowns on the boundary.
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The above procedure gives us only the numerical solution in the Laplace transformed space.
Then, it is necessary to invert the transform to restore the original variables in the time domain.
It is well known that there exist a number of numerical inversion methods (Papoulis 1957, Durbin
1974; Narayanan and Beskos 1982) corresponding to different methods of approximation of the
Bromwich integral,

gtico

f{x)=51—, [ exp(wt)f(w)dw. (49)

a&— i

In this paper, we use the method of Hosono (1979) which has recently attracied attention as an
efficient and accurate method (Suh and Tosaka 1988a). In the Hosono’s method a function defined
by (49) is expressed approximately as the following series:

=220 S gt i 3 Ty | oD

t n=1

with the coefficients,
_ M+ 1)!
M= M (M —m+ 1)

Here the function f, in the transformed space at the nth sample point w, to be defined below, is
given by

Jo=(=1)"Im{f(w,)} (52)
with

w,,:l{aw(n_l)n} (53)
t 2

where Im {f} denotes the imaginary part of the complex function f.

According to the solution algorithm based on the numerical inversion formula (50) due to
Hosono as shown in Fig, 1, we can get the transient solution of a particular time directly with
only 20 ~ 30 sample points w, in the transformed space.

1, 4 (51)

‘AM,M =

]
INPUT TIME ti

INPUT NUMERICAL INVERSION
PARAMETERS N, M, 0

N+M

FROM EQ.(51),
EVALUATE Wn
WITH RESPECT TO EACH OF wn,
DETERMINE THE TRANSFORMED
SOLUTION U, (%,00p)

USING EQ.(48),
DETERMINE THE TRANSIENT
SOLUTION ug (x, ti)

{ = } Fig. 1. Solution algorithm
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6 Numerical examples

In the following, a number of well-known examples are presented in order to demonstrate the
versatility and accuracy of our formulation and its numerical implementation developed in the
previous section, For the numerical examples three half-space problems are selected as follows:

a) the first Danilovskaya problem,
b) the second Danilovskaya problem,
¢} the Sternberg and Chakravorty problem.

The above three problems are essentially one-dimensional and therefore it may be needed to apply
the one-dimensional boundary element method. For one-dimensional problems, we can develop
the boundary element method quite easily and actually we can get almost same results as the ones
which are obtained in two-dimensional problems and presented later in this paper. The geometry
of the problems in the half-space is depicted in Fig,. 2.

It is convenient to introduce the following dimensionless variables and we refer to the results
on these quantities:

1 ~ 0 1 A+2

Fimoxy O=—y B=ot, f=—1, &=ty (54)
a T a Y B ayT

where

a==. (53)
Cy

Figure 3 shows the boundary element representation of the domain of problem in which a
half-space is modeled by iwo-dimensional boundary elements constrained to undergo axial
displacements only at upper and lower parts. In our calculations, we adopt 58 linear elements and
we perform the numerical integration with 8 points Gaussian quadrature on each clement. For
simplicity, initial conditions, body force, and heat supply are assumed to be zero.

The infinite elastic body in numerical examples is assumed to possess the following material
properties corresponding to the carbon steel:

pu=8.410°kg/cm?, k=0.105cal/cm's-K,
v=0.25, p="178410"3kg/cm3, (56)
2=010710"%K  ¢=1.1710cal/kg K.

0(x.01=0
L v
% *2
T1=Gz-q=
%, 21,20 I % =10
810 % %
'(— 100 +
7, 20,28 -0

Fig. 2. Problem geometry Fig. 3. Boundary element discratization
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6.1 The first Danilovskaya problem

The problem proposed by Danilvoskaya (1950) concerned a linear elastic half-space subjected to
a uniform sudden temperature change (i.e., step surface heating) on its boundary plane in which
the traction was assumed to be free.

The boundary conditions in this problem are given as

{%i(f,f)=0 on %, =0
5(x,'t')=H(E) on %,=0

where H(7) denotes the Heaviside step function. Danilovskaya obtained the first analytical solution
to this problem in the sense of dynamic uncoupled thermoelasticity. Analytical investigations into
the fully coupled theory was made by many authors (Boley and Tolins 1963; Dunn 1966) and
approximate solutions have recently been obtained by using the finite element method in several
papers (Ting and Chen 1982; Prevost and Tao 1983).

We wish to show the results for time history on a particular location £ = 1.0 in the following
figures. This point % = 1.0 means the dimensionless location of the thermally induced elastic wave
front at the dimensionless time = 1.0. Figures 4—6 show the dimensionless stress 7, ,, temperature
6 and displacement @, time histories at £, = 1.0 in the uncoupled case 3 = 0.0 and the coupled
case 0 = 1.0 through comparison with the exact solutions in the uncoupled case. The present results
in the uncoupled case shown in these figures are very good agreement with the exact solutions,
although we used a coarse discretization. Especially, in stress, the numerical results put on the
exact solution very well, nevertheless there exists the stress-discontinuity at f = 1.0. The oscillations
take place after passage the stress wave front and tend to converge to the exact solution with
increasing time. This oscillations are due to the introduction of the numerical inversion method
by Hosono which has a feature to occur the so-called Gibbs phenomenon at the discontinuity,

and the oscillations can be reduced to some degree by taking a large number of inversion parameter
N in Eqg. (50).

(57)

051 —— Exact salution ( §=0.0) 06- — Exact sptution { §=0.0)
o BEM. (§:0.0) GOef o o : ° BEM. (5-0.0)
° BEM (521.0) S o b a e °© BEM. (8=1.0)
Fop t— @
™ iy 1 [+F] |4
" 05  Timet 718 15 s @ °
o g
= 9 g o gaoo g
w
-05+ 0z
s a . — .
-1.07 0 05 10 15
4 51 Time T
037 —— Exact solution { §=0.0)
o BEM. (§=00)
s BEM. (5=1.0)
= 024
g
£
w
k]
2 01
38
0
0 . ]
6 Time t

Figs. 4-6. 4 Stress 7;, time history at % = 1.0. Temperature & time history at ¥ = 1.0 for the first Danilovskaya problem.
5 for the first Danilovskaya problem. 6 Displacement #; time history at £ = 1.0 for the first Danilovskaya problem
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—— Exact solubi 0.28 | — Exact solubion
0 xact solution e E.RS. [Nickell-Sackman, §=10)
a BEM. (H=11.0)
4=0
o 02
”_F §:10 g
W of =1
g—ﬂ‘] o g)
B 8:0 N\ °° 7 /o ERS. £o §:1.0
/ [Nickell -Sackman, 8 =1.0}
-0.2 o BEM. [6:=1.0)
+ 0 S
0 10 20 0 70 20
g Time 8 TimeT
— Exact solution
0.06 o E.R.S. {Nickell-5ackman, §=1.0}
o o BEM (6=10)
13
g
£ 0.04 1
a
g
3
2
0.02
0
0 10 20
9 Time t

Figs. 7-9. 7 Stress €, time history at X = 1.0 for the second Danilovskaya problem with é = 1.0 and i = 0.5. 8 Temperature
@ time history at £ = 1.0 for the second Danilovskaya problem with 6 = 1.0 and H =0.5. 9 Displacement i, time history at
% = 1.0 for the second Danilovskaya problem with é = 1.0 and H =0.5

6.2 The second Danilovskaya problem

The first Danilovskaya problem was exiended to account for boundary layer thermal conductance
along the boundary plane by Danilovskaya (1952). We refer this problem as the second Danilovskaya
problem in which the boundary condition (57) is modified with

Jx,H=m{1—0(% D) on % =0 (58)
where we introduce the following coefficient instead of the boundary-layer thermal conductance h,

_ pxh
(A +2mk

The coupled results obtained by the present method for the stress %, ,, temperature #, displacement
i, at ¥, = 1.0 are shown in Figs. 7-9 in which we adopt § = 1.0 and m =0.5. These results are
compared with the exact solutions and extended Ritz solutions by Nickell and Sackman (1968)
and excellent agreement is also observed.

(59)

6.3 The Sternberg and Chakravorthy problem

As the third problem, let us consider the Sternberg and Chakravorty problem (1959) in which a
more realistic ramp-type heating of the boundary plane than the previous first problem subjected
to a thermal shock was discussed. The boundary conditions in this problem become

- g/, 0<86<0
B(fiaf]:{?/’ H;B , x; =0, (60)
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—- Exact solubion
0.2+ _ 0.6 @ F.E.M. (Oden-Kress, 6:1.0)
— Exact solution S een o o BEM.(§=1.0)
0
y L=
e g 0.4
n [s]
£ . 1
- £
@ & 0.2
o BEM ( 6: 10)
o E.R.S. (Nickell-Sackmann, §=1.0)
-1.0 — 0 g
0 10 20 0 1.0 20
10 Time ¥ 11 Time T
02
'f 0.1
5
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k|
&
5 0
— Exact solution \\u
o F.EM. (Oden-Kross, §:=1.0)
o BEM. [6=10]}
-0 08 - .
0 10 20
12 Timet

Figs. 10-12. 10 Stress 7,, time history at £ = 1.0 for the Sternberg and Chakravorthy problem with é = 1.0 and ¢, =023,
11 Temperature @ time history at % = 1.0 for the Sternberg and Chakravorthy problem with § = 1.0 and ,=0.25. 12 Displacement
i, time history at #=1.0 for the Sternberg and Chakravorthy problem with 4 = 1.0 and ¢, = 0.25

where
_ (44 2u)ty

plx

0 (61)

Figures 10-12 depict the stress £, ,, temperature , and displacement #; time histories for the ramp
heating time ¢, = 0.25 in the coupled case d = 1.0. These results are compared with the exact
solutions by Nickell and Sackman (1968) and the finite element solutions by QOden and Kross
(1968). The present results shown in these figures show excellent agreement with the exact solutions.

7 Conclusion

In this paper, we have developed the boundary element method for obtaining approximate
solutions to initial boundary-value problems in the classical dynamic theory of two dimensional
coupled thermoelasticity. The coupled fundamental solution in the Laplace transformed space
was newly constructed and presented in a closed form. According to the solution algorithm
introduced in this paper, we can obtain the transient solution at a particular time directly with
fewer time consuming. As numerical examples, the first and second Danilovskaya problems and
the Sternberg and Chakravorthy problem have been chosen. Through the comparisons of our
resulis of test problems with other existing results we conclude that the efficiency and applicability
of the boundary element method is demonstrated for predicting the dynamic response of coupled
or uncoupled thermally induced stress waves, especially the traveling discontinuity phenomena in
the normal stress. The present method and solution procedure can be easily developed to three-
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dimensional problems and to the generalized thermoelastic problems with the finite temperature
wave speed. Applications and numerical implementations in above two problems have been
reported by our papers (Tosaka and Suh 1987; Suh and Tosaka 1988b; Suh and Tosaka 1989).
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