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Abstract. We focus on stable and attractive states in a
network having two-state neuron-like elements. We
calculate the connection matrix which guarantees the
stability and the strongest attractivity of p memorized
patterns. We present an analytical evaluation of the
patterns’ attractivity. These results are illustrated by
some computer simulations.

1 Introduction

The ability to recall memorized patterns is a very
important human feature. Many models of neural
networks include it, and the capacity of memory is
usually spatially distributed throughout the network.
It is exactly contained in the “efficiencies” of synaptic
junctions.

The study of Distributed Associative Memory
Networks was initiated in the fiftics. We refer e.g. to
Rosenblatt (1958); Caianiello (1961); Kohonen (1970,
1972, 1976); Nakano (1972); Kohonen et al. (1974,
1977) etc. .... :

In these models, the state of each neuron is
represented by output spike frequencies. The memoriz-
ation of patterns relies upon changes in the synaptic
efficiencies according to the presentation of patterns.
The further presentation of a perturbed pattern (or a
part of it) leads to its recollection. This is the property
of selective recall.

This theory is largely developed in Kohonen (1984).

This kind of models can also be used for construct-
ing some associative memory which need not be a
realistic model of neural network. They can be con-
ceived for memorization and retrieval of patterns in
another context, e.g. error corrections in trans-
missions. In this case, the like-neuron automata may
have continuous - or discrete-valued states. They must
just work as required. The simplest networks with two-
state threshold “neurons” were studied by many

authors: Little (1974), Hopfield (1982), Peretto (1984),
Amit et al. (1985a, b), Weichbuch and Fogelman-
Soulié (1985), Personnaz et al. (1985), etc. ....

The use of conceptual tools of statistical mechanics,
especially spin glasses models, has allowed a good
advance in understanding their behavior, and led to
asymptotic results, when the number of units grows to
infinity (Amit et al. 1985a, b).

In all these papers, the networks are used for
recognizing, i.. retrieving a given set of configurations
referred to as patterns. However these patterns,
whether deterministically or stochastically chosen, are
not always attractors, and not even stable states, in the
network defined by the classical connections suggested
by Hebb (1949) and advocated by Cooper et al, (1978).

On the other hand, these connections are sym-
metric, and this is an unpleasant restriction, even if it
allows to define one Hamiltonian whose local minima
contain the patterns (Hopfield 1982; Peretto and Niez
1985).

All contributions have studied either a determin-
istic algorithm, with temperature T=0 (Hopfield 1982;
Personnaz et al. 1985; Weichbuch and Fogelman-
Souli¢ 1985) or a stochastic one with temperature T>0
(Amit et al. 1985a, b; Peretto 1984).

In this paper we shall study the deterministic
algorithm. We consider a network consisting of N two-
state units. We define a configuration or network state
as an element S=(S, S,,...,Sy) of the hypercube
{—1, +1}", with S;=+1 (or —1) if the i-th unit is
active (or inactive). The configuration at time ¢t is
denoted by S°. .

The collective behavior of such a network is
entirely specified by the strengths of the connections
C;;, between the source j and the receiver i, and by the
threshold values. The N x N matrix C=(C;;) acts as a
decoding machine and will be called connection matrix.

Each unit receives inputs from all the others
weighted by the strengths of connections. Like in
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neural networks, the sum of the weighted inputs
represents the “membrane potential of the neuron”: it
becomes (or remains) active if this potential is higher
than the threshold, and it becomes (or remains)
inactive if this potential is smaller than the threshold.

There are p learned, previously known configur-
ations referred to as the patterns, denoted by 7, ..., 7.
We wish, starting from a configuration S, which
contains some errors, to retrieve one of the S™
m=1,...,p, which is to be the nearest one.

Thus it is necessary to determine how to choose the
(C;;) matrix in order to get the patterns as attractive as
possible. Moreover we have to use an iteration mode,
either the serial one, or the parallel one.

Dynamic Description

At time 0, the initial configuration in S°, issued from
one of the patterns, but containing some errors
(transmission errors, miscellaneous disturbances).

We call §=(SY) the configuration at time ¢.

At time ¢, the unit i receives the signal
Z C; (St + ) the variable 22 ;_ :
umt jis active, 0 if not. If unit i receives a signal greater
(resp. smaller) than the threshold, then it becomes
active (resp. inactive). We shall choose, as usual, the
threshold 8,= iZCU, for this choice implies that:

Si+1
zc,,( ki ) 0+ 3 CS)>0.
Then the two types of algorithm are:

is equal to +1 if the

a) Sequential Iteration Algorithm. At time t, pick at
random a unitie {1, ..., N}, with uniform distribution,
or in any case, in such a way that all the units can be
selected. Then

jf zcijS3->O, Sli+1=+1
j

if $C,Sj<0, S =~

LY )

if £y Siti=gt,

ij J ’
At each step, only one unit is checked.

b) Parallel Iteration Algorithm. Attime t, calculate all
the sums ZC S5 and set SIT'=+1,—1, or S} as

> C;i85>0, <0 or =0.
j

i

The system evolves by lining up the state S; with the
local field defined as 3. C;;.

J
For the two kinds of dynamics, two notions are
interesting:

The stability. A configuration S° is stable iff S*= §° for
every £.

The attractivity. A configuration S° is a k-attractor
(for 1 £k < N) iff starting from a configuration S which
presents k errors with respect to S, the dynamic leads
to S°.

Obviously the stability and the attractivity of a
configuration S are defined for each kind of iteration
mode and for each given matrix.

In this paper we attempt to solve the following
problem: Given patterns S, ..., S?, build a matrix C (i.e.
an algorithm) in such a way that the S, ..., S” are stable
and k-attractors with k as great as possible.

The paper is organized as follows:

In Sect. 2, we give exact definitions of stability,
attractivity, domain of attraction of a configuration.

Section 3 is devoted to the study of orthogonal
patterns.

In Sect. 4, following Personnaz et al. (1985), we give
the general formulation of the connection matrix C
which provides stability to patterns S, ..., S?. Then in
Sect. 5, we get the mathematical expression of patterns
attractivity for a given matrix C.

Section 6 describes a construction of the matrix C,
that maximizes all the patterns attractivity.

In Sect. 7, we come back to the case where all
patterns are pairwise orthogonal, and stress the inter-
est of that situation.

In Sect. 8, we solve the settled problem, by con-
sidering the situation where all the patterns have the
same degree of attractivity.

In Sect. 9, we introduce the usual notion of con-
figuration energy, which is only defined when the
matrix C is symmetric, and we give the relations
between energy minima and attractors.

Section 10 is devoted to a discussion.

In Appendix 1, some properties of the Hamming
distance are recalled, and in Appendices 2 and 3,
numerical examples illustrate our results and show
that it is impossible to get a better estimate of the
attractivity than the given one. '

2 Stability-Attractivity

Let C be a connection matrix, and S=(S;) a configur-
ation. We consider each of the two kinds of algorithms
(sequential or parallel ones).

We denote by (S, §') the Hamming distance of two
configurations S and §’, i.e. the number of components
where S and §' differ, and by 4(S,S’) the Euclidian
distance of § and §’, viewed as elements of RY.

One has d(S,S)=2]/4(S,S’) (see Appendix 1 for
properties of the Hamming distance).



Definition 2.1. A configuration S is stable (with respect
to C)iff starting from S, the network state remains S, i.e.
iff

Vie{,...,N}, (zc,, ,) 2.1)

The set of stable configurations is denoted by E,,.

Definition 2.2, Let k be an integer. A configuration § is
a k-attractor (with respect to C) iff starting from S’ with
d(S,8)=k, the network state evolves in one step
towards S” with §(S,8")<k—1 or leaves S’ invariant
(only in the sequential algorithm). This is equivalent to
the condition:

Vi, Vi, ...,k (with jq, ..., j, all different)

(z CiS;—2 z Cii n> >0. \ 2.2)

The set of k-attractors is denoted by E,.

Proof of the Above Equivalence. Let S=(S;) be a
configuration which is a k-attractor and S’ such that
4(S, S")=k. Thus §'=(S;) with

Si=—=S;forie{j,,....Jx}

S;= §; otherwise.

We start from §’. For i integer picked at random
(sequential algorithm) or for every i (parallel al-
gorithm) we compute

“i“‘ZCu i= ZCIJ i—2 Z CijiSp-

If a; > 0, (resp. o; < 0) we set the component i to be +1
(resp. —1).

The condition ¢,S;>0 means that we line up the
spin i with the corresponding value of S, and therefore
at the next time for the sequential algorithm, the new
configuration will be §” with §(S,8")=k—1 if
i€{j,...,ji} or S’ if not. For the parallel algorithm the
new configuration will be S. []

Remarks23. 1) S and
inequalities.

2) S is stable (resp. k-attractor) for the sequential
algorithm iff it is for the parallel algorithm. Indeed, for
both algorithms, the inequalities to check for every
integer i picked at random are the same. This will
appear as a consequence of the following proposition
which ensures that the Definitions 2.1 and 2.2 are

coherent.

—S satisfy the same

Proposition 2.4. For k< g, one has

EkCEk—IC PR CEICEO.

Proof. Adding up the inequalities defining E,, over all
integers ji, ...,J,, we obtain that E, CE,. Then adding
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Fig. 1. Hamming radius

up over any subset of (k—1) integers taken among
{j1s---5Ji}> we get E CE,_,, under the condition that
N >2k. This last condition is obvious if we note that
d(S, —S)=N, and that SeE, iff —ScE,: indeed if
2k =N, there would exist a state §’' with §(S',S)=k
=0(8’, —S), which is impossible since the spheres
By(S, k), BS(—S, k) are disjoined when SeE, [sphere
By(S, k) is the set of configurations whose distance of §
is less than k].

Moreover, note that the inequalities defining E, are

incompatible for k= g O

Let us now to define the domain of attraction of a
configuration.

Definition 2.5. The domain of attraction (DA) of a
configuration S is the (maybe empty) set of configur-
ations S’ such that, starting from §’, the algorithm leads
to S.

However, it is convenient to consider only circular
domains, ie. spheres for the Hamming distance.

Definition 2.6. The Hamming radius of the DA of a
configuration S is the Hamming radius of the greatest
sphere included in it.

Consequently, if S € E,, the radius of its domain of
attraction is k.

Note that a Hamming sphere with center S and
radius k, By(S, k), is the intersection of the Euclidian
sphere with center S and radius 2]/_ ByS, ZV) and
the hypercube {—1, +1}".

Remark 2.7. The maximal size of the DA of the patterns
is necessarily bounded by the mutual Hamming dis-
tances of the patterns (and their opposite), since Se E,
and S'€E, require k+k'<d(S,S) and k+K
<d(S, —-8)=N—-4(5, 5.

3 Case of Orthogonal Patterns

Two configurations S and S’ are orthogonal iff their
Euclidian product <S,8) =7} S,5;=0. (Thus ortho-

gonality is defined as usual in the Euclidian space IRY.)
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The case of pairwise orthogonal patterns is well

known, and easy to study (see Hopfield 1982; Peretto

1984; Personnaz et al. 1985) especially because of the
following properties:
First, all the mutual Hamming distances between

the patterns (and their opposite) are equal to E, so the
patterns are well separated. 2
Furthermore, this case corresponds to the spin
glasses one, in which case values S” are picked at
random,  independently, = with =P(ST= +1)
=P(S''=—1) for all i=1,...,N and m 1,...,p. The
- mean value of the Euclidian product = ZS;", ST s

then 0, (for m=m’) and the patterns are on average
orthogonal, because the mean values of the number of
components equal to +1 or to —1 are equal.
The usual connections (Hebbian connections) are
then
1
C;;= Z SyST.

15 N - (3'1)

They are suggested by the principle of Hebb. In
neural networks, following Hebb (1949), the synaptic
efficacies are modified according to the neural activity,
the strength of a synapse being proportional to the
correlated activities of the neurons it connects. Here
each coincidence of values for the patterns $™ in units i
and j increases C;;, and conversely.

With the above definition of matrix (C;j), in the
orthogonal case, numerical simulations show strong
attractivity of patterns, thus good efficiency of inform-
ation retrieval. In fact, we prove that:

Proposition 3.2. If the patterns S*, ..., S? are pairwise
orthogonal, these configurations are k-attractors at least

up to k= I:J\;] (mteger part of N) for the Hebbian

connection matrix.

Proof. According to (2.2) and (3.1), for m=1, ...
is a k-attractor for C iff

iS"'(% <§ S’s’)sm—zi <§ s’s’)sm> >0
N5 1v=1ij‘j o= \ySy e ) Te

Jein {1, ..., N}

.0, 8"

foreveryi=1,...,
Or iff

N, and distinct j, ...

1 : lm‘ 3 1qm IQl QmQm
N LZlSiSi (,-; S,-S,~> ~2 gl lz SISLSmST 1 >0.

'The patterns §',...,S? being pairwise orthogonal,
Z SiS7=01if I4m, and =N if I=m. So the condition

becomes
i N-2 i Z SISt smS™ | >0.
N P Jo~ Jo

Now

k r
25 Y SISt smsm
=11=1

JoJje™J

kK p
§29;1 l; ST 185! 18T/ 1ST| < 2kp,

since |} =|S’,|=|ST| =|S7|=1. The condition is satis-
fied if N—2kp>0.

Since 2[2—]\;] <—J;— — Hamming distance of two

orthogonal patterns —as soon as p> 2, we see that each

pattern is k-attractor at least for k= [%] O

4 Searching the Matrix C

We denote by A’ the transposed of the matrix 4, and
we identify a vector of RY with the column matrix of its
components in the canonical basis. We denote by { , >
the usual Euclidian product, and | - | the associated
norm. For a linear subspace E, we denote by E* the
subspace of all vectors which are orthogonal to every
vector in E,

We may: express the stability of the patterns

.,S7? (see Definition 2.1) by

Y. C,ySrST= (C, DIy >0 (4.1)
j

foreveryi=1,...,N and every m=1, ..., p, where C; is
the i-th row of C, viewed as a vector of IRY, and

=878™. The vector DI is +8™ so that its i-th
component is equal to +1.

Thus, we want to determine N vectors Cy, ..., Cy of
RY, such that, for all i, the p vectors D" are on the same
side of hyperplane H,, defined as the orthogonal space
of C;.

Such an hyperplane is not unique: more important
is the volume left around each D, more performing
will be the choice of C; (and of H)).

o

Fig. 2. Choice of hyperplane H;
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We see immediately that for Ci:; Yy, D¥
which

natural choice corresponds to

Cij= ! Z S7ST, ie. to Hebbian connections (3.1),

ivjs
pml

N
apart from constant — ), the §™ may not be stable, as

can be observed by numerical simulations. (See also
Personnaz et al. 1985.)

However this choice is often convenient, especially
when the S™ are chosen at random, for then they are
almost orthogonal (see Sect. 3).

In Personnaz et al. (1985), one can find the general
expression for the matrix C ensuring stability of
patterns S, ..., S?, under the condition that they are
linearly independent.

Their formula is

C=(4,5%,...,4,89) (22 2 +C, (4.2)
where X is the (N x p) matrix with columns S2, ..., S,
A, ..., A, are arbitrary positive dlagonal N-matrlces
and C isa (N x N )-matr1x such that CX =0. Indeed, the
system to be solved is <{C,SIS">>0 (i=1,...,N;
m=1,...,p) or equivalently:

(C;, S">=a"ST" for arbitraries o}*>0. 4.3)
A more condensed form is: CS™=A4,S™ for
m=1,...,p, where A,, is an arbitrary positive dlagonal
N-matrix.

The general expression of C; is

Ci=('St, ..., apSD (2" 2) ') + Cy, (44)

where of, ..., of are arbitrary positive scalars and C; is
orthogonal to S, ..., S*. We notice that C;is the sum of
alinear combination of S, ..., S?,and of an orthogonal
vector, and that it is defined up to a positive multiplica-
tive constant.

We must determine how to choose the Nxp
constants o, and the vectors C; to optimize the
attractivity of %, ..., S?. So, we shall study the size of
the domain of attraction of the $™ as a function of
arbitrary coefficients of matrix C.

5 Size of the Domains of Attractivity (DA)
of $1,..., 87

If we denote by k, the radius of the DA of S™
(Definition 2.6), we have k,+k,, <inf(6(S™ S™),
N —4(S™, 8™)) for any pair m, m/, with m#+m’ (see
Remark 2.7).

Furthermore k, is limited by the “free room”
around S™, i.e. the subset of R¥ which contains $™ and
none of the other patterns.
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Let us denote by T, _, the sign modifier in

.....

position j,, ..., j, of a configuration, ie. the mapping
defined by

7}1 ..... jk(S)—_—S*

with

S¥=5, for i¢{js,. i}
S¥=—S; for ie{jy,....jx}-

Thus S™ e E, (S™ is a k-attractor) iff
Gy T, 5{D7)>>0 GRY)

foreveryie{t,...,
distinct integers of {1 ...
Definition 2.2.]

We may interpret these inequalities in a geometric
way: we denote by af*, (resp. b) the endpoints of the
vectors Df* [resp. T;, . (D7)].

The condition (5 1) means that S™is a k-attractor iff
for all i, the Hamming sphere with center a7 and radius
k is entirely on the same side of H;=C; (orthogonal
space of vector C;) see Fig. 3. It means that

d(ap',b)=2)/s(D", T, . ;(D™) (by Appendix 1)
=2)/k

< d(a;n’ H i) =

N} and for every subset {j,, ...,j,} of
N}. [Notations of (4.1) and

P2 i1y,

<C,, D7)
lal
More precisely,
IKCyo T, ... 5 (D)) —<C;, DY
=[KC;; 0b) —<C;, 0aT)|
= |<C,, Ob—0a}y|

=2 z |C;; |<2kmax|C

iji u'

(because only k components differ). So (5.1) holds true
as soon as

RN

for Vi,
2max|C every !

Ul
| C;

b

4

H; !

i

dia"H;)

Fig. 3. Hamming sphere Byal", k)
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Hence

Proposition 5.2. For a connection matrix C=(C;),
whoserows are C,, ..., Cy, each pattern S™ is k-attractor
at least up to any k such that

. D™
k< %inf<c" =Y., (3.2)
i max|C,
J

where DT'=S7'S™.

So if k and k' are two integers satisfying (5.2), w.r.t.
S™ (for k) and S™ (for k), S"€ E,, S™ € E,,, and k+k
<inf(3(S™, S™), N —5(S™, ™).

Now we proceed to simplify the expression of y,, [in
(5.2)] when C is given by (4.2), (ensuring patterns
stability).

The choice of the C;’s, in (4.4) has to ensure that
d(al", H,)) or y,, are as big as possible.

First, we see that in (4.4) C,=0 is the best choice.
Indeed if C;=C;+C; with C; in the subspace ¥
spanned by {S%,...,87} and C; in ¥, we have

(C,, Dy =<C,, D)

and
~ C, D"
ICI=ICI+ICI, so dar, )= T02
will be greater for C;=0.
Using (4.3),
{Cy, D7) =87 Cy, ™) =S7(0"ST) =" (5.3)
As to the vector C,, we write, from (4.4),
o S
C=xz2 | (5.4)
of S?
and
o S
IC:I?=CiCi=(oS}, ..., aFS) (Z'%) :
of S
=(al, ..., a7 diag(S} ... S7)(Z'%)~*
o
x diag(St ... SP)
of

[where diag(S; ... S?) is the matrix whose diagonal
elements are S}, ..., S? and others are 0]

=q;Wo; (obvious notations),

We remark that if we denote by D;=(D}, ..., D?)
=(S}S%, ..., S7SP), i.e. the matrix of the patterns nor-

malized to +1 in the i-th component, we have

VVi=(D§Di)— L.

So
2 m ()?

m )= 5
P H)= i (59
and

~Linf % 5.6
ym Znil maxlcul ( )

j

The inequality (5.2) does not give exact values of the
sizes ky, ..., k, of the domains of attraction (DA) of
S%, ..., 5%, because it is only a sufficient condition.

However, the pattern S™ is attractive at least up to
Ym for m=1,...,p.

Using geometric notations let us consider patterns
S, S Let us assume that 5(S*, $?) is small with respect
to N. Since for every i such that S} =S?, the distance
d(al", H;) is “great”, whereas the sizes of the DA of S!
and S? are small, [since less than §(S*, $%)] this seems
contradiction. But we must notice that on the contrary,
for i such that S}=-—S? we have D}=—S' or
D} = —8? and d(a, H;) small, which leads to a small
value of y,,for m=1,2.

Now, Proposition 5.2 can be completed by:

Proposition 5.7. For a connection matrix C=(C,),
whoserows Cy, ..., Cy are given by (4.4) with C;=0, each
pattern 8™ is attractor at least up to Hamming distance

m

S . 5.7
m=210 max|Cl 7
j

6 Optimal Matrix

Let us start from an initial configuration S°, obtained
by distorting one of the patterns, e.g. $™. There will
not be any identification error if S° belongs to the
domain of attraction (DA) of S™.

Hence the next definition:

Definition 6.1. A matrix C for which the patterns
S1,..., 8P are attractors, is optimal if it maximizes the
minimum radius (Definition 2.6) of the DAs of the
patterns.

Since we have not the exact value of these radii, we
try to determine a matrix C, called semi-optimal, and
which maximizes the minimum distance d(aT, H;)
(Fig. 3).

Thus we look for positive constants o, m=1, ..., p,
i=1,..., N, which maximize for each i, iﬂfdz(a;", H)
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az o? Q, o? Q
Q, P
PZ R 2 Q
P, % ‘ G2 ’

— @ / ¥ /e
Case 1 Case 2 " 0?59(3 )
. . P Luti e point (A= R

Fyis solution 118 solution is solution Fig. 4. Case p=2

(o)
m ;W
the o for fixed i.

a) We look for a vector a;=(ot}, ..., af) in (R*)?,
with e Wa,=1.

b) We cut out (]R")’J into quadrants Q; defined by
oc’—mm( ™, for j=1,.

In each quadrant Q;, we want to maximize (o), i.e.
o. For instance, if p=2, we consider the ellipse whose
equation is o;Wa,=1,

¢) We compute the p points P;=(a},...,0f),
oo
oot
=0 for m=+j, and keep the points P;

—1nf [by (5.5)]. Let us sketch a construction of

j=1,...,p, solutions of «Wa,=0 and
(VViai)m
(Wi“i)j

belonging to the corresponding quadrant Q; We have

o™ 2
max (mm of, W’) = max (/P = (o, ., ) €0}
under the condition that the above set is not empty.
d) If for all j, P;¢ Q; (case 3), we restrlct ourselves
in the quadrants of (]R*)” LRYyP2, .. defined
by inequalities such as:

of = of = min(o")

af=of =af =min(e)... and so on.

If none of the P;s successively found belongs to the
convenient domain, we get the solution
af =a?=...=aof (see Sect. 8).

We can sum up the results as follows:

Proposition 6.2. By iterating this approach for every
i=1,..., N, we construct a matrix semi-optimal C, which
leaves as much volume as possible, around each point af’,
for every i, with

C,=3('5)~ ! (alS} ... a?SPY 6.2)

for Z=(S%,...,SP) and (oc,, s

( m) . -1
th W,=(DD;
away ™ i=(DiDy)

of) positive yielding the

maximum of mm

D,=(S!S%, ..., SSP).

7 Case of Orthogonal Patterns

In this section we assume that the patterns S?, ..., S?
are pairwise orthogonal.

In this case, 2’X=N1Id,, and for every i, D;D;
=NId,, since the vectors D are also pairwise
orthogonal.

So the ellipses of equations o;Wx; =1 are spheres
and the research of the semi-optimal &, leads to the
solution ol=...=of, (sec the two-dimensioned
example, case 3, in Sect. 6).

Since the o are defined (for each i) up to a positive
multiplicative constant, we may choose o =1 for every
i and every m.

So from (5.4),

SrST.

J
71.1)

In other words, in the orthogonal case, the semi-
optimal solution corresponds to the equality of the o,
and to the classical Hebbian connections. [In that case
C is the projection matrix introduced by Kohonen
(1970).]

Thus, we may compute y,, and 1nfd2(a, , H}), using
(5.5) and (5.6)

uM’u

1
sl o e}

2 (“;n)2 =E 72
oy, Hy= i = (1)
and
—ZI?f—aC—_ gnllf 1 .
max|Cyf max z SrST

But max |y S7'ST| =p is obtained for j=i, since all
Jj m

terms of the sum are then equal to +1.
Hence we get

V= %(independent of m). (7.3)
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So we find again the result of Sect. 3, which we now
enounce as follows:

Proposition 74. In the case of pairwise orthogonal
patterns, the Hebbian connection matrix (3.1) is at least
semi-optimal and ensures the attractivity of the patterns

N
at least up to the Hamming distance T

In the not orthogonal case, we remark that if
(8™, S™)> g for some (m,m’), then §(S™, —S™) < %g

therefore the volume “winned” by the component i will
be “lost” by component i’ such that D¥=D! and
DY=—_Dr.

The sizes of the domains of attraction depend on
the minima over i; we see that the favourable case is the
orthogonal one.

Hence the practical interest of
— picking at random [with P(SP'=+1)
=P(ST=—1)=1], as in spin glasses, ensuring,  on
average, orthogonality.

— a deterministic encoding of the objects to be re-
cognized, by means of pairwise orthogonal patterns.

8 Domains of Attraction with Equal Sizes

The research of the optimal matrix C sketched in
Sect. 6 is tedious. We shall simplify it by taking all
constants o' = + 1 (Personnaz et al.’s method), which is
equivalent to equal attractivity of each pattern.

We need now a geometric interpretation and a
lower bound of the common size of the domains of
attraction (DA).

Since of* ={C,;, D), by (5.3), in the case of*=1 for
every m=1,...,p, we have to determine a hyperplane
H,, orthogonal to C; at equal distance of all the points
ai* for m=1,...,p (see Figs. 2 and 3). The vector C; is

orthogonal to the affine space containing all points
1

Ajyoeny b,
We write, from (5.4),
St
C,=Z22) 1| : ie. C=xxx)"tx, 8.1)
st

which is the orthogonal projection matrix of R on the
vector space ¥, spanned by S, ..., S? (introduced by
Kohonen 1970). The matrix C is symmetric, and its
columns (equal to its rows) are images of the vectors
e, ..., ey (canonical basis of R¥) by this projection.

So we have C;=proj,(e), Di'e?", and {(C, D>
={e, D)= +1 by the definition of the vectors DT,
whose i-th component is equal to +1.

Hence, noting  that

max |C;;| = max(Cy)
,J i

=max | C;|| since C is a projection matrix (C% = C), we
get

Proposition 8.2. For the matrix C=X(Z'2)"* 2" with
X =(S%,...,SP), each pattern S™ is attractor at least up to
Hamming distance
"7 2 max|C?

1
maxC;;
1

(8.2)

N =

See numerical examples of evaluation of y in
Appendix 2.

Remark 8.3. The matrix C obtained when of*=1, for
every i, m, is symmetric. However for what concerns the
algorithm, it is equivalent to the matrix obtained by
multiplying each row by a positive arbitrary constant:
this matrix is no more symmetric.

Neither it is in the optimal case of Sect. 6.

9 Energy

The patterns S, ..., S? span the subspace ¥, and the
matrix

C=2(2"2)"'% [see (8.1)]

is the symmetric projection matrix on ¥~, whose
elements are in interval [—1, +1], with C=C?*=C'C,
hence

Ci;=<Cs C;> =<projy(e;), projy(e) .
In that case, we define an energy function

E(S)= —3 H(S) (9.1)
with
H(S)= Y, C;;S;S;. 9.2

We have the following theorem (with C symmetric).

Theorem 9.3. 1) H(S) increases when the system evolves
(in sequential or parallel algorithm).

il) The k-attractor states are local maxima of H.
More precisely, if S is k-attractor, and S*=T, _ ;(S)
(notations of Sect. 5 ), then

H(S)> H(S*).
iii) The learned patterns are absolute maxima of H

and any absolute maximum is a stable state.

Demonstration. i) is clear. We prove ii) noting that
H(S)—H(S*)=4_ZIS,-<§ICUSJ-> for I={ji,....ju}-
ie J

Since § is k-attractor, it is stable and for all i,



s(zc s)>o (2.1) and S<Z CyS;— zc,,s,>>0

(2.2), hence H(S)> H(S*). For iii ) we write H(S)=S'CS
=(CSY CS =] CS|?=|proj,(S)|* for all configuration
Se{—1,+1}N.

Since ||S]|2=N, H(S)< N for all § with equality iff
Sev =Vect(S,...,S?). So patterns S, ..., S? are ab-
solute maxima, and also the opposite —S?, ..., —SP”.

Any linear combination of the learned patterns,
element of {—1,+1}¥, (if exists) will be absolute
maxima and spurious stable state: H(S)=N iff Se 7,
ie. iff CS=S which is the stability. []

Note that if the patterns S', ..., S? are orthogonal,

P P
H(S)= Y lprojs(S)|*= vz <5 §mH2.
m=1 m=1

See in Appendix 3 examples of spurious stable and
attractor states, which are local maxima of H. At
temperature T=0 (studied here) the algorithm may
reach some of these states, but when T>0 using the
annealing method, only the absolute maxima of H will

be reached, i.e. the spurious stable states belonging to
v,

10 Provisional Conclusions

1) To choose the sizes of the domains of attraction
(DA) in such a way they are equal for all patterns
S, ...,87 enables us to give no preference to any
pattern.

Assume that we start from an initial configuration
S° distorted from S™. We modelize this disturbance:
an error occurs in each component i=1,..., N, inde-
pendently with a small probability g. The number of
errors 6(S°, $™) is a Binomial distribution %(N, g).

Starting from S° the algorithm acts and the
probability that it gives a good answer (S™), is
bounded from below by the probability that S° belongs
to the DA of §™, with radius k,,,, ie. by IP(5(S°, S™)
<k,

Of course, we can approximate this probability, by
substituting the Normal Distribution A" (Ng, Ng) to
the Binomial distribution. (N is great and ¢ small.)

So selecting an algorithm, i.e. a matrix C such that
all the k,, are equal, does yield the same lower bounds
for all the probabilities of correct identification, what-
ever is the configuration S™ to identify.

2) Now let us assume that the choice of the
configuration $™ to identify, is made with a probability
(?,) (Z Pm=1). Then the probability of wrong identifi-

cation is less than &= Y p,P(6(S°, S™)>k,/S° arises

from S™) and if an identification error for S™ costs g,
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the mean error cost is less than G= Z 2D P(6(S°, S™)
>k,/S° arises from S™).

In that case, the choice of the semi-optimal matrix
C, described in Sect. 6, yields a reasonable lower
bound ¢ and G.

It remains that these calculations are approxi-
mations (apart from the fact we cannot calculate the
exact size k,, of the DA of the patterns S, w.r.t. a given
matrix C).

3) If§(S° S™)>k,, there is an error if §° falls in the
DA of another configuration, but we do not know what
happens if S° does not belong to a DA of the ™. So S°
may be attracted by one of the spurious configurations
made attractive by the matrix C, for instance a
configuration —S™, or other linear combination of the
S™. (See Appendix for numerical examples.)

4) The compléte study of the deterministic al-
gorithm (Temperature T=0) enables us to see that
only the spurious stable state belonging to the sub-
space ¥~ spanned by the patterns, remain when the
temperature T>0 using the annealing method. This
result confirms the results of Amit et al. (1985a, b),
and shows it is true for all N, and not only when
N—- +oc0.

5) The algorithm ensures a perfect retricval of
patterns if the initial state S° satisfies &(S°,S™) <y
[defined in (8.2)] for some S™ But, of course, the
algorithm ensures a very good retrieval if S° is more
distant from the patterns. Let be % the set of initial
states which lead to some pattern. The simulations
show that % occupics a great portion of the hypercube
[see numerical evaluations in Peretto and Niez (1985),
which agree with examples of Appendix 3]. Of course,
the size of # decreases when p increases, for a fixed N,
like the attractivity 7.

Appendix 1: Hamming Distance

For S,8e{—1, +1}*, we denote by 4(S,8) the number of
distinct components of S and S': it is the Hamming distance of §
and §'.
The following properties are easy to check
1) §is a distance in {—1, +1}*,
N

2) S, —S)=N;if ¥ S;8;=0,ie.if S and §’ are orthogonal
i=1

N
(only with N pair), §(S,5)= 2

3) &S, —8)=N—-4@8,5).

If d is the Euclidian distance in IRY, (-} the Buclidian
product, | -| the Euclidian norm, cos and sin the usual trig-
onometric functions, we have

(8.9)

4) i|S|J=l/]v, 5(S,S’)=%(N——(S,S’}):NsinzT and

d(s,8)=2}/4(S,5).
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Appendix 2: Evaluation of Gamma Nedola b < d Nes0la b ¢ 4
For different values of N and p, we compare y in various cases
a) orthogonal case y=N/2p p=3 |67 53 49 31 p=4 |63 58 51 14
b) random choice of patterns r=4 |5 4 39 12 p=5 |5 38 39 09
¢) random choice of (5%, ...,57) and S'=(1,...,1) p=5 |4 31 31 038 p=6 |42 30 31 08
d) a non orthogonal case. p=6 133 23 24 07
N=20la b ¢ d N=30|la b ¢ d Note that if we want to retrieve exactly a pattern transmitted
with 10% errors at most, we must choose p< N, approximately
p=3 (33 19 24 15 p=3 |5 37 38 2 p~0.10N (for random case). This agrees with numerical results of
p=4 25 14 19 11 p=4 |37 26 27 1 Hopfield (1982) or Amit et al. (1985a, b) for instance. (Take
p=5 2 1.2 1.5 0.7 p=5 3 1.8 19 0.7 account they use a connection matrix which does not ensure the
stability of all patterns.)
Appendix 3

We indicate numerical results of various simulations.

We determine all the stable states, their order of attractivity, their Hamming distance from patterns, and their energy.
In each case, 1000 trials are performed with initial state at random. The system evolves very quickly (at most 4 parallel iteration
steps) to ore of the stable states. We indicate the number of trials ending info each stable states. See that the value of y above calculated is

not subestimated, and gives a good estimation of the BA' size.

Example 1

N=20, p=3, y=2.4 (case ¢ of Appendix 2)
=1 1 ¢ ¢ 1 1 1 1 1 1 1 1t 1 1 1 1 1 1 t 1
$£=1 1 1 -1 1-1-1-1-1 1 1
$P=—1 -1 1 1 -1 1t 1

-1 1 -1
1 -1 -1 -1

1 -1 -1 -1 1 -1

-1 1 i -1-1-1-1 1 1

Example 2
N=20, p=3, y=1.9

§1,52,5% are random (case b)

Example 3
N=20, p=4, y=14

§1,52,583,8* are random (case b)

Example 4
N=20, p=4, y=1.1
§%,5%,83,5* are not orthogonal (5(S1, S%)=4(S8*, 5% =3)

Example 1 Nb of trials ending into one of the patterns

(or opposite) =67%
State st -8t 52 —52 8 -5 S, Sg So Sio Sii Sz Sz S
Att. order 2 2 2 2 2 2 1 1 0 0 0 0 0 0

0 20 11 9 11 9 15 5 17 3 14 6 6 14

a(S™) { 11 9 0 20 12 8 14 6 6 14 15 5 17 3

11 9 12 8 0 20 14 6 6 14 3 17 5 15
H(S) 20 20 20 20 20 20 154 154 154 154 154 154 154 154
% n.b. trials ending | 11.7 107 102 116 111 122 67 58 54 40 19 31 33 23
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Example 2 Nb of trials ending into one of the patterns

(or opposite) = 54%
State st —5t 82 -5 s° -8 5, Sg S  Sie Si1 Siz Sz Sie
Att. order 1 1 1 1 1 1 2 2 0 0 0 0 0 0

0 20 12 8 12 8 14 6 18 6 6 2 14 14

(S™) { 12 8 0 20 12 8 14 6 6 18 6 14 2 14

12 8 12 8 0 20 14 6 6 6 18 14 14 2
H(S) 20 20 20 20 20 20 16 16 16 16 16 16 16 16
% n.b. trialsending | 96 88 99 81 83 96 99 82 47 60 43 50 28 4.8

Example 3. In that case S*, §2, §3, §* and their opposite are 1-attractors (compare with y=1.4). And there are 40 stable states whose
energy are 14.1,15.1,15.2,15.6 or 16. The Hamming distance between a pattern and a spurious stable state can be 2, and that shows that

the evaluation of y is exact.
Among 1000 trials, the system ends into one of the pattern in 52% of the cases

Example 4. There are 8§ 1-attractors, §*, §%, 53, $%, their opposites and 4 configurations more which have the same energy (H(S) = 20).
There are 4 stable states, and 4 1-attractors, with H(S)=16

State st 8t 0§27 s 0§ 8§ §* —§* Sy Sio Siu Sia Sis S Sis Sy
Att.order | 1 1 11 1 1 11 11 1 1 0 0 0 0
(5™ 0 20 19 317 317 6 14 6 14 12 9 8 11
19 0 20 14 6 10 10 13 3 17 7 5 2 15 18
317 14 6 0 20 6 14 311 9 17 9 12 1 8
3 17 10 10 6 14 0 20 3 13 7 17 15 12 5 8
H(S) 20 20 20 20 20 20 20 20 16 16 16 16 16 16 16 16

The system ends into one of the pattern is 52% of the cases
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