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Summary. We consider systems of “moderately” interacting particles, which
are divided into a finite number of different subpopulations, and show that
in the limit as the population size tends to infinity the empirical processes
of the subpopulations converge to the solution of a system of reaction-
diffusion equations.

1. Introduction

Systems of reaction-diffusion equations are used very frequently to establish
deterministic mathematical models in natural sciences, in particular, in biology
[12, 18, 26], or chemistry [21]. They are intended to describe large systems
of interacting individuals, molecules, or particles. It is the aim of this paper
to present a method, which allows to derive a fairly general class of such systems
as limit dynamics of interacting stochastic many-particle systems. Qur considera-
tions are based on [7, 17, 23, 24], where some simple examples had been investi-
gated.

In particular, we study for any NeN a population of about N individuals
in R%, which is divided into K subpopulations. The individuals may move around
in R?, may die, or give birth to new individuals, and may change their subpopula-
tion. We rescale the interaction between the individuals in a suitable (moderate)
way as the population size tends to infinity. Essentially, this means that for
any fixed particle the drift coefficients, the birth-, death- and transition rates
depend on the configuration of the remaining particles in a neighbourhood,
which is macroscopically small, i.e. its volume tends to 0 as N - o0, and micro-
scopically large, i.c. it contains an arbitrarily large number of individuals as
N —oo. It is shown that for large N the empirical processes of the different
subpopulations converge to the solution of a system of reaction-diffusion equa-
tions. For that we consider regularized versions of these empirical processes
and study their asymptotic properties as L?(R“)-valued stochastic processes.

* This work has been supported by the Deutsche Forschungsgemeinschaft
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This paper is organized as follows: In the next section we describe our
model for the N-particle system and give a heuristic study of its limit behaviour.
Section 3 contains the formulation of our results, which finally are proved in
Sect. 4.

2. Description of the Model

We consider for any NeN a population in R? consisting of ~N individuals,

which is divided into K subpopulations. We enumerate the members of this

population by 1, 2, ..., and denote by M(N, r, t), r=1, ..., K, the set of all indi-

viduals belonging at time ¢ to the rth subpopulation. Moreover, let M(N, t)
K

= | ) M(N, r, 1) be the set of all individuals being alive at time ¢. For convenience
r=1
we assign to any new-born a new number, which has not been used before.

Let P(t)eR? ke M(N, t), be the position of the kth individual at time ¢t=>0.
For the description of the subpopulations and the total population no distinction
between individuals of the same species is needed. Hence, it is convenient to
consider the measure valued empirical processes

1
t_)SN,r(t):w Z 51)’;{(1), r:].,...,K,
N keM(N,r,1)
and
g 1
t—Sy(t)= Z SN,r(t):ﬁ Z 51";,@):
r=1 keM(N,1)

where &, denotes Dirac measure at acR”.

2. A. Densities for the N-particle System

An essential ingredient of our model is the assumption that the dynamics of
any individual depends on the configuration of the remaining population in
a small neighbourhood. This interaction is formulated mathematically by using
smooth versions of the empirical processes

SN,r(x’ t) = (SN,r(t) * VN) (x)n

Sn,r (X, )= Sy, (8) * T) (x),

where “*” denotes the convolution. ¥y and ¥y are probability densities, which
are obtained from a fixed symmetric, sufficiently smooth function V; by the
scaling

(2.1)

Va(x) =0 Vi (o %), I71\7 (x)=a% V1 (@xx), (2.2)
where .
ay=NPA  4y=NFA 2.3)
for fixed scaling exponents § and f satisfying
0<B<L 0<fB< b (2.4)

d+2’ d+1°
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The functions sy .(x, t) and $y ,(x, t) formally represent the density or concen-
tration of the rth subpopulation near x at time z. This can seen most easily
when V] is the indicator function of a ball with volume 1 and centre 0, although
such a choice does not satisfy our assumptions below on V. In this case

1 .
Sy, (x, )= N o times the number of particles of the rth subpopulation

at time ¢ in the ball B(xy ¢, x) with volume oy ¢ and centre x
number of particles of M(N, r, t) in B(ay %, x)
- volume of B(ay %, x)
1
™ size of the total population’

The space element Ax=B(ay? x) is macroscopically small, since its volume
ay?=N"# tends to 0 as N — oo. On the other hand, if the particles are distributed
sufficiently smooth, one expects that the number of individuals of any subpopula-
tion in B(xy? x) is of order N x volume(B(ay? x))=N"'"#, which tends to o
as N -0, i.e. 4x is microscopically large. Hence the functions sy ,, and similarly
$y.r» meet the usual heuristic picture of a “population density” or “one-particle
distribution function”, as it is called in the context of statistical physics. For
a discussion of this concept cf. [28], p. 75.

The introduction of two versions, sy, and $y,, of the concentrations has
technical reasons, cf. (4.13).

2.B. Dynamics of the N-particle System

In our model we assume that any individual can change its state in three ways:
— change of the position in space,
— change of the internal state, i.c. transition from one subpopulation to
another,
— birth and death.
The motion through space is described by a stochastic differential equation.
Let ke M(N, r, t). Then

dB;(t)=Fy,, (B (), ) dt+ 0, dW* (1), (2.5)

where W*(.) are independent R%valued standard Brownian motions, a,, r
=1, ..., K, fixed nonsingular matrices, and Fy (x,¢), r=1, ..., K, vector-, ie.
R%, valued functions depending on the position x and the densities sy ,(x, t),
Sv.4(x, 1), g=1, ..., K, introduced in Sect. 2. A. More precisely, we assume

K

FN,r(x7 t): GN,r(x’ t)_ Z DN,qr(x’ t) VSN,q(x: t),

qg=1
Gy, (%, )=G,(x, 85,1 (X, 1), ..., 8y x (x, 1)),

DN,qr(xa t):qu(xa §N, 1 (x’ t)’ (A4 §N,K(x: t));

(2.6)
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where G,(D,,) are fixed R‘—(R‘@R?—) valued functions. The second contribu-
tion to Fy, can be utilized to model repulsion or attraction between different
species ¢ and r. This may be particularly useful in the description of predator-
prey systems.

However, let us mention here that we have to assume certain relations be-
tween the matrix valued functions Dq, and the diffusion matrices o, (cf. (3.7, 8))
to prevent the system from collapsing due to too strong attraction. Essentially
this means that the main contribution to the second summand of Fy, should
be repulsion between different individuals.

Furthermore, any individual ke M(N, r, t) at position B¥(tf)=y may induce
discontinuous changes in the population structure. At time ¢ it is supposed to

— leave M(N, r, t) and enter M(N, g, t), g #r, with intensity ty (3, t), or to

— give birth to a new individual k*e M(N, g, t), which at the moment of
its birth is located at y too, with intensity by ,,(v, t), or to

— die with intensity dy . (, t).

As in the case of the drift parameters, we assume that these intensities depend
on the densities of the N-particle system, i.e.

ty,rg(X, 1) =Z,q(x, Sn,1(%,0), ..., 8y k(x, 1)),
by, rg(%, 1)=b,,(x, 8.1 (%, 1), ..., $5.x (%, 1)), (2.7)
dy (%, )=d,(x, 85,1 (%, 1), ..., §n x (X, £)).
Of course we suppose
£.(..)=0, r=1,.. K. (2.8)

To avoid technical complications, which would yield no further insight, we
assume that

and d, are CP, (2.9)

i.e. infinitely differentiable and uniformly bounded together with all their deriva-
tives.

To obtain a condensed description of the discontinuous changes in the popu-
lation structure we now introduce for any k=1,2, ..., 7, g=1,..., K and NeN
the processes

the functions G,, Dq,, > Eq,

ok )= B ,q(j Latnr )t ra(BECS), s)ds),
bk, () = B ,q(f Lursrp (K)o (BE(S), s)ds),

4 )= Py (§ Lys v, (1) . (BE(S), s)ds)

where B3, Bk, and 4% are 1ndependent standard Poisson processes. Hence
the point processes ¢’ ,q(u) bk, (w), d%¥(u), 0<u< oo, have intensities

Ly, rw(R) ty, rq(PN @, W), Ly, by, rq (B (), u),

1M(N, r,u) (k) dN, r(B\II‘ (W), w
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for a jump of size +1 at time u. Therefore these processes mark the instants,
where the kth individual leaves the rth and enters the gth subpopulation, gives
birth to an individual of the gth subpopulation, or dies.

As final point in this subsection we now use Itd’s formula to collect the
different contributions to the time evolution of the individuals in stochastic
differential equations describing the dynamics of the empirical processes Sy ,.
Using the notation {u, f>= | f(x) u(dx) for any measure y and realvalued func-

R4
tion f on R? we obtain for feCZ!(R*xR.)

<SN,r(t)’ f(‘a t)>
1

=— PE(t), ¢
N SEe.0
1
= - ' P,{,‘0,0
NI B0
1 t
AT GN r PNk ]
+N ] keM(ZN,r,s) (( ’ ( (S) S)
S Dy oo (PE(S), ) Vs o (BE(S), s)). VFBEGs) )
g=1
1 : k a k
+3 2 4 Vman(sz(SLS)+%f(PN(S),s))ds
L N U TR R
N 0 keM(N,r,s)
if f(PN"(s),s)<§ ok ds)+df (ds))
N 0 keM(N,r =
ﬁj Y Y RO (b d9)

0 g=1 keM(N,q,s)

= (S0, £, O
L <<SN,,(s), (GN,,(., 9= 3. D) Vsl s))- V(s

d

by Y ATl 9o (9

mn=1

—(JZ tN,rq(.,s)+dN,,(.,s))f(.,s)>
=1

£ (Snals) (tN,q,<.,s)+bN,q,(.,s»f(.,s)>)ds

q=1

+My (LO+MR (0, r=1,. K, (2.10)
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where
A":O.ro-;‘r’
My, (1)
LY e, 9o, dwe),
N 0 keM(N,r,s)
M3(f.1)
1 t K
=5/ SRS 9| X (@%5(d3)— Ly, o (PY(s). ) ds)
0 keM(N,r,s) =1
(@)~ dy (PEGs) ) ds>)
+71V~§ T T SR ) ) — by, or (PE(S), 5) )

i

0 g=1keM(N,q,s)

+(0%: 5 ds)—by, o, (PN (5), 5) ds)).

Obviously these processes My ,(f,.), M% ,(f;.) are martingales with respect to
the natural filtration {%}, , generated by the processes

tH(P];\CI(t)b IM(N,q,t)(k))XN,k(t)a k=1:2= e q:L “-1K7 NEN;

where yy  is the indicator function of the lifetime of the kth individual.

(2.10) is a summarizing description of our model. The task in the remainder
of this paper will be the investigation of the behavior of this equation in the
limit N — 0. Of course, in the proofs of our results we later shall try to shorten
the notation as far as possible. We shall consider mainly typical or most instruc-
tive parts of the interaction, e.g. the cross diffusion part determined by the
functions Dy ,,.

2.C. Heuristic Derivation of the Limit Dynamics

First we observe that (2.2.4) imply

lim Vy= lim Vy=6, (in the sense of distributions). (2.11)

N—-wo N—-w
Now we assume that in some yet unspecified sense

lim Sy, ()=S,(5, r=1,...K, t=0,

N—-w

where the measures S,(t) have smooth densities s, (., t} with respect to Lebesgue
measure. Hence by (2.1, 11) for r=1, ..., K, t=0

lim sy, (.,)= lim $y (., 0)=s,(., 1),
N—-w N-ow
and
lim Vsy ,(.,t)=Vs,(., ).

N—-w
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Furthermore one may show that the quadratic variations of the martingales
My (f,.) and M3 (f..) tend to 0 as N —oo. Hence they can be neglected in
this limit and we formally obtain from (2.6, 7, 10)

(e 00 S
—(5H (£ (0
L (<s,(.,s), (Gw,,(.,s)— S Do o) Vsq(.,s>)- V(s
g=1

0
1 d 0
z A,,m,,VmV,,f(.,s)+gs~f(.,s)

=1

(42 . ,q<.,s)+dw,,(.,s))f(.,s)>

+ 3 <sq<.,s),(tw,qr(.,s)+bm,qr(.,s»f(.,s)>)ds

feC¥'R*xR,), r=1,....K, t=0, (2.12)
where s¥(.) is the density of S,(0), and
Goo,r(x: t): Gr(x> Sl(xa t)s R SK(x> t));
Dy, t)=D,q(x, 810, 0), ..., 8(x, 1)),
Lo, rg(X: 1) =frq(x, 5,0, 1), ..., 8¢(x, 1)), (2.13)
boo,rq(xa t): qu(x’ Sl(xa t)a ey SK(x> t)),
doo,r(xa t):ar(-x’ Sl (x: t): ey SK(xa t))a

Using integration by parts we notice that (2.12) is a weak form of the system
of reaction-diffusion equations

%s,(x, t)=l7-(s,(x, t)( (% 1)+ Z Do gr(%: ) Vs, f)))

i rmn VS(Xt)

=1

l\){»—

i baora(5 ) F o (5, r)) 5,01

K
+ Y (to,gr(X, O+ Doy gr(x, 1) 5,(x, 1), £=0, (2.14)
g=1

5,0, 0)=s*(x), r=1,...,K. (2.15)

For the exact derivation of (2.14, 15) we shall show that for Te(0, co) the expres-
K

sionsup Y. lIsy.,(-,t)—s,(., )| vanishes as N - 0.
t=T =
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3. The Results

After some technical assumptions we present our main results and then conclude
this section with a discussion, in particular, of the relations to other work.

3.A. Assumptions

We assume that the interaction potential V, can be written as a convolution
product

Vix) =Wy« W) (x)= | Wi(x—y) Wy(»)dy (3.1)

for some symmetric probability density W, satisfying

W,eC2(R?), (3.2)
| Wi (1) = Cexp(—C|)), (3.3)
AW @) SC(1L+|2 )| W (1)), (3.4)
and
v—|Wi(vt)l, =0, is decreasing for any fixed Te R (3.5

Here and in the rest of this paper f(1)=(2n)" %2 | f(x)exp(—itx)dx is the
R4

Fourier transform of feL?(R%). Moreover we denote by C, C’, C”, ... finite posi-
tive constants, which may vary from place to place. Sometimes we write
C(a, b, ...) to express dependence of a constant C on parameters a, b, ... . In
analogy to (2.1, 2) we define

WN(X)=(X?\I Wi (ayx), WN(X) = OAC?V Wi (dyx),
hy (%, )=(Sn,,(O)x Wy)(x), r=1,...,K.

Like sy , or 8y, the functions Ay , represent densities for the N-particle system.

Remarks:
(i) (3.1-5) are satisfied, e.g. if V] is a Gaussian probability density.

(i) (2.2), (3.1, 3) imply Wy, Vy, VyeC for any NeN. Therefore the functions
Sn.(es 1), 8y, (.. 1) and hy (., t) are smooth too with e.g.

ak1+...+kd
“ (5351),(1 .. -(axd)kd
ky,....,k;eN, r=1,...,K, t=0. (3.6)

SClky, ..., k) Sy (D), 1) gy Tt

o

Sn,r(s5 1)

We still need some ellipticity of the principal contributions to the right
side of (2.14), i.c., the highest order differential expressions. More precisely, we
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assume the existence of a symmetric positive definite E=(E;}); ;—,,  x, such
that

K
Y Eij(in(...)xq)-xng, i=1,...,K, xq,..., xgeR", 3.7)
Jig=1
and
K K
Y Eixg-Aix;2C Y |x, % Xq, ..., xg€RY (3.8)
J,a=1 q=1

These conditions are satisfied for example in the following situations:

(i) For d=1, if the functions D, (...)=d,, are constant for some symmetric
positive definite matrix (d,g), 4=1,....x and if 4, is independent of r. In this case
we can choose E;;=d;;.

(ii) For arbitrary d=1 and positive definite 4,, if D,q(...)EO for r4¢g, and
if the d x d-matrices D,(...) are nonnegative definite. Here we can use E;;=9;;.
Unfortunately, there seems to exist so far no general result assuring the unique
existence of a sufficiently regular solution (s, ..., sg) of parabolic systems like
(2.14, 15). For this reason we base our further considerations on the following
hypothesis:

For some T >0 the system (2.14, 15) has a unique C;°-solution
(sq,...,5x)in [0, T]. The functions s,(., t) are positive and together with  (3£)
their partial derivatives of any order integrable uniformly in t < T

A discussion of this hypothesis can be found in subsection 3.C.

3.B. The Limit Theorem

First we formulate a result concerning the asymptotics of the densities hy,
as N —-co.

Theorem 1. Assume (2.1-9), (3.1-5, 7, 8), (),

K
fm | 3. I, 0 -5t (I320]=0. 350, (39)
N—o r=1
and
lim sup P[{Sy(0),1>=n]=0. (3.10)
n—>w NeN
Then for any 6>0

lim P[z <supuhN,,(.,t)~s,(-,t)I|%

N—- =1 \IsT
T

] ||VhN,,(.,r)—Vs,(.,t)nédr)ga]=0, (.11)
0

where the system s, ..., Sg is the unique solution of (2.14, 15).
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(3.9) is satisfied, e.g. if (3.10) holds, and if conditioned on M(N, g, 0),
g=1,...,K, for any r=1, ..., K the positions P£(0), ke M(N, r, 0), are ii.d. with
density {s¥, 1>t s¥, cf [24].

A convenient metric on the space of positive finite measure .# (RY) on R?
is defined by

d(p, v)=sup{<u—v,f>: feCoR), | f o +1Vf o 13,

which generates the weak-x-topology, cf. [11]. As the convolution kernel Wy,
which transforms Sy ,(¢) into hy (., ), tends to é, as N -0, we obtain from
(3.11) the following corollary.

Theorem 2. Assume the conditions of Theorem 1, and

lim sup P[z {Sy.(0), 2 >>n]= (3.12)

n—>ow NeN

where  (x) =log(2+x2). Then

lim P[i (supd(SN,(t) 5.(., t)))g } 0, 6>0. (3.13)

N-o =1 \I=T

3.C. Discussion

1. The hypothesis (). The main problem in the verification of () is the proof
of the Holder continuity of the functions s, constituting a weak solution of
(2.14, 15). Together with (2.9) and classical results on linear parabolic systems
(cf. [15]) this can be used to obtain step by step the existence and boundedness
of higher partial derivatives of s,, r=1, ..., K. This Holder continuity has been
derived e.g. in cases, where the principal part on the right side of (2.14) is
uniformly elliptic and diagonal, ie. D,,(...)=0 for g=+r, E;;=6;; (cf. [30, 31]).
K

For systems with E;;#4;; we define ¢,(x, 1)= ) E,;s;(x, 8), r=1, ..., K. Then
i=1
we can write (2.14) as

S 01050) 5007 3 050501 (5,00 Py 50)

+minorterms, r=1,...,K, (3.14)
where
b(ylz--',yK)=(b1(y1:"'5yK)9“':bK(yla"'ryK))’
K
br(yl’“-:yK): z (E_l)rqu=(E_1y)ra
g=1
and

K
E‘p(-xa b):br Z qu(x’bla sres bK)(E_l)qp_‘“Ar(EWl)rp-

g=1

(3.7, 8) and the positivity of the functions s, imply that (F,,.(...)),,=1,.., & Is uni-
formly elliptic. Such systems are studied e.g. in [1]. To our knowledge however,
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regularity results like the Holder continuity of the solutions of (3.14), which
are applicable in the present situation, are not available so far.

Notice that for our calculations (#) could be weakened by demanding less
differentiability properties (e.g. C3) of the functions s,. However, as the analytical
difficulties to verify these less restrictive properties remain the same, and in
order to save some notation, we use our C-assumptions.

2. Possible Extensions. Sometimes it is desireable to introduce long-range inter-
action between different particles. The description of stochastic many-particle
systems, which model such situations, leads in the limit of large population
sizes to integro-differential equations. This limit is sometimes called McKean-
Vlasov limit and has been studied extensively in the literature, e.g. in [6, 16,
22], and in a situation involving different species in [19, 20]. It should cause
no serious problems to derive results quite analogous to Theorems 1 or 2 for
a model supplemented by such long-range interactions.

Similarly, it is fairly easy to include certain jump components into the spatial
motion of the particles, such that the intensities for the jumps depend on
Sn.1s s SNk

In cases, where some diffusion matrices A, vanish, one has to expect difficul-
ties. It seems that one may proceed along similar lines as here, as long as
(+#) is satisfied. However, in general () can get false for some T >0, even
if the initial data are smooth. This shows the fairly simple example of the porous
medium equation, where the first spatial derivative may become discontinuous,
cf. [3]. Then one has to do additional work to find useful estimates for the
behaviour of the empirical processes in those regions of space, where the solution
of the limit equation gets degenerate, cf. [25].

The use of two scaling parameters  and B, and hence of two versions sy,
and 8y, for the particle densities, is a consequence of the desire to handle density
dependent cross diffusion terms. A careful check of the proof of Theorem 1

< d «
reveals that one can use O<f=p< 132 instead of (2.4), if the matrices D,,

only depend on x. If the Dq, vanish, we even can allow O0<f< 1, similarly
asin [17] or [23].

3. Relations to Other Work. As far as our model for the N-particle system is
regarded, there exist relations to [7, 17, 23, 241, where for quite simple models
the interaction between the particles, i.e. its range and strength, is rescaled in
the same way as here as N —oo0. In particular, the proofs of our results are
based on methods, which have been applied in [24] to the model with K=,
where G4, b, and d, vanish and D, is the identity matrix.

Different approaches to derive reaction-diffusion equations as limit dynamics
of many-particle systems are investigated e.g. in [2, 4, 8-10, 13, 14]. The model
in [9, 10] corresponds to a situation, which in our notation may be described
as follows: K=1, D,,, b,;, and G, vanish, d,(x, s)=s, f=f=1. This scaling
is essentially the reason that our methods are not applicable in that situation.
An extension of [9, 10] (i.e. b, %£0) is studied in [4], and a further modification
in [8]. These papers start with models in discrete space, like [2, 13, 14], which
can be regarded as high density versions of [9, 10]. One has reactions within
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small cells containing many particles and diffusion between these cells. The
idea to let the number of particles in each cell tend to infinity corresponds
to our use of (2.1-4) to rescale the N-particle densities sy, and $y ,.

The system (2.14, 15) is a standard equation of population dynamics, cf.
[26], p. 169ff. Very often such equations exhibit a strange behaviour like the
formation of travelling waves or spatial and temporal patterns. Our results indi-
cate that in stochastic descriptions of large populations such phenomena may
occur too. Of course, it is a long way to exact results on e.g. temporal patterns
of stochastic models. An interesting result in this direction is [29], where time
periodicity of the distribution of a model for the so-called Brusselator is proved.
Travelling waves in many-particle systems are discussed e.g. in [5, 27].

Furthermore, [27] and the references therein give a survey on hydrodynamic
behaviour of many-particle systems. This means that a limiting reaction-diffusion
cquation is obtained by leaving the dynamics fixed and rescaling space and
time. This is in contrast to the situation here, where the change of the dynamics
as N — o0 can not be obtained by a pure space-time scaling.

4. Proofs

First we shall give the derivation of Theorem 1 without the proof of a technical
lemma, which is deferred to the end of this section, together with the proof
of Theorem 2.

4.A. Proof of Theorem 1

To 51mp11fy our calculations and shorten the formulas we first assume that
G,, Ly, b and d, vanish for any g, r=1, ..., K. Then the size of the different
subpopulatlons remains constant in tlme, and interaction between the individ-
uals comes in only through the cross diffusion matrices Dy ,. At the end of
this subsection we shall indicate how to handle the general case.
The idea of the proof is

K
~ to write down Itd’s formula for the random function t —> ) E,, <hy (., 1)
_Sq('9 t)’ hN,r('at)_Sr('at)>; ar=t

— to show that the martingale part vanishes in the limit N — o0,

— to derive a suitable estimate for the bounded variation part, such that an
application of Gronwall’s inequality gets possible.

We obtain from (2.1, 2, 10), (3.1), the symmetry of the matrix E, the symmetry
of Vy, which implies F ¥, (0)=0, and 1t86’s formula

2 Eqr <hN,q('> t): hN,r(‘: t)>

gr=1

=5z L Eu T W(BO-P0)

q,r=1 keM(N,q,1),
leM(N,r,t)
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1 K
“xz L B L HEO-RO)
r=1 keM(N.q,0),
le M(N,r,0)
K
z E‘Z"j Z ((—— Z DN,pq(PNk(S)> S) VSN,p(PNk(S)a S))
g,r=1 0 keM(N.q,s), p=1
leM(N,r,s),
k+1
- V Vy(P(s)— Py(s))
1 g .
3 3 A BB VA(B OB ds
mn=1
2 El ¥ PVBO—BE) 0 dW e
qr 1 0 keM(N.q,s),
leM(N,r,s)
k+1
K
= Z Eqr<hN,q(‘90)ahN,r('>0)>
gq,r=1
K 1 K
=2 ¥ Ey J{ X <Snal9) Dn, pales3) Vsn oo ) Vs (5
q,r=1 0 \p=1
LA T 9, Vi () ) ds
1 K d t
N L Fae X Apmn TV Val0) (S (), 1> ds
q=1 man=1 g
2 K t
ty X Bl X Vs (BEGs) ) 0, dWH) @.1)
q,r=1 0 keM(N,q,s)

By additionally using (2.14) we obtain in the same way as in (4.1)
K
Z 1,50, 0))
K
= X Ear Gl 0)5,(0)

1
K t K
= 3 B (5 €005 Dl P ) P94 W)

1 0 \p=1
+ <sq(" S)a (Doo,pq('> S) VSP(., S)) VhN,r(‘> S)>)
+3 <AV hy o(+s8), Vs.(o, 9> + 5V hy 4(.,5), 4, V5,(., s))) ds

% Y Ex] XY Vs 9)x Wy BE() - 0, dWHGs),
0

g,r=1 keM(N,q,s)

4.2)
and
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K

= Y Eu<s,(.,0),5.(.,0)

ar=1

-2

4

iMw

1

E, j(z (4o 9 Do o 9 75, (cr ) V5, )
1]

+3<4,Vs,(.,5), Vs,(.,s)})ds. 4.3)

After adding (4.1-3) and combining the different terms in a suitable way we
obtain

Z Eqr<hN,q(" t)_—sq('a t):r hN,r('> t)—S,(., t)>

q,r=1

= z Eqr(<hN,q(‘a t)) hN,r(" t)>

qr=1
'—2<hN,q('a t)a Sr(': t)> + <Sq(': t)a Sr(': t)>)
K
= Z Eqr<hN,q('a 0)—-511(', 0)5 hN,r(" 0)_Sr(" O)>

t

_2 2 Eqr§(<SNq(S) (DN pq( S)VSNp( S)) V(SNr( S) S( S)*WN)>

p.gr=1
+ <Sq('a S)’ (Doo,pq(" S) VSP(., S)) V(Sr('a ) hN,r(':s))>)dS
- Z Eqr j <Aq V(hN,q('= S)_Sq(" S))5 V(hN,r(’7 S)_Sr(" S))> ds

q.r=

d
Eyy Y Ay ViV Va(0)<Sy 4(0), 1)1

q mn=1

S LD T

SN

Ep] Y (Vy (BES 9= V(s (o 5) % W) (BHO))-0, AWH(S).

q 1 ke M(N,q,s)

4.4
For the integrand of the first integral on the right side of (4.4) we obtain
{Sn.q(8) (D, pg(+> ) Vs, p (s ) Vs, (o, 5) = 5. (-, ) Wr)>
+ 85+, 8), Doy, pgl> ) V5, (o, 8)- V(s (-, ) —hy (-, $))>
=Sn.q(8), D, pg(, ) Vs, 5 (-, )=, (-, 8) % Wy))
Visy, (s, 8)—5,(., )% Wy)>
+{Sn,4()—5,(-, 8), (D, pgl(-> ) Vs, (., ) Wy)
Visy, (o, 5) = 5.0, )= Wy)»
+ (5,0, ), (D, pg(«8) =D pg(, N Vs,(-, )= W)
Vsn,r (5 8)—5.(-, ) Wy)>
+5,(0»8), (Do, pgls IV (5, (-, 8) % Wy—5,(., 5))
- Visn,r (o, 8)—5,.(., 8) = Wy)D>
+ 45,0, 8, (Do, pgl-, ) Vs, (., 8)
< V(shp(ey )= 5,0, ) Wy —hy (o, 8)+5,(., ). 4.5)
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By the ellipticity conditions (3.7, 8) we conclude

K
z Eqr<SN,q(S)s (DN,pq('ﬂ S) V(SN,p(" S)_Sp(" S)* WN))

p.q,r=1
Visy (o, ) =5, )x Wy)> 20, 0=s<oo, (4.6)
and

K
z Eqr<Aq V(hN,q('a S)_Sq('> S))’ V(hN,r('s S)"“S,(., S))>

q,r=1

=C

k

i [ =

IV hy (e, )= Vsi(o, 915, 0=s<oo. 4.7
1

To obtain useful upper bounds for the remaining terms on the right sides of
(4.4, 5) we need the following facts, which are proved in subsection 4. B.

Lemma 1. Assume f, VfeL2(R?. Then
If =« Wyl3=Cay 2 |IVfI3. (4.8)

An analogous result holds, if we replace Wy, oy by Wy, Gy.
Next let Uy(x)=|x| Wy(x). Then for any finite positive measure y on RY and
any >0

e UylI3 S Cof ™2 s Wayl3 + <, 157 exp(—C' o). (4.9)
Moreover, for any finite signed measure j on R?
lpx Va3 s Va3 < s Wall3. (4.10)
The constants in (4.8, 9) are independent of f and p.

By (2.1), (3.1) we can write the second term on the right side of (4.5) as

<SN,q(S)_Sq('5S)’(DN,pq('ss) VSp(’aS)*WN)
. V(SN,r("S)—Sr('JS)*WN)>
=(Sn,q(8)—5,(+,8), | Wa(@)(Dy, pq(. — 1, 8) Vs, (. —u, 5)x Wy)

< Vg, (o —u,8)—s,(. — u, s)) du)
+ Sn.g()—=5,(,9), [ Wa@)(Dy, pgl- ) Vs, (o, 8)x Wy

—Dy po(c =1, ) Vs, (. —u, s)* Wy)
’ l7(hN,r(' —U, S)—S,.(. —u, S)) du>
=, par(S) + JF pyr (). 4.11)

By (2.6, 9, 13), (3.6), (4.8-10), (#) we obtain for the terms on the right side
of (4.11) and the remaining expressions in (4.5) the following estimates, which
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hold uniformly in 0<s<T and NeN. The constant C will be choosen later
in a suitable way.
| s 9
=|<{Sn,q(8) =540+, 8)) % Wy, (D, g, $) Vs, (-, 5) Wy)
Pl s (s 9) =5, 9D
S Cllhy,4(; ) =54(0, )% Wyll2 [V Ay (-, )= Vs, (., 9l
SC(llhw,g(v, 8) =405 )2+ 154 (-5 ) =54 (-, 8)* Wyll2)
WV hy (e 8)=Vs.(o, 9l

2, (412)

~ _ 1
é CC(HhN,q('a S)_Sq('a S)”% +OCN 2)‘*’6 ” l7hN,r('5 S)— VS,(., S)|

| ¥, par(5)]
§<SN,q(S)+Sq("S)a I WN(u)|u|”V(DN,pq(‘JS) Vsp('zs)*WN)Hoo
Rd

NV hy e —u, )= Vs, (. —u, )| du)
SCay  (KSy(s), 1) +1)
- L(Sn,q () + 54 (¢, N* Uy, | Vhy (., )= Vs, (., $)[>
SCag  ((Sy(s), 1> +1)
(o Iy g )2+ D) +((Sy(s), 1) + 1) exp(— C'og)
[ Vhy (e )= V5,0, 9)
SCCai 2 o2 (8w (s), 1D*+ D[y, o (-, 8) =5, (-, )3 +1)

1
+E ” VhN,r(‘a S)_ VS,(., S)H%
(with 0<e<1—B(d+1)/p), (4.13)

|<Sq('> S)’ ((DN,pq(" S)_Doo,pq('5 S)) VSP(., S)* WN)
) V(SN,r('a S)'—Sr('a S)* WN)>]

IIA

K
C z 185, (- » 8) =500, )i 2 |V 5m (-, 5)— Vs, (., ) Wyll,
1=1

A

K
C Y. (I8n.a(s ) =51 )% Pl o + [s1(-, 5)* Py —s1(., )12)
1=1
NV hy (e 8)=Vs. (o, 8)l2

C

IIA

<

5 uhN,,(.,s)—sl(.,s)nzw,;l) (Vb (o) — 75552

~ & 1
gCC(IZ ias8) =5+ 85245 9= P59, (419
=1
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|<Sq('5 S)= (Doo,pq('a S) V(Sp('a S)* WN_Sp('v S)))
- V(SN,r('a S)_Sr(‘a S)* WN)>I

~ 1
éCCOCz§2+EHVhN,r(-,S)—VSr(-,S)Hﬁ, (4.15)

[ <84+, 8), (D, pgles 8} V5,(.,5)
- Visn, (o, 8)— 5,0, 8)x Wy—hy . (o, 8)+5,(-, ) |
=[{54(+s8) D, pgle» ) V5,(0, 8)—(S4 (-, ) Doy pgl-, ) V5,(, 5)) % Wy,
Vg, (o, 8)= Vs, (., 8)) ]

< CCoy 5 1Vl (- 5) = Vs, ) (4.16)

We note that it is essentially the estimate (4.13) for J3 ,,,, where we use the
fact that sy, and §y , are obtained by employing different scalings of V;. Next
we obtain from (2.2, 3)

|V V2 Va(0)| S CNPUTDH, (4.17)

For the martingale

t

M?G(t)““ Z o X Py (B(S), ) —(Vs,(, )= WR) (BV(5)) - o, AW (s)

q r=1 0 keM(N,q,s)
on the right side of (4.4) we derive from (2.2, 3), (3.1) and Doob’s inequality

E[Sup IMX ()] Fo]?

S4E[IM{(T)*| %]
16 X

=— Z E[j <SN 4(5),

ZE,I,O’T(VSN,( $)—Vs,(.,8)x Wy)

r=1

e

)

C K
éﬁ Y E[[ <hN,q(.,s),[VhN,,(.,s)—Vs,(.,s)F)dslﬁo]
qg,r=1 ]
C K T
S SO, D Y E[j 1Pk ()= Vs, )13 ds f] (4.18)
r=1 0

Since the matrix E is positive definite, we have

K K K
E Z |2§ Z Eijyz'yj§)L Z |J’il2, Y15 ---> Yk€ER, 4.19)
i=1 Li=1 i=1

for some 4> 0. Now we may collect the different contributions (2.3, 4), (4.4-7, 11—
19) to arrive at
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X T
r; E[f;‘? IIhN,r(-,t)—Sr(-,t)H%+0§ IVhy,, (., 8)= Vs, (., )7 ds 370]
SC(KSx(0), 1>*+1)
: i(Ilhw,r(-,0)—S$“(-)H§+CTE[SUP 1Ay (s D) =5,(-, D13 Fo]

r=1
_+_C~T( +&%{d+2 2e— 2+Nﬂ(d+2)/2 1)

1
+€E[I Vhy (., 8)=Vs,(.,s)|5ds .970]). (4.20)
0

Suppose now that additionally
P[{Sy(0),1>2n,]=0, NeN, (4.21)

holds for some n,. Then by (2.4), (3.9), and since we may choose C arbitrarily
large, we immediately derive (3.11), at least if T <(2 CcCn+ 1))_ '=T,,. By itera-
tion of our arguments in the time intervals [T, , 2 T, 1, [2 T, 3 T, ], ... we obtain
its validity for arbitrary 7. Now we obviously can replace (4.21) by (3.10) to
tjnish the proof of Theorem 1 in this particular case, where G,, fq,, b,, and
d, vanish.

In the case, where B,q$0, we have to add to the right side of (4.4) the
terms

qr

2 Z E, f ((Sn.p(5), by, g+ S)sw (- ) =5, (o, 8} W)
p.g,r=1
+ {85058} Do, pgles M (o, ) =Py (o, S)D) ds
2 K t
+-]\7 Z Eqr s Z (SN,r(B\llc(s)a S)—(S,.(., S)* WN)(P]\{'C(S)))
p.q,r=1 0 keM(N,p, s)
bk (ds)— by, g (B (5), 5) d5). (4.22)

These terms can be estimated in exactly the same way as the corresponding
expressions in (4.4), cf. (4.5, 18). We only have to notice that now the size
{Sy.. (), 1>,r=1, ..., K, and {(Sy(t), 1) of the subpopulations and the total popu-
lation depend on time. In particular, we obtain instead of (4.20) an inequality
involving sup{Sy(t), 1>* in place of {Sy(0), 1>*. However, the arguments follow-

ing (4.20) tnélgy easily be generalized to the present situation, since the uniform
boundedness of the functions E,q (cf. (2.9)) implies that the process ¢t — {Sy(), 1)
1
is stochastically dominated by ~ Yy ¢sw),15(8), where Yi(.) is a Yule process
K
with birth rate )| HBq,H » and Y (0)=k. Especially, (3.10) implies
q,r=1
lim sup P [sup {8x(t), 1>=zn]=0. 4.23)

n—>w NeN ts

In the slightly more general case, where G, 1 t,, and d, don’t vanish, one
has to find estimates for more expressions like (4.22). However, since (4.23)
remains valid, one observes no further difficulties.
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4.B. Proof of Lemma 1
If—f= WNH%=R5; IF@P 11 -Q2m** Wy de
:Rj; IF @1 —-2n)%* W, (t/ax)|? dT

e 1mCRP W
= [ 1@ g Il

Sox Qo IVWLIE § 1T @RI de

(since W,(0)=(2mr)" 9.
By (3.2) we obtain (4.8). Next we observe
§ (§ udy) Wylx—y) | x—ylydx

Rd R4

= [ ({ u@n WN(x—y)(Alx—yPJr%»de, 4>0,

R4 \Rd
and

Qm) 2 [ e Wy (x)x?dx = — AWy ()= — oty 2 (4 W) (/o).

Hence (3.3, 4) imply
§ (f ndy) Wy(x—y)|x—yl)dx

R¢ R4

<(27f)"§ @ 1— AaEZ(AWl)(T/fXNH Wy(@)*dt

=c (mZ( (

<( o )Ilu(f)l | Ph(z)*de

l/\

: 4)+7)|VVN(r)|2dr

H/\

A1 e -

N (lslzay™

|WN(r)|2dr)

2

1 A
§C((A2a#4 )H#*WN”2+ [ 2 6% exp(—C'lo]) o do

N {|°'|>a1v}
SCoF ™ s Wall3 4 <, 1% exp(—C'ay)
(if we choose A =0} 9.

We still have to prove (4.10).
lus Pl =) [ 2@ Pa@dz
R4

=2n** | |A@P Wy (c/an)|*de

=@ [ 1A@P W (t/ay)|*de by (35)  =|uxVal3

583

(4.24)
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<@ § |AE) | (t/oy) | de
R4

(since (2 m)%2 | W, (t)| £ 1 for the probability density W,)
= ux Wyl3.

4.C. Proof of Theorem 2

Without restricting generality we can assume that G,, ?,q and d, vanish. Let
us fix some 6¢€(0, 1) and define the stopping time

t

73—mf{t>o . (=5, 013+ 17 9= 75, 91Ed) 20}
r=1 V]

Then we insert the function (x, t) = (x)? = (log(2 + x?))? into (2.10). Calculations

as in (4.11-16) yield

K
z <SN,r(t A ’1:5)2 lp2>

r=1
taTs K

K
<2 S O YH+C [ Y Sy ()Y ds+Ct+ MI(EAT)
r=1 0

r=1

for some martingale M. By taking expectations on both sides and applying
Gronwall’s inequality we obtain

SUPE[ 2 SuL AT Y2 %]éc > {Sn. O) Y +C. (4.25)
t=T F=1 r=1

Applying (2.10) to the function (x, t) > ¥(x, t) shows
Y S AT ¥

=1

o]

~

tATs

= i Sy, 04> +C f Z (Sn )Yy ds+Ct+My(EAT)  (4.26)

r=1

for the martingale

M =

Ly Vi (BH(S)- 0, WS
N 0 keM(N,r,s)

¥

My@)=

]
-

z |

i ft S W (BES)BEE () — by, o (B (5), 5) ds).
g,r=1 0 keM(N.q,s)
Doob’s inequality yields

E[ sup |MiO||FS4ENMUT AT 1 F0]

t=T ATs

g—z—iE[Tde 5 W(P,é‘(s))dsufo]

0 keM(N,r,s)

ATs
| NIREMCYOYRES! (427)
0
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(4.25-27) imply

K
E[ sup Y. Sy, (0,9

IST ATs p=

K
%]éc T (Sy,OLUD+C. (429)
r=1

Similarly, we obtain

M =

s =C Z {5 YD, (4.29)

sup
t=2T p=g

where the right side is finite by (3.9, 12). Since Wy is a probability density,
and by (3.2), (4.24), we obtain a slight modification of (4.8):

| £ )= (f+ W)@ =] | WaW(f(x)—f(x—y)dy]
SV o § Iy Wa(y)dy
R4

SCoy ' |V lle-

Obviously, we can represent any fe%,; ={geCiR?): |glo+V2lo=1} as f
=fx+Jr, where fr, fee#;, and supp(fx)SBg={xeR’ |x|<R},
supp(fr) SR\ Bg ., respectively. Hence for r=1, ..., K, t =0 uniformly in fe %,
|<SN,r(t)_sr(':t)=f>|
§]<SN,r(t)_Sr('a t)rfR>I+<SN,r(t)+Sr('at)a]le>
é | <hN,r('> t)—S,.(., t)!fR>I+ <SN,r(t)7 |fR_fR:{< WN|>

C
W <SN,r(t)+Sr('= t)’ lp>

gc(mN,,(., 0= 5,0, Ol RY iy (S, (0), 1

+

C
+W<SN"(O+S'(” 1), l//>)~

Consequently (3.13) follows by (3.11, 12), (4.23, 28, 29).
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