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Summary. A transformation by means of a new type of multiplicative func-
tionals is given, which is a generalization of Doob’s space-time harmonic
transformation, in the case of arbitrary non-harmonic function ¢ (¢, x) which
may vanish on a subset of [a, b] x R%. The transformation induces an addi-
tional (singular) drift term V ¢/¢, like in the case of Doob’s space-time har-
monic transformation. To handle the transformation, an integral equation
of singular perturbations and a diffusion equation with singular potentials
are discussed and the Feynman-Kac theorem is established for a class of
singular potentials. The transformation is applied to Schrédinger processes
which are defined following an idea of E. Schrédinger (1931).

§ 1. Introduction

In this paper we consider space-time diffusion processes in an open subset D
of [a, b] x R%, where — oo <a<b< oo, and their transformations by means of
multiplicative functionals in connection with Schrédinger processes (1931), the
definition of which will be given in Sect. 6. It is well known that the theory
of transformations of Markov processes plays an important rdle in constructing
new processes from known ones and analysing them. A celebrated transforma-
tion is Doob’s space-time harmonic transformation (cf. e.g. Doob (1983)): Let
{(t, X,), W} be a space-time Brownian motion, and h(s, x) be a non-negative
space-time harmonic function satisfying

h(s, x)=Wy o [h(t, X(1); t<T], for ass<t=h, (1.1)

where T, is the first hitting time to the nodal set of h(s, x), N={(s, x): h(s, x)=0},
and W[ f; A] denotes the expectation of f on A with respect to a measure
W. The space-time harmonic transformation is defined by

hit, X(t)

P63 1) = Wi | 116, X(0) 1250

t< TS], for (s, x)eD, (1.2)
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where D={(s, x): h(s, x) 0} and f’s are bounded continuous functions on D.
The transformation induces a drift term V h/h, that is, p satisfies

dp 1 1 .
—a—;—i—EAp-{—Z Vh-Vp=0, inD. (1.3)

Taking account of (1.1), it follows immediately from the definition (1.2) that
the transformed process does not hit the nodal set N of A.

If a drift coefficient b(s, x), which is not necessarily of the form V h/h, satisfies
the Novikov condition (1973)

b

Wien [exp (%j b, X,,)szv)]< ®, (14)

s

then we can obtain a new space-time diffusion process {(t, X,), R, ,,} with trans-
formed probability measures

Rs,x):Mls, I/V(s,x)a (15)

where M! is the Maruyama density (1954),!
t t
Mi=oxp b, X,)-dX,— [ Ib(s X,)|2dv). (1.6

The transition function of the transformed process defined by

p(S, x; t’f)=Rs,x) [f(ta Xt):l
= Wex) [f(ta Xt) M.ts (17)

satisfies in a weak sense a diffusion equation with drift b(s, x)

dp 1
§+5Ap+b-l7p—0. (1.83)
In other words
B(H)=X(®)—X(s)— | b(v, X(v) dv (1.9)

is a Brownian motion with respect to F, ,, defined by (1.5).

Therefore, if Vh/h satisfies the Novikov condition (1.4), one can apply the
drift transformation of Maruyama-Girsanov instead of Doob’s harmonic trans-
formation. However, there are difficulties in showing the Novikov condition
for V h/h if h has zeros.

! Some probabilists first called this “Girsanov formula” without refering to (or not aware of) Maruya-
ma’s paper which had been published in 1954. Girsanov’s and Motoo’s paper on this subject were
published at the same time but six years later in 1960. For Maruyama’s formula see also Ikeda-
Watanabe (1981), Liptser-Shiryayev (1977)
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Now, given an arbitrary non-negative function ¢(s, x), which is not assumed
to be a space-time harmonic function of a space-time Brownian motion, we
consider a diffusion equation

dg 1 1
e
os T249%g

Vp-Vg=0, inD, (1.10)
where D={(s, x): ¢ (s, x)=0}. This equation has been investigated by many au-
thors in connection with probabilistic treatment of Schrédinger equations (cf.
e.g. Zheng-Meyer (1982, 84), Carlen (1984), Nelson (1985), Carmona (1985), Blan-
chard-Golin (1987)). Due to the singularity caused by the nodal set of the func-
tion ¢(s, x), the drift coefficient V ¢/¢ does not satisfy the Novikov condition
(1.4). Furthermore, Doob’s space-time harmonic transformation can not be
applied, since ¢(s, x) is not a space-time harmonic function. Nevertheless it
has been shown, under certain regularity conditions on the drift coefficient,
that a diffusion process governed by (1.10) does not hit the nodal set of ¢ (s, x)
and then the process is constructed based on this fact. However, proofs which
have been given are more or less involved. It is, therefore, desirable to find
out a simple transformation such as Doob’s one for non-harmonic ¢(s, x). In
this paper it will be shown that such a transformation exists, and then it will
be applied to Schrédinger processes.

In Sect. 2, a multiplicative functional N; is defined and a transformation
by means of N/ is discussed. In Sect. 3, the existence and uniqueness of solutions
of an integral equation is treated and shown that the transformed process by
means of N!is governed by (1.10). A diffusion equation with creation and killing
c(t, x) is discussed in Sect. 4. Section 5 treats the inaccessibility of the transformed
processes to the nodal set of ¢(t, x) based on the results in Sects. 3 and 4.
Sections 6 and 7 are devoted to Schrodinger processes, to which the transforma-
tion by means of N/ is applied.

§2. A Transformation of Space-Time Diffusion Processes

Let a(s, x) be a bounded continuous function on [a, b] x R? taking values in
R?, which has bounded uniformly Hélder continuous derivatives in x. Then
there exists a fundamental solution g(s, x; t, y), a<s<t<b, x, yeR?, which sat-
isfies as a function of (s, x)

ou 1

i . = 2.1

8s+2Au+a Vu=0, 2.1
and as a function of (¢, y)

Ju 1

(cf. e.g. Friedman (1964)). Let {X,, F, ,,} be the diffusion process which has
g(s, x; t, y) as the transition probability density. In other words, F; ,, can be
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obtained from the standard Brownian motion {X,, W ,,} > by means of the
drift transformation of Maruyama-Girsanov; or from a solution ¥, of a stochastic
differential equation

¢
Y, =X+ [a(, Y)duy,

with respect to {X,, W ,,}. We will use these facts freely in the following without
mentioning it explicitly.
From now we consider processes in space-time, which will be denoted by
(t, X,). Let N be a closed subset of [a, b] x R? and define the first hitting time
to N after s by
T =

s

{inf{ve(s, b]: (v, X,)eN}, if such v exists, 23)

00, otherwise,

where N will be specified below.

Let ¢ (s, x) be a non-negative continuous function on [a, b] x R% which may
diverge at s=b, where — oo <a<b< . If ¢(s, x) diverges at s=b, then taking
b’ <b, we can consider ¢ on [a, b'] x R? and hence we will assume that ¢(s, x)
is defined on [a, b] x R? Let us denote

D={(s, x): ¢(s, x)=%0, (s, x)e[a, b] xR},

24
24 N={(s,): $(s, x)=0, (5, ¥)e[a, B] x R},
and assume that ¢eC'-2(D).?

We shall discuss a transformation of space-time diffusion processes
{(v, X,), B, )} by means of a multiplicative functional which will be given in
the following

Definition 2.1. A multiplicative functional {N;: a<s=<t<b} is defined by

N=exp {28 0 XD aof ST 0 @3

where Lis a parabolic differential operator

1
L=i+4A+a(s, x)-V (2.6)
os 2

which governs the diffusion process {X,, F, ,)}.
It is clear that N} is a multiplicative functional which is continuous in t<T,,
but may have a jump at t=T, to zero.

2 W, is the Wiener measure starting at (s, x)

3 C12={f(s, x): continuously differentiable once in s and twice in x}. This differentiability require-
ment on ¢ has been loosened by R. Aebi

4 It should be read that N =0, on {t=T;}
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Theorem 2.1. Let N} be defined by (2.5). Then

B »w[NJ£1,  for (s,x)eD and s<t<bh, 2.7
and
Ly 1! 2
Ni=exp {1{,<T}o | % (v, Xu)-dBv—E [} ¢¢ (v, X,) dv} Ly<rys Bs x-as., (2.8)

where B, is a Brownian motion with respect to E; ,, defined by
t
B=X,—X,—[a(, X,)dv, (2.9)

Ly : o Ve
1{t<T}°§ T(Ua Xv)dBUZP_nlEE) 1{t<T} j 1{”<T

"y (v, X,)-dB,,> (2.10)

V 2
inf uf ¢(v X dv=ny, if such u<b exists,
T,= she
. 2.11)
and 00, otherwise,
T=1lim T,. 2.12)
Proof. 1t is clear by the definition that
T.ET. (2.13)

An application of It&’s formula to log ¢, up to TF=T, A T,, yields

X (N ZZSE:()SA T9) exp <_ ’Aj. 5 % ©.X) dv>=M;A T P as, (2.14)

S

where M'” T# is an exponential martingale with respect to P, %% defined by

sy timesp (T S xamt TP x)f ), e1s

where B, is given by (2.9). Multiplying (2.14) by 1, ., <, We have

NgtAT Mt/\T 1{z<T <Ts)<Mt/\TS (2.16)
and because of (2.13)
Ni=lim N'» T, (2.17)

3 We are using a notation different from Liptser-Shiryayev (1977)
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Therefore, by Fatou’s lemma

Bon[N]1=lim B [N T < lim R, [M}* 7] =1. (2.18)

R o0 n—> oo

Thus (2.7) holds. It is known (cf. Liptser-Shiryayev (1977)) that 1, M~ Tn
converges in probability to the exponential factor of (2.8), and hence we have
(2.8) because of (2.13).

Corollary 1. {N;, #/, te[s, b], R, ,} is a super-martingale, where F! denotes the
o-field generated by X ,, sSu<t.

Corollary 2. For (s, x)e D it holds that

' L
s |06 X 010~ | 2 @ X)) e<T] 500 @19
Definition 2.2. The function defined by
L
c(s, x)= —?(b s, x), for (s, x)eD, (2.20)

will be called a reference potential of ¢ (with respect to the parabolic differential
operator L in (2.6)), which may diverge on N.

Definition 2.3. The process with creation and killing c¢(s, x) (as defined at (2.20))
killed at T, will be called a reference process.

Corollary 2 means that ¢(s, x) is a space-time superharmonic function
of the reference process. The reference process is a process with creation
and killing,® and probabilistic meanings of its super-harmonic transforma-
tion are not clear. Therefore, it is inadequate to decompose N/ into

exp (j c(v, Xv)dv) ly<p, and ¢ (5, X,)/P(s, X,).

Because of (2.7) in Theorem 2.1, we can apply a Theorem of Dynkin (1961)
and Kunita-Watanabe (1963), which implies

Theorem 2.2. There exists a diffusion process {X,, Q. , (}’ on D such that for
(s, x)eD and te[s, b]

Q(s,x) I:f(t: Xt): 1< C] = Es,x) [f(ta Xt) Mt] H (221)
for feB(D)={ f: bounded measurable functions on D}.

In general, the transformed process {X,, Q. . {} hits the nodal set N of
¢ and is killed there. For example, it is well known that a Bessel process on
[0, o0) of index 1=<d<2 hits the origin {0}. In this case ¢ is time-independent
and given by ¢(s, x)=x“"Y2 x>0, and N=[a, b] x {0}. If d=2, the Bessel

¢ For this process see Nagasawa (1969), Mitro (1979), Getoor-Glover (1986), Kuznetzov (1973), Dyn-
kin-Getoor (1985)
7 { is the life time of the process and Q, ,[{=T;]=1
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process does not hit the origin {0}, because {0} is an entrance boundary point
of the process. In Sect. 5 it will be shown that the transformed process
{(t, X)), Q. x)» } does not hit the nodal set N of ¢ under certain conditions

on ¢.

Remark. For a Brownian motion and time-independent ¢(x), a similar transfor-
mation was employed by Donsker-Varadhan (1975) and by Carmona (1979),
and developed later by Fukushima-Takeda (1984) and Oshima-Takeda (1986)
for time-homogeneous symmetric Markov processes in terms of Dirichiet spaces.
The formula (2.14) appeared first in [t6-Watanabe (1965) for a Brownian motion
and excessive functions ¢(x) as a decomposition formula of a multiplicative
functional ¢(X,)/¢(X,) into a Maruyama density and an exponential killing.
Cf. also Jamison (1975).

§3. An Integral Equation

Let {(v, X,), R, 5} be the diffusion process treated in Sect.2, N be a closed
subset of [a, b] xRY, and T, be the first hitting time to the subset N after s
defined in (2.3).

Definition 3.1. For a closed subset Nc[a,b]xIRY a transition density
g°(s, x; t, y) is defined by

g%s, x5 6, 3)=g(s, x5 8, ¥)— B [g(To, X151, ¥); 1> T, (3.1)

for a<s<t<b and x, yeR? where g(s, x; t, y) is the transition density of the
process {(v, X,), B o}

Proposition 3.1. g°(s, x; ¢, y) satisfies (2.2) as a function of (t, y), and
Ronlf(t X)) t<T1=[g%s x;t, ) f(t, y)dy, for (s, x)eN’,  (32)

where feB([a, b] x IR with supp(f) < N-.
Proof. Let g(t, y) denote g(T;, X1_; t, y). Then

1
ﬁ {Fzs,x)[g(t"]'ha y)a t+h> ’I;]_—F(’s,x)[g(ta y): t> T.;]}

1 1
=E Es,x)[g(t_i_h’ y): t+h> ’I;_Z_t] +—I:l- P(s,x)[g(t—}_h: y)_g(ta y): 1> T.;]
. ) 1
The first term vanishes as h|0, since W By xrplX,+r€U] -0, E; ,-as. on
{t+h>T,2t} by the path-continuity, where U is a neighbourhood of y such
0
that U x[¢, t+h]cD. The second term converges to F [& g(t, y); t> ’I;]
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Therefore the second term of (3.1) satisfies (2.2) and hence so does g°(s, x; t, y).
The left-hand side of (3.2) is equal to

Rs,x) [f(ta Xt)] _Rs,x)[f(t’ Xt)a > T;] _Es,x) [f(t7 Xt)a t= ’1:;]:

where the third term vanishes, since supp(f)<=N¢ By the Markov property
the second term is equal to

B o [Br, xayLf (t, X)1; t>T,] =§ Rl y); t>T]f(t, y)dy,

and hence (3.2) holds.
We consider an integral equation

p(s, X)=[g%s x; 8, y) dyf(t, )+ [dvfg°(s, x;0,y) dyc(v, y) p(v, y), (3.3)

for (s, x)eD=N° and s<t<b, where c(v, y) is a contiuous function on D which
may diverge at N, and f(t, x) is a continuous (or measurable) function in xeD,
={x: (¢, x)e D}. We impose two integrability conditions

B ollp, X,)|; v<T]<co, for (s,x)eD, s<vt (3.4
and

t
(s, x)

For brevity p(v, x) denotes a solution p(v, x; t, f) of (3.3). It is easy to see that
p(v, x) satisfies

p(s, x)={g°s, x;u, y) dyp(u, y)+ [ dv[g°(s, x; v, y) dyc(v, y) p(v, y), (3.6)

for s<u=t. Accordingly, for non-negative p(v, x) it is enough to assume, instead
of (3.4),

§e%s, x;t, y)dyf(t, y)<oo, for (s, x)eD, s<t<b, (3.7
where ¢t is fixed.
Theorem 3.1. Under conditions (3.4), (3.5) and

fdut o [exp flc X1 d0) lepw Xolsu<T|<n, 69

the solutions of the integral equation (3.3) are uniquely determined.
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Proof.® Let p,(s, x) and p,(s, x) be solutions of (3.3) with (3.4), (3.5) and (3.8),
and denote p(s, x)=|p,(s, x)—p,(s, x)|. Let us denote |c| by ¢ for brevity in
the following. Therefore ¢ =0. Then p(s, x) satisfies

t
p(S: X)é § dvl:(’s,x)[c(vz Xu) p(U, Xv): v< ’1;]
t 3
S [ Ruy o0, X,) 1403 Bugy Lep(es X, 0y <T1; <)

t vy
é j dvl j. dURs’x)[C('D, Xv) C(Ul, le) p(vla Xul); vy < T.;];

S

where the Markov property and Fubini’s theorem have been applied. Then
we have, by induction,

t v, vy
ps, )= [dov, {dv,_, ... [ dv

s s

'Rs,x) [C(U, Xv) C(Ul, Xul) C(Un, Xun) p(vna Xv"); v, < Ts]

= fdv E 5 [ﬁ(f c(u, Xu)du)n_l clw, X,)plv, X,);v< Ts],

which vanishes as n— oo, because of (3.8).

Theorem 3.2. (i) Let f(t, x) be a non-negative function satisfying (3.7) and assume
that

75 X1 .) = Bow | £, X exp (f c(0, X,)do): <] (3.9

S

satisfies the condition (3.5).
Then, p(s, x; t, ) is a solution of (3.3) with (3.4) and (3.5).
(ii) Let f(t, x) satisfy

(%6, x| f (6, Widy<oo, for (s, x)eD, a<s<t<b.  (3.10)

Assume that

565, %34, 1/ )=Py.n [lf(r, X)) exp (§ (. X,,)dv); (< T] (3.11)

S

satisfies (3.5).
Then, p(s, x; t, f) is well-defined and is a solution of (3.3).

Proof. We have remarked already that (3.7) is enough for non-negative p(s, x)
to satisfy (3.4). Let p(s, x) denote p(s, x; t, f) for brevity. Under (3.5) the second

8 There was an error in my proof, which is corrected by Wakolbinger.
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term of the right-hand side of (3.3) is well defined and equal to, by the Markov
property and Fubini theorem,

j 0 Byl XD Bur | 16, X 0 (f et X)de)s 1<} u<1]

1]

= jtdu Fe 5 [c(u, X.,)exp (_ftc(v, Xv)dv>f(t, X,);t< Ts}

u

1 t n—1
B [5 ducts X) ¥ (et X o) 6 x0;0<7)
(sx) Z (jC(U,XU)dU> f(ta Xt)at<’1;:|
Therefore together with the first term, the right-hand side of (3.3) is equal to

o £ 55 (Jet0 X o) e x5 <)

=0
which is nothing but p(s, x). Thus p(s, x) satisfies (3.3).
(i) Under the stated conditions p(s, x; t, | f|) is a solution of (3.3) with | f|
in place of f by the first assertion of the theorem. Especially
§8%s x;u, ) dyplu, y;t, | f)<oo, for (s, x)eD, s<ust.  (3.12)
Since

1B(s, x5 £, ) =P, x5 1, | f1), (3.13)

p(s, x; t, f) is well defined and satisfies (3.3). Because of (3.12) and (3.13), it satisfies
(3.4) and (3.5).
Remark. It is easy to see that

t

fdv B yllc X)) plv, Xo3 61 f); v<T]

t
<2816 Xl exp (fe* 0, X do)s 1<

where ¢* =c v 0. Therefore,

) [lf(t, X)) exp (jc*(v, X,,)dv); t< Ts]<oo (3.14)

is a sufficient condition for p(s, x; t, | f]) to satisfy (3.5).
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Lemma 3.1. Assume that p(s, x) satisfies (3.5). Then, for any ¢>0, there exists
80>0 and an open subset U of D with the compact closure Uc=D such that
(v, x)eU for ve(s—dy, s] and

1

|

{ dv[g®(s—d,x;v,)dylcp )] v, y)<s  for 0<5<,. (3.15)
s

s

Proof. Let (s, x)eD and choose d,>0 small enough so that (v, x)eD for all
ve[s—dy, s]. Define a measure u; by

1
Ha(dde)=g go(s__é’ X;0, ) l(s—é,s](v)dv dy.

Since ¢ pe L' (us,) by (3.5), there exists an open subset U of D with the compact
closure U < D such that (v, x)e U for ve(s—&,, s] and

{fusodvdy) c(v, y) p(, y)| Lye(v, y)<e. (3.16)

Then (3.15) follows from (3.16), since 15(U°) |0 as §|0 by the continuity of paths
of the process {X,, E; ,,}.

Theorem 3.3. Let c(s, x) be continuous in D and p(s, x) be a solution of the integral
equation (3.3) satisfying (3.4) and (3.5). Then, p(s, x) is continuous in x, once differ-
entiable in s, and satisfies

ap

1
A v = .
6s+2 p+a-Vp+cp=0, 3.17)

in the sense of distributions (locally in D).?

Proof. It is easy to see that the second term of the right-hand side of (3.3)
is continuous in x, and hence p(s, x) is continuous in x, since the continuity
of the first term is clear. As we remarked in (3.6) we have

p(s—08,x)={g%s—08,x;5y)dyp(s, y)+ [ dv[g’(s—8, x;v, y)dycp(v, y).

s—3d

(3.18)

Let U be the open subset in Lemma 3.1, and take another open subset U,
such that Uc U, < U, =D. Let k(v, y) be a continuous function taking values
in [0, 1], k(v, y)=1 for (v, y)eU, and k(v, y)=0 for (v, y)eUf. Then, Lemma 3.1
implies that the second term of the right-hand side of (3.18) divided by 6>0
is equal to

1 S
3 [ dvfg®(s—6,x;0,y)dycv,y) pv, y) kv, »)+0(5), (3.19)
s—3d

® Since D is not cylindrical, the space of test functions depends on s. “Local” indicates this, but
will not be repeated hereafter
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where the integral converges to c(s, x) p(s, x) k(s, x)=c(s, x) p(s, x) and 0(3)]0
as 6]0. Let h(x) be a C*-function with a compact support K such that there
exists 6>0 and {(v, x): ve[s—4, s], xe K} = D. Then, combining (3.18) and (3.19),
we have

(5 tha°6=3.9 -1} p©) +(h 5 ((9=p(6=0} )+ Ch P +0)=0, (320

where
hg®(s—d,5)=[h(x)dxg°(s—é, x;5,")
and
(fhy=[f(x) h(x)dx.
The first term of (3.20) converges to (A Ah—V-(ah), p(s)> as 6|0. This implies

that the limit of the second term of (3.20) exists and is equal to <h,g—p(s)>.
Consequently, we have S

<h= % (S)> +<3Ah=V-(ah), p(s)>+<h, c(s) p(s)> =0, (3.21)

that is, p(s, x) satisfies (3.17) in the sense of distributions.

Theorem 3.4. Let ¢ (s, x) be a non-negative function on D satisfying (3.4), (3.5)
and

B 5 [¢(t, X,) exp (f c(v, X,) dv); t< Ts]g o (s, x) (3.22)

S

for (s, x)eD, a<s<t<b. Then, for bounded continuous f on D,

t

55, x; 6./ $) =Py [f(t, X) $(t, X) exp (f (v, X,) dv); i< T] (3.23)

s

is a solution of (3.3) with f ¢ in place of f, satisfying (3.4) and (3.5). Moreover,
it satisfies (3.17) in the sense of distributions.

Proof. It is clear that f ¢ satisfies (3.10).
By (3.22) we have

jldURs,x)[lc(va Xv) p(U: Xu: taf¢)|a U<7;:|

é ”f” j-dUP(s,x)Dc(v, Xv)l ¢(Us Xv): U<T;]<OO

Thus (3.5) is satisfied. Therefore, p(s, x; t, f ¢) is a solution of (3.3) by Theorem 3.2
and (3.17) holds in the sense of distributions by Theorem 3.3.

Remark. By Corollary 2 of Theorem 2.1, if ¢ satisfies the conditions in Sect. 2
and if c(s, x) is the reference potential of ¢, then the inequality (3.22) holds.
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Now we apply Theorems 3.3 and 34 to the transformed process
{(v, X,), Qs.xp» {} (by the multiplicative functional N} in (2.5) defined by a given
¢ (s, x) subject to the conditions in Sect. 2).

Theorem 3.5. Assume that for (s, x)eD and s<v=<t=<bh

Fonlo@, X,); v<TJ<o00 (3.24)
and

t
deEs,x)[|L¢(v: XU)|70<7;]<OO (325)

Then, for bounded continuous functions f (t, x) on D,

q(S, X; t’f)z Q(s,x) [f(t’ Xt)7 < 7;] (326)

is continuous in x, differentiable in s, and satisfies

dqg 1 Ve
. T Vag= 3.27
aS+2Aq+a Vg+ n Vg=0, ( )

in the sense of distributions, that is, the transformation by the multiplicative func-
tional N} induces an additional drift V ¢ /¢, and

limg(s, x; t, f)=f(t, x), for (t,x)eD. (3.28)
stt

Proof. We first remark that ¢ (s, x) trivially satisfies
Lop+c(s,x)¢p=0, inD, (3.29)

where c(s, x) is the reference potential of ¢ defined by (2.20). Let us define
p(s, x) by
p(S> X)=¢(S, X) Q(s,x) [f(t’ Xt)a 1< Ts]

=R » [f(t, X,) o(t, X,) exp (—sf —Ld)i)(v, Xu)dv); r< Ts] (3.30)

Then it is clear by Corollary 2 of Theorem 2.1 that

(s, Y= Nf1 (s, %). (3.31)

Therefore, keeping Corollary 2 of Theorem 2.1, (3.24) and (3.25) in mind, we

apply Theorem 3.4 and conclude that p(s, x) satisfies (3.29) in the sense of distri-

butions. Moreover, it is clear that

_p,%)
¢(s,x)’

and ¢(s, x) is differentiable in s. Now we need a simple lemma.

q(s, x) in D, (3.32)
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Lemma 3.2. Let ¢(s, x) and p(s, x) be in C*2(D) and ¢(s, x)>0 in D. Define
q by (3.32). Then

Lq+% V$-Va=¢~'(Lp+cp)—d 2p(L+ed), nD, (333

where L is a parabolic differential operator in (2.6) and c(s, x) is arbitrary.
Proof is routine and omitted.

Let ye C'2(D)n Cg(D),*? and p, be a sequence of smooth functions converg-
ing to p on supp(y). We apply Lemma 3.2 to ¢ and p,, obtaining

1
an+$ Vo-Vag,=¢ ' (Lpy+cp)—¢ 2 po(Ld+c o), (3.34)

where ¢,=p,/¢ and c is the reference potential of ¢. The second term of the
right-hand side of (3.34) vanishes. Multiplying (3.34) by y and integrating over
D, and then passing to the limit n— co, we have

(584 (3 4r-7{(a+5 7 )2} a)
(5B Ga () 5+ F0) (3.39)

where the right-hand side vanishes. Therefore ¢g(s, x) satisfies (3.27) in the sense
of distributions. To show (3.28) it is enough to notice

lq(s, x)—f (s, Y S B [/ (& X)—f (5, ) NJ]+0(t—9)
ésﬂs,x) []Vst]+0(t_s)

Theorem 3.6. The transformed process {(t, X,), Qs x {} never hits the nodal set
N of ¢, if and only if

P, w[N1=1, for (s,x)eD and tel[s, b], (3.36)
that is,
t L¢
(s, x)=R, [¢(t, X,) exp (— § 5 (v, X,) dv); t< Ts] (3.37)

Proof. Because of (2.21) and 1,(¢, X,) N/=N{, we have
Qs [1p(t, X1); t<{1=Re »[1p(t, X)N]
= P(s,x) [Nst] .

Therefore, (3.36) is equivalent to Q ., [t<{]=1, for t<b, which is equivalent
to that the transformed process {(t, X,), Q. )} does not hit the nodal set N

of ¢.

10 Cx (D)= {continuous functions with compact supports in D}
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If we know in advance that (3.36) holds, then the additional drift term V ¢/¢
can be identified in terms of drift transformation as follows:** If we set

t
B,=X,—X,— [b(v, X,)dv, (3.38)
where
Ve
b(s, x)=a(s, x)+7 (s,x), onD, (3.39)

then B, is a Brownian motion with respect to Q(s,x):Zl; Q(s.x, Where Z? is the
Maruyama density with respect to Q ,, given by

b b
Zb=exp (jb(u, X,)-dX,—1 [ b, X,,)szv). (3.40)

There is no problem in defining B, in (3.38) and Z? in (3.40), because the process
{(t, X)), Q(s,x} does not hit the nodal set N of ¢ (s, x) (cf. Liptser-Shiryayev (1977)).

§ 4. Diffusion Equations with Creation and Killing

We consider a diffusion equation with drift a(s, x) and with creation and killing
c(s, x) in an open subset D < [a, b] x R?, where — o <a<b < 0;

op 1
P Ap+a-Vp+cp=0, inD. @.1)
ds 2

We assume that c(s, x) is continuous in (s, x)e D and
le(s, x)|< oo, for (s, x)eD,
but it may diverge at N=D°. An example of c(s, x} is the reference potential
of a function ¢(s, x) given by (2.20), which diverges at the nodal set of ¢. For
a fixed te(a, b], we consider solutions of (4.1) which do not vanish in
D[a, t]={(s, x): (s, x)eD, s<t},

and are continuous on D [a, t] under a terminal condition

limp(s, x)=f(t, x), for (¢, x)eD, 4.2)

sTt

and a “boundary” condition
p(s, x)=0, on N. 4.3)

11 Remarked by Wakolbinger-Stummer (preprint)
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Let us define T} by

. 1
o= 1nf{ue(s, b]: |p(u, X,,)|§;l- or | X, gR}, if such u exists, (4.4)

00, otherwise.

Then Tg < T, and T§ tends to T as n— oo and R— oo, because of (4.3).

Theorem 4.1. Let p(s, x) be a solution of (4.1) with (4.2) and (4.3) subject to (3.4)
and (3.5). Then p(s, x) satisfies the integral equation (3.3).

Proof. Let T be defined by (4.4). An application of It6’s formula to p(s, x)
yields

tA TR tA TR

p(s, X)=p(@nTg, X, , )~ j' Vplv, X,)-dB,+ f —Lp(v, X,)dv, 4.5)
where B, is a Brownian motion defined by (2.9). Therefore, we have

tA TR
p(S, x)ZEs,x) [p(t/\ TR5 tA TR)] + (s, x)[ j _LP(Ua Xv)dv:l - (46)

s

Since p is bounded on [a, b] x Sg, where Sg={x: |x|| <R}, and —Lp=cp, tend-
ing n— oo in (4.6) for a fixed R, we have

p(57 x)=1)(s,x)[p(tATRa t/\TR) t<T]
tATR

+Rs,x)[ [ cpi, Xv>dv]+3”)[p(TR,XTw) (2T]  @47)

s

where the third term vanishes and the second one converges to

tATs
Fow| 1 epte X 0]

as R— oo, because of (3.5), and the first term can be decomposed into

Rs,x)[p(t/\ TR ’ t/\ TR) Xt/\ Tif’ESR: t<’1;:| (48)

IJ(s,x)[p(tATRooa Xr/\TiS)§Xt,\Ti§eaSR= t<T]. 4.9)

and

If T <t< T;, then X r2€0S8x U N, and hence (4.8) is equal to
RS,x) [p(t7 Xt)> Xt,\ T;!SGSR, t<< T_;]’

which converges to
}%s,x) [p(;f’ Xt)? t< 7;]
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as R—o0. Moreover, (3.4) implies

§§8°Gs, x; u, y)dudy [p(u, y)|<co.
D
Therefore, (4.9) vanishes as R— oo and hence we have
t
p(s, X)=Rs o [f(t, X); t<T]+ [ dv By y[c(v, X,) p(v, X,); v<T],

since p(t, x)=f(t, x) by (4.2). Thus p(s, x) satisfies the integral equation (3.3)
under the conditions (3.4) and (3.5).

Remark. Setting R=n in (4.4), we denote T"=T;" and assume in addition
{P(EAT", X, , pa): nZ 1} is uniformly integrable with respect to F; . 4.11)

Then p(s, x) satisfies (3.3). In fact, we can take limit in (4.6) with T” in place
of T¢ under the assumption (4.11). A sufficient condition for (4.11) is

P olp(t AT X, 1)*; t<T;] Sconst. < co. (4.12)

It is clear that the condition (4.12) is satisfied, if p(s, x) is bounded.
Let us denote

k(S7 x) = p(Ss x) _ﬁ(sz x):
where p(s, x) is a non-negative solution of (4.1) and
t
P8 )=Fon (6 X exp (f e, X)) <1,

is the minimal solution of (3.3) (cf. Corollary of Theorem 2.1). By the definition
c(s, x) is the reference potential of p(s, x), and hence

T
ks, )< ] dv By [c™ (0, X,) k(v X,); < T]. (4.13)

Therefore, applying the same arguments of the proof of Theorem 3.1, we have

Theorem 4.2. Let p(s, x) be a non-negative solution of (4.1) with (4.2) and (4.3)
subject to (3.4) and (3.5). Assume

t u
fduR, [exp (j" ct, X,,)dv) ct(u, X,) plu, X,); u< Ts]< wo. (414

Then p(s, x) is a unique solution of the integral equation (3.3) and represented
in the form of

P )= R (6 X) exp e x,) av)ie<1i). (415)

s
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Remark. For a bounded p(s, x) a sufficient condition to (4.14) is
t
Fo.x) [exp(§c+(v= Xu)dv);t< Ts]<oo. (4.16)

This condition is fullfilled, if Lp(s, x)=0 in a neighbourhood of N, because

c(s, x)= —EE (s, x). The condition (3.5) follows from (4.16), if f is bounded (cf.
(3.14)).

§ 5. Inaccessibility to the Nodal Set

Let N be the multiplicative functional defined by (2.5) in terms of a given
function ¢(s, x), and {X,, Q ), {} be the transformed process discussed in
Sect. 2. Our problem is to show F; ,,[ N{]=1, from which follows that the trans-
formed space-time process (¢, X,) does not hit the nodal set N of ¢ (s, x), Qs 5-a.s.,
by Theorem 3.6. Let ¢ (s, x) satisfy conditions in Sect. 2, and define the reference
potential ¢(s, x) by (2.20). Then ¢(s, x) satisfies trivially the diffusion equa-
tion (4.1) with the reference potential c(s, x) of ¢, and also (4.2) and (4.3).

Theorem 5.1. Assume (3.24), (3.25) and (4.14).1% Then the normalization condition
of the multiplicative functional N} holds:

B o[N1=1, for (s,x)eD and tel[s, b], (5.1)
and hence the transformed process {X,, Qs ., {} does not hit the nodal set N
of ¢.

Proof. By Corollary 2 of Theorem 2.1 ¢ (s, x) satisfies (3.9) and hence Theorem 4.2
(and its Remark) can be applied to ¢ to get

(s, x)=FRg , [¢(t, X,) exp (j"t c(v, X,) du); t< Ts], (5.2)

s

for (s, x)eD and a < s <t £ b. Dividing (5.2) by ¢ (s, x) we have (5.1), which implies
the inaccessibility (cf. Theorem 3.6).

Theorem 5.2. Under the assumption of Theorem 5.1, {N{, Z/, te[s, b], B, ,} is a
martingale with (5.1), and hence it is continuous in t, R ,-a.s., and given by

Ve
¢

where T is defined by (2.12) and

t
N!=exp {1{,< e j (v, X,) f } B, o-a.s. (5.3)

I,=T, E, as. (5.4)

12 (4.16) is sufficient for bounded ¢
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Proof. Because of (5.1) it is clear that {N], #/, te[s, b], F )} is a martingale
which is right continuous, and moreover &F=0(B,; ve[s, t]). Therefore, it is
continuous by the martingale representation theorem of Clark (1970). This
implies that T must coincide with T,, B, ,-a.s., and hence we can take off the
factor 1, . r, in (2.8). Thus (5.3) holds.

Remark 1. (5.2) indicates that ¢(s, x) is a space-time harmonic function of the
reference process (cf. remark after Definition 2.3). But this does not mean that
we can obtain the transformed process {X,, Q ,}, applying the space-time har-
monic transformation to the reference process. We should transform {X,, E; .}
directly by the multiplicative functional N} to get {X,, Q ,}-

Remark 2. Let ¢(s, x) be a function satisfying
Lo¢(s,x)=0, for (s, x)eD. (5.5)

Then, by Theorem 5.1, it holds that

d)(S, x):P(s,x) [d)(t’ Xt)7 t< ’I;]a (56)

and ¢ is a space-time harmonic function of {(t, X,), R, ,}. In this case the refer-
ence potential c¢(s, x) vanishes and the transformation in terms of N} reduces
to Doob’s space-time harmonic transformation.

§ 6. Schriodinger Processes

In a paper entitled “Ueber die Umkehrung der Naturgesetze” (1931) Schrodinger
considered diffusion processes conditioned by prescribed probability distribu-
tions at the initial and terminal time to establish a time reversible formulation
of diffusion processes. He considered the case of a Brownian transition probabili-
ty but one can formulate them in general for a given “transition density”
p(s, x; t, y), which is non-negative and satisfies the Chapman-Kolmogorov equa-
tion but

fpls, x;t, y)dy<t

is not required. A typical example is the transition density of a diffusion process
with creation and killing.

Definition 6.1. A diffusion process {X,, te[a, b], P} will be called a Schrddinger
process prescribed by a pair of functions {(5 (a, x), ¢(b, x)} and a transition den-
sity p(s, x; t, y), if the distribution of the process X, is factorized by the pair
of functions @(z, x) and ¢(z, x): For a bounded measurable function f

PLAXN={9 x) ¢(t, x) f (x) dx, (6.1)
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where ¢(t, x) and ¢(t, x) are space-time harmonic and co-harmonic functions
of the transition density p(s, x; t, y), respectively; namely

$(t, x)={p(t, x; b, y)dy ¢(b, y)

- - (6.2)

. x)={d(a,z)dz p(a, z; t, x).

The factorization (6.1) of Schrodinger process has a significant resemblance

to Born’s statistical interpretation of wave functions in quantum mechanics,

in which probability distribution densities are factorized by complex-valued
wave functions as V, ,, where

Y, =U(t, D)y

A (6.3)
¥i=y,Ula, 1),
U(s, )=e H¢™9 with a Hamiltonian H, and {, =y, U(a, b). In both cases the
probability of present events (at ) is predicted by the data at an initial time
a and a terminal time b.'3 In fact, ¢(t, x) (resp. V) is the prediction from the
past and ¢(t, x) (resp. ) is the prediction from the future (ie. time reversed
prediction). In other words, the factorization (6.1) combined with (6.2) is a real-
valued counterpart of Born’s statistical interpretation of wave functions in quan-
tum mechanics.
We will construct Schrddinger processes, assuming that ** a transition den-
sity p(s, x; t, y) and a pair of functions {$(a, x), ¢ (b, x)} subject to

[§dxd(a,x) pla, x; b, y) $(b, y)dy=1, (6.4)

are given in advance. We follow Kolmogoroff’s way: For a<t, <t,<...<t,<b
and Borel subsets 4;,i=1, 2, ..., n, define

Pt (4 x . xA)=[...fdx dla, x) pla, x;ty, y1) dy,

Pt Y13 ta ¥2) A Yy oo P(ts Va3 b, ) dy (b, V)] Lo, (). (6.5)

i=1
Then, P¢ - is a probability measure on S”, where S=IRY, because
Plr-t(Sx .. x S)=[{dx $(a, x) p(a, x; b, y) p(b, y)=1, (6.6)

by the required condition (6.4), and hence there exists a unique probability
measure P on Q=S% such that P[X, €4,, ..., X, €4,] is equal to the right-
hand side of (6.5), where X, (w)=w(t) for weQ and te[a, b]. Under certain regu-
larity conditions on p(s, x; t, y) we can show the continuity of paths, though
we do not discuss it here.

'3 This is a Markov-field like prediction in one dimension
14 This assumption is not realistic in some applications as will be seen
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Theorem 6.1. A Schrédinger process {X,, te[a, b], IP} is a Markov process with
a transition probability density

1
q(S x:t y): mp(sa x; L, J’) ¢(t9 y): fOr (Ss X)ED, S<t§b

0, otherwise,

(6.7)

where D={(s, x): ¢(s, X)=*0, se[a, b}, and with an initial (resp. final) distribution
density

pa(x)=(a, x) d(a, x), (resp. up(x)=(b, x) $(b, x)), (6.8)

where ¢(t, x) and ¢ (t, x) are given in (6.2).

Proof. Multiplying and dividing by ¢(t, x) at t=a and t;, i=1, 2, ..., n, on the
right-hand side of (6.5), we have

]P[theAls T thEAn]=§---j‘dx ég(a: x) ¢(a’ x) q(a’ x; tla yl) dyl

“q(ty, Y13 ta, ¥2) s o qltws Ya3 b, ) Ay [T 14,000, (6.9)
i=1
which proves the assertion of the theorem.
Knowing Theorem 6.1 we can release the condition (6.4). If

u(A)=fdx ¢, x) $(t, x) 14(x) (6.10)

is o-finite, then a o-finite measure IP can be constructed, since {y,} is an entrance
law at a of g(s, x; t, ¥) of (6.7) (cf. Getoor-Glover (1986), cf. also Kuznetzov
(1973), Mitro (1979), Dynkin-Getoor (1985)).

Remark 1. A class of more general processes was considered by Bernstein (1932)
and Jamison (1974) in connection with Schrodinger processes.

Remark 2. Suppose that probability distribution densities p,(x) and u,(x) are
given instead of ¢(a, x) and ¢ (b, x). Then one must find out ¢ and ¢ satisfying
a system of equations

ta(x)=@(a, x){p(a, x; b, »)dy ¢(b, y)

N (6.11)
le(X)=j¢(a, Z)dZ p(aa z, b: X) ¢(bs X),

which was called “Schrédinger’s system” and treated by Fortet (1940), Beurling
(1960) and Jamison (1974) showing

Theorem 6.2 (Fortet-Beurling-Jamison). If p(s, x; t, y) is positive and continuous
in (x, y)eS x S, where S is a o-compact metric space, then there exists a unique
solution {(E(a, x), ¢(b, x)} of the Schrodinger’s system of Egs. (6.11) for a given
pair {Hq, pp}-
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Let us now assume that ¢ (s, x) is given and that p(s, x; ¢, y) is a fundamental
solution of
ap

1
a+5Ap+a-l7p+cp=0. (6.12)

Because of the first equation of (6.2), ¢ (s, x) must satisfy (6.12). In other words,
c(s, x) in the Eq. (6.12) must be the reference potential of ¢ (s, x), that is,

L¢

c(s, x)=——-(s, x).

¢
If ¢(s, x) is Holder continuous, there exists a fundamental solution p(s, x; t, y),
assuming a(s, x) is nice (cf. e.g. Friedman (1964)). However, if ¢ (s, x) has zeros,
that is, if c(s, x) diverges on a subset of [a, b] x R4, there is no classical existence

theorem of a fundamental solution. One possibility to get it is to apply Theo-
rem 3.4.

Theorem 6.3. Let ¢ (s, x) be non-negative and satisfy (6.12) in D=/{(s, x): ¢(s, x)
+0}, that is, c(s, x) is the reference potential of ¢. If ¢(s, x) satisfies (3.24),
(3.25) and

$(s, x)=PF; [qb(t, X)) exp (ftc(v, X,,)dv); t< Ts], 15 (6.13)

N

for (s, x)eD, a<s<t<b, where {X,, P, .} is a diffusion process governed by L
(cf. Sect. 3). Then, there exists p(s, x; t, y) such that

p(s, x; t,fd)=[p(s, x;t, ) dy ¢(t, ) f(t, y) (6.14)

satisfies the integral equation (3.3) with ¢ f in place of f, where f is a bounded
continuous function, and

p(s,x;t, )= [ p(s, x;u,2)dz p(u, z;t,y), for ae. yeD,, (6.15)
Du

for ass<u<t<b, where D,={x: ¢(u, x)*=0}. Moreover, p(s, x; t, d f) satisfies
(6.12) in the sense of distributions.

Proof. It remains for us to prove that there exists p(s, x; t, y) which satisfies
(6.14), since the remaining assertions of the theorem follows from Theorem 3.4.
Let p(s, x; t, f ¢) be the solution of the integral equation (3.3). Then (6.14) follows
from Riesz-Markov theorem and Radon-Nykodym theorem, where we take
a regular version so that p(s, x; t, y) is measurable in (x, y).'® To show (6.15)
notice that ¢(s, x)"! p(s, x; t,f @) satisfies the integral equation (3.3) with
g?(s, x; t, y) defined by

g%, x;t, =5, x)7 " g%, x5, ») P(t,y), inDxD (6.16)

15(3.22) is sufficient, when we apply Theorem 3.4. We assume (6.13), because it is nothing but (6.2)
necessary for Schrédinger processes
16 Cf. e.g. Dellacherie-Meyer (1978)



Transformations of Diffusion and Schrédinger Processes 131

in place of g°(s, x; t, y). Therefore, we have

G5, )7 pls, x; 6, £ Q) =[ (s, )7  p(s, x; 1, 2) plu, 2)dz P, 2) ™" plu, 2; t’(é(f)’)
A7

from which (6.15) follows.

We have shown the existence of a transition density p(s, x; ¢, y) in order
to construct a Schrdédinger process. For this purpose, however, it is better to
employ the transformation which we have discussed in Sect. 2, since it offers
information on paths of transformed processes and on their transition probabili-
ties.

Theorem 6.4. Let ¢(s, x) be a non-negative function satisfying (3.24), (3.25), and
(4.14). Let {(t, X,), Qs »} be the transformed space-time diffusion process by means
of the multiplicative functional N} defined by (2.5), and set

]P[F]zj(ﬁ(a, x) pla, xydx Qu o[I], for I'eF}, (6.18)

where §(a, x) is a non-negative function on D. Then {X,, te[a, b], P} is a Schré-
dinger process such that its transition probability

q(S, X, t:f)= Q(s,x) [f(tz Xt)]
=Rolf (6 X)NT,  feCy(D), (6.19)

is represented in terms of q(s, x; t, y) in (6.7) with p(s, x; t, y) given in Theorem 6.3
and it satisfies

1
La+  Vé:7a=0, (6.20)

in the sense of distributions. Moreover,

(t, X ) does not hit the nodal set of ¢, P-a.s. 6.21)

t
Proof. For brevity let us denote ¢{s, t)= j c{v, X,)dv. Then, for feC,(D),

§(a, %) dpla, x)dx Qo Lf (5, X,)]
={d(a, x)dx B, [ f(t, X)) e“? $(t, X,) B x,)[N'1; t<T,]
=[(a, x)dx B, ,[f(t, X,) €“" B, x,[€“" (b, X,); b< T]-t<T,]
=[fd(a, x)dx pla, x;t,y)dyf(t y)[p(t y; b, 2)dz $(b, 2)
=[. n Sty o y)dy,

where @(t, y) is defined by the second equation of (6.2), and we have used the
first equation of (6.2), which is nothing else but (6.13), and

B ye®f ot X)) t<T1={p(s, x; , ) dy f d(z, ),

with p(s, x; t, y) which is given in Theorem 6.3. (6.20) has been shown in Theo-
rem 3.5. (6.21) follows from Theorem 3.6.
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§ 7. Schridinger Processes Associated with Schrodinger Equations

We consider a Schrodinger equation

oy 1
ia—‘f+54¢+ia-m—v¢=o, (71.1)

where V="Vs, x) is a R-valued function and a=a(s, x) is a bounded R%valued
function with continuous derivatives in x satisfying a gauge condition

V-a(s, x)=0.17 (7.2)

Lemma 7.1. Let y=e**"# be a solution of a Schrédinger equation (7.1), then the
pair of functions {a, B} satisfies a system of equations

V=— gﬁ +- 2 Aot~ (V )2——— Vp?*—a-Vp
(7.3)
Jdo 1
0=a—+ AB+V p+a) Vo,
in D={(s, x): Y(s, x) +0}.
Proof. The real (resp. imaginary) part of (7.1) divided by y is given by (7.3).
Lemma 7.2, Assume the gauge condition (7.2).
(i) ¢ =e*"* satisfies a diffusion equation
ip 1 ,
——+—Ap+a-Vp+cp=0, in D={(s, x): ¢(s, x)+0}, (7.4)

ds 2
if and only if the pair of functions {o, B} satisfies

1
e=—{2% L jprwBra)va
ds 2
ap 1 1 , 1 ) )
+{— 6s+2 Arx—l—2 Va) _E(Vﬁ) a Vﬁ} {da+Va)?}. (7.5
(ii) ¢ =e*"P satisfies the formal adjoint equation of (7.4)
op 1
— — A—a. h = [ D .
PR , inD, (7.6)
if and only if the pair of functions {a, B} satisfies

{g“+ L 4B+ (7 p+a). m}

H= LS A - S - gl (aar ). 0)

17 This condition is set mercly technically, because Schrédinger processes are gauge invariant (cf,
Wakolbinger-Stummer (preprint)
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Proof is routine and omitted.

We assume that a solution of the Schrédinger equation (7.1) exists and is
represented in the form of Y (s, x)=e*&®* &2 by a pair of functions {a, .
Let us define ¢ and ¢ by

¢(S, x)=ea(s,x)+ﬂ(s,x)

- 7.8
(s, x)=e*E&0=8Ex - in D, (7.8)

Then they are continuously differentiable once in s and twice in x for (s, x)eD.

. o 1
Let c¢(s, x) be the reference potential of ¢(s, x) with L=%+§A+a-l7, that
is,

1
c(s, x})= ———— Le(s, x). (7.9)
P(s, x)
Theorem 7.1. (i) In terms of « (resp. ) of a solution Y=e**"# of a Schridinger
equation (1.1) and of a potential V(s, x) in (7.1), the reference potential c(s, x)
is represented in D with

c(s, x)=—da— (Vo) +V

=-2 Z—B—(Vﬂ)2—2a-l7ﬁ—V, respectively. (7.10)
s
(ii) The functions ¢ and ¢ defined by (7.8) satisfy the diffusion equations (7.4)
and (7.6), respectively, where c(s, X) is the reference potential given in (7.10).

Proof. By (7.9) ¢ =e**# satisfies trivially the diffusion equation (7.4), and hence
(7.5) holds for the pair {a, f}. On the other hand the pair satisfics the system
of Egs. (7.3), because y=e***# is a solution of the Schrodinger equation (7.1).
Therefore, on the right-hand side of (7.5) the first line vanishes and the second
bracket is equal to V. Thus we have

c=V—{da+Va)},

which is the first formula of (7.10), the second formula of which in terms of
B follows from the first equation of (7.3). Because of the same reasoning (7.7)
holds, and hence ¢ = ¢*~# satisfies the formal adjoint Eq. (7.6).

Remark. 1t is shown in Carmona (1985) that ¢ =e**? satisfies (7.4) with c(s, x)
given by (7.10) in the case of a=0. Zambrini (1986} defined c(s, x) by (7.10)
and called it modified potential.

Definition 7.1. The Schrddinger process {X,, t€[a, b], IP} determined by the pair
{¢, ¢} of (7.8) will be called a Schridinger process associated with a Schrodinger
equation (7.1).

To define a Schrédinger process we must have a transition density p(s, x; t, y)
with which ¢ and ¢ satisfy (6.2). However, the existence of p(s, x; t, y) is not
trivial and we refer to Theorem 6.3. Applying Theorem 6.4, we have

Theorem 7.2. Let yy=e*"'# be a solution of a Schrédinger equation (7.1). Define
{¢, d;} by (7.8) and assume that ¢ satisfies the conditions (3.24), (3.25), and (4.14)
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(or bounded with (4.16)). Then there exists a Schridinger process {X,, te[a, b], IP}
associated with a Schrddinger equation (7.1) such that

PLX,eA]={d(t x) ¥ (t, x) L4(x)dx
=I¢(t= x) (b(t’ x) lA(x)dx’ (711)
where \ is a solution of the Schridinger equation (7.1) and \J its complex conjugate

and the transition probability density q(s, x; t, y) of the Schridinger process is
given by

1
q(s, x;t, yY)=———pls, x; t, t 7.12
(5. %) p( y) ¢(t, ) (1.12)
and satisfies
] 1
a—z+5Aq+(a+Voc+l7/3)-l7q=O, in D, (7.13)
in the sense of distributions. Moreover,
(t, X,) does not hit the nodal set of s, P-a.s. (7.14)

Remark 1. Another approach is known to get the Eq. (7.13), which is a diffusion
equation with singular drift Va+V =V ¢/, or Schrédinger processes: We con-
sider a pair of space-time diffusion processes which are in duality with respect
to a measure with a density (s, x) ¥ (s, x) (then, they are time reversal of each
other cf. e.g. Nagasawa (1985)). The duality implies that the transition probability
density of one of the pair processes satisfies the diffusion equation (7.13) (another
one of the pair satisfies the dual diffusion equation with the dual additional
drift ¥ oo— ¥ B). Cf. Nelson (1966), Albeverio-Hoegh-Krohn (1974), Zheng-Meyer
(1984/85), Carlen (1984), Nelson (1985), Carmona (1985), Zheng (1985), Zambrini
(1986), Blanchard-Golin (1987).

Remark 2. We naturally raise a question whether there is any physical meaning
of Schrodinger processes. One possible answer is this: Since they are diffusion
processes, we interprete them as random motion of representative particles in
a system of large number of interacting particles. For a trial in this direction
see Nagasawa (1985), Nagasawa-Tanaka (1985, 86, 87).

Remark 3. We have assumed that a solution of a Schrédinger equation (7.1)
exists. Let us assume conversely that p(s, x; ¢, y) in D x D satisfying the condition
of Theorem 6.2 is given and a pair {g,, p,} of distribution densities is prescribed
(or a pair of functions {¢(t, x), (¢, x)} subject to (6.2)). Let us assume that
¢ and ¢ are continuously differentiable once in s and twice in x in D. Set
a=%log¢p P and f=%log¢$~ ! in D. Then y=e*""# is a solution of a Schrd-
dinger equation (7.1) with a potential V=c+ 4a+(V ), where c is the reference
potential of ¢.

Remark 4. For the least action principle of Schrodinger processes see Nagasawa
(preprint).
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