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Summary. For a bounded linear operator Q, on a Banach space E, and
a real number f, there are introduced classes, %;(Q), of some limit distribu-
tions such that %,(I) coincides with the Lévy class L,. Elements from %;(Q)
are characterized in terms of convolution equations and as probability distri-
butions of some random integral functionals. The continuity and fixed points
of this random mapping is studied. It is shown that fixed points coincide
with the class of Q-stable measures.

0. Introduction

The Lévy class Ly, called also the class of self~decomposable measures, is defined
as a class of limit distributions of sequences of the form

(01) tn(€1+52+"'+§n)+xna

where £,>0, x,€R, (£,),.n are independent random variables {rv’s) and the trian-
gular array t,&; (1=j<n:neN) is uniformly infinitesimal. If we replace the
infinitesimality assumption by the assumption that (£,), .~ are identically distrib-
uted then weak limits of (0.1) give the class, &, of stable measures. Finally,
the class, ID, of all infinitely divisible distributions coincides with the class of
limit distributions of arbitrary uniformly infinitesimal triangular arrays with
independent rv’s in each row. Elements from ID and % were characterized
in terms of characteristic functions (Fourier transforms) at the very beginning;
cf. Loeve (1955), Sect. 22.3, Theorem A, and Sect. 23.4, Theorem B, respectively.
Furthermore stable measures were very extensively studied during the last fifty
years; cf. Linde (1983), Weron (1984). Characteristic functions for selfdecompos-
able measures were described by Urbanik (1968) by the extreme-point method
(Choquet’s Theorem). This method has been applied later on to characterize
other limit laws. Other proofs based on a theory of convex functions and an
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extension of measures theorems were found by Sato (1980) and Jurek (1982a),
respectively. All of these methods are of an analytic character without any appeal
to stochastic methods. Quite recently the technique of random integral represen-
tation has been developed. Wolfe (1982) and Jurek-Vervaat (1983) characterized
in this manner the class L,, with completely different proofs. Morcover, the
proof of Jurek-Vervaat uses the theory of stochastic processes. From the integral
representation we get immediately the characteristic functions of measures from
L, and the generators of the class Ly. The Jurek-Vervaat result says that a
selfdecomposable measure can be viewed as a probability distribution of an
integral functional (Laplace transform) of a stochastic process with stationary
independent increments. Another way of reading this characterization is that
the class L, coincides with the class of limit distributions (as t —oo) of Ornstein-
Uhlenbeck type processes, cf. Sato-Yamazato (1984).

It seems that the random integral representation is the method of describing
classes of limit laws, that it is the connection between the theory of limit distribu-
tions and the theory of stochastic processes, which were developed quite sepa-
rately from each other. Since this technique was used with success for many
different classes of limit laws, in [8], p. 607 the following hypothesis was stated:

Each class of limit distributions, derived from sequences of independent random
variables, is the image of some subset of 1D by some mapping defined as a random
integral.

In the present paper, we will introduce classes %;(Q), for feR and a bounded
linear operator Q on a Banach space E, of limit laws obtained from sequences
of independent rv’s. Then elements from %,(Q) are identified by convolution
equations in Theorem 1.1. In particular, Corollary 1.1(b) gives Lo(I)=%,(I).
The main result given in Theorem 1.2 says that for >0,

0.2) ue,(Q) ifandonlyif u=2( | 2dY ("),

0.1)

where Y(t), 0<t<1, is a Banach space valued process with stationary indepen-
dent increments. Let us note that the classes %, . ,(I) coincide with O’Connor
(1979) classes L, for 0<a < 1, which are defined by some monotonicity property
of their Lévy spectral function. The relation (0.2) suggests to consider the follow-

ing mapping:

(0.3) IELY))=2L( | t2dY (") Q).

0,1)

Theorem 1.3(a) shows that #§ is a homeomorphism between the topological
semigroups ID and %(Q), for f>0. Consequently, Corollary 1.2 gives so-called
generators for the class %;(Q), i.c., a set of clements from %,(Q) that by taking
their convolutions and weak limits, we obtain whole class %,(Q). This is an
analogue of the classical fact that the class ID is the smallest closed subsemigroup
of # containing all Poisson measures; cf. Loeve (1955), Sect. 22.1, Theorem B.
Finally, Theorem 1.4 shows that Q-stable measures are fixed points of the map-



Random Integral Representations 475

pings #§. More precisely, if #(Q) denotes the class of all Q-stable measures
then 7§ (#(Q))=(Q).

This paper is organized as follows: Sect. 1 contains notations and all main
results. Two auxiliary lemmas are given in Sect. 2 for further references. Sect. 3
gives all proofs, and Sect. 4 contains some references and comments on previous
works dealing with random integral representations.

1. Notations and Results

Let E be a real separable Banach space with topological dual E’ and the bilinear
form {-,-> between E’ and E. Let #(E) and ID(E) (or shortly: # and ID)
be topological convolution semigroups of all Borel probability measures and
all infinitely divisible ones, respectively, on E. By “=” we will denote the weak
convergence (weak topology) and by “=” the comvolution of measures. Recall
that ID is closed (in weak topology) subsemigroup of & and each uelD is
uniquely determined by a triple: a vector aeE, a Gaussian covariance operator
R and a Lévy measure M. More precisely, if f is the characteristic functional
(Fourier transform) of y then for all yeE’

1.1 Ay =expli<y.a> =3, Ry>+ | K(y,x) M(dx)],
£\{0)

where K(y, x):=e""* —1—i{y, x> 15(x) for yeE’, xeE and 15 is the indicator
function of the unit ball in E. In the sequel, we will write u={a, R, M] if uelD
and £ is of the form (1.1). Moreover, for u=[a, R, M] and ¢t =0, u** is defined
as follows: p*':=[ta, tR, tM]. Given a Borel measurable mapping f from E
into E and a measure u, we write fu for the measure defined by means of
the formula

(1.2) (fw)(F)=u(f ~*(F)) forall Borel subsets F of E.
In particular, if g, ve# and A, B are bounded linear operators on E, then
(1.3) A(uxv)=Apu=Av; ABuw=(ABp; (AW ()=A(4]) for yeE,

where A* denotes the adjoint operator of A. (This star should not be confused
with the convolution of measures). Moreover, if y, velD, A is a bounded linear
operator on E and ¢t 20 then 4 u, AvelID and we also have.

(1.4) (AQus V) = A((*v)*)= Ap* x Av*,
(1.5) Ala, R, M]=[4d, ARA*, AM],

where d:=Aa+ f (1z(Ax)—15(x)) AxM(dx). For a random variable (rv)X,
E\O}

L (X) denotes its probability distribution and IEX its expected value (Bochner

integral). Further, D;[a,b] denotes the set of E-valued cadlag functions on [a, b],

i.e., functions that are right-continuous on [a, b) and have left-hand limits on
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(a, b]. Recall that Dg[a, b] becomes a complete separable metric space under
Skorohod metric, cf. Billingsley (1968). In the case b=oc0, we similarly define
Dgla, o) and for details we refer to Pollard (1984), Chapter VI or to Lindval
(1973). Finally for a bounded linear operator 4 on E, continuously differentiable
real-valued function g on [a, b], Dg[0, oo)-valued rv Y and a monotone continu-
ous function t from (g, b] into (0, «0) we define

(1) [ SOV E)—e ! YO~ | (e V(o)
(a,b] (a,b]
=EOAY(EB) - YE@)— [ gAY @) - V@)t

(a,b]

If © maps the interval (g, b] onto finite interval in [0, c0) then the integral on
the right-hand side there exists path-wise because of Lemma 14.1 in Billingsley
(1968). The integrals on [a, o0) we define as a limit in probability as b— o
in (1.6).

From now on, Q is a fixed bounded linear operator on E such that ¢
:=exp(QInt)—0 (in the operator norm) as t —»0. For a real number B, we say
that pe belongs to the class Uy(Q) if there exists a sequence (v,)<ID such
that

(1.7) Pui=n " Qv v, % kv ¥ P

Let us note that this definition is simpler but equivalent to that used in Jurek
(1985a, 1985b) for f=1.

Of course, uelD, i.e., the classes %;(Q) are subclasses of the closed semigroup
ID. In terms of convolution equations they are characterized as follows.

Theorem 1.1. Let f§ be a real number and Q a bounded linear operator on Banach
space E such that t2—0 as t—0. Then a measure uclD belongs to the class
Us(Q) if and only if for each 0 <c<1 there exists a measure u 1D such that

(1.8) p=c2 e p,.

To explain the title of the present paper, let us recall that the Lévy class
L, (or more general class Ly(Q)) is defined as follows: ueLy(Q) if there exist
sequences (t,),.n Of positive real numbers, (x,),.x of vectors from E and measures
(Vanen Such that

(1.9) t2(vy* vy k.. kv, %6 (x,)=

and the triangular array t2v; (1<j<n, neN) is uniformly infinitesimal, ie.,
lim max (12 v)(I x|/ = &)=0 for £>0; cf. Jurek (1983). The following are simple

now 1<j<n

consequences of Theorem 1.1.

Corollary 1.1. (a) The classes Uy(Q) are closed convolution subsemigroups of 1D.

(b) If a=p then U, (Q)=Uy(Q) and U, (Q)=Lo(Q).
(¢) If a linear bounded operator A commutes with Q then AUy (Q)<=%(Q).
In particular, if A is also invertible then A%Ug(Q)=U;(Q).



Random Integral Representations 477

(d) A measure p=[a, R, M]eUy(Q) if and only if for all 0<c<l R
>cP(c2Rc?) and M =c*-(c2 M).

(©) If B>0 then Up(Q)=U (B~ Q).

() If ney(I) and is nondegenerate then f= —2.

The next theorem describes the elements from the class %,(Q) in terms of
random integrals. Namely we have

Theorem 1.2. (a) Let >0 and t,(t):=t*. Then ue,(Q) if and only if there exists
a Dg[0, 1]-valued rv Y with stationary independent increments, Y(0)=0 a.s. such
that

p=2( [ 2dY(,)=2( [ *#'2dY@).

0, 1) (0, 1)

Moreover, for p. in (1.8) we have that p,:=%( | t2dY(z4(1)).
fe. 1)

(b) A measure ueU,(Q) if and only if there exists a D[0, co)-valued rv Y
with stationary independent increments, Y(0)=0 a.s., Elog (1 + | Y(1)|})< oo, such
that

u=2( | 2dy(—ln)=%(— [ e 2dY().

0,1) (0, w)

Let [a, R, M]:==%(Y (1)) and [a¥, R®, MO T:=2( | t2dY(z,(2))), for 0.
(0,1)
Then using Lemma 2.2 (i1) and the formula (1.1) we obtain

(1.10) a® = jl Cadt,(t)+ _fl [ [t x)—15(x)] 12 x M (dx) dz4(1);

0 E\{O}
1
(1.11) RO = [ 12 R¢2" dr,(1);
0

1

(1.12) M®(F)= [(t2 M)(F)d,(t) for Borel subset F of E\ {0}.

0

The above and integral representations suggest to introduce mappings %,
between the semigroup ID and the semigroups %;(Q). Namely, for >0 and
velD let

Fo0)=2( | 12dY(5,(1),
©, 1)

where Yis a Dg[0, 1]-valued rv with stationary independent increments, Y (0)=0
a.s.and £ (Y(1))=v. In other words, if v=[a, R, M] then .#§(v)=[a®, R®, M'/]
with a®, R® and M® given by (1.10)«(1.12). Similarly, for f=0, we define
the mapping

IY0)=2( [ 12dY(—In1)

0,1)

between 1Dy, :=={velD: | log(l+ ||x|)) v(dx)< oo} and %,(Q).
E
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Theorem 1.3. (a) For >0, the mapping fg is an algebraic isomorphism and
a homeomorphism between the topological semigroups 1D and %Up(Q).

(b) The mapping Y is an algebraic isomorphism between ID,,, and U,(Q).
Moreover, for v,, velDy,, we have

Fov)=Iy(v iff v,=v and | log(1+[x])v,(dx)— | log(1+x]) v(dx).
E E

(c) The mappings #5,, with =0, satisfy also

(i) L) =(FEW)* for all c>0
(ii) VFE(v)=I% (V) for any bounded linear operator V on E, commuting with

The class ID(E) of all infinitely divisible measures on E can be described
as the smallest closed subsemigroup of 2 (E) containing all symmetric Gaussian
measures and all shifted compound Poisson measures of the form [x, 0, 45(y)],
where x, yeE and 1>0, cf. Araujo and Giné (1980). Using the mapping .#%
we shall find sets of generators for %;(Q).

Since t2¢—0 as t— 0 then there are positive constants a and b such that
1

[t2|<at® for all 0<t<1, and ||x|g={ [[t%x| t~"dt is well-defined norm on
0

E. Let S, be the unit sphere in E with respect to the norm | - |lp and for
a>0and zeS, and $>0 let us define a Borel measure M, , on E\ {0} by

M, (F)=(1p(t%z)t*~ 1 dt.
[¢]

Since | min (1, |x[) M, .(dx)< oo, M, , are Lévy measures on E, cf. Araujo and
Giné (1980), Chapter III, Theorem 6.3. Let %, , be the set consisting of all
generalized Poissonian measures [x, 0, AM, ., xeE, zeS,, A>0, a>0 and all
Gaussian measures [0, R, 0] such that QR + RQ* + R is nonnegative operator.

Corollary 1.2. For =0, the class Uy(Q) is the smallest closed subsemigroup of
ID(E) containing the set 9 .

We will say that u is Q-stable if p is a limit of (1.9), where the uniform
infinitesimality assumption is replaced by the requirement that v,=v, for all
nelN. Let &(Q) denote the class of all Q-stable measures. Then &% (Q)< Ly(Q)
and pe #{Q) if and only if there is p>0 such that for every t >0

(1.13) u¥t=t?"'Cu*5(z,) forsome z,€E,

cf. Theorem 3.2 in Jurek (1983). We will refer to p as an exponent of Q-stable
measure. So, if u=[a, R, M] then p is Q-stable with the exponent p if and only
if for all t>0

(1.14) t-R=t?"'¢Rt» '?" and
t-M(F)=@t?"'2M)(F) for Fe#(E\{0}).
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Differentiating the first equality we obtain R=p 't }(Qt* '¢Rt? ¥
+tP 'eRQ* ') for t>0 and hence R=p~!'(QR+RQ*). Conversely, R
=p~ "(QR +RQ*) implies

tPTRRTIC =p 1T IQ(QR + RQ*) 1P S =1 [d/dt(tP 2 Re? )]

for t>0. Hence t-R=t?""2R¢?"'? for all >0, ie., R is a Gaussian covariance
operator of (-stable measure with the exponent p. The second equation in
(1.14) one can solve as in Theorem 4.2 in Jurek (1983), using the polar coordinates
given by the norm | - [, introduced in the comment preceding Corollary 1.2;
cf. also Remark (b), p. 602, in [6]. We will get that M satisfies the equation (1.4)
if and only if there exists finite measure m on the unit sphere S, such that

(1.15) M(F)= § }OIF(th)t_‘p“)dtm(dx) for FeZ(E\{0}).

Sg 0

Finally we have that u=[a, R, M] is Q-stable with the exponent p if and
only if R=p~'(QR+RQ*) and M is of the form (1.15). Having this characteriza-
tion of the Q-stable measures (the class &(Q)) we can identify measures of
& (Q) among those of %;(Q), for >0, as follows:

Theorem 1.4. Let 8>0. If up is Q-stable with an exponent p then fé(u)

=u*Ple*P 4 §(x) for some xeE. Conversely, if S4(v)=v*x5(x) for some ¢>0

and x€E then 0<c<1 and v is Q-stable measure with the exponent p(1—c)c ™.

2. Preliminaries

In this section we will prove some auxiliary lemmas needed later in the proofs
of the main results.

Lemma 2.1 (Jurek (1985a)). Let p,, pelD(E), ¢,, ceR" and A, A be linear
bounded operators on E. If ¢, — ¢, p,=>p and A, — A (pointwise) then

Ay prien=>Ap*-.

The next lemma deals with random integrals, their characteristic functionals
and probability distributions.

Lemma 2.2. (a) Let © be a monotone continuous function from (a, b] into (0, o0)
and let Y, and Y, be Dg[0, co)-valued rv’s with independent increments and Y, (0)
=Y,(0)=0 a.s. If for some positive s>0 and all 0Sv<w< o0

Z(Y,(w)— L) =2 (Y1 (w)— Y; (©)*

then for any bounded linear operator A and continuously differentiable real-valued
function g we have

L( [ MAYa)=2L( [ #P4dY,(z@)*,
(a, b] (a, b]
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provided one (then both) of these integrals exists.
(b) If Y, has also stationary increments and the integral exists then

Z( [ Y, @) () =exp | log Z(Y; (1) y)du(r).

(a, ] (a. b]

Proof. Let a=ty<t,<...<t,=b. Then, by definition, the integrals on the right-
hand in (1.6) are approximated, with probability 1, by

M=

@y (04— 594 Y (x(1;- 1)

j=1

as the width of the partition tends to zero and so are the left-hand integrals
in (1.6) by

2 Y, LY ()~ Vet )]

J

This with (1.4) gives

2| $ 0400 - Btel-0) | = 2] X e e - - )|

j=1 =1

which completes the proof of the part (a). Similarly, using the approximation
(2.2) we get
log Z[ | e®4aY,(z()] o) =lim 2 (FE)—7(t;-1) log L (¥ (1)(e " y),
n J=1

@5
which implies the part (b) and completes the proof.

Remark 2.1. In the sequel we will have integrals over the interval (0, 1] with
g(t)=logt, which is not defined at zero. However, the integral in the right-hand
side of (1.6) still exists as a limit of sums (2.1). Note that since 12— 0, there
exists constants a, b>0 such that ||t 1 Qt?| <||Q| at® ! for 0<t<1. Also, cf.
Remark 1.1 in Jurek (1982b).

3. Proofs

The Proof of Theorem 1.1. Let pue@y(Q), and choose 1 <k, <n such that k,/n—c,
where ¢ is a fixed number from the unit interval (0, 1). Then, for p, given by
(1.7) we get

pu=( /)2 el vy w7

using (1.3) and (1.4). Since p,=>p, Lemma 2.1 gives that the first factor converges
to c2u*” and consequently the second one converges, say to p.cID which
gives (1.8).
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Conversely, let uelID and satisfy (1.8). Let us put v, ==y and
ve=k2uEe o for k=2
Using (1.8) for ¢=(k— 1)/k with k=2 we get

kaz(k— I)Q u*((k— /K o ke B 1k
and hence

K2 = (k= 1) = K2 g e

Consequently, we have
90 =[S )~ Ik~ 12 )~ @]V, for kz2.
which implies
visvy kv, =02t e, pey(Q).

The Proof of Corollary 1.1. (a) The semigroup property follows from (1.8) using
(1.3) and (1.4). Let p,e%,4(Q) and p,= . Then there are . ,€ID for neN and
0<c¢<1 such that

B
fo =2 "

Since p,=>ueID then 2 u*’=c2u*”’ and therefore y, ,=>py. (as n— o) for
some p.elID, as f1,+0. Consequently, UEUs(Q).

(b) For a<f and 0<c<1 we have ¢ <c* Hence

p=c2 s o=@ p*
where p=c@p*¢ P xy. and therefore %,(Q)=%,(Q) whenever a<p. The
equality %,(Q)=Ly(Q) is a consequence of Theorem 3.1 in [6] applied for a
group U:={t2: >0} of bounded linear operators on E.

(c) If AQ=0QA then Ac?=c?A for all ¢>0 and the inclusion follows from
(1.8). If A4 is invertible then 4~* commutes with Q and 4~ '%,(Q)=%(Q), i.e.,
U (Q) = AUp(Q) = Uy (Q)-

(d) Let u=[a, R, M] and p.=[a., R., M.]. Using (1.5) we see that (1.8) is
equivalent to a=cfd+a,, R=c?(c?Rc?)+R,, M=c?-(c2M)+ M, for all O<c
<1. Hence R=c* (cQRcQ*) and M=c?-(c¢ M) for all 0<c<1. Conversely, if
R is a Gaussian covariance operator satisfying the above inequality, then R
—cP(c?Rc?) is also covariance operator. Similarly, if M is a Lévy measure,
satisfying inequality M = c#-(c2 M) on E\{0}, then so is M —c#-(c? M). Finally,
for u=[a, R, M] we obtain the factorlzatlon (1.8) for all 0<c< 1.

(¢) Note that for >0, lim t*”'2=0 and replacing ¢® by ¢ in Theorem 1.1

t—~0
we have p=t#""2 yu* x y, for all 0<t < 1. Thus %, (Q)=%, (™" Q).
{f) Suppose that g has non-zero Gaussian part, i.e., {y, Ry>>0 for some
yeE'. Then from (d) we get ¢**#<y, Ry> <<y, Ry) for all 0<c<1. Hence we
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obtain §= —2. If u has non-zero Poisson part, i.e., M £0, then there is non-zero
yeE' such that M ({x: [{y, x>|<1})>0. From (d) we get for 0<c<1

0<c>** [ (nx?MExs | (yex)?Mdx)
(x: [y, x> = 1) {x: [y, exp| =1}
< ] o’ M@x)<o,

{x: [<y, x| 213

which implies f= —2.

Proof of Theorem 1.2(a). Because of Corollary 1.1(e) we could restrict ourselves

to the class %;(Q) instead of #4(Q). Since it does not simplify the proof we

consider the general case. For 1,4(f):==t#, with >0, the integral [ 2dY(z4(z))
(0, 1)

exists for all Dg[0, 1]-valued rv’s Y because of Lemma 14.1 in Billingsley (1968)

and Remark 2.1. Furthermore, using Lemma 2.2(a), we have

L 12dY () =L( | Y ()= L( | 12dY(z,()

0, 1) 0,¢) [e. 1)

=c?L( [ s2dY(ta(s)y*** L ( | 12dY(z,(t)

(0, 1) [e, 1)

forall0O<c<l,ie, u=L( | 2dY(t4(1)e(Q).
©,1)
Conversely, let ne%;(Q). Then, by Theorem 1.1,

(3.1) p=eCp* up,  forall t>0.
Applying Lemma 2.1 with the fact that =0 we obtain
(3.2) u=06(0) as t—»0 and p=>p as t— .

Let (Z,)@O be E-valued random function with independent increments such
that Z,=0 a.s. and

(3.3) L L= Zy=e ™", for 1, h20,
so in particular,
(3.4) L2 =

To see the consistency, we must show that L(Z,,)=p,.p, if Z,+,—2Z, and
Z, are independent with the distributions given by (3.3) and (3.4). From (3.1)
it follows that for ¢, s>0

ke~ B(t+s)

— — - —Bs - Bt
p=e Ty *epg=e e pure P p e M a

- -Btts) |~ - Bt
=¢ (t+S)QM*e D e 2 ;ke

K * [y
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and consequently
ke Bt

-tQ‘u
S

Uprs=¢€ * U

Hence 5
g(zt+h)=$(zt+h—zt)*g(zt)

— p 10 ke Bt —
=e Tl U= ey p

as was to be proved. Finally as in Application A1.2 in Jurek-Vervaat (1983)
we conclude that there exists a Dg[0, co)-valued rv Z with the same finite-
dimensional distributions as a random function Z, thus with independent incre-
ments and

(3.5) L(Z)=p, for t>0.

Furthermore, from (3.3) we get

(3:6) LIPUAZW+H)=Z(o+ R =e (- 5" =0, e
=ZL(ZW)—Z)y* "

for0Zv=wand 0Zv+h
Let us define

(3.7) V()= [ e2dZ(s), for t20.

(0,14

Then Y is a D,[0, co)-valued rv with independent increments as so is Z. More-
over, if 0<s<t and s+ h =0 then from (3.6) and Lemma 2.2(a) we obtain

(38) L(V(t+h—T(s+h)=2L( [ e"2edZ(w+h)
(s.1]

=2( j eWQdZ(w))*e_thg(?(t)_Y(S))*e—ﬁh-
(s.1]

Furthermore let us define Y, (t):=— Y(—p ! logt) for 0<¢<1. Then Y; has
independent increments and from (3.8) we obtain

(3.9) L (Y (ct)—Yi(cs) =L (Y (1) — Yi(s)*
for s, t, es and ct from (0, 1]. Hence we get

n—1
27V =2 (X (He) - )

j=1

=Z(M ()Y, N 2(Y () -,27 ) =L (- Y27Y)
as n— oo. Therefore, by independent increments property, ¥, (27 )—Y, (27" is
convergent in probability. Thus so is {¥;(27")} and denote its limit by &. (In

fact, £=2Y;(27Y). For a>0 and k€N such that 2"%*a<1 the equality (3.9)
implies

LM =¥, 27" @)= 21,279~ Y27 ) ">,
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as n—» oo. Consequently, Y; (27”75 — ¥,(27" ¥ a) —» 0 in probability and therefore
also

(3.10) Y;27"a)— ¢  inprobability, for each a>0.

Since by (3.9), Z(Y, ) —Y, 27 ")=Z(Y,()—-Y,27)*=2(—Y,27")* from

(3.10) we infer that L (Y; (1) — &)=L (—&)* for 0<t<1. Since for 0<s<t <1
YO —E=(Y ()Y (h+(Y1(s)—9)

is a sum of two independent variables we get £ (Y, (t)— Y, (s))=ZL(—&)*™9,

i.e., ¥; has stationary increments. Finally, letting Y(0):=0 and Y(?):=Y;(t)—¢)

for 0<t 21 we get D;[0, 1]-valued rv with stationary independent increments.
To conclude the proof note that, by definitions of ¥, ¥; and Y we have

Zt)y= | edY(s)=— [ e2dY(e™P)=— [ e72dY(e™")
(0.1] (0,1] (0,1]

and by (3.2) and (3.5)
p=lim LZE)=L(— | edY(e #)=2L( [ 12dY(z,(1));
i~ (0, ) 0, 1)

which completes the proof of the part (a) of Theorem 1.2.
Proof of Theorem 1.2(b). Since U,(Q)= Ly (Q), from Jureck (1982b) we have

ueUy(Q) iff p=L( [ e 2dYW)=L(— | s2dY(—Ins),

(0, ) 0, 1)

where Y is a Dg[0, oo)-valued rv with independent and stationary increments
such that Elog(1+|Y(1)|)<cc and Y{0)=0 a.s. Finally, taking A:=-—1 in (c)
of the Corollary 1.1 we conclude the proof of the part (b) of Theorem 1.2.

Proof of Theorem 1.3(a). For fixed yeE' let us put
g,(s):=log (FH()" (s%"y) for s=0.

Then from Lemma 2.2 (b) we obtain

g,(s)=PBs7F [ log9(r¥ y)rf~1dr
0

and hence
dg,(s)
ds

= — B log (FLM)" () + B log ().

s=1

Consequently

d .
)= 0) exp 51 1102 (#50)" (62 -

and this implies that .#% is one-to-one. From Theorem 1.2(a) we have that .#§
maps onto %;(Q). Let v;,v,elID and Y, Y, are independent Dg[0, 1]-valued
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rv’s with stationary independent increments such that Y;(0)=1Y,(0)=0 a.s. and
Z(Y(1))=v; for j=1, 2. Then

Fp)x IGv)=2L[ | 12dY,(5;(0)+ [ t2dYy(5(0)]

(0, 1) (0,1)

=Z[ j th((Yl + Yz)(Tﬂ(t)))]=f/é(V1 *V,),
0, 1)

which shows that .#% is a homomorphism. It remains to establish the continuity
of #% and its inverse. Suppose v,, veID and v,=>v. Let us choose Dg[0, 1]-valued
rv’s Y, and Y with stationary independent increments such that

Y,0)=Y(0)=0 as, L(Y,(1))=v, and Z(Y(1)=v.

Then, by Theorem VI.5.5 of Gihman and Skorohod (1974), we obtain
L(Yy=L(Y)in Dg[0, 1]. Since the functional

1 1
d)= | 2dy(es():=y(1)— [ d(t9) y(z,(1)),  yeDglO, 1],
0 4]
is continuous in the Skorohod topology (cf. Billingsley (1968), p. 121), the Contin-
uous Mapping Theorem (cf. Billingsley (1968), Theorem 5.1) gives
I =L (P(V)=Z ($(Y)=550)

which shows the continuity of .#%. Conversely, let #4(v,)=5(v), Y,, Y be

D¢[0, co)-valued rv’s with stationary independent increments and £ (Y,(1)=v,,
Z(Y(1))=v. Let us define

Z,(t)= [ sCdY,(ts(s), Z(t)= [ s2dY(zp(s) for t=0.
(0,11 (0,1]

Then, Z, and Z are Dg[0, oo)-valued rov’s with independent increments
Z(Z,1)=<(Z(1)). Furthermore

LZO)=L (2 [ s2dY(14(0) 14(s) =12 L (Z, (1))  for >0,

(0.1]
and this with Lemma 2.1 gives
L2 (t)=F(Z(r)) whenever t,—¢ in R™".
Hence, for t,>s, and t,— ¢, 5, > s we get
LNZ, (1) = Z,y(s))=>L(Z()—Z(s) as n— 0.
So, the finite-dimensional distributions of Z, converge to the ones of Z. Finally

this gives
lim lim sup sup P{|Z,()—Z,(s)| >¢}=0

hl0 n—-ow O=s<t<s+h=a
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for positive a and e Therefore, Theorem VL.5.5 in Gihman-Skorohod (1974)
with Lindvall (1973) imply that ¥ (Z,)=> % (Z) in Dg[0, o). As before the func-
tional

yz)= | t‘de(t)::2_’3_IQZ(Z””)—Z(I)—zf @9 z(t), zeDg[0, )

(1,21/8]

is continuous (in the Skorohod topology) at z if z is continuous at t=1 and
27", Appealing once again to the Continuous Mapping Theorem we obtain

ZYW)=2{Q-Y,W)=2( | t7%dZ,0)=ZLV(Z,)

(1,21/8]

=ZLWY2Z)=2( | t724dZW)=2L(Y(Q)),

(1,21/8]

which shows the continuity of the inverse of #%.

Proof of Theorem 1.3(b). The algebraic properties of £ are proved in Jurek
(1982b) and the topological ones in Jurek and Rosinski (1985). Let us note
only that the weak convergence in ID,,, has to be strengthened by requirement
that f log (1+ [[x]) v,(dx)— [ log (1 +fixl) v(dx).

E E

Proof of Theorem 1.3(c). Both properties easily follow from the integral repre-
sentations given in Theorem 1.2.

Proof of Corollary 1.2. The class ID(E) can be viewed as the smallest closed
subsemigroup of Z(E) containing all symmetric Gaussian measures and all
Poissonian measures [x, 0, A6(y)] with x, yeE and A>0, cf. Araujo and Giné
(1980), Theorem 4.7 in Chapter III. Because of the continuity of the mappings
I%, p>0, cf. Theorem 1.3, it is enough to find how the generators of ID are
transformed by the mappings #%. At first, let us note that [0, R, 0]e%,(Q)
if and only if {y, Ry>=<(y, e ’Q‘Re 0%y for all yeE’, all t=0, where Q, :=Q
+(B/2) I, cf. Corollary 1.1(d). Hence we get

(3, Ry>2{y, e * Re™*Cyy =(e ™%y, Re % y)
> (y, " 6100 ReTOHI )y >0,

for all ¢, s=0. Thus the functions f,(t):={y, e ' Re™ 21 y>, t>0, are monotone

d
decreasing, nonnegative and f,(0)={y, Ry>. Consequently, E( SO —1.()

= (R0 R yy =y, 7O (Q R+RQT) e 1) 20 for all 120

and yeFE’, which implies that Q; R+ RQ?% is nonnegative operator. Conversely,
if 9, R+ RQ¥ is nonnegative, then we have

* ¥ Y 3 d
05 (e 1y, (@4 R+RQY e yy= —y (e @ Re i yy=— % £0)



Random Integral Representations 487

for yeE" and t20. Therefore f,(¢) is monotone decreasing which gives <y, Ry
>(y, e 2 Re” 1 p>, ie., R2e @ Re™ 2. So, we have proven that

R=e @ Re "% for t20 iff Q;, R+RQ¥=0,

which gives the Gaussian generators from %, ,. Let ae E\{0} and 2>0. Then
a=s%u for some s>0 and ueS, as the function J,: S, x (0, c©) - E\{0} given
Py(z, t):==t%z is a homeomorphism, cf. Jurek (1984), Proposition 2. Since
A-MP=1-M® f (1.12), it is enough to find (5(s%u)®. Let F
={r%z:ze A, reB}, where Ae%(S,) and Be#(0, ©) s2F={r%z:zeA, resB}
and from (1.12) we get

(5(SQM))(ﬂ)(F)=ﬁ j}é(SQu){rQZ: ZEA, ret—l B} tﬁ—ldt
0
=Fla) f Loasl®) 1 dE=B5 P 6 (A) | 15001 dr
© 0

=ps~F | js 1) 15(r) ¥~ 1 drd(u)(dx)

S¢ ©

=ps7# | f 1,(r2x) =1 dré(u)(dx)

So 0
=pBs™? [ 1.(2u)rf~dr
0

=Bs77 M, .(F).
Since @, is a homeomorphism this equality extends to all Fe#(E\{0}), which
proves (6(a))®=1M, , for some 4, s positive and ueS,.
The case =0 one can prove similarly, but we have to strengthen the weak

topology on ID,,; cf. Theorem 1.3(b). The complete proof is given in Jurek-
Rosinski (1985).

Proof of Theorem 1.4. Let u=[a, R, M] be Q-stable with an exponent p>0.
Then R=p~'(QR+ RQ*), cf. the discussion following (1.14), and using (1.11)
we obtain

1 1
R(‘B)=/3p_1 jtQ(QR+RQ*)tQ*t—1tﬂdt=ﬁp—1 j‘ %(IQRI,‘Q*) tﬁdt
0] 4]

1
=fp 'R—pp ' [ @ Rt® dr,()=Pp ' R—fp ' RP,
(o]
ie., R®=B/(p+ ) R. Further, since M is of the form (1.15) then (1.12) gives

M“”(F):ﬁj { ;OlF((rt)Qx)r“("“)drm(dx)t”_ldt

0 Sg O

=4 f jono1F(st)s“p“)dstp“"ldtm(dx)zﬁ/(p+ﬁ)M(F)

S
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for all Fe#(E\{0}). Consequently, #%(u)=p*#®*P «5(z), for some z€E, if u
is Q-stable with an exponent p.

Conversely, let v=[b, T, N] and S%(v)=v***5(z) for some ¢>0 and z€eE.
Then (1.11) and (1.12) implies

1 1
(312)  cT=B[?T¥ " 'dt and c-N(F)=B [N ¢F)t*~'dt.
4] 9]

Hence we get
1 1 d
QT+ TQ*=c B [2(QT+TQ*) ¥t Tdt=c™' B | E(tQ Tt P dt
0 0
1
=c_1ﬁ{T—ﬁftQTtQ*t”_ldt}zc_lﬁ{T—cT}=(1—c)c_1ﬁT
0

i.e., T'is a Gaussian covariance operator of Q-stable measures with the exponent
(1—cjc™ ! B whenever c<1,

To solve the equation for N, let us introduce so-called Q-Lévy spectral func-
tion Ly, as follows

Ly(4;8)==N{ru:ueA and r>s}

where s>0 and A is a Borel subset of the unit sphere S,. Then from (3.12)
we get

cLy(4;5)=Bs" | Ly(4;r)r #*Var
and hence the following differential equation
d
cs 7 Ly(A; 5)=p(c—1)Ly(A;5s) foralmostall s>0.

Therefore putting p:=p(1 —c)/c, and m, (4):=Ly(4; 1) we conclude that
Ly(A;5)=m(4)s™%,

where m, is a finite measure on S, and p>0, ie., 0<c<1. Consequently

NF)= | FlF(tQu)x—@“wcm(du), FeB(E\{0}),

Sg O

where m:=pm, is a finite measure on S,. So, N is a Lévy measure corresponding
to Q-stable measure with the exponent p= (1 —¢)/c.
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4. Comments

(a) The class %,(Q) has been examined in Jurek (1985b). The proof of Theo-
rem 1.2, for f=1 is obtained by a sequence of equivalent statements, cf. [9],
Theorem 2.3, and none of these has a proof like the proof of Theorem 1.2(a).
In the particular case Q =1, relations between %, (I) and L, (I) were investigated
in Jurek (1985a). Elements from %, (I) were defined by an inequality involving
Lévy measures and some nonlinear mapping (cf. [8], p. 596) and then character-
ized as limit distributions. Moreover only the continuity of #} is established
there. Finally, O’Connor (1979) introduced a family of classes L, on IR. They
are defined by some monotonicity property of their Lévy spectral functions.
From his Theorem 1 and our Lemma 2.2 (it) we infer that his class L,, O<a <1,
coincides with the class %, _,{I).

(by For f<0, the integral | ¢2dY (z,(t)) involves whole trajectories of Y (s),

©.1)

for 1<s< oo, and existence of such integrals may depend on some moment
conditions. This and other questions are going to be discussed in a scparate

paper.

Acknowledgement. I would like to thank the referee for comments which helped to clarify the presenta-
tion of this paper. In particular, he/she has communicated to me the properties of the process Y;
(in the proof of Theorem 1.2) and much simpler computation than my previous one, leading to
the formula (3.6).
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