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on the kinetics 

Abstract. The size distributions of crystals of olivine, pla- 
gioclase and oxides of the 1991/93 eruption at Mt. Etna 
(Italy) are analyzed. The simultaneous collection of this 
information for different minerals gives precious insight 
into the cooling history of lavas. Three distinct episodes 
are detectable: a storage of the magma  in a deep reser- 
voir, characterized by nearly constant and low nucleation 
and growth rates (near to equilibrium); an ascent phase, 
with an ever increasing nucleation rate related to volatile 
exsolution; and finally a quenching phase. In addition to 
geochemical and geophysical evidence, the similarity of 
the crystal size distributions of the present eruption with 
those of previous ones of this century makes it possible to 
exclude that  crystal size distributions of Etnean lavas are 
due to mixing of different populations. This strongly sug- 
gests that the main features of the volcano feeding system 
have not changed despite observed variations in the mag- 
ma output  rates. 

Introduction 

The cooling history of lavas is related to crystal popula-  
tion since both  nucleation and growth processes are 
strongly dependent on the degree of undercooling (Kirk- 
patrick 1977; Dowty  1980). Indeed, if the crystals ob- 
served are those which nucleated and grew in the magma,  
without any loss or gain of grains, their number  A N D  
size are dependent on the kinetic constants of their nucle- 
ation and growth equations (Cashman 1990). Thus, tem- 
poral information can be extracted from lava modes if we 
know how crystals nucleate and grow during t ransport  
and cooling processes. As pointed out by Marsh (1988) 
and Cashman and Marsh (1988), rock modes are better 
interpreted if they are represented as a crystal size distri- 
bution (CSD). Thc poor  knowledge of the laws of nucle- 
ation and crystal growth in natural  silicatic melts ham- 
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pers a direct utilization of CSD to determine the time 
frame for rock formation (Brandeis and Jaupar t  1987; 
Spohn et al. 1988). However  natural  systems are often 
saturated by several phases having the same cooling his- 
tory. Thus, information on magma  transport  and cooling 
processes can be increased by the simultaneous collection 
of CSDs in the multiphase assemblage. 

Mt. Etna represents a laboratory for reconstructing 
magma  cooling processes using lava CSDs, due to the 
eruption frequency and the availability of temporally or- 
dered samples. Moreover,  available geophysical and 
petrologic knowledge allows the behaviours deduced 
from CSDs to be inserted in a more complete framework. 
We collected modal  data on specimens taken directly 
from the surface of the lava flow during the first six 
months  of 199L93 eruption. In particular we at tempted 
to recognize in the CSDs the main steps of Mt. Etna's 
polybaric crystallization history as documented in the 
more recent cycle of activity. The effects of cooling during 
the flow on the crystal populat ion were evaluated by tak- 
ing samples both at the eruptive vents and at the fronts. 
Sampling procedures were also evaluated by determining 
CSDs of specimens quenched in water and cooled in air. 

Volcanologic and petrographic outlines 

On the morning of December 14, 1991, a seismic swarm accompa- 
nied the opening and propagation of a fissure radiating SSE from 
the summit of Mt. Etna (Barberi et al. 1992). Near to the Southeast 
Crater the fracture gave rise to a short episode of lava fountains and 
to a small lava flow which lasted a few hours. The eruptive activity 
resumed that night lower in the fracture, on the western wall of 
Valle del Bore, with a quiet effusion of degassed lavas from vents at 
about 2200 m a.s.1, and weak strombolian activity from 2200 to 
2400 m a.s.1. In this period a varying output rate, in the range of a 
few tens of cubic metres per second, was observed. The eruption 
died by the end of March 1993 having reached a volume of at least 
300 x 106 m 3, the largest in the last three centuries (Barberi et al. 
1992). Several temperature measurements in the 1060-1080~ range 
were carried out at ephemeral vents, at depths varying from 10 to 
40 cm in the flow. Both composition and output rate varied during 
the first week of the eruption until conditions steadied in the feeding 
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Table 1. Mean chemical and modal composition of Mt. Etna lavas 
of the eruptions of 1991/93 (period Dec/15/91 May/28/92) and 1989 
(lavas from the SE Crater). Analytical precision for X R F  determina- 
tion of K20 and Rb is respectively +0.72% and 2.9% (la) 

1991---92 1989 (CSE) 

wt.% SD wt.% SD 
(N = 47) -- l a  (N = 16) _+ la  

SiO 2 47.96 0.32 47.59 0.37 
TiO2 1.70 0.05 1.77 0.06 
A1203 18.05 0.26 17.79 0.35 
Fe203 3.41 0.44 3.47 0.60 
FeO 6.70 0.51 6.97 0.50 
MnO 0.18 0.01 0.18 0.01 
MgO 5.47 0.13 5.41 0.24 
CaO 9.98 0.18 10.37 0.21 
Na,O 3.81 0.09 3.54 0.08 
K20 1.82 0.04 1.94 0.06 
P205 0.46 0.02 0.44 0.02 
LOI 0.45 0.08 0.54 0.08 
D.I. 38.2 36.6 
Rb (ppm) 42 1.66 46.8 1.47 

Mean modal composition 

Vol% SD Vol% SD 
(N=8)  +_lcr (N=5)  +_la 

Plg 19.3 1.2 22 3.1 
O1 2.3 1.2 2 0.6 
Cpx 8.5 1.6 8.4 1.3 
Ti Mt 1.2 0.2 0.6 0.3 
P.I. 31.2 1.6 32.9 2.9 

conduit. This study used only samples emitted after uniformity of 
chemical and mineralogic composition were reached and covers the 
period December 91-July 92. Beyond this date a change in emission 
rate and in the Sr isotope compositions suggest the arrival of anoth- 
er batch of magma Detailed petrographic and geochemical data for 
about 60 samples collected during the first year of the eruption are 
given in Armienti ct at. (1993). 

Like other products of Mt. Etna in the last two hundred years, 
these lavas are mildly alkaline porphyritic hawaiites, with phe- 
nocrysts of plagioclase, augite and olivine (approximately in the 
ratio 1 : 1/2: 1/8) joined by magnetite in the groundmass. Crystals 
have cuhedral habits, and skeletal forms only occur in the ground- 
mass; rare anhedral crystals of olivine and plagioclase with rounded 
habits are interpreted as xenocrysts. Clinopyroxcncs occur morc 
often as glomerophyric aggregates than as isolated crystals. Table 1 
reports the mean modal composition of the lavas: the porphyritic 
index is around 30. Minerals are zoned: olivine compositions cover 
the range Fo 82-68, but most axe near Fo 7~74  range. Both plagio- 
ctase and augite often display oscillatory zoning, and the largest 
plagioclase crystals have two distinct fringes with abundant glass 
inclusions, probably linked to faster growth. The composition of 
plagioclase is in the An 87-42 range, that of augite varies between 
Wo 50 43, En 43-33, Fs 17-10. Oxides arc Ti-magnetite in the Usp 
27 42 range. Samples quenched in water display abundant light 
brown glass with sparse crystallites of plagioclase and clinopyrox- 
ene; samples cooled in air have a black mesostasis with intersertal 
glass in which abundant skeletal crystals of magnetite join domi- 
nant plagioclase and augite. Vesicles vary in abundance, but the 
majority of samples are scoriaceous. 

Mt. Etna hawaiites show compositional and mineralogic evi- 
dence of a polybaric crystallization history (Armienti et al. 1988) on 

a multiply saturated cotectic O1 + Cpx +Plg;  the P-Tcrystallization 
range was estimated for 1983 lavas that are mineralogically and 
geochemically similar to those examined in this study. According to 
Trigila et at. (1990) phenocrysts in 1983 lavas crystallized under 
watcr rich conditions (1.0-2.3 wt.% H20 ) in a T-P range of 1096- 
1112~ and 85-255 MPa, corresponding to crustal depths of 3- 
10 km. The cotectic nature of the liquid line of evolution is con- 
firmed by thermodynamic calculations (Ghiorso et al. 1983) per- 
formed at oxygen fugacity 1 log unit above QFM, at varying pres- 
sure and water contents. Our computations show that the low pres- 
sure (0.1-200 MPa) liquidus phase of Mt Etna hawaiites is invari- 
ably olivine followed within 20~ by plagioclase and clinopyrox- 
ene; higher pressure (400 MPa) stabilizes calcic clinopyroxene as the 
liquidus phase, rapidly joined by olivine and plagioclase. In all the 
tests, Ti-magnetite always appears last on the liquidus. The very 
rare Fo-rich olivine found in 1991-93 lavas are considered to be 
relicts of a more primitive stage, while those in the range Fo 75 
(cores of phenocrysts) Fo 72 (rims of phenocrysts and groundmass) 
are equilibrium phases of hawaiite and its residual liquids. High 
H20 contents characterize Mt Etna lavas, as it is shown by fluid 
inclusion and mineralogic studies (Metrich et al. 1993; Sobolev et al. 
1990; Dolfi and Trigila 1983). Thus, the labradoritic composition of 
some plagioclase nuclei and of crystals enclosed in olivine phe- 
nocrysts, points to an early cotectic crystallization of this phase on 
the hawaiitic liquidus, under high partial pressure of water. 

Geochemical evidence suggests that Mt. Etna is fed by distinct 
magma pulses that reach the surface bearing a compositional im- 
print of their independent origin. The absence of large-scale mixing 
events at depth is demonstrated by the last two eruptions: the mean 
composition of the 1989 lavas of the SE Crater is reported in Table 
1. It is evident that their slightly less evolved composition, with 
respect to the lavas of 1991-93, couples with higher contents of 
incompatible elements like K20 and Rb. No obvious fractionation 
mechanism relates the two compositions and we must conclude that 
the 1991-93 eruption was fed by a distinct magma pulse. This same 
situation occurred in the consecutive eruptions of 1971 (DI = 37, 
K20 = 1.66%, Rb 37ppm) and 1974 (DI = 35, K20 = 1.91, 
Rb = 44 ppm). In addition, differences in Sr isotopic composition 
of lavas emitted in the last twenty years (Armienti et al. 1989) rules 
out the possibility of a large storage system during this period, 
within which mixing and homogenization of magmas can take 
place. 

Methods 

Modal data are reported as CSDs, i.e. the number n(L) of crystals 
per unit volume and unit size, as a function of their linear dimension 
L (Marsh 1988; Cashman and Marsh 1988; Maaloe ct al. 1989). 
CSDs were collected on digitized images of thin sections in which 
grains of interest (plagioclase, olivine, clinopyroxene, oxides and 
vesicles) arc separated from the background by segmentation tech- 
niques (Allard and Sotin 1988). Binary images of plagioclase and 
opaques were obtained with image acquisition system and 
VISILOG software, mounted on a PC connected to a microscope 
for optical mineralogy. Binary images of olivine, clinopyroxene, 
plagioclase and opaques were also obtained combining diNtized 
X-ray maps of elements, taken with an EDS microanalyser (LINK 
ExL equipped with F E A T U R E  SCAN) linked to a Cambridge 
Stereoscan360 SEM. This last procedure, although time consuming, 
tcsted the reproducibility of the optical methods and allowed us to 
determine the size distribution of phases such as olivine and 
clinopyroxene which, in our case, are not easily distinguishable 
using optic images. Controls guaranteed the perfect overlap of CS- 
Ds detectcd with the two methods (see, e.g. Fig. 1 for plagioclase 
crystals). Sample labels indicate day, month and year of sampling. 

Grain characteristics in the plain (number, area, equivalent ra- 
dius, elongation) and the reconstruction of crystal size distributions 
in the space, were computed by an "unfolding" technique (Pareschi 
et al. 1990) which derives crystal size distribution in the volume 
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Fig. 1. Comparison between CSD acquired with optical and EDS/ 
SEM methods in the lava sample 150192 of 1991-93 eruption of Mt. 
Etna 
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Fig. 2. Effects of increasing magnification on CSD of plagioclase 
and oxides. Note the stability of thc number of crystals at varying 
magnifications and at different widths of class-size. Low magnifica- 
tion implies a loss of information on the smallest classes. At 16 x,  
25 x and 40 x class interval is 0.0036 cm, 0.0014 cm and 0.0008 cm 
respectively 

from information gathered on digitized images of a thin section. The 
unfolding technique assumes that crystals are spherical particles 
with diameter L. The input datum is the distribution of crystals 
nA(LA) in thin section as a function of the apparent equivalent 
diameter LA (= diameter of the circle having the sectioned arca of 
the grain). The algorithm (see Appendix 1) gives acceptable results 
both for spherical and ellipsoidal particles with axes kL, L, L. 
Olivine crystals can safely be approximated as spherical particles 
(k = 1), clinopyroxene crystals and plagioclases elongated on [100] 
approach the situation in which onc axis is larger than the other 
two (k > 1), the condition of tabular plagioclase flattened on (100) is 
described assuming k < 1. In these last two cases the reported linear 
dimension is approximately the minor axis as discussed in Ap- 
pendix I. 

The largest crystals seem to populate the largest classes in a 
discontinuous way (see Figs. 3 6). Indeed there is a relation between 
the value of Ln(n) and the investigation area needed to acquire 
continuous CSDs (see Appendix II). The typical dimension of phe- 

nocrysts in Etnean lavas is millimetric and their abundancc gives 
Ln(n) <_ 9-10; thus areas of at least 1-2 cm 2 must be investigated to 
guarantee continuous distribution around this size interval. In our 
approach we analyze areas of ~ 1.5 cm 2 on each thin section. 

Figure 2 compares CSDs obtained for plagioclase and oxides in 
the size range 00.02 cm using different resolutions: 16 x magnifi- 
cation is the standard condition of acquisition, and allows detection 
of classes down to 0.003 cm. Higher magnification allows access to 
smaller classes, and the satisfactory overlap of the common do- 
mains (see Fig. 2) guarantees that the acquisition does not introduce 
bias. 

Crystal  balance equations 

The n u m b e r  of crys ta ls  and  the d imens ion  they can reach  
depend  on  the coo l ing  h i s to ry ;  m a g m a s  are  in fact p o p u -  
l a ted  by  a n u m b e r  of  crysta ls  whose  size changes  accord -  
ing to the t ime of  a p p e a r a n c e  (Dowty  1980). Peaks  in the 
size d i s t r i bu t ion  ind ica te  a burs t  in the nuc lea t ion  (ex- 
pec ted  for high unde rc oo l i ng  AT), while flat d i s t r ibu t ions  
( abou t  the same n u m b e r  of c rys ta ls  of  each size) suggest  
nuc l ea t i on  occur r ing  at  cons t an t  u n d e r c o o l i n g  (Ki rk -  
pa t r i ck  1977; D o w t y  1980; A r m i e n t i  et al. 1991). This  
b e h a v i o u r  can  be exp la ined  on  the basis  of the ba lance  
equa t ion  (Mar sh  1988) for the n u m b e r  n of  crysta ls  per  
uni t  size pe r  uni t  vo lume:  

~Vn ~GVn 
+ - -  -- Qi. hi. -- Qout no~t (1) 

at 8L 

where t is t ime, L is crys ta l  size, Vis  the vo lume  of  the  
m a g m a , G  is the crys ta l  g rowth  ra te  and  Qi~n,, a n d  Q .... 
nou t are,  respect ively,  the  crys ta l  influx and  outf lux f rom 
the system. 

Cons ide r  a r is ing b a t c h  of m a g m a  of vo lume  V,, wi th  
no  m i g r a t i o n  of  crystals ,  and  for which  the only  inpu t  of  
crysta ls  to a given class is due to  nuc lea t ion  and  g r o w t h  
mechan isms ,  Eq. (1) in the d o m a i n  t_>ti and  L > L o  
(where ti is the ini t ia l  t ime and  L,  is the cri t ical  r ad ius  of  
the c rys t a l ) r educes  to:  

~Vn 5Vn 
~ -  + G ~ L  = 0 (2) 

with the  ini t ia l  and  b o u n d a r y  cond i t ions :  

0 for L > L ,  
Vn ti,L~. = V(ti) J(ti) f �9 (3a) 

or L = L,, 

and: 

l~t) J(t) 
Vnt,Lc -- G(t) (3b) 

where  ,! is the  nuc lea t ion  rate.  In  Eq. (2), the  g rowth  ra te  
G is a s sumed  no t  to  be dependen t  on crystal  d imens ion  L. 

The  so lu t ion  of Eq. (2), o b t a i n e d  with cond i t ions  (3), is 
(Append ix  III) :  

J(tL) ~tL) 
n(t,L) - (4) 

G(tL) ~(t) 

where  t L is a t ime such tha t  in the in terva l  ~ t L  the crys- 
tals, of  the class a r o u n d  L at  t ime t, grew f rom 0 to  L. 
E q u a t i o n  (4) descr ibes  n(L) at t ime t as a funct ion  of the 
ra t io  be tween  the nuc lea t ion  a n d  g rowth  rates  at  the t ime 



of appearance of crystals of dimension L and that of a 
previous volume over the actual volume. The influence of 
l/(tL)/V(t) on n(L) is varying. For example, if the total crys- 
tallinity is between 20 and 30%, as in the case of Etnean 
lavas, the ratio l, ItL)/l/(t ) varies between 1.25 and 1.43. (in 
a logarithmic scale such that adopted in the figures this 
involves, at worst, a correction of 0.36 for J/G). Therefore 
we can safely neglect the ratio k(tL)/k(t ) and assume that 
the CSD is only influenced by the ratio J/G. Thus, the 
number  density of crystals of size L at time t is equal to 
the nucleation density at time t L when they appeared: 

J(t,) 
n(t,L) ~ - -  (5) 

G(tL) 

Since variations in the growth rate affect all the crys- 
tals simultaneously, no size overlapping may occur be- 
tween crystals born at different times and the size reached 
by crystals is only a function of the time they take to 
grow. In these systems the different trends shown by n(L) 
reflect variations of nucleation density as the degree of 
undercooling increases during crystallization. At con- 
stant undercoolings, Eq. (5) guarantees that n(L) is con- 
stant; thus we expect, in principle, a horizontal trend for 
CSD in these conditions (see also Dowty 1980). 

As Marsh (1988) pointed out, however, under a condi- 
tion of constant  undercooling a magma  chamber may 
also develop a log linear distribution of crystals. This 
condition is achieved when a crystallizing magma  is con- 
tinuously fed by a crystal-free melt, is periodically tapped 
by an eruption and is thoroughly homogeneized in the 
magma  chamber. In this case the term Qout no~t in Eq. (1) 
is not zero, and n(t,L) develops a log-linear trend with 
slope = -1/G~, where G is a constant growth rate and 
is the time in which the volume V o f m a g m a  in the cham- 
ber is totally exchanged (Marsh 1988). 
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Crystal size distributions of 1991-93 lavas 

Table 2 lists the samples that were analyzed for CSD and 
the method of sampling; a selection of CSDs of lavas 
chosen at the beginning, the middle and the end of the 
explored temporal  interval (December 1991-May 1992), 
is reported in Figs. 3-6. All the distributions exhibit the 
same three distinct behaviours. Larger crystals are dis- 
tributed along nearly horizontal trends (range A), with 
the frequent exception of oxides, which are rare as phe- 
nocrysts. Smaller crystals exhibit steeper distributions 
with respect to their dimension (range B), but the diame- 
ters at which each mineral displays a kink or any signifi- 
cant change in slope between range A and B do not vary 
with the time of emission and are different for each kind 
of mineral. Crystals with sizes less than 0.003 cm (range 
C) are affected by the method of quenching. Table 3 re- 
ports the mean slopes of the trends and the correspond- 
ing sizes. Similar trends are observed for clinopyroxene 
(Fig. 5) but we avoid interpreting its CSDs since this 
phase tends to form clots. 

Compar ison of CSDs of the different minerals 
(Figs. 3-6) reveals that the change in slope between por- 
tions A and B occurs at greater diameter (about double) 
for plagioclase than olivine. Within range B plagioclase 
CSDs show an increasing slope with decreasing size. Pla- 
gioclase, clinopyroxene and oxide from samples 
quenched in water may develop a CSD maximum for 
sizes less than 0.003 cm. 

Qualitative information on the thermal regime preva- 
lent during the crystallization processes may be derived 
by the examination of crystal habits. The experimental 
observations of Lofgren (1974) reveal that plagioclase de- 
velops different habits at different undercoolings. In par- 
ticular low undercooling ( <  30~ favours the occurrence 

Talfle 2. List of analyzed CSDs 
Sample CSD Cooling 
dd/mm/yy 

P1 Cpx O1 Ox 

Locality of sampling 

141291L x+~ 44t- 44 x~ air 
181291 x snow 
241291 x snow 
311291 x snow 
030192 x~ x4~ 44 x4~ air 
120192 x water 
150192 x # 44 44 x 4~ water 
220192b x x 4~ water 

130292 ~ 44 ~ water 
140392b x :~ air 
140392q x ~ snow 
170392 x 4~ x ~ water 
220492 x air 
010592 x air 
230592f x ~ 4~ 4~ x ~ water 
230592v x @ # @ x # water 

Lava flow from SE Crater, at rest 
Valle del Bore moving front 
Val Calanna moving front 
Val Calanna moving front 
Valle del Bove, overflow near the vents 
Val Calanna, ephemeral vent 
Valle del Bove, overflow near the vents 
Valle del Bore, ephemeral vent 

next to the eruptive fracture 
Poggio Canfareddi, ephemeral Vent 
Val Calanna moving front 
Val Calanna moving front 
Val Calanna moving front 
Overflow next to the main vent 
Valle del Bove, ephemeral vent 
Main vent (2000 m a.s.1.) 
Val Calanna, ephemeral vent 

(~6 km downstream) 

In the first column, labels indicate the date of sampling (day, month, year). All the samples 
were directly taken from the lava flow while still yellow hot. The rate of cooling cannot be 
quantified, but increases from samples quenched in air, in snow and in water, x = determined 
by optical microscope images; # = determined by SEM images 
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Fig. 3. CSDs of plagioclase in three lava samples for January, 
March and May, 1992 respectively. Sample 170392 displays a de- 
crease of the number of crystals of the smallest size. For the sample 
of May, two data sets are reported: one for a sample collected at the 
vent and the other at the lava front, 6 km downhill. Range A 
(L > 0.05 cm) is referred to a period of deep seated growth at low 
undercooling; range B (0.003 < L < 0.05 cm) is related to the ascent 
of magma at increasing undercooling; Range C (L < 0.003 cm) is the 
only one generated after the emission of lavas. Some rare crystals 
larger than the upper limit of the scale have been also found. They 
have not been represented since their number density is too low 
respect to the investigated area to be statistically significant (see 
Appendix II). Data were collected at 16 x magnification 

of tabular crystals; higher undercooling causes an in- 
crease in the elongation of crystal which start to develop 
acicular and finally skeletal habits. We observed that pla- 
gioclase crystals with sizes larger than about 0.015 cm are 
always tabular. In this interval their mean elongation 
ratio between the major axes in exposed sections corre- 
lates inversely with size and varies from a mean of 1.8 for 
crystals over 0.05 cm to 2.2 for those between 0.05- 
0.015 cm. Crystals smaller than 0.015 cm develop acicu- 
lar shapes with an even larger elongation. These observa- 
tions strongly suggest that crystallization of the studied 
lavas took place at increasing undercoolings, with mild 
undercooling reflected by the largest crystals and 
stronger undercooling driving growth of the smallest. 

Reading crystal size distributions 

Classic interpretations of porphyritic volcanic rocks 
identify a population of intratelluric crystals reaching 
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Fig. 4. CSDs of olivine in three lava samples for January, March 
and May, 1992. Also in this case there is a range A (L>0.03 cm) 
with a nearly constant n(L) and a range B (0.003<L<0.03 cm) 
where n(L) sensibly increases as L decreases. The two data sets for 
May refer respectively to a sample collected at the vent and at the 
lava front. Data were collected at 16 x magnification 
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nearly horizontal range which is interpreted as an evidence of the 
absence of Ti-magnetite as liquidus-phase in the deep seated mag- 
ma (see text). Data were collected at 16 x magnification 

larger size in deep seated conditions, and a populat ion of 
microphenocrysts  and microlites forming when lavas rise 
and cool rapidly upon eruption (Cox et al. 1979). In the 
hypothesis that no crystal is subtracted from a magmatic  
body or added by crystal migration mechanisms, Eq. (5) 
directly yields n(L) as a function of the ratio J /G  at the 
time when crystals of size L were formed. 
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At Mt. Etna some lavas of eccentric eruptions (e.g. 
1974) reached the surface directly from the deepest part  
of the system (Armienti et al. 1989) and are poorly 
evolved, sub-aphyric basalts. In contrast  lavas of the 
summit activity in the past 200 years are porphyrit ic 
hawaiites with variable degrees of evolution and an ap- 
preciable crystallinity (mean about  25%). Isotopic and 
geochemical data (Armienti et al. 1989) on several erup- 
tions demonstrate  that large-scale magma  mixing has not 
occurred and that each eruption practically represents a 
single magma  batch. Studies on deep ( >  10 km) and shal- 
lower seismic events show seismicity distributed in a 
large volume beneath the volcano, thus suggesting local- 
ized stress acting near confined m a g m a  pockets (Hirn et 
al. 1991). Ground  deformation pattern and resolution of 
focal mechanisms, in the case of 1989 eruptive crisis (Fer- 
rucci et al. 1993) indicate hydraulic fracturing due to sill- 
like intrusions. On these bases, it appears that different 
batches of m a g m a  evolved in small reservoirs where they 
also acquired their populat ion of phenocrysts. The base 
of the crust and/or  a discontinuity at about  14 km (Hirn 
et al. 1991) are likely sites where magmas  could collect in 
a set of distinct dykes. On these bases we can safely con- 
sider CSDs of Mt. Etna lavas as a continuous record of 
the cooling history of single magma  batches. 

Range A - intratelluric crystals 

The phase of deep storage is easily identified in the range 
A for which CSDs slopes are close to the horizontal. 
According to Eq. (5), observed distributions guarantee 
that JIG was almost constant or only slightly varying, as 

�9 expected for a system resting in a deep reservoir near 
thermal equilibrium. The lack of range A among the ox- 
ides of most  samples is an independent evidence of the 
absence of Ti-magnetite on the liquidus of deep-seated 
magmas,  in agreement with the results of experimental 
investigations (Dolt] and Trigila 1983) and thermody- 
namic calculations on the stability of the phases (Ghiorso 
et al. 1983). 

Larger crystals of olivine and plagioclase attain sizes 
up to 0.3 cm but ranges A of different minerals are con- 
tinuously populated only for sizes less than about  
0.08 cm for plagioclase and about  0.04 cm for olivine. 

T a b l e  3. Ranges of the CSDs of 1991-93 
lavas of Mt. Etna A B C 

Plagioclase Ln(n) - 9.2-18.5L Ln(n) - 18.3-217.2L L < 0.003 
L>0.05 0.003 <L<0.05 

Olivine Ln(n)= 10.9 30.0L Ln(n)= 15.5-212.6L L<0.003 
L > 0.03 0.003 < L < 0.03 

Opaques Ln(n) = 17.2-289.9L L < 0.003 
0.003 < L < 0.027 

The first line in each field is the regression line shown in Fig. 8 for the trends recognized in 
each population; L (cm) is the dimension of crystals of the ranges (see discussion in the text). 
The explosion of nucleation rate is underscored by the sensible increment of the average 
slope of Ln(n) between ranges A and B 
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This implies that the distribution of larger crystals must 
be collected on areas larger than the 1.5 cm 2 used to de- 
termine CSDs shown in Figs. 3-6. By using the whole set 
of acquired binary images for plagioclase and olivine 
range A acquires a more continuous population (Fig. 7), 
confirming that large observed crystals do belong to the 
population developed during the storage of magma be- 
fore the eruption. 

Assuming that all the largest crystals formed at the 
same time, different sizes attained by phenocrysts might 
be interpreted as due to the time they spent in the deep 
seated reservoir. Figure 8 reports a set of measurements 
made on the largest olivine and plagioclase of each sam- 
ple. Two sections of each specimen were examined, corre- 
sponding to about 15 cm 2 and measurements of the 
largest linear dimensions were done on digitized images. 
More sections representing several days were examined 
to find the largest crystals, since insufficient sections are 
available for a given day. in fact for n ( L ) ~  e 8 cm 4, 
L ~ 0.1 cm and AI = 0.002 cm, the area to be investigat- 
ed must be greater than 5 cmz (see Appendix II) and be- 
comes of the order of 100 cm 2 for a density n(L)  ~ e 5 cm- 
4. The maximum crystal sizes increased continuously 
during the five-month interval examined in this work. A 
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which the correspondent sample was collected. Each point repre- 
sents a measure on a single thin section. Two thin sections of each 
sample were examined. When excluding xenocrysts, on the basis of 
their composition and habit, the upper limit of the cluster of points 
represents the maximum size attainable by crystals at the time of 
sampling. Samples for the first week are not included in the data set. 
In a time span of six months there is a detectable growth. The slope 
of the linear regression attempted on the set of black squares is an 
estimate (at small undercooling) of the growth rate in cm/day. R z is 
the correlation coefficient of the regression line 

maximum growth rate at depth can thus be assessed from 
the envelope of the maximum sizes shown in Fig. 8, under 
the simplified assumption of a constant growth rate. 

Trends of the envelope give values of 2.4 x 10 -~ cm/s 
for olivine and 7.1 x 10 9 cm/s for plagioclase. This esti- 
mate for olivine is similar to the one found by Armienti et 
al. (1991) for Lanzarote basalts at low undercooling 
(about one degree). The estimate of growth rate of plagio- 
clase at low undercooling is one order of magnitude 
greater than those reported by Kirkpatrick (1977) for 
much more crystalline basalts, but compares to those 
found by Kirkpatrick et al. (1976) for pure anorthite and 
those estimated by Maaloe et. al. (1989) for basalts at 
undercoolings of less than one degree. The obtained val- 
ue for deep plagioclase growth rate also matches those 



interpreted by Cashman (1990) for the Mauna Loa 1984 
eruption. The obtained values of G can be used to derive 
from Eq. (5) the order of magnitude of plagioclase and 
olivine nucleation rates at depth: assuming the values of 
n(L) of the ranges A for olivine ( ~ 2 x 104 c m  4) and pla- 
gioclase (~ 8 x 103 c m  4), Jol and Jplag both result in the 
order of 5 x 10 5 cm-3 s-1. This plagioclase nucleation 
rate is two orders of magnitude below those reported by 
Cashman and Marsh (1988) and Kirkpatrick (1977) for 
Makaopuhi lava lake and approaches the values inter- 
preted by Cashman (1988) for Mt. St. Helens dacite; val- 
ues reported by Mangan (1990) for olivine nucleation 
rate are one order of magnitude lower than that estimat- 
ed here. 

The obtained growth rates allow an appraisal of the 
minimum times of the onset of crystallization for olivine 
and plagioclase. To derive this datum we have to purge 
measured diameters for the growth during the rise, as 
estimated by the kink of range A. Net deep growth is to 
be corrected by 0.05 cm for plagioclase and 0.03 cm for 
olivine. The resulting intercepts at L = 0 are 
- 980_+ 20% days for olivine and - 470 + 30% days for 
plagioclase, computed with respect to the onset of erup- 
tion. The large time difference for these two minerals 
could be due to uncertainties in the estimates of G (ranges 
were extrapolated over an interval 5 times greater than 
the temporal interval used for their evaluation), or to 
slightly different temperatures (and therefore times) of 
first nucleation, moreover, we assumed a constant 
growth rate for both minerals. On July 8 and 27, 1989 
(respectively 889 and 870 days before December 14, 1991 

within 10% of the estimated onset of olivine crystalliza- 
tion), major seismic events (M ,-,3) accompanied an 
episode of magma emplacement (Ferrucci et al. 1993). 
These seismic events triggered a summit eruption that 
occurred about two months later, in September-October 
1989 (Armienti at al. 1990). In any case, these earth- 
quakes were the only major volcano-tectonic events that 
preceded the present major eruption (Montalto et al. 
1992). 

The depth of magma storage can be estimated by us- 
ing measured temperatures and the P-T gradient of 
10.6~ calculated by Trigila et al. (1990) in 1983 
lavas for olivine-clinopyroxene equilibria: in recent Etna 
hawaiites the typical difference between the emission 
temperature (~ 1080~ and the temperature of crystal- 
lization of intratelluric phases (1140-1160 ~ C, Clocchiatti 
and Metrich 1984) is 60 80~ this corresponds to a 
pressure drop in the range of 5.7-7.5 kbar, and suggests 
magma ponding at lower crust depths. 

Range C .... the quenching crystals 

Crystals belonging to range C form after the emission of 
lava and their number density is strongly dependent on 
quenching procedure. Crystals less than 0.003 cm display 
acicular shapes and formed at undercoolings higher than 
30~ (Lofgren 1974). Since these crystals are near the 
detection limit of the standard acquisition conditions, we 
collected a set of images on different scales for plagioclase 
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The sample quenched in water reaches the highest undercooling 
and displays a decrease in the number of crystals of smaller size. The 
two samples quenched in air reach different undercooling, as con- 
firmed by the different number of crystals of the smallest size. These 
data were acquired at 25 x magnification 

and oxides. Zooming the image does not alter the distri- 
butions of classes, as demonstrated by the overlapping of 
distributions collected with different magnifications (see 
Fig. 2). CSDs of samples 230592 (collected at the vent 
and 6 km downhill at the lava front) reveal good overlap 
for ranges A and B but show an increase for sizes less 
than 0.003 cm in the sample gathered at the front, except 
for olivine. The largest increment in the number of crys- 
tals is observed for Ti-magnetite, whose crystallization 
may be influenced by surface oxidation of lava. Oxida- 
tion process could also explain the slight downstream 
decrease in olivine content for sample 230 592f. Figure 9 
reports CSDs of plagioclase crystals collected at higher 
magnification in three samples cooled at various rates. 
Glassy groundmasses characterize samples quenched in 
water, while sample 140392 has a microcrystalline 
groundmass with scarce intersertal brown glass; in some 
samples quenched in water, it is possible to observe the 
occurrence of a maximum of CSDs in the interval C. This 
effect is also evident for CSDs collected at higher resolu- 
tion and it is not an artefact introduced by the unfolding 
technique. In fact it was never observed in cases C1-C5 
and El-E6 displayed in Appendix I as a test of the un- 
folding technique, even when the occurrence of a detec- 
tion limit was simulated by dropping in the input distri- 
bution those crystals whose cross-section on the section 
plane was below the assigned resolution. 

Range B - crystal growth during the magma ascent 

Between intratelluric phase and quenching populations, 
CSDs of Mt. Etna lavas reveal a set of crystals related to 
the cooling of magma during its ascent to the surface. 
Equation (5) guarantees that n(L) expresses the ratio JIG 
and we can expect that effects due to the ascent can in- 
crease the undercooling, and therefore JIG. An accurate 
estimate of the total undercooling experienced by Etnean 
magmas during the ascent is a difficult task: many physi- 
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cal and composition factors may influence this value. The 
total temperature drop during magma rise is due to de- 
compression, volatile exsolution (mainly CO 2 and H20 ) 
and heat transfer to the surroundings. It may be estimat- 
ed to be on the order of 60~80~ in fact the maximum 
temperature measured in lavas with a Pt-Rh thermocou- 
ple is 1080~ (Barberi et al. 1992), while homogenization 
of fluid inclusions in phenocrysts is typically reached in 
the temperature interval 1140-11600C for Mt. Etna 
hawaiites (Clocchiatti and Metrich 1984). This 60 80~ 
interval is the maximum temperature drop of Etnean 
lavas during the whole crystallization interval and can- 
not be considered as an estimate of undercooling of lavas 
at the vents. Undercooling is also a function of liquidus 
temperature which varies during ascent due to decrease 
of Ptot, changes in composition and loss of volatiles. Ex- 
amination of crystal habits allows an heuristic estimate of 
undercooling: plagioclase and augite crystals in the 
larger sizes of range B (0.015 < L < 0.05 cm) have, respec- 
tively, tabular and equant habits that can be interpreted, 
according to Lofgren (1974), as due to undercooling not 
greater than 30~ the increment in plagioclase elonga- 
tion for size between 0.015 and 0.003 cm indicates teven 
larger undercooling in the lower limit of range B. The 
rate at which the total (unknown) undercooling has been 
reached can be assessed from olivine morphology:  this 
mineral in range B never displays the hopper forms that 
in dynamic crystallization experiments (Donaldson 1976) 
appear at cooling rates of 2.5~ thus lower cooling 
rates are realistic during the growth of range B popula- 
tion. 

The effect of water content on the liquidus tempera- 
ture was experimentally investigated by Dolfi and Trigila 
(1983) for the 1971 lavas of Mt. Etna, revealing that water 
loss may strongly affect undercooling; similar effects were 
also observed by Lipman et al. (1985) in Hawaiian 
basalts. A further increase of undercooling at the water 
exsolution level may be responsible for the development 
of more elongated plagioclase crystals in the lower size 
portion of range B (0.003 < L < 0 . 0 1 5  cm) and can be re- 
lated to ever increasing values of n(L) particularly evident 
for plagioclase, clinopyroxene and Ti-magnetite. If we 
assume a water content of 2 2.3% for 1991-93 lavas, 
similar to the estimate for 1983 (Trigila et al. 1990) and 
older lavas (Metrich et al. 1993), we can use the equation 
proposed by Macpherson (1984) and the lava composi- 
tions to estimate a water exsolution level between 1.3 and 
1.8 km below the summit of the volcano. This correlates 
with the depths of volcanic tremors of some eruptions 
that Scick et al. (1982) fixed at a depth of 2 km. 

The positive correlation of n(L) = J(tz)/G(tL) with un- 
dercooling can be found if the theoretical expressions for 
J and G found in Cashman (1990) and Toramaru (1991) 
are used: 

16 =y3 v~ Uo 
J oC exp (--E/R~T~) exp -- 3 kTm Ah 2 (T,,-- To) 2 

/Ah AT~] 
G c~: exp ( El/RaT,,) 1 exp \ k /~ ) / 0  T,,,]J 

(6) 

(7) 

where: v~ is the volume of one molecule of a crystallizing 
phase, RG is the gas constant, , / is the interfacial tension 
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Fig. 10. Variation of the ratio J/G with undercooling. In the three 
reported cases E = 200 k J/tool, AH = 60 k J/tool, while in Case 1 : 
7 = 0.02 J/m2'in Case 2:7 = 0.05 J/m2and in Case 3:7 = 0.1 J/m 2. 
Variations of E in the range 100+200 kJ/mol and of AH in the 
range 60 + 80 kJ/mol do not affect sensitively the curve. It is evident 
the strong increase of J/G in the initial part of the curve: we associ- 
ate this portion to the explosive crystallization observed in range B. 
In the inset the shapes of nucleation and growth rate curves is 
reported respect to undercooling. All the curves are normalized 
with respect to their maximum value 

between crystal and melt, T,, is magma temperature, To is 
the liquidus temperature, AT = T m To, Ah is the enthalpy 
of fusion per molecule (=  kAH/RG, where AH is the mo- 
lar enthalpy of fusion), k is the Boltzman constant, E is 
the activation energy per tool. Figure 10 shows J/G (nor- 
malized to one) as a function of AT, for E = 200 kJ/mol, 
AH -- 60 kJ/mol, and different values of the most sensi- 
tive parameter y (0.02, 0.1 and 0.05 J/m2). In the graphs of 
Fig. 10 T o = 1500 K and v c = 5.2. 10 -29 m 3. In general, 
values of Y are in the range ~ 0.1 J/m 2 for olivine basaltic 
melt (Cooper and Kohlstedt 1982) to 0.022 J/m 2 (postu- 
lated by Dowty 1980); E is found by Hofmann (1980) in 
the range 60-250 kJ/mol (for alkali feldspars in a silicate 
melt), and typical values of AH are found in the order of 
100 kJ/mol by Weill et al. (1980), while Toramaru (1991) 
used value in the range 50-80 kJ/mol. From Fig. 10 it 
appears that as AT increases, J/G always increases (cases 
2 and 3), in agreement with our CSDs which show greater 
values of n(L) for smaller crystals forming at higher un- 
dercoolings. In case 1 a maximum of J/G is found, if in 
Eq. (6) the interfacial tension 7 is reduced to ~ 10 -2 J/m 2, 
a condition reached if heterogeneous nucleation becomes 
very important  (Toramaru 1991). A detailed interpreta- 
tion of CSDs found for Mt. Etna lavas ought to take into 
account a law describing AT of each phase as a function 
of time and should include a suitable choice of the 
parameters adopted in Eqs. (6) and (7). This is far from 
our actual knowledge but is the direction of future re- 
search work. 

Mixing phenomena in magma chambers have been 
suggested as a possible cause for the log linear depen- 
dence of n(L) on crystal sizes (Marsh 1988). In these cases 
the slopes of CSDs are linked to a characteristic time 
during which the whole volume of a periodically filled 
(free of crystals) and periodically tapped magma chamber 
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Fig. 11. CSDs of plagioclase for three different lavas of Mt. Etna. 
The pattern of CSD does not vary in spite of change in the output 
rate occurred in the meantime. Data collected at 16 x magnifica- 
tion 

is completely renewed. Such systems may also experience 
changes in the refilling or output  rates (i.e. variations in 
~), that may cause kinks in CSDs. Output  rates at Mt. 
Etna increased since the early 1970s, when the mean out- 
put rate of 0.2 m3/s typical of the preceding two hundred 
years (Hughes et al. 1990) passed to 0.8 m3/s (Armienti et 
al. 1989). Figure I I shows plagioclase CSDs of lavas 
erupted in 1923, 1983 and 1989 with no evidence of 
change in the distributions, since kinks occur at the same 
values. This observation, when considered with the geo- 
chemical evidence, allows us to exclude that CSDs of 
Etnean lavas are due to mixing of different populations 
and strongly suggests that the main features of this sys- 
tem do not change in spite of observed variations in out- 
put rates. 

Conclusions 

Measurements of crystal size distributions for different 
minerals - olivine, plagioclase, clinopyroxene and oxides 
- of the 1991/93 Mt. Etna eruption display typical ranges 
related to magma  cooling history. A nearly horizontal 
trend (range A) of CSDs in olivine, plagioclase and 
clinopyroxene populations suggests storage of the mag- 
ma in a deep reservoir. Furthermore,  the CSD of range A 
allows evaluation of crystal growth and nucleation rates 
at low undercooling, a condition difficult to maintain for 
sufficiently long time in experimental runs. 

An increase in nucleation, revealed by CSD, could be 
related to m a g m a  ascent, when undercooling shows an 
increase. For plagioclase crystals belonging to the lower 
port ion of range B (0.015 c m < L < 0 . 0 5  cm), the habits 
reveal that the total undercooling was probably  not more 
than 30~ plagioclase crystals of the higher port ion of B 
(0.003 cm < L < 0.015 cm) reveal greater undercoolings. 

Geophysical  and geochemical evidence reveal that 
distinct pulses of magmas,  each bearing similar CSDs, fed 
the volcano during the last two centuries. Lavas belong- 
ing to periods that fall astride major  variations in the 
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volcano output  rate do not show changes in CSDs; this 
further supports the argument  that Etna's plumbing sys- 
tem is basically different from that of other basaltic cen- 
tral volcanoes like Hawaii (Cashman and Marsh 1988; 
Mangan 1990) where the linear shape of CSDs is proba-  
bly controlled by a reservoir continuously fed by crystal- 
free magma  and periodically tapped by eruptions. In our 
case we ascribe the major  variations in the number  densi- 
ty of crystals in range B to depressurization-degassing 
effects (H20 q- CO2) during magma  ascent. Similar explo- 
sions of nucleation rates occur in other water-rich sys- 
tems and have been related to the effects of gas release on 
the undercooling of magmas  (Lipman et al. 1985; Cash- 
man 1988, 1992). These observations lead to the far- 
reaching conclusion that, if the variations in undercool- 
ing responsible of crystal nucleation and growth are 
linked to degassing events, the effects of gas exsolution 
have not changed at Mt. Etna in the last two hundred 
years. 

Appendix I 

The errors introduced by the unfolding technique (Pareschi et al. 
1990), numerically evaluated by a computer program, have been 
estimated by comparing some actual (hypothesized) crystal distri- 
butions in space and those reconstructed by the adopted unfolding 
technique. The grains arc supposed to have a log linear distribution 
in space: 

n(L) = no e "L (1.1) 

where no and s are two given parameters. According to distribution 
(1.1) the total number of grains per unit volume is: 

N r = y~ n(L) dL = no (1.2) 
s 

and the probability density o~(L) is: 

o~(L) = n(L) = s e ,L (1.3) 
/ /o  

S 

The probability of having a grain dimension occurring in the inter- 
val 0-L is: 

f~(L) = ~ o~(L) d L =  1-e ~L (1.4) 

from which: 

1 
L = - - ln(1-~) (1.5) 

s 
To verify the unfolding technique, that is the errors introduced 

by the algorithm on n o and s, the following steps have been per- 
formed (in the following, random numbers with uniform distribu- 
tion between 0 and 1 have been generated by an algorithm by 
Calzolari 1976): 

1. no/s uniform random numbers ~i (i = l,...,no/s ) have been gener- 
ated between 0 and 1 

2. For each of these numbers, a grain has been introduced with 
dimension L computed according to (1.5) 

3. For each grain a random (with uniform distribution) distance dL 
(between -0.5 and 0.5) from a reference plane z = 0 and a ran- 
dora (uniform) orientation 0 L (between 0 and re/2) have been 
generated, so that each grain is characterized by a triplet of 
numbers (L, dL, OL) 

4. For the grains intersecting the reference plane, the area of inter- 
section has been evaluated; some tests have been performed in 
which we dropped the grains whose intersection area is lower 
than a minimum value, to simulate the effect of camera detection 
limit 
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Table 4. Assigned (columns 3 and 4) and 
reconstructed (columns 5 and 6) CSDs for 
spherical (C1 +C5) and elliptical (El + E6) 
particles 

Case e Assigned Calculated Errors 

Ln(n,,) Slope s Ln(no) Slope s A ln(no)/Ln(no) A sis 
(cm -I)  (can I) 

C1 0 15 100 14.3 102 4.7% - 2 . 0 %  
C2 0 15 200 15.7 234 - 4 . 7 %  - 17.0% 
C3 0 15 300 15.0 327 0.0% - 9 . 0 %  
C4 0 20 100 17.5 107 12.5% - 7 . 0 %  
C5 0 20 400 20.1 475 - 0 . 5 %  -18 .7% 

E1 0.2 15 150 15.3 173 - 2 . 0 %  -15 .3% 
E2 0.2 20 600 19.9 594 0.5% 1.0% 
E3 0.3 20 200 17.9 186 10.5% 7.0% 
E4 0.3 20 800 20.1 762 0.5% 4.7% 
E5 0.5 20 300 18.0 294 10.0% 2.0% 
E6 0.5 20 1200 20.7 1076 - 3.5% 10.3% 

no is in cm 4. Parameters n o and s refer to crystals expected to have a log linear distribution 
n(L) = noexp(-sL). Column 2 reports particle elongation e = ( k L -  L)/(kL + L). For spherical 
grains: k =  1, e = 0  

25 
0 C 3  - -  

A E 2  . . . . .  

[ ]  C 5  - -  

201 . 

1C ' ~ ~  u.O0 0.01 0.02 
t {cml 

Fig. 12. Comparison between log linear assigned (lines) and recon- 
structed (symbols) CSDs in the case of spherical (C3 and C5) and 
elliptical (E2, see Table 4) particles, randomly distributed in the 
space. Symbols are the values obtained after the application of the 
unfolding procedure adopted for the computation of CSDs of Et- 
nean lavas 

5. The unfolding technique has been applied to the distribution of 
areas in the plane to reconstruct n(L) in space, and the recon- 
structed data have been fitted by a straight line 

Table 4 reports some assigned and unfolded CSDs with the 
relative values of Ln(no) and s. The volume investigated was 1 cm 3 
and the area considered for the unfolding process 1 cm 2. Both 
spherical particles (diameter L) and ellipsoidal grains (with axis 
kL,L,L and k>  1) have been considered. For these, eccentricity e is 
defined as (kL L)/(kL+ L), so that for spherical particles e = 0. 
Figure 12 reports n(L) as function of L in three cases (see Table 4) 
as assigned and reconstructed by the unfolding technique applied to 
spherical and elliptical grains; in Fig. 12 L of elongated particles 
refers to the minor axis of inertia. This implies that in Figs. 3-6 in 
text, where CSDs of plagioclase and clinopyroxene are respectively 
reported, the plotted linear dimensions have to be considered as the 
minor axes since these minerals have elongated shapes. Errors, re- 
sulting from Table 4, are, at maximum, in the order of 10%. 

Some cases have been considered with the condition k<  1 thus 
simulating tabular plagioclases. Ln(no) is reconstructed with errors 
always below 5%, while reconstructed slopes are systematically 

higher. For example for k = 0.33, s = 300 and Ln(no) = 20 the 
reconstructed value ors is 416 and Ln(no) = 19.8 while for k = 0.25, 
s = 300 and Ln(no) = 20 the reconstructed value of s is 571 and 
Ln(no) = 19.9. A detailed treatment of the stercology of lenticular 
shapes indubitably deserves a more thorough treatment that is be- 
yond the purposes of this study. It will be undertaken when using 
CSDs to work out a quantitative treatment of crystal growth in 
natural systems. In the assumed semi-quantitative approach the 
results of test cases guarantee that the obtained variations of CSD 
slopes are not artefacts introduced by the unfolding technique. 

Tcsts, in which the occurrence of a size detection limit has been 
simulated, do not reveal any difference with CSDs reconstructed 
without considering this effect. 

Appendix II  

The area to be investigated in order to detect at least one crystal cut 
along its largest section (the particle is assumed to be a sphere of 
diameter L) can be computed according the formula: 

1 
Area = 2n(L) A1 ~/L A1 (2.1) 

where A1 is the class size interval and n(L) AI is the number of 
crystals, per unit volume, with dimensions between L-A1/2 and 
L+A1/2). For population densities n(L)<exp(8)cm -4 (characteris- 
tic of millimetric crystals) the area to be investigated must be greater 
than 5 cm2(if A1 = 0.002 cm and L ~ 0.1 cm) and has to be 100 cm 2 
for a density of exp(5) cm 4.  These areas become still larger if parti- 
cles are elongated. 

Appendix III  

The crystal balance equation is (if crystal growth rate G is indepen- 
dent on crystal dimensions): 

~Vn ~Vn 
5~- + G TL-  = 0 (3.1) 

with the initial and boundary conditions (letting f(L,t) = n(L,t) l/(t)): 
0 if L > L~ 

f(L,t,) = V(t,) J(t 0 
G(t,) if L = Lc (3.2) 

K 0  J ( 0  f(Lc,t) - 
6(0 
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where t i is the initial time and L C the critical radius. These condi- 
tions come from thc following considerations. The number of crys- 
tals in volume l/(t) with dimensions in the interval L~:+ L~ + dL is 
n(L~,t) l/(t) dL, which is also equal to J(t) ~t) dt. Then: 

n(Lo, t) l/(t) - l~t) d(t) l/(t) J(t) 
dL - G(t) (3.3) 

dt 
since, for definition, dL/dt = G. 

Along the characteristic curve dL(t)/dt = G(t) (John 197 l),which 
intcgratcd gives: 

L(t) = L~ + ~ G(t) dt (3.4) 

the balance Eq. (3.1) can be rewritten as: 

~f(L(t),t) dL(t) Of(L(t),t) 
- -  + d ~  OL - 0 (3 .5 )  ~t 

i.e.: 

dffL(O#) 
dt 

- 0 (3 .6 )  

From (3.6) it follows that, along curve (3.4): 

f(L(0, 0 = const. = J(Lc, tL) (3.7) 

where, according to (3.4), tL is the time required by crystals of 
dimension L at time t, to grow from L c to L(t). But, according to 
boundary conditions (3.2): 

~tL) J(tc) 
f(Lc'tL) = G-(tt~)- (3.8) 

from which: 

I/(tr+) J(tr) 
n(L,t) - (3.9) 

G(tr) l~t) 
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