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Abstract. An asymptotic theory is developed for the hydrodynamic stability of an incompressible fluid
flowing in a channel in which one wall is rigid and the other is compliant. We exploit the multideck
structure of the flow to investigate theoretically the development of disturbances to the flow in the limit
of large Reynolds numbers. A simple spring-plate model is used to describe the motion of the compliant
wall, and this study considers the effect of the various wall parameters, such as tension, inertia, and
damping, on the stability properties. An amplitude equation for a modulated wavetrain is derived and
the properties of this equation are studied for a number of cases including linear and nonlinear theory.
It is shown that in general the effect of viscoelastic damping is destabilizing. In particular, for large
damping, the analysis points to a fast travelling wave, short-scale instability, which may be related to
a flutter instability observed in some experiments. This work also demonstrates that the conclusions
obtained by previous investigators in which the effect of tension, inertia, and other parameters is
neglected, may be misleading. Finally it is shown that a set of compliant-wall parameters exists for
which the Haberman type of critical layer analysis leads to stable equilibrium amplitudes, in contrast to
many other stability problems where such equilibrium amplitudes are unstable.

1. Introduction

The first major theoretical investigation into the effects of a flexible boundary on the hydrodynamic
stability of a boundary-layer flow was made by Benjamin (1960). His analysis, based on linear stability
theory, showed inter alia that for flow over flexible surfaces three modes of instability could be excited. The
first of these is similar to Tollmien—Schlichting instability but now modified by the effects of the flexible
wall. These Class A waves are stabilized by a nondissipative flexible wall while internal damping has
a destabilizing effect on this type of instability. The second type of unstable waves, or Class B waves, can
exist with an inviscid fluid flow and depend solely on surface flexibility. The third form of instability, or
Class C waves, are exited when the flexibility of the wall is large and are of the Kelvin—Helmholtz type. In
a later study, Benjamin (1963) gave a more precise classification of the instabilities which, for inviscid flow
over a compliant surface, were described by means of a generalized Lagrangian method. Further studies
were made by Landahl (1962) who also confirmed Benjamin’s findings about the destabilizing nature of
internal damping on Class A instabilities.
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Building on the work of Landahl, Gyorgyfalvy (1967) carried out an extensive analytical study of the
stability and transition of boundary layers over flexible surfaces. He found that a flexible surface can
significantly reduce the amplification rates of Class A instabilities leading to a delay in the onset of
transition to turbulence. In an earlier study of parallel shear flow over a general compliant surface, Landahl
and Kaplan (1965) had also shown that a careful choice of the compliant surface properties can lead to
a significant reduction of the spatial amplification rates, It was also generally accepted that to achieve any
appreciable delay in transition it would be necessary to use a light and highly flexible membrane. Recent
work by Carpenter and Garrad (1985) has cast doubt on these conclusions for “Kramer-type” compliant
surfaces.

The model investigated by Carpenter and Garrad (1986) is a “Kramer-type” compliant surface. Their
approach admits both approximate theory and a numerical scheme to solve the Orr—Sommerfeld equation.
Following Landahl (1962), the objective was to determine the effects of any change in the mechanical
properties of the compliant coating on the hydrodynamic stability of the flow. Their study concentrated
on Class A waves, the Tollmien—Schlichting instability (TSI). Class B waves, also called flow-induced surface
in stabilities (FISI) were considered in a later study, see Carpenter and Garrad (1986). The main conclu-
sion, later confirmed by Willis (1986) is that any effects which stabilize the TSI will inevitably destabilize
the FISL

A review of some of the earlier experimental and theoretical work involving compliant surfacesis given in
Bushnell et al. (1977). More recent research on compliant flows is extensively reviewed in the articles by
Riley et al. (1988) and Carpenter (1990).

In this paper we are particularly interested in determining the effects of a flexible boundary on the
hydrodynamic stability of plane Poiseuille flow. Extensive studies of plane channel flow with rigid walls
have been made by, among others, Reid (1965), Smith (1979), and Gajjar and Smith (1985). Early
investigations of the flow in a channel with compliant boundaries were made by Hains and Price (1962). In
their numerical studies both channel surfaces were assumed to be stretched flexible membranes. The neutral
stability curves obtained for this problem were compared with the rigid-wall model and the main effect of
the flexibility was to form a closed stability curve reducing the region of instability to between known upper
and lower critical Reynolds numbers.

More recent work has been reported by Rotenberry (1992). He also assumed that both walls were
compliant and used a streamfunction formulation to calculate the travelling-wave solutions that bifurcate
from plane Poiseuille flow along a neutral stability curve in the Reynolds number, wave number plane.
Despite suggestions that transition is modified in flow over compliant boundaries, see Rotenberry and
Saffman (1990), he concluded that for finite amplitude disturbances, transition for the flow over compliant
walls is qualitatively similar to that for rigid boundaries. In a recent study, Ehrenstein and Rossi (1993)
considered the problem of channel flow with one compliant surface. They used a streamfunction—vorticity
formulation to compute nonlinear neutral travelling-wave solutions.

The problem of a channel flow with flexible walls is of considerable interest in certain medical
applications, particularly in relation to the phenomenon of wheezing for people suffering from lung or
bronchial disorders. In this respect Grotberg and Reiss (1984) and Grotberg and Shee (1985) have
investigated the stability of uniform plug flow in a channel with two flexible boundaries. See also Grotberg
and Davies (1980), and the more general review on lung and cardiovascular flows by Grotberg (1994). In
Grotberg and Shee (1985) and Grotberg and Reiss (1984) the viscous terms are approximated by a simpler
modelinvolving a friction factor multiplying the velocity, and both papers concentrate solely on the inviscid
linear and nonlinear stability of the travelling-wave flutter mode. Some comparisons with experimental
data (Gavriely et al., 1984, 1989) show encouraging trends in certain areas.

It should be noted that the multiplicity of modes and the complex nature of the compliant material often
means that a detailed mathematical analysis of compliant flows is impracticable. In the numerical studies
the profusion of parameters makes a complete analysis rather difficult and to make the problem
mathematically tractable a judicious choice of parameters and numerous simplifications have to be made.
Despite these limitations, useful solutions can still be obtained from these studies.

In this study we consider the stability of channel flow with one compliant wall. This work has several
objectives. One of the aims is to obtain quantitative as well as qualitative information, from a rational
analytical viewpoint, of the effect on flow stability of the different wall parameters. For instance a question
which is of some interest is how the TSI is modified by wall compliance and what set of parameters causes
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the major departure from the rigid-wall solutions. Another objective is to study the nonlinear stability of the
flow over compliant surfaces and to obtain an analytical description of the equilibrium surfaces which have
been computed numerically by others. The analysis presented here enables a more systematic evaluation of
the variation of the nonlinear neutral stability properties with different wall parameters. Whilst the major
assumption used in the work below is that the Reynolds number is large, nevertheless as many other studies
of this type have demonstrated, useful information can be obtained concerning the important scales and
thin regions which govern the overall stability properties. This can give an invaluable guide for finite
Reynolds number computations of such flows.

We exploit the multideck structure of the flow regime in the limit of large Reynolds number to make an
asymptotic analysis of the perturbed flow. This technique has proven extremely valuable and accurate in
similar studies of boundary-layer flows, see, for example, Carpenter and Gajjar (1990). In this paper we
concentrate on upper-branch stability properties since these can then be used to predict the relevant scales
for the travelling-wave flutter modes, see also Carpenter and Gajjar (1990). It is also possible to deduce the
high frequency limit of the lower-branch modes using upper-branch scalings as in Wu et al. (1996). We
derive simple formulae for the wave number and wave speed in both linear and nonlinear theories and
compare these with similar expressions for the rigid-wall model. These expressions give a better insight into
the quantitative and qualitative influence of the lower compliant surface on the hydrodynamic stability of
the channel flow. The paper is organized as follows. Section 2 contains a linear analysis of the flow in the
lower half of the channel. It consists of three subsections; in Section 2.1 the basic theory is given and an
asymptotic analysis developed for the lower flow regions. The compliant-wall model considered in the
paper is given in Section 2.2, while Section 2.3 gives an analysis of the Stokes wall layer. In Section 3 we
consider the upper half of the channel and match the solutions across the whole channel. Section 4 contains
a nonlinear analysis of the critical layer. Some implications of the theory and the results are discussed in
Section 5 and we finally give a summary of our findings in Section 6.

1.1 Problem Formulation

The fundamental problem considered here is the theoretical model of an incompressible fluid flowing in
achannel with a lower compliant boundary. We consider long waves and assume that the Reynolds number
is large. The governing nondimensional unsteady Navier—Stokes equations for an incompressible fluid in
two dimensions are as follows:

ou oo _
ox  dy
a ox dy  ax R\ax2 a2 )

0,

1.1)

dv v, v dp 1(v &%
TR R aﬁﬁ(&ﬁé?)'

Equations (1.1) have been nondimensionalized such that the space coordinates are given by (x, ') = L(x, ),
the velocity components by (#,v') = U(u, v), the pressure by p’ = p, U?p, the density by p’' = p,p, and the
time by ¢’ = (L/U)t. We take Lto be the undisturbed channel width, U to be the centreline speed, and define
a channel-flow Reynolds number based on Lby R = UL/v,, where v is the coefficient of kinematic viscosity
of the fluid.

In nondimensional terms the upper channel wall is located at y = 1, while the compliant wall is located at
y = 5(x, t). The undisturbed flow is given by the velocity (U, 0) where Ug(y) = y{1 — ). In the analysis below
however we work with a more general profile U z(y) with the properties

Ug~iy+iy*+-- as y—0.

The coefficients 1, =dUg/dy(0)>0 and A, =d*U,/dy*(0) <0 are respectively the skin friction and
the curvature of the basic flow profile. For the lower wall we assume a simple plate membrane model
so that the change in the mechanical fluid pressure Ap due to the displacement of the lower surface, #, is
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related to the flow quantities through the relation (Carpenter and Garrad, 1985; Rotenberry, 1992)

2 2 4

M= M- -t (12

R* 0x ot Rt R?*0x* R
Here the quantities M, d, B, T, and « are respectively the mass density per unit length, the damping, the
flexural rigidity of the plate, the tension, and the spring stiffness. Equation (1.2} has been nondimen-
sionalized using the fluid density p, the channel width L, the centreline velocity U, and the viscosity u where
n=1/L,Ap = Ap/pU? T = TpL/u? « = RL>p/u?, M = pgh/pL,d = dL/u, and B = Bpy*L. We have imposed
the constant pressure gradient condition and chosen U = I?p/8u to be the characteristic velocity of the
parabolic velocity profile with p the mean pressure gradient.

The boundary condition on the velocity is

0
u=0, v= 577 when y=n(x,1). (1.3)

At the upper rigid channel wall, the no-slip condition holds so that
u=0v=0 at y=+41

The compliant-wall equation (1.2) gives the condition for the dynamic pressure at the flexible surface.
The compliancy of the lower channel wall removes any imposition of symmetry on the solution of the
problem.

The asymptotic structure for the upper-branch stability of channel flows is now well known and is given,
for example, in Smith (1979). The neutral wave number and phase speed are of O(g), and O(¢?), respectively,
where ¢ = R~ (« 1). We thus set « = &x, and ¢ = &%c,, respectively, where o, c, are the scaled real
wave number and real phase speed, respectively, of the travelling-wave disturbance. The disturbances are
taken to be in the form of a modulated wavetrain, periodicin X and dependent on additional slow scale X |,
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Figure 1. A schematic representation of the disturbance structure for channel flow.
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T, so that
2 o L 0
a—Sdoa—FS 5)(—1, (14)
T
é—t——S Codoﬁ-{“(ﬁ' a—Tl (15)

A further discussion of the scalings used here may be found in Gajjar and Smith (1985). We introduce
small disturbances to the basic channel flow of size d « 1. We also assume in each region, a solution
in the form of an asymptotic series expansion in terms of the scale factor ¢ for the disturbance velocity
and pressure quantities. The disturbance structure consists of several zones, [-VII, governing the
development of the flow. A schematic diagram of the flow structure is shown in Figure 1. The central
region I is a passive shear layer where y=0(1). Regions II and V contain the two critical layers,
regions IIT and VI respectively, and are both O(e?) while regions III and VI are of O(¢!%?). The flow
regions IV and VII are the viscous wall layers at the flexible surface and the rigid wall, respectively,
and are of O(e*). Additional diffusion layers embedded in regions Il and V, astride the critical
layer, which are necessary because of the properties of the unsteady critical layer, will be introduced in
Section 4.

2. Disturbance Expansions

2.1. Outer Flow Region

Following Gajjar and Smith (1985) the first significant departure from linear theory occurs when
the disturbance size 6 is of O(R™14/*3). Below we work with a disturbance size § which is taken to
be of O(R™14/33), We chose to work with the expansions in terms of § and ¢ as this facilitates a direct
comparison with linear theory. Linear theory may then be recovered by taking d to be infinitesimally
small. Below we consider each of the regions in turn and write down appropriate expansions of
the disturbance quantities. Since the analysis is similar to that for the rigid-wall case only the details
necessary to obtain the nonlinear dispersion relations are given. Most of the governing equations of
the disturbance quantities may be deduced from earlier work such as Smith (1979) and Gajjar and Smith
(1985).
In the central region I the flow is given by the expansions

u=Ug+ diiy + 6&ti; + -+, (2.1a)
v = def, + 0e3F, + -+, (2.1b)
p=p3+582[30+584[31 + e (21C)

Substituting (2.1) into the Navier—Stokes equations gives a sequence of equations for the disturbance
quantities which can be solved to give

fly= AU, (2.2a)

U= —oAxUp, (2.2b)
¥y

Po=Po—azA f Uzdy. (2.2¢)
0

Here A= A(X,X,, T;) and Py(X, X, T;) are unknown functions representing the disturbance displace-
ment and pressure amplitude at the lower wall, and we write 4= A(X,, Ty)e* +cc. and
Py =P(X,, T))e™ + c.c. (where c.c. denotes the complex conjugate).
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At the next order we obtain the solutions

v =
131 = OCOUB J\ % dy + OCOCOAX - CXOAleB, (2.33)
12 YB
v = 5
- Po o Ay UBy Ay Up
- 20 gy 20 1T TXTE 2.3b
== Us L . U2 B i ing (235

y y 1 y ¥y Yy
Pi=P, +af J U2 <f £% dy)dy + 202c,A J Ugdy+ “%AchJ- Uidy + ayAyy, J Uidy, (2.3¢)
0 12 Us 0 0 0

where the additional displacement A, and the pressure P, are unknown functions of X, X,, T,. The
integralsin (2.3a,b) have a logarithmic singularity at y = 0 (and also at y = 1) which becomes more apparent
in the study of region I and the critical layer. In region II containing the critical layer, the appropriate
scaled transverse coordinate is related to y by y = £2Y with ¥ ~ O(1).

Introducing this, along with the preceding results and the solutions in region I, we have the following
expansions:

u= 2,627 + Ayet V2 oo o+ 8ig + £2,) + -, (2.4a)
v=0e(e’Ty + &*D, + ), (2.4b)
p=pg+0(e*py +&*py + ), (2.4¢)
=0, +en,+ ) (2.4d)

where 4, = Up|,_, and 24, = Uy, |, _,. Thus substituting the above equations into (1.1) we obtain the
solutions

_ D -

Bo= — %o = = %o Ax(2; ¥ — o), (2.5a)
1

iy = A A, (2.5b)

Po=Po(X, X, T)). (2.5¢)

Setting Y= 0 in (2.5a) and using the boundary condition (1.3) gives

Po=Po=coAi(4 + 1o} (2.6)
At the next order we obtain

_ I _ ¢ c?
0y = —— [P 1x + Pox, + 41(Ar, + codx )] — aO/IZAX<éZ +2 ’}:9 E{In|&| + o*} —1%)
1

A 2
A ¢ -
—2aocofnox(€{lnlél +p*} —f>~A1chollé, (2.7a)
1 1
A - A
i =,12A<2§+2% [1+1n[¢| +q0i]>+2cof;10(1 +In|é|+ oF) + 4,4, —%CLAXI, (2.7b)
1 0
py=PFy, (2.7¢)

where A4, is an unknown function of X, X ;, Ty, and & = (Y — ¢o/4,). These solutions contain terms which are
irregular when Y= c,/4, and a critical layer of thickness O(¢!%/?) has to be introduced to smooth out these
singularities. The terms @ are introduced to connect the solutions either side of the critical layer (the
+ sign refers to € positive and the — sign to & negative). In linear theory it is well known that {¢* — ¢ ™) is
equal to im.

Before considering the wall layer it is convenient to return to the motion of the compliant wall.

2.2. The Compliant-Wall Model
Equation (1.2} is written as

Ap = p/ = Tnxx - Ms8_411tt - Zl—gnt - Bsnxxxx — K. (28)
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Here is the small vertical displacement of the lower surface and the constants T, M, B, d, and Kk arerelated
to the original parameters by
Ke™? Be? _ T de~?!

M,=Ms*, T=—, d="—"-.
R R

TR BTRE

This choice of scaling enables the scaled parameters to appear as O(1) constants in the eigenvalue relation
and therefore allows a greater range of compliant properties to be studied. By taking appropriate limits the
structure for other cases can be deduced from the analysis below. The fluctuating pressure at the wall is
given by p’ and by expanding p’, 7 in the form

p'=0(epo +&*py + ),
n=0(no+ & + ),
we obtain, using (2.8), (2.2¢), (2.3¢),
Po=Po=s010  Where s,=— T2+ Malc:— Byt —x, (2.9)
where we have taken 5, = 7,(X ;, T})e™ + c.c. At the next order we obtain '
pr=P =ZLn + 20‘()7”70)()(1 + dotoCotlox + 2Moocotoxr, + 4Bs°‘(3)’70XX1a (2.10)
where the operator .# is defined by

L= “(2) T’?xx - Ms“(%c(z)rlxx - BsaanXXX — Kt

2.3. The Stokes Layer

In the Stokes layer, of O(e*), region IV in Figure 1, the analysis deviates significantly from that given for the
main channel and the adjoining flow regions. In this region Z is an O(1) coordinate where

y=n(x,1)+¢*Z,

and we introduce the Prandtl transformation so that the expansions then take the form

w=Uy+ 00y + -, (2.11a)
v=nx,1) + 0&°0y + -+, (2.11b)
p=pg+ e Py + . (2.11¢)

The leading-order equations which govern the Stokes-layer flow are a linear system of partial differential
equations,

0dy 00,
O‘oﬁ'*‘ 7z =0, | (2.12a)
o, Mo 0p, 0%
_ =0 9 e gy 22— 1
aoc(,(aX-Hll e O 6X+BZZ’ (2.12b)
Do = Sotlo, (2.12¢)
with boundary conditions
g~ 1,4 as Z-w, (2.13a)
g = — A4, at Z=0, (2.13b)
0, =0 at Z=0, (2.13¢)

to match with the solution in region II and satisfy the conditions at the flexible wall. Solving (2.12) with the
above boundary conditions gives

Po_Po,-mz_; (2.14)

ﬁ:
0co Co
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where
m = (oyco)' 2 e 1D,
Thus using (2.12a) we obtain,
R [ Bo o Po o wz
=— —=_J — iy — (7™ —1). 2.15
Yo o <co 17’/> 4 — W me, (e ) (2.15)

Ofinterest in the derivation of the amplitude equation is the displacement from the wall layer which is given
by the finite part of d,, Oy, say, as Z — cc and from (2.15) we see that

A
. ; %oPo

of =
mc,

2.4. The Upper Regions of the Channel

Regions V-VIlLin the upper half of the channel wall are analogous with the corresponding regions II-1V in
the lower half of the channel, but with the compliant surface replaced by a rigid wall. The important results
may therefore be deduced from the analysis given in the earlier sections.

In region V, which contains the upper critical layer, with y = 1 + ¢2¥, the expansions follow from (2.1) and
the solutions in flow region I in particular:

u=7182Y +1,e*Y? + 8(di, + &%, + ), (2.16a)
v=0e(e?, + &5, + ), (2.16b)
p=py+3(e*Po + &Py + ). (2.16¢)
The following results are obtained for the leading-order problem:
Go=MA4, Ty=—0aghAyY, and f,=cyi 4, (2.17)
where the constants £, and 1, are given by
A=Uglyer,  20,=Ug,l - (2.18)

The second-order problem is solved to obtain

= 1 z = - > CoO¥r 1% . ~ I - ~
vy = -7 [P 1x + Pox, + 41(Ar, + codyx )] — O‘o}w‘lx(f2 +2 ;795[1n|f| + 6] —fo> — A x09418,
1 " 1
(2.192)
51 =51(X,X1,T1), (2.199)

where & = Y— (c,/4,) and the functions @< arise from the continuation across the upper critical layer
(the + sign refers to & positive and the — sign to & negative).

The analysis of the Stokes layer at the upper rigid wall is similar to that near the lower wall, and it is found
that the displacement condition on #, is given by

i %oPo
com’

5,(Y=0)=—

Before analysing the critical layers and the diffusion layers, it is convenient at this stage to derive the
amplitude equation for the evolution of the disturbance. This is obtained by matching the various flow
quantities across the different regions. The role of the critical layers here is relatively passive in the sense that
the normalized critical-layer equations are of Haberman (1972) type with unsteadiness (in X ,, T;) appearing
in parametric form. This is very different from problems in which the full unsteady nonlinear critical-layer
equations arise, and where the interaction and coupling with development of the amplitude is much
stronger. The diffusion layers here exist to smooth out the large mean flow jumps produced by the
Haberman critical layer.
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3. Eigenrelations and Derivation of the Amplitude Equation

Firstly if we consider regions I and IT*, the matching of the normal velocities using (2.2b), (2.3a), (2.5), (2.7a)
leads to the relation

2CqA%0

DAy —aghiA;x= — (Ax +nox)e™ OC0’11111)(5 (3.1)

1

where D (and the other D,’s below) are real constants which are given in Appendix A.
Next matching the normal velocities between regions IT™ and the Stokes layer, region V, shows that

1 B _ 2,00,C2 _ _ Vij
I [otoP1x + Pox, + 41(Ar, +COAX1)] + ZAZO ¢ (Ax +10x)¢ ™ + CooAds1x + AxD; = mo ° +Hor, — %Coll1x-
1 1
(3.2)
Similarly matching the normal velocities in the regions in the upper half of the channel leads to
~~ 2k .
R “2 0% Ay~ =D Ay —0gh A1y (33)
1
and
1 2/lzococ0 Co ~ %P0
- [ocoplx +p0X +/11(A +codx )] + Ayl 0" +In|=2| } 4 corod x = . (3.4
Ay I i Ay o
Next matching the pressures between regions I, II, and IV shows that
Po=Po=DPos p1=P =p, (3.5)
The pressures in the lower and upper half of the channel may be matched to give
o= Py —a2Al, (3.6)
and
By =Py + 200021, + aglgAyy + Poall, — 0 AL + 024, xxlos (3.7)
where
1
IO = J\ UIZB dy9
0
and the other integrals in (3.7) are defined in Appendix A.
The relations (2.6), (2.9), (2.17), (3.5), and (3.6) may be combined to yield
Baq 2y — coSolhy — A1) = 02l o(so — Coly)s (3.8)

which is the dispersion relation fixing the wave number to the phase speed.

Relations (3.1)~(3.8) above may be used to eliminate P,, 4,, 5,, 4,, po, and p, to obtain an expression
which determines the higher-harmonic components of A, (and therefore some of the other quantities). If we
restrict attention to the e’ components, then after some algebra (3.1)—(3.8) lead to

1“0/11170

ido(coDo — A1Dy) —iogCorq Ay + -+ ;”1'70T1

0oCol = -
e 200 THiox, — dotoCotlo — 2MoCotlor, — 4B ox1]

So
2¢20,0,4i _ Col
= _0/1—20(1‘1 +1)(@" — @ )_Pox1 _/11(AT1 "‘CoAxl)’“(l _*%‘l>
1 0

2ik, L w
><[/l1 aoCq AP — )+060A Iy +iog(I Ooco-{-,l o)Ay — (Pox, + Ai(Ary + cody)) — iD3A + i mc1po:|’
! 0

(3.9)
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where A, is the ¢* component of 4,. Note that the coefficient of 4, in (3.9) is

A .
itgcohy + (1 Lol ) iorg (L2 + £, ¢o)

So

which is zero because of the dispersion relation (3.8). The e** coefficients of the remaining terms give the
amplitude equation which may then be expressed as

6_Z +e _6_2— =_1_ ; apcoiid i %oSol iy (8o — C0%)%% 1
0T, 10X, Ds * So(So — 41€0) m(so — Cody) Som
— A58 o (So—Cod ), .
—2c20id| —E2 _(pt - T) 42 LU2 (5T — B 3.10
o%o [ll(so—coh)((p ®) o (A (3.10)

where ¢, = 0(ycy)/0x, is the group velocity of the wave and D, D, are given in the appendix.
Equation (3.10) is the key result of this paper and some of the properties of this equation are studied in
alater section. As can be seen from (3.10) the nonlinear evolution of the amplitude is strongly dependent on
the jumps (¢ — @ ") and (¢ — @ ) across the lower and upper critical layers. We consider next therefore
the details of the critical layer.

4. The Nonlinear Critical Layer

For the critical-layer and diffusion-layer analysis it is necessary to restore the dependence of 6 on & and we
set 6 = ¢'*3, In the lower critical layer y = e2c,/A; + &!%33 and the critical-layer solutions expand as

2 ~ 2coh ~
u=¢eicy+etoBLy+etc? 1% +e!*3U + g3 —70——2)7 + &R0, + -, (4.1a)
1 1
v=623BV_ 427V 4+ 2P, + £33V, + ., (4.1b)
p=pg+&20B3P, 4+ 25PP, + 623D, 4 ... (4.1¢c)

The main differences here and in earlier studies are in the expansions for the mean flow termsin (4.1a). For
a steady nonlinear critical layer a mean flow term of order O(¢'%?)is present in (4.1a) as well as outside the
critical layer in (2.1) to enable a match with the mean vorticity jump produced by the critical layer, Here
because of unsteady effects such terms are not necessary. The diffusion layer serves to restore the mean
vorticity jump produced by the critical layer back to zero outside the critical layer.

After substitution into the Navier—Stokes equations the leading-order quantities are found to have
simple solutions. At higher order it is found that the solution for U, with {, = ﬁw is governed by

. ~ ~ oo P
aoh Fix+Voilyy—L{5;=0, V. = —%, (4.2)
1
with boundary conditions
~ A ~ ~
Uy~ A5 + 2Po}_§ (n[yl+¢*) + U (X, X, T)+ HHX, TP§+ -+ as jo>too. (43
*1

Here U* contains the higher harmonics in ¢'*, with the fundamental being absorbed by the ¢* terms, and
the A* terms are necessary because of the properties of the critical layer.

Since X ,, T, appear only parameterically in (4.2), (4.3) it is convenient to reduce the equations to a more
standard form. If we set Py = {|Py(X,, T,)|®X-T0*5 4 c.c} (where 0 is real) and

Cl = 2)°Zd1€*, y= dl Y,
with

_ 1431
23/2|Po|3/20‘0}“1 ’

d _'\/§|F0|1/2

= , 0+ X =X*,
1 |l| + Ve
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then (4.2), (4.3) reduce to

Y*(%, 4 sin X*0%, — y (. =0, (4.42)

X*
o HE+ Y+ Co;* as Y*— + oo, (4.4b)

with
1 %00 2n .

Pr)=0" — @~ =;j J (Ye X AX dY* =4y (H* —H"), (4.4c)

—w J0

H* =2),d,H*,

A similar analysis of the upper critical layer shows that the same problem as (4.4a,b)is obtained but with
y replaced by §,, where

, |4
T P 4.5
VA Dol a0l )
This implies that the ¢+ — ¢~ across the upper critical layer is given by
P=0¢"—6" =0(f)=9(0.) (4.62)
where
A 32 )
=Ll |4 (4.6b)
A(so —coAr)| Ay

For fixed X,, T, and hence |P,|, the problem (4.4) needs to be solved numerically to determine ¢* as
functions of y.. The solution of this problem is now established (see Haberman, 1972; Smith and Bodonyi,
1982), and it has the property that Real(ip) > — = as y,— o and Real(ip) » —y,C* as y, -0, where C'V is
a constant (C™ = 5.516). Note that the jump across the upper critical layer is not the same as that across the
lower critical layer. The numerical solution of (4.4) shows that ¢(y,) is an odd function of y, and hence, for the
case 1, = — 4, studied below, ¢(y.) = — o(|a|7,).

We consider next the diffusion layers with y = %(co/4,) + &> Z either side of the lower critical layer. As has
already been mentioned the role of the diffusion layers is to reduce the mean vorticity jump (the (H* — H™)
term) to zero outside the critical layer. The scalings used below may be derived as in Gajjar (1996). We have
the expansions for the velocities and pressures in the form

5 =
u=c%cy,+e%4, 72 +¢&* % + &35, + &° ————2%?12 + 894,72 + 1P, + 6280, + &7y + 223, + -,
1

v= 83(814/317_1 +817/3171 + 820/3172 + 823/353 + 824/3174 + 825/3175 + ), 4.7)
20/3 26/3= 28/3 = 29/3 =
p=8"""po +&*%p; +7%p, + &2 py + -,

The solutions for the leading-order terms are trivial and are readily deduced by expanding the outer
solution in region II in terms of Z. It is found that i,y =0, p, = P, and

_ 27, _ _
= i1 iy T r—— D X T 5 .
2 =Uyz %/ﬁz Po+om(Xy, Ty, Z)

At the next order the equation for i1, shows that

— _ = _ —_ _ o ﬁ
u1T1+COu1X1_ulZZ: _<U—ICZ>> U_lz _ ZoFox (48)

4y

after averaging in X over one period and the notation (-} denotes the average of the quantity inside the
brackets. Hence {, = ii, ; satisfies the equation

8 T, T COZIXx + COC_1X1 —{122=0, (4.92)
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with the conditions
[, =H*X,T,) at Z=+0. (4.9b)

This equation and the boundary conditions are the same as those obtained by Brown et al. (1993). The
equation may be solved using Fourier transforms to obtain

i

> 1[5 )Z] 4. (X —q)\ exp(— Z*/A(X, - q))
Cl(ZaXla Tl)z_J\—ooE\_]—;CH <q9T1— - ) (Xl__q)3/2

Co
The + sign refers to the diffusion layer above and below the critical layer, respectively. It can be seen that
the mean vorticity diffuses to zero away from the critical layer for large | Z|.

dq.

0

5. Results and Discussion

5.1. Linear Neutral Results

The results for linear theory may be deduced from (3.10) by taking the jump ¢ equal to iz and using (4.6a). If
we restrict attention to the neutral case, then the real part of (3.10) together with (3.8), determine the linear
neutral eigenrelations as

B agATS, B ok <so - coxll> 05Chadyy 20350080 (So— Cohy)20,00C2T (5.12)
ﬁrﬁ(so — Coly) \/Em So So(So —Col1)  A1(So — Cody) Sot1 ’
cgil'ﬂ — CoSolhy = Ay) = a51o(s0 — Coly); (5.1b)
and where
so = — T2 + M2c: — Bo§ — k. (5.1c)

In the above we have set d,, to be the real part of d,. For a given set of wall parameters T, M, B, k, d,.,
(5.1a—c) can be solved numerically to obtain the neutral wave numbers «, and wave speed ¢,. In the
numerical results described in this paper we used the basic profile given by Ugz=y(1 —y) giving
I =—2,=—1and ), =1, = — 1. With this basic profile (5.1a) reduces to

L% oy 2c5k,may (5.1d)
\/Erﬁ (53 + (50 — coA1)?) 2z

A complete parametric study involving the variation of all the parameters T, M, B, ., d,, in addition to
the amplitude 4, is beyond the scope of this paper. The results presented in Figures 2—-10 are for a selected
set of parameters, and the general trends shown in these figures for various limiting cases are confirmed by
further analysis below.

In Figure 2(a)—(d) we show the variation of the neutral wave number ¢, and neutral phase speed ¢, for
different values of damping, against «, with M, B,, T set to zero. The most pronounced deviation from the
rigid-wall results occurs for small values of k, and for large values of damping. For a fixed value of damping,
as K, increases the rigid-wall results are recovered. For certain values of damping there are three roots of the
dispersion curves, although these are connected, see, for example, Figures 2(b), (d) and 3(a), (b). In Figure 3
we show the variation of o and c,, against d, for x, = 5 with M, B,, T set equal to zero. It is seen that as
damping increases the rigid-wall solution disappears and is replaced by one with much larger wave
numbers and enhanced wave speeds.

In Figure 4(a)—(d) we show some results for o, ¢, against the scaled tension parameter T, for different
values of damping. For fixed x, and d,, the smaller values of tension produce significantly much larger wave
numbers and wave speeds than the rigid-wall case. For large T the rigid-wall values are again recovered. In
Figure 5(a), (b) we show the variation of o, ¢, against d,, for fixed values of x, and T. This again shows that
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Figure 2. (a) Linear neutral wave number o, against k,for d;, = 0,0.1, 1, and 10. The values of M,, B, and T are all zero. (b) Same as (a)
for d,, = 10 but shown on a different scale. (c) Neutral phase speeds ¢, against k, with the same values of the other parameters as in (a).
(d) Same as (c) but for d,, = 10 shown on a different scale.
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Figure 3. (a) Linear neutral wave number o, against scaled damping d,,, with x, = 5 and M, = B, = T = 0. (b) Same as (a) but with
wave speed ¢,.
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Figure 6. (a) Linear neutral o, against M, with T = 1, B;= 0.01, 5, = 1, and d,, = 0. (b) Same as (a) but for phase speed ¢e- (c) Variation
of a, against ¢, with M, varying, other parameters as in (a).

as damping increases, beyond a critical value of damping, three distinct roots of the dispersion relations
exists. For larger damping the rigid-wall solution is again replaced by one with larger wave numbers and
phase speeds.

In Figure 6(a)—(c) we show «, and ¢, against M, for fixed values of the other parameters and zero
damping. There are now four distinct roots and three join continuously to merge with the rigid-wall
solution. The fourth root appears to be disjoint, and this suggests that for M, nonzero there are two distinct
modes. For large values of M one of the modes represents a fast travelling wave with small wave numbers,
and the other mode is a much shorter slowly travelling wave.

In Figure 7(a)—(e) we show the variation of «, and ¢, against damping for nonzero values of the other
parameters. Again for certain values of damping there are four roots to the dispersion relations. As damping
increases two of the roots join continuously together and merge with the rigid-wall root. For very large
damping there are only two roots and these represent two distinct modes. This is shown clearly in
Figure 7(e) where we plot «, against ¢, with damping varying.
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5.2. Analysis of Limiting Case for Linear Theory

The limiting cases, where some of the wall parameters become large, are of some interest and examined
below. The following results are readily deduced from the relations (5.1a—d).

(i) k,# 0 and d,, finite with one or more of T, B, becoming large.

Here the only behaviour consistent with the eigenrelations is that s, — + o0 and «, and ¢, approaching
the rigid-wall values a,,, c,, given by

o2 4 111
Cor =7, Lo, =44 (m) : (52)
(i) T= M, = B,=0, d,, finite, ,— co.

If x,— + o0, then sy = — k,—» — o0 and (5.1b—d) show that both ¢, 2, remain O(1) and approach their
rigid-wall values.

If x,— — oo, then in addition to «,, ¢, approaching the rigid-wall values, there is another possibility
given by

-3 .-5{ }'ZW 2
Co~ — 2K+ o(l), oy~ 27 ¢y — ) - (5.3)
1

However, even though the limit xk,— — oo is mathematically interesting it is not possible on physical
grounds and therefore we do not consider it further.

(iii) dy,— + 0.
From (5.1) we find that both «,, ¢, become large with

2
aglo

T4

Co

(54

The precise limiting form depends on the value of T, M, and B,. For instance, if T# 0 and M, = B, =0, then

Tod,,
Yo LT
If T#0, Ms #0, and B, # 0, then
2d, 2\
%~<_ Iglz“) '
If T=M,=B,=0and x, #0, then
d
Xy~ —T;'IO.
If M;=0and B,#0, then
. N(io@)” ;
© \84,B?)

(iv) M, nonzero.

This case is treated separately because of an additional mode which appears. First if d;, =0 and M|
becomes large, then, in addition to (5.2), there is another solution given by

. 932,2\1/9
%o ~< 21 > M35, Co~ “ 2
Aq 2M ol

Next for M nonzero and d,, — o0, one possibility is as given in (iii) above and (5.4). Another solution is

—32,m\R
o\oMd,,) 0 T aMe
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5.3. Nonlinear Neutral Results

In this section we examine the nonlinear equilibrium solutions of (3.10). The amplitude equation (3.10)
may be written as
(A% c a1 AP) _ 2(s +(so — cohr)®)
0T, ¢ 0X, Dso(so — coly)
% I: o%od] 23c3d 1 A1 . 2c5002s
\/En_'l sg+(so—cot)?  A(s3 4 (50 — coAy)?)
where ¢, = Real(ip) and y,, o are as given in (4.4)—(4.6).

The nonlinear equilibrium solutions of (5.5) are obtained by setting the right-hand side of (5.5) to zero and
solving this in conjunction with (5.1b, c¢). This gives.

AP

(560:(v2) + (50 — Code)* @ullolc) } (5.5)

2 2.3 2 2
oAy ogCod AT 2cg0ph,

\/_2_n"1 53+ (80— CoAr)® Ag(s3 + (5o — Cohy)
For the velocity jump across the critical layer we took the model

VCTEC(I)
RS

) (550470 + (50 — cod1)? @il a17.)). (5.6)

oy =

which agrees well with the numerically calculated values for y, small or large, see also Gajjar and Smith
(1985).

Some sample nonlinear results are shown in Figures 8 and 9 for different values of the compliant-wall
parameters. A simple interpretation of these results is that the curves in Figure 8(a),(c) for example,
represent a cut at a fixed large Reynolds number through the neutral surface in the wave number or phase
speed, energy and Reynolds number space. (In place of energy we have used a scaled magnitude of the
disturbance amplitude.) For a channel with rigid walls such surfaces have been computed numerically at
finite Reynolds numbers by Orszag and Patera (1983) and Herbert (1977). Similar computations for
a channel with compliant boundaries are presented in Rotenberry (1992) and Ehrenstein and Rossi (1993),
but using a very much simplified model for the motion of the wall.

In Figure 8(a)—(f) we show the variation of the neutral wave number with neutral amplitude for the case of
the simplified model in which all the wall parameters except the spring stiffness x, and damping d,, are zero.
With zero damping the results are similar to those for the rigid-wall case, Figure 8(a), (b). With nonzero
values of damping, and large k, the curves increase up to a peak amplitude and then terminate at a slightly
lower finite amplitude, Figure 8(a), (c). With a nonzero value of damping and small « there are multiple
roots even for the linear case. Two of the roots connect together as the nonlinear amplitude increases, see
Figure 8(c), (d). The third root also terminates at some finite amplitude, Figure (8d).

With the scaled tension T nonzero, the nonlinear results differ considerably from the rigid-wall case when
the damping is nonzero. There are again multiple roots to the dispersion curves with d;, # 0. In Figure 9it s
seen that two of the roots connect together nonlinearly. The third root has the wave number increasing, but
with the amplitude decreasing, as problem (4.4) becomes strongly nonlinear.

The behaviour of the neutral surfaces when some of the other parameters are varied is much more
complicated, and further results are not presented here. Some of properties of these solutions may be
deduced from the analysis of the limiting cases below.

The properties of the nonlinear neutral results in the limit as y, tends to zero is examined next. The results
given below can be obtained as in Smith and Bodonyi (1982). We consider the various possibilities in turn.

(v) T=M,=B,=0and x, #0.
First if d,, = 0, then the dispersion relations show that
T A~ agy P, co~%glods, (5.7)
where

22\ 1
gy =27 33— J,C IO )~ /5|5 |~ 3/57/5, gy = <23/2—> . (5.8)
%o1 IKs|
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shown on a different scale.



k=1, T=0.005 k=1, T=0.005
40
8.0F
351
751
30
7.0}t
S 6.5
& s
201 6.0
15t 550
10} 5.0
5F 4.5
L 1 1 ! L L i 1 J L ] L L
0 4 8 12 0.00 0.10 0.20
A A
(@ (b)
k=1, T=0.005 k=1, T=0.005
200 _
180 40r
160 35
140 |- 30
120} 25}
o
S 100k Y 20
80+ 15k
60+ _ 10k
40t 5]
O -
2 ! 1 ! ! I ] 1 O [ | 1 L
0.0000 0.0010 0.0020 0.0030 0 4 8 12
A A
(© (d)
k,=1, T=0.005 k=1, T=0.005
14t 1000 E
|
1.2+ 200t |
1.0F 600 |
S S \
0.8} 400
0.6} 200 |-
0.00 0.10 0.20 0.0000 0.0010 0.0020 0.0030
A A

]

Figure 9. (a) Nonlinear neutral amplitude A against wave speed «y, with &, = 1, T = 0.005, M, = B, =0, and d,, = 0. (b) Same as (a) but
withd,, = 5.(c) Same as (b) but showing the third root. (d) Same as (a) but for phase speed c,. (¢) and (f) Same as (b) and (c) but for phase
speed ¢, :



The Hydrodynamic Stability of Channel Flow with Compliant Boundaries 125
If di, # 0 there are no consistent balances with any of the terms in the dispersion relations and this
suggests that the solutions must terminate at some finite values of y, as indicated by the numerical solutions.
(vi) T#£0and M,=B,=0.
With d,, =0 it is found that

2
a5lo

%o ~ oy, M, A~ agy, M, e~ 2—,11 ’ (59)
with
7'52 1/11 i‘}-/:& T+ IO/2 3/2
and where
T2 T P2
= = %> d = 1 - d ==
10 T2 4 (T+ 1,2 20 =( 10) T+1,/2
With damping present (d,, # 0) the limiting behaviour is very different and we find that
Oo~ o3V, s A~ agsy?, (5.10)
and
dlr}'%IO

M3 = T (T + 10/2P42,CVdyg + dyg)

The constant a5 is of the same form as a,, with o, replaced by o,.
Whereas without damping the amplitude increases indefinitely, with damping the amplitude goes to zero
as 7, goes to zero.

(vil) M,=0and B, #0.
With d,, = 0 this is the same as the rigid case given by

2

- ogl

- —-2/11 0-0
ao~Uoays 2N, A~ agyl Y, c~aT (5.11)

1

and
7.52 1/11
7/3,,—4/37—1,,—2/11
%04 = OC01’<C<1)2) > Qpg = '11/ %4/ Igty 2,
With damping present the corresponding behaviour is

&g ~ ooy, M3, A~ agsy. 2, (5.12)

and

— 87,CVB2\"1/3
Oos =| ————7— s
02 j'%dlrlo

with ay5 of the same form as a,, but with «,, replaced by a5
(viii) M #0.
Here there are two modes with one mode behaving exactly as in the rigid case given by (5.11). The other
mode has a different behaviour depending on whether d,, is zero or not. If the damping is zero, then
— }'1
2M o2’

-10/27
¢ ;

2/9 T
Gop ~ osVc' s A~agsy Co

where

200, M3\

= — 73 4/3

Qo5 = < lzcu)z ? Qo5 = ilMs“O/S N
2
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Ifd,, #0, then
24,
M

1/3 T 13 473, ~9/2 _
oy~ Oogle’>s A~2TMogey, 7%, Co= 2’
70

—,CH 3
“°6=<211Msd1,> :

The numerical results shown in Figures 8 and 9 are in good agreement with the predictions above.

and

5.4. Further Properties of the Amplitude Equation
Introducing the variable T = T; — ¢, Xy, (3.10) may be expressed as
AP
dT

k _
= kok, |:1 _k_j (d o) + d2¢l(|0’|yc)):||A|2= (5.13)

where the constants k, k,, k,, do, and d, are given by

2(53 + (8o — 6011)2)

k, = o _ , 5.14a
° = T 2M 23020 1 (50 — o) oy Ay — oty — ) + 22lor)] (-142)
K a2cdd, A2
k — 01 o~o%¥1rt1 , 514b
! \/En_l S(Z)'f”(so'co/ll)z ( )
2c2a, )
kﬁ%, (5.14c)
1
and
2
d, % d,=1—d,.

- S(ZJ + (5o — coAy)?’

Note that k,, d,, and d, are positive whilst k, and ¢, are negative. The nonlinear term thus exerts
a stabilizing/destabilizing influence depending on whether k, is positive or negative. The linear growth rate

0.0006

0.0005 0.06
O'Os ..........................................
0.0004
0.04 ............ ............. ............................ P
3 : : : : :
>0.0003
= : : : ! . :
] V= 003t fen e M e

0.0002 : : : : : :
0.02 . ........ ............ . ............

0.0001 : : : : : :
0'01 EECREREEE CERRRE . ............. .. ............. A .............

0.0000

000k i SOOI SO SO S

(@) (b

Figure 10. (a) Phase diagram of (5.13) with x,=1, d,, =0, B,=0.0001, T=1, M, =117.83, a, = 4.031, and ¢, =0.3316 giving
ko= —0.3147, k, = 2.4655, k, = — 0.8864, and d, = 0.6679. (b) Numerical solution of (5.13) with parameters as in (a).
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is ko(k, + k,7). The right-hand side of (5.13) may be expressed as
kolky +kym] |A|* — koko[m + dyo,(v.) + dyo (1o ly)]1 A%

For an unstable wave the first bracketed term is positive and the second bracketed term is zero. As the
amplitude increases, if k, is negative, then the second term causes a reduction in the growth rate which
eventually crosses zero, see Figure 10(a). This suggests that solutions of (5.13) starting from a lineary
unstable state, with k, negative, must reach a finite amplitude at large times T.

We consider next the stability of the equilibrium solutions of (5.13). Let | 4|* = | 4,|*> + B where B « 1 and
the suffix e denotes an equilibrium value. Then substituting into (5.13) and linearizing gives

B _
dT

—koky(d19)(v.0) + dylal@i(lo |y A <d|d%c|2> B. (5.15)
Thus if k, is positive the equilibrium amplitudes are unstable whereas if k, is negative the equilibrium
amplitudes are stable. For the rigid-wall case (and the accelerating boundary layer) described in Gajjar and
Smith (1985), k, is positive confirming the tentative suggestions of Gajjar and Smith (1985) that the
equilibrium amplitude solutions in these flows are unstable. For the compliant-wall case there are several
parameter regimes where k, can take both signs. An an example in Figure 10(b) we show the numerical
solution to (5.13) for an unstable wave, with the wall parameters such that k, is negative, which attains
a stable finite equilibrium amplitude as predicted above.

6. Summary

In this paper we have developed a self-consistent theory to study the effect of compliance on the
hydrodynamic stability of flow in a channel. We have established an analytic procedure for the analysis of
channel flow with compliant boundaries which is a counterpart to the well-known theory for channel flows
with rigid boundaries. ,

An amplitude equation governing the nonlinear evolution of disturbances to the basic flow has been
derived and solutions obtained for both the linear and nonlinear theories.

A few important conclusions which may be drawn from the present work are as follows. Firstly our
results show that the use of Hooke’s Law alone (with T, M, B,, and damping all set to zero) gives results
which are markedly different from the ones in which some of these parameter values are not zero. This
suggests that the use of Hooke’s Law alone can lead to misleading results for a real compliant surface. The
computations of Rotenberry (1992) and Ehrenstein and Rossi (1993) are based on such a simplified model of
the motion of the wall. The most pronounced deviations from the rigid-wall results arise with nonzero
values of the mass stiffness parameter M, viscoelastic wall damping parameter d, and small values of
tension. The effect of increased wall damping is destablizing on TSI in agreement with similar observations
in the boundary-layer flow over compliant surfaces, see Carpenter (1990).

Many of the limiting cases analysed in Section 5 point to the importance of a new Rayleigh structure for
the flow with enhanced phase speeds and shorter waves. For example from (5.11)it is seen that as o, formally
increases to O(e ') the unscaled wave number « and phase speed ¢ both become O(1). This and other new
structures predicted in Section 5 are currently being investigated. One important result which may be
deduced is that the basic plane Poiseuille flow with a compliant surface will be linearly unstable to Rayleigh
waves. Similar conclusions may also be drawn for the case of a circular pipe with a flexible wall in which the
basic state is taken to be the Hagen—Poiseuille flow and where the motion of the boundary is governed by
a similar model to the one used here. This short wavelength inviscid instability is related to the
travelling-wave flutter instability which has been observed in some medical experiments. Some aspects of
this have already been investigated in the context of some physiological phenomena, as mentioned in the
Introduction, see Grotberg (1994). However, the importance of this instability suggests that a more
systematic and rational investigation is clearly desirable and this is also being considered.

Finally, one other important finding is that for the flow studied here a range of parameter values exists
for which the nonlinear equilibrium amplitudes emanating from the Haberman viscous critical layer are
stable. This is in sharp contrast to that for the rigid-wall case and for many other related boundary-layer
flows.
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Appendix A
The constants Dy—D5 and the integrals appearing in the text are defined as follows:
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