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Unification in Boolean Rings
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Abstract. We show that two Boolean terms which are unifiable have a most general unifier, which can be
described using the terms themselves and a single unifier. Techniques for finding a single unifier are given.
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1. Introduction

Unification, or the solution of equations, in particular algebraic theories has attracted
a great deal of attention among computer scientists in recent years, as it is a basic
inference mechanism in algebraic manipulation of formulae, automated reasoning
and some programming languages. A detailed account is given in survey paper [16].

This paper is concerned with unifying Boolean terms, such as those arising in set
theory, and the propositional and predicate calculus. Rather than working with union
and intersection we take as our primitive operators on sets symmetric difference,
denoted by +, and intersection, denoted by * or just by concatenation. This makes
the terms we are looking at into a Boolean ring, that is, a commutative ring in which
every element x satisfies x * x = xand x + x = 0. The empty set corresponds to 0
and the universal set to 1.

This way of dealing with Boolean terms appeared in Boole’s book, The Mathematical
Analysis of Logic, in 1847. A comprehensive account of Boole’s work is given in
Hailpern [3]. It gives rise to a rather convenient decision procedure for the propositional
calculus. For -+ represents exclusive or, » represents and and 0 and 1 represent false
and true respectively. Then we can transform any proposition into a polynomial in the
Boolean ring by replacing —1p by 1 + p and p A ¢ by p * ¢ and so on, and the
proposition will be a tautology if and only if the polynomial is identically equai to 1.
For example (p = ¢) — ((p v r) = (¢ v r)) becomes

l+ A +p+p)+ A +p+ppd +(p+r+pr)+
+(p+r+pr)g+r+ gr)),

which reduces to 1 after multiplying up and simplifying using x * x = x and
1 + 1 = 0. This procedure is also described in Herbrand’s thesis [4], and in [19] and [8].
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Boole also investigated solving equatins, or unification. His method involved
successive elimination of variables, and leads to a simple test for the existence of a
solution.

THEOREM 1 (Boole). The equation
f(xh-’-’xn) = 0

over the Boolean ring B has a solution if and only if

]_[f(ala"'oan = Oa

where the product is taken over all elements (a,, . . ., a,) of {0, 1}".

Lowenheim [10] gave a formula for the most general solution of a Boolean equation,
expressed in terms of a particular solution. Expressed in Boolean ring terms this is

THEOREM 2 (Léwenheim). Let s = s(x,, ..., x,) andt = t(x,, ..., Xx,) be two
terms over a Boolean ring B, and let b,, . . . , b, be elements of B with
sy, ..., b)) = tb,...,b,).

Then the substitution
Xp = xp o+ (s(f, .o, X)L )X+ by

is the most general unifier of s and t.

For example, let s = ax + by, t = a. One solution to s = ¢ is

X —a, y— 0.
Thus ax + by and a have the most general unifier

x = x + (@ + ax’ + by)(x + a),
yvoy +a+ax’ + b))y +0)

which simplifies to
X = x 4 ax’ + bx'y + aby’ + a,
yoy +ay + by 4 ax’y.

These results, and many others, including techniques for finding a particular
solution, can be found in Rudeanu’s book [15]. Lowenheim’s theorem has been
rediscovered many times, for example in [11]. Boole’s technique has been used in
hardware verification in [2].

We shall build on this work by describing a method for finding particular solutions
for any equation over any Boolean ring. Taken with Theorem 2, this gives an
algorithm for finding the most general unifier of two Boolean terms. Boolean rings are
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described in Section 2, and Lowenheim’s theorem is proved in Section 3. A normal
form for the elements of a Boolean ring is given in Section 4, and the algorithm is in
Section 5. In Section 6 we discuss how our method is used for unification in sets and
in formulae of the propositional calculus.

2. Boolean Rings

In this section and the next we collect some background material about Boolean rings,
in particular two kinds of canonical form and a lemma which leads to a straightforward
proof of Léwenheim’s theorem.

A set B containing an element 0 is a Boolean Ring under the operations + and *
if for all a, b, c € B we have

a+b =b+a )
(a+b)+c = a+ b+ 0
a+0 = a
a+(—a) =0 ?E,
(@axb)xc = axb=*c)
axb+c) = asb+axc
(a+byxc = asc+ bxc

axa = a )

where 0 is the zero element and — ¢ is the additive inverse of a. It then follows that
* 1S commutative and every element is its own additive inverse, that is

axbh = bxa
and
a+a = 0
An element | of B with the property that
lxa = ax1 = a

for all a in 4 is called an identity element. In the sequel we will repeatedly make use
of the identities a * (1 + @) = 0, and &* = a for k # 0. The Boolean ring with two
elements, 0 and 1, will be denoted by F. In the sequel we work only with finite Boolean
rings, which always have an identity element.

For our purposes there are two important examples. The power set 2(S) of a set
S with n elements forms a Boolean ring with 2" elements under the operations of
symmetric difference (+) and intersection (x), where 1 = S and 0 = J, the empty
set. The set of all well-formed formulae of the propositional calculus on set of #
symbols for propositions forms a Boolean ring with 2" elements under the operations
of exclusive or (+) and conjunction (%), where 1 is frue and 0 is false.

It is a consequence of the following theorem that these two are isomorphic.
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THEOREM 3 (Stone). Any finite Boolean ring is isomorphic to the power set of a set.

If C is a set with z elements we may form the free algebra 7 (C, X), over C, which
is just the term algebra over C with signature ¥ = {+, %, 0, 1}, factored by the
congruence induced by the equations £ above. Any element b of 9(C, ¥), can be
expressed, by repeatedly applying the distributive law, as

b = by + byv, + -+ by,
where b, € F and each v, is a product of elements of C, in which each element of C
appears at most once. Thus each v; is of the form

v o= [[x = []x*

xel xeC
where U is a non-empty finite subset of C,and e, = 1ifx € U and e, = 0 otherwise.
If we define v, to be 1, we obtain
b = 2 vaUa

veC

where each b is an element of F. The 2" elements v, form a basis for 7 (C, X) as a
vector space over F, and 7 (C, £), has 2” elements.

A Boolean ring B is said to be generated over F by a subset C if each element b of
B can be written as a sum of products of elements of C, that is

b = 3 by,
ueC
where
vy = [] x, vz = 1 and b,eF.
xel
Thus 7 (C, X)g is generated by C.
A Boolean ring B is often described in terms of a set of generators C = {c,, ..., ¢,}
and relations w, = 0, ..., w, = 0 on terms w;. Formally we write
B = (¢, Wy, ., Wi,

This means that B is isomorphic to the quotient of 7 (C, ), by the subring of
T (C, ), generated by the elements w;, . . ., w,. Thus if ¢ is the natural homo-
morphism from Z (C, L), onto B, B is generated by {c,¢, . . ., ¢,¢}. In practice we
often drop all mention of ¢ and refer to the ¢; as elements of B.

For example, the Boolean ring QO generated by a and b subject to ab + a = O
consists of the 8 elements

{rapbp + s(ap + Db + tlap + Db + D)|r, s, te F},

which are all distinct. It is isomorphic to the quotient of 7 ({a, b}, X); by the subring
{ab + a, O}.

We now define a subsct of a Boolean ring called an orthogonal basis, which gives
rise to a normal form for the elements.
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A subset D = {d,, ..., d,} of Bis called an orthogonal basis for B if
(a) D is a basis for B as a vector space over F. This means that ecach » € B can be
expressed as a linear combination of elements of D,

if and only if each 5, = 0.
(b) The elements of D are orthogonal, that is,

dd, = 0 fori# ]
Thus
D = {ab, (@ + )b, (a + (b + 1)}

is an orthogonal basis for the Boolean ring Q above.

It follows from Stone’s theorem that the finite Boolean ring B is isomorphic to the
power set of a set, and so it must contain a subset of elements which correspond to
the singleton sets under this isomorphism. In fact this subset is just the orthogonal
basis. In section 4 we shall give a direct proof that an orthogonal basis always exists
and is unique.

THE POLYNOMIAL FORM OF AN ELEMENT

To prove Lowenheim’s theorem we need to investigate a different normal form, the
polynomial form, for certain Boolean rings. Let B be any Boolean ring, ¥ a set of
symbols not occurring in B and B[V] the free Boolean ring over V generated by V.
In general B will be a homomorphic image of (D, X), for some D, and B[}] will
be a homomorphic image of 7 (D U V, Z)..

Any element » of B[V'] can be expressed as

b:b0+blvl+..‘+bnvn
where b, € B and each v, is of the form
v, = []x =[],
xel xeC

where U is a non-empty finite subset of C, and e, = 1ifx € Uand e, = 0 otherwise.
If we define v to be 1, we obtain
b = Y by,
vsC
where each by, is an element of B. We call this form the polynomial form of b. Two
elements with the same polynomial form are equal. We use the polynomial form in
the next section to prove Lowenheim’s theorem.
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3. Proof of Lowenheim’s Theorem

If bisin B{V] and by = 0 then b is said to be homogeneous.
We can consider an element u of B[}V] as a function of the elements x;, . . . , x;, of
C, and as a map from B[V]* to B[V] and write

u o= ulx,...,x) = u(x).

Similarly u{ax + by) denotes u(ax, + by,, . .., ax, + by,) where a, b, x,, y; are in
B[V]. In this notation, u(x) is homogeneous if and only if u@) = 0.

The following lemma gives a useful property of homogeneous terms which we shall
use frequently.

LEMMA 1. Let u(x) be homogeneous. Then

1. if bis in B then bu(x) = u(bx)

2. ifx =bx + -+ bx, and bb; = 0 for i # j then
ux) = bu(x) + -+ bulx,)

Proof
1. We have

ux) = Y af]x
i= xeV
where for each i not all the ¢, are 0. Then

ab [] x™

xeV

ab® T (o

xeV

bu(x)

il Il
NM: nM:

= Z INCOHE

xeV
= u(bx)

since for each value of i we have b = b where k;, = Z,_,e,.
2. Observe that b,x = b,x, for each i. Then

biu(x)) + - + bulx,)
= ubyx)) + - + ubx,)
ubx) + - + u(b,x)
(by + -+ + bu(x)
u((by + - + by)x)
= ub)x, + -+ b,x). O

It

I

i

We can now prove Lowenheim’s theorem rather easily.



UNIFICATION IN BOOLEAN RINGS 387
THEOREM 4. Lets(x), t((x) € B,w € B"such that s(w) = t(w). Then the substitution
y o= x+ (s(x) + (x))x + w)

is a mgu of the two terms s(x) and t(x).
Proof. First we show that the above substitution is indeed a unifier. We can write

s(x) + Hx) = u(x) + a,
where u(x) is homogeneous and a € B. Then u(w) = a, since s(w) = H(w).

s(y) + t(y)

u(y) +a = ux + wx) + o(x + w)) + a
= u((1 + u(x) + a)x + (u(x) + a)w) + a
= (1 + u(x) + @u(x) + (u(x) + a)u(w) + a by lemma I
=0
It follows that s(y) = «(y).
Now suppose there exists some solution z, i.e. s(z) = #(z). We need to show that

z 1s an instantiation of y. Fortunately x = zwilldo: z + (s(z) + #2))(z + w) = z
because s(z) + #(z) = 0. Therefore y is indeed a most general solution. O

REMARK. Tt is usually necessary to introduce new variables in the unification step
of a unification algorithm, but in this case we do not need to do this as the mgu
substitutes all variables present in the original two terms.

4, The Orthogonal Normal Form

In this section we consider the structure of the arbitrary Boolean ring, and show that
we can always find a canonical form for the elements in terms of an orthogonal basis.

We shall show that every Boolean ring has a unique orthogonal basis, which can
be described in terms of a set of generators.

THEOREM 5. Let B be a Boolean ring. Then
1. IfC = {¢, ..., c,} is aset of generators of B and U = C let

o= [Ju J] O+ w.

uelU weC\U

Then the non-zero v¥ are all distinct, and form an orthogonal basis of B. This
orthogonal basis is unique.
2. If B has a presentation as

B = Lepoo, 0w, wey
then
{@D11 + w) - (1 + wp' # 0in 7(C, Z),}

Jorms an orthogonal basis of B.
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EXAMPLE. Let R be the Boolean ring on «, b, ¢ subject to ab + bc + ca = 0. There
are eight elements o, of the form @h¢, where % represents x or ¥ = 1 + x. Of these,

abe = abc = abc = abé = 0,
and the rest
abc, abé, abé and abé
are non-zero and distinct, and form an orthogonal basis for B.

The easiest way to determine this is to apply part 2 of the theorem to determine
which 2V satisfy

(ab + bc + cay’ = 0

in 7 ({a, b, ¢}, T)g.

Notice that although we may choose many other generating sets for R, for example
{a, a + b, a + b + c}, they will all give rise, by theorem 5, to the same orthogonal
basis.

Experts can deduce this theorem from standard results about semisimple Artinian
rings — see [5] for example. We will present a direct proof.

We first collect some properties of the vV.

LEMMA 2. Let C be a finite subset of the Boolean ring B, and for any U = C let

vy = [] x

xelU

and
o= [ x [T A+ .
xelU  yeC\U

Then

1. %" = 0for U # W.

oVYvy = oV if W = U and 0 otherwise.

1 =20

Afp = Zyccb¥oY with bY € F then po¥ = b € {0, v"}.

Proof.

1. If U and W are different then there will be some element y which contributes y to
one term and 1 + y to the other, so that the product is zero.

2. If there is an element y in W but not in U then y(1 + y) appears in the product
vYv,,, which is then zero. Otherwise v"v,, = v*.

3. The proof is by induction on |C|. If C = {c}, then 1 = ¢ + (1 + ¢) as required.
Suppose C = D U {c}, where D is non empty. By induction 1 = X, 9" =
[(1 + ¢) + JZpepr” = Zyecv”,

4. By (1), po¥ = bY2Y, and since b € F, we have pv¥ € {0, v"}.

Proof of Theorem, Part 1. We show first the non-zero v" are distinct. For suppose

U # Wand0 # 9V = ¢%. Multiplying both sides by #¥ and applying Lemma 2 gives

Y = 0, which is a contradiction.

FEN
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Now let T be the set of non-zero »". It follows from Lemma 2 that the elements
of T are orthogonal. To show that they are a basis, we first show they are linearly
independent. Suppose that

Y bt = 0,

teT

for some b, € F, and that s € T with b, # 0. Now

O = sY bt=sh=1xs5=s,

teT

which is a contradiction, and so the elements of 7" are linearly independent. We also
need to show that if b € B then b is a linear combination of elements of 7. Now
b = E,ccbyv, with each b, € F. We have

v, = vyl = v, Y v,
wecC

which, by Lemma 2, is a linear combination of elements of T, since each v,2" is either
0 or v". Thus & is a linear combination of elements of T.

To show that 7 is unique, we must show that if £ is another orthogonal basis then
P = T. So suppose that p € P. We have

p = lp = ) po¥

[U=e

and so there must be a subset U of C with pv¥ # 0. Now since T is an orthogonal
basis it follows from lemma 2 that pv¥ = v, and since P is an orthogonal basis that
pvY = p. Thus p e T, and hence P = T, and, by applying the above argument with
P and T interchanged, T = P.

Part 2. We know from Part I that v¥¢ is a basis element if and only if it is
non-zero. Now if 2¢ = O then

=k
oV = ) wa
fay

for some a;, . .. a, € 7 (C, £), and so
2+ wy) - (1 + w) = 0.
Conversely if
YA+ w) (1 +w) =0

then vY¢ = 0¢ = 0 as required.

5. Finding Particular Solutions

In this section we describe how to find a particular solution to a Boolean equation by
using an orthogonal basis.
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If we want to test if an equation has a solution we can use Boole’s criterion of
theorem 1. This involves testing whether a certain Boolean expression which depends
only on the equation is zero or not. Thus an equation over some Boolean ring B has
a solution in B’ if and only if it has a solution in B, the subring of B’ generated by
the coefficients appearing in the equation, and so when looking for a particular
solution we need only consider B.

Since B is finite and enumerable, there is a trivial way to find a particular solution.
All one needs to do is to test all possible valuations. The problem itself is NP-complete
since it also covers the special case where C = { }, i.e. propositional formulae:
finding a particular solution to p = 1is equivalent to determining the satisfiability of
p. Therefore it is unlikely that we can find a sub-exponential solution. However our
method is significantly better than this.

We shall describe a technique for determining whether or not an equation has a
solution, and producing one if it has. We shall then describe a more efficient modifi-
cation which can be used when we already know, for example by applying Boole’s
criterion, that the equation has a solution.

We begin with an example. We want to find a solution in B = T({a, b}, X); to

axy + by = a

Letu(x) = axy + by, where x = (x, y). Now using the orthogonal normal form we
see that B is a vector space over F = {0, 1} with basis D = {ab = d, ab = d,,
ab = dy, ab = d,} where ¢ = (1 + c). This means that each ¢ € B can be expressed
uniquely as

-

c = c;d: with ¢, e F

i

1
We have did, = 0 for i # j and, by lemma 2, cd; = ¢,d; € {d,, 0} for any ¢ € B.
Now suppose that

4

X = xid + x,dy + X35 + x,d, and
= yldl + y2d2 + y3d3 + y4d4 and thuS

= =
|

= dix, + dyx, + dyx, + dyx, wherex, = (x;, ;)

We have
wx) = uldix, + dyx, + dyx; + dsx,)

= du(x,)) + dyu(x,)) + dyu(x;) + du(x,) by Lemma I

= d(ax,y; + by)) + dy{ax,y, + by,) + di(axyy, + by;) +
+ d,(ax,ys + bys)

= di(xy + ¥) + d(ay) + &(y;) + di(0)

So u(x) = dyu,(x,) + - - - + dyuy(x,) where y,(x,) is a polynomial in x;, y; with
coefficients in F.
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Nowsincea = d, + d,, we may equate coefficients of the ;in u(x) = ato deduce
that this has a solution in B if and only if the four equations

ux(ll) = xytyn =1
”2(&2) = X2, =1
M
“3(2£3) = Vs =0
”4(&4) = 0 = 0

have a solution. It is easy to find solutions to these equations. For the third and fourth
one, just set

X3 =y o= x, =y = 0.

For the first, find the shortest word on the left hand side, y,, and set the variables
appearing in it to 1 and the other variables to 0, to get the solution

x = 0,y = L

Similarly for the second: x, = y, = L.
Thus we have a solution

x = d, = ab = a + ab,
y =d +d, = ab+ab = a

The equations (1) were so easy to solve because they were independent, i.e. each
variable appeared only in one of them. This is not an accident — it always happens,
as can be scen by generalizing the argument of the above example. We do this below.

However first we consider an example of two terms which cannot be unified. Let
u(x) = ax = b. We have

x = dix; + dyx, + dyx; + dyx,,
hence

ad\x, + adyx, + ad;xy, + adyx, = d, + dy,
that is

xd, + x,dy, = d; + d,
which gives, on equating coefficients,

x = 1,x =00 =10 =0

which clearly has no solution. Thus ax and & cannot be unified. Of course we could
show this more directly by using Boole’s test.

In general then, this is our algorithm. Let B’ be a Boolean ring, and let s(x) = #(x)
be an equation over B’. The algorithm to determine if the equation s(x) = #(x) has
a solution in B’ and to compute one if it has can be broken up as follows.
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1. Normalize s(x) + #(x) as u(x) + a, where u(x) = q,v,(x) + - - + a,v,(x) is
homogeneous, ¢; € B and the v,(x) are pairwise distinct strings of variables in x
as described above. Let B be the subring of B’ generated by the a,, and let
D ={d,,...,d,} bean orthogonal basis for B, which exists by Theorem 5.

2. Foreachx;inx = (x, ..., x,) writex; = d;x;; + - - - + d,X,, where the x;, lie
in F. Substituting this back into u we get

u(x) = uldix, +- - +d,x,)

il

where X = (0., x,;). For each j we have

d,u(lj) = djzleaivi(lj)

I

o djai”i(l_,-)

I}

4, ZiENj 7)1(3_@)
= diy

where N, = {ie {1..r}1da; # 0} and each v,(x)) is just v;(x) with x; substituted

for x;. Thus u; is a homogeneous polynomial in the variables x;;, . . ., x
3. Express g, in terms of the d; and equate coefficients:

Let

nj*

ay = zpidi
i=

where p; e F. Now u(x) = a, becomes

m

Z wd; = ) pd.
j=1 j=1

Since the distinct d; are linearly independent, this equation is satisfied if and only
if for each j we have u; = p;, that is if and only if each equation

Z 'Ui(lj) = P

ie Nj
has a solution, There are three possibilities for each equation:

3.1. p; = 0: then x, = 0,ie. x; = 0 for all i, is a solution.
32.p; =1

3.2.1. N; = { }: then there is no solution because 1 = %,.;;. = 0 has no
solution. Hence s and ¢ are not unifiable.

3.2.2. N, # { }: the equation always has a solution. From among the v,-(gj)
select one with non-zero coefficient, i.e. i € N;, such that there is no
smaller set of variables in u;, i.e. thereisno k € N, with v, (_)gj) containing
fewer variables than v,.(gj). Set all x,; in v,-(zj) to 1 and all other x, to
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0. Then v,-(gj.) is 1 and all other Wk(l,-) are either larger or of the same
size but different from ”f(zc—f)' In both cases they must contain some x;
not in v,-(gj) which means they evaluate to 0.

The complete algorithm for finding a special solution is given below in a more
formal and concise notation. Since all sets involved are finite, even the quantified
expressions are in principle executable. The nondeterministic choice of shortest strings
of variables is embodied in the let min € . . . construct.

sol(s,t) =
let qg+avy+-+-+a;v, =5+t in
let p1d1 + "'+Pmdm = @p in
let A={te{l.m}|pi=1} in
let N(ie A)={j € {l.r}]|dia; #0} in
if 3i€ A: N(i) = {} then fail
else let min € {f: A — {L.r} | f(i) € N(i) AVj € N(7) : |vgwy| < |vjl} din
let I(i € {1.n}) ={j € A| 2 € Vming)} in
{zi - Tjeryd; | 1 € {1.n}}

Computing a special solution is the only algorithmic part in our unification
algorithm. Once a particular solution has been derived, it just has to be substituted
into the formula for the general solution.

If we already know that our equation has a solution we can refine the algorithm as
follows. Step 3.2.1 can never occur, and if step 3.1 occurs we just set x, = 0. Thus we
only need to consider case 3.2.2, that is those j for which p, = 1, which are just those
for which da, # 0.

In some circumstances we can use the above method to find the general solution of
an equation, by finding the most general solution to each equation in 3.1 and 3.2,
which gives us a solution of the form

u = fid|+."+ﬁndm7

where each d, is some function of parameters taking values in F. Notice that in this
case we cannot restrict attention to the subring B od B’ generated by the coefficients
of the equation; we must work with an orthogonal basis for B’. An example is given
in section 6.

6. Applications in Set Theory and the Propositional Calculus
UNIFICATION IN SET THEORY

We have seen that the power set of any set S = {s;, ..., s,} forms a Boolean ring
B(S) under the operations of symmetric difference (+) and intersection. To apply our
methods we need to find an orthogonal basis of B(S).

LEMMA 3. The elements of S form an orthogonal basis for B(S).
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Proof. The elements of S are orthogonal, since 5,5, = 0 for i # j. Any element of
B(S) can be written as a linear combination of elements of S; the sum of the elements
it contains. If

i=n

Y bs; = 0
=1

with the b, € F then, for each j multiplying by s; gives b;s; = 0, and so b, = 0. Thus
the s; are linearly independent, and so form an orthogonal basis for B(S).

REMARK. We could also prove this lemma by noting that B(S) is isomorphic to
Ly ooutylty + -+ 4+ 1, g (for i 5 f)),
and applying theorem 5 part 2 to get an orthogonal basis, which simplifies to
{ty, ..., 1}
EXAMPLE. Suppose we want to solve the equation
exy+xa+yb+c =0 2)

in B{a, b, ¢, q1, . . ., q,}). Since g, b and ¢ are the only constants appearing in the
equation we look for a solution in B({a, b, c}). Applying Boole’s test (Theorem 1)
gives us

4+ + a1 + bc =0

so that the equation has a solution. Let a particular solution be
x = ra + sb + tc,
y = ra+ sb+ e

The equation has constant term ¢, and ac = bc = 0, so that we apply step 3.1 for the
basis vectors a and b and set r = ¥ = 5 = 5° = 0. Since cc = ¢ # 0, we equate
coefficients of ¢, which gives t” = 1,s0¢ = ¢ = 1 completes our particular solution,
x = y = ¢. Thus a most general unifier for (2) is

x—=>c+ x(1 +a+ ¢)+ xyb,
y—=c+y1l+b+ )+ xya.

We could also do this example by finding the most general solutions to the equations
obtained by equating coefficients. If we do this we must work in the ring B({a, b, c,

qi, - - - q,}). Substituting for x and y in (2) and equating coefficients gives us
r = 0,
s = 0,

and
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The most general solutions for x and y are thusr = 0,5" = 0and ¢ = ¢ = 1, giving
x = sb+c+wmg + 0+ g,

y = ra+cHog o+ 04,

UNIFICATION IN THE PROPOSITIONAL CALCULUS

The set of well formed formulae of the propositional calculus on propositional
symbols P = {p, ..., p,} forms a Boolean ring which is isomorphic to T(P, X).
We do not need unification to test if a proposition is a tautology or unsatisfiable — we
merely simplify it and see if we get 1 or 0. Unifying a term involving variables with
1 or G corresponds to finding the most general values of those variables which makes
the corresponding proposition a tautology, or unsatisfiable.

One application is in the construction of derived proof rules. Suppose for example
that we want to find the most general value of x which will make

(p—>q9 ~x
qVI’

into a derived rule. This means we must find the most general solution of
(P2 rx)=>@vrn =1,
or, in Boolean ring notation,
1+ +p+ppx(l +qg+r+gr) = 1,
that is
d+pd+90 +rNx = 0.
The most general solution is
x—=>x 4+ x(1 + p)(1 + g1 + 1),
that 1s,
XxX=>xA(pvVvagvr.
Thus we have shown that for any x,

po>9ArA(pvgvirAax
qu

is a derived rule. Putting x = p v r, this reduces to the resolution rule.

7. Concluding Remark

The subject of the present paper is a detailed exposition of unification in Boolean rings
using Lowenheim’s method. However there is at least one other important algorithm
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for Boolean unification, the ‘successive variable elimination’ technique due to Boole,
which is used in [2] and is also discussed in detail in [15]. A comparison of both
methods can be found in a forthcoming survey paper [12].
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