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Abstract. A mathematical neuron model in the form of a
nonlinear difference equation is proposed and its response
characteristic is investigated.

If a sequence of pulses with a fixed frequency is applied to
the neuron model as an input, and the amplitude of the input
pulses is progressively decreased, the firing frequency of the
neuron model, regarded as the output, also decreases. The
relationship between them is quite complicated, but a mathe-
matical investigation reveals that it takes the form of an
extended Cantor’s function. This result explains the “unusual
and unsuspected” phenomenon which was found by L. D.
Harmon in experimental studies with his transistor neuron
models.

Besides this, as an analogue of our mathematical neuron
model, a very simple circuit composed of a delay line and a
negative resistance element is presented and discussed.

Introduction

In the course of experimental studies with his
artificial neurons (hardware neuron model using
transistors), Harmon (1961) found an ‘‘unusual and
unuspected’’ phenomenon which is described below.

If an artificial neuron unit is used to drive another
directly, and the pulse amplitude is sufficiently high,
the firing of the second follows the first, pulse for pulse.
However, if the output amplitude of the driving unit
be monotonically decreased, firing in the second unit
begins to skip. More precisely, as the driven unit
receives progressively less excitation, there will be a
critical point at which a given driving pulse is insuffi-
cient to fire the driven unit. However, it turns out that
when the next driving pulse comes along, it is inte-
grated with the preceding one to come firing, and the
firing frequency of the driven unit is half that of the
driver. One would expect that as the driving pulse
amplitudes are reduced still more, every third pulse
would be effective, then every fourth, and so on.

This is what one can reasonably expect to happen,
but in fact it does not. What does occur is much more
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Fig. 1. Relationship between the amplitude of driving pulses

(@) and the pulse frequency ratio of the driven unit to that of

the driving unit (¥). Reproduced from Harmon (1961) with &
minor modification

complicated. As the excitation of the second unit
decreases, the integral steps expected show up, but
considerably more complex behavior also appears.
Thus other than the predicted steps such as 1:1, 1:2,
1:3,...,1:10, a much larger number of nonintegral
steps, such as 3:5, 5:16, 3:19, ete., also appear. The
relationship between the amplitude of driving pulses
(let it be a) and the ratio of the pulse frequency of the
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Yn+1
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Fig. 2. Graphic display of the mathematical neuron model —
nonlinear difference equation (9)

driven unit to that of the driving unit (let it be F) is
shown in Fig. 1, which was reproduced from Harmon
(1961) with a minor modification.

The purpose of this paper is to present a mathe-
matical neuron model which can elucidate the above
experimental results.

Mathematical Neuron Model
and Average Firing Rate

From the functional point of view, a neuron can
be regarded as a threshold element with a refractory
period. In the present model, the refractoriness is so
assumed that the inhibitory influence of a past firing
upon the excitability of the neuron at the present
instant decreases exponentially with time, and time is
assumed to be discrete. Under these assumptions, the
behavior of the neuron is expressed by a nonlinear
difference equation (Caianiello, 1961):

3
xn+1=1 An_“’-;ob—'xn—r'—e ’ 1)

where 1[z] =1(z=0), =0(x<0),

the state of the neuron at the instant n. The
resting state is represented by 0, and the excited
state by 1,

4, magnitude of the input stimulus applied at the

Zp

instant n,
¢  threshold value,
a>0,b>1.

Although our neuron model may be regarded as a
discrete-time version of Caianiello and DeLuca’s
continuous-time neuron model (1966):

z(t+1)=1 A(t)—ocftb”'x(t—r)dr——ﬂ, (2)
0

the former seems to have a much richer variety of
forms of solution than the latter.

Now, introduction of a new variable y,:

n
Yn =a(4,—0)— Z b_'xn—r 3)
r=0
reduces (1) to

Yn+1= b1 Yot O — 1 [?/n]’ 4
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where
o t)-of-2)  ®

o
and

Tpt1 = 1 [a yn] =1 [yn]' (6)

In case the magnitude of the input stimulus is
constant, that is,
A,=A4 (7)

for all n, it follows that

a, = AZG (1 — %) =g (constant), (8)

and (4) becomes

{yngO: Yot1=b0Yta—1,
W<0: Yo =b"y,+a.

The former equation corresponds to the (<) branch,
and the latter to the (—) branch in Fig. 2. Hereafter,
the case of the constant input is considered, and a is

regarded as representing the magnitude of the input
stimulus.

Given the initial value y,, a sequence of y:

(9)

Yoo Yv» Y20 Y3s - -+ (10)

is determined from (9), and correspondingly a sequence
of x:

Xy, Ty Ty oee (11)
follows from (6).

In the sequel, our consideration is restricted to
cases where (10) is a periodic sequence or a sequence
which asymptotically approaches a periodic sequence.
In such cases, (11), after a finite number of steps of n,
becomes a periodic sequence iterating z¥, ¥, x5, ...,z
infinitely, and denoted by

{wkafaf.. 2}

For such periodic sequences, definition of the
average firing rate F(a) is given by

(12)

number of 1 in «f, «f, ..., «*

F(a)= i

(13)

Simple considerations show that if =1, y,—>y*=0
ag n—>oco. Hence z,=1 for n>n,, and F(a)=1. On
the other hand, if ¢ <0, y,—>y*<<0. Hence z,, =0 for
7> 1y, and F (@) =0. Thus our problem is to investigate
the relationship between a and F for 0 <a <<1.

It is worth mentioning that the replacements of
a by 1—a, y, by —y, in (9) cause an interchange of
the (4) branch and the (—) branch, so that F is
replaced by 1—F. In other words, the function ¥ (a) is
symmetrical with respect to the point (a =%, F =3%).

Set of Periodic Sequences S
Having Some Special Forms
In what follows, our consideration will be further
Iimited to such periodic sequences as have some special
forms, and denote the whole of such periodic sequences
by S. The set § is the totality of an infinite number
of subsets 8, 8,, S;, ..., each 8; (:=1, 2,3, ...) being
a set of periodic sequences having the special form
described below.
Denote a periodic sequence in which 0 appears
consecutively » (a positive integer) times after 1 has
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appeared consecutively m (a positive integer) times by
{1™0"}. Then the set §; is the whole of periodic se-
quences in the form {1"0"} with m =1 or n =1.

The set S, is constructed from two neighboring
elements of the set S, by the same method as above.
To cite an example, all periodic sequences of the form
{(01y*(001)"} (where m =1 or n=1), which are
derived from two elements {01} and {001} neighboring
in §,;, belong to the set S,.

In the same way, the set S, is set up from two
neighboring elements of the set 8,. For example, all
periodic sequencesof the form {(01001)"(01001001)*}
(where m =1 or n =1), which are derived from two
elements {01001} and {01001001} neighboring in S,,
belong to the set S;.

Then the set S is defined as a union of all such
subsets S; (1=1,2,3,...) by

S=8u8uSu---.
Obviously
8;n8;=¢ for i==j.

Our next task then is to show that each element of
the set 8 is a periodic solution of (9) having a particular
value of a. Henceforth the correspondence between the
periodic sequence of S and the value of a in (9) will be
investigated.

A. Elements of Set 8,

As an example of the element of 8;,{0™1}(m =1)
is taken into consideration. In Fig. 3

%<0,
Y2=0"y+a <0,
Ys=b2y, +a(l+51) <0,

Ynr=b""y+a(l4b14+b24 ... b~ 1) >0.
Define

Ymiz=b"""ly +a(l+b14b24 ... $b ™) —1,
(14)
and put y,., =y, Then

y=b{a(d™ + b1t ... 4 1) b} (B" L 1)L, (15)

and

Yu=b{a(®™ 4+ b1 ... 4 1) —b}(B™ 1 —1)1. (16)
These y, and y,, must satisfy the inequalities
Yn<0, H=a—1, (17
which are rewritten as
b 1
N e wa—— >a= e e e (18)

Conversely, if condition (18) is satisfied, it follows
from (14) that y,,,,=a—1 for y, =a —1. Moreover,
when y,=0, or when ¥, =¥, Y., 2<¥Y, where
y=—a®" 1+b" 24+ ... +b). Hence it is obvious
from Tig. 4 that y,. ;41 >y* as i-—oco, where
y>y*=a—1, independent of the initial value y,.
Consequently the corresponding sequence of z becomes
the periodic sequence {0™1} after a finite number of
steps.
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Fig. 3. Graphic display of periodic sequence {0™1} (m =1),
which is an element of the set 8,

Yms2
Y
a—1 * /y\ s '
- ~— o 1.

Fig. 4. If condition (18) is satisfied, the corresponding sequence
of y approaches to a periodic sequence independent of the initial
value

To summarize, it has been shown that (18) is a
necessary and sufficient condition for the sequence
of y to become a periodic sequence which corresponds
to the periodic sequence {0™1} of z. The value of a
which satisfies (18) is called the value (or interval) of o
which corresponds to the periodic sequence {0™1}. For
this sequence it is apparent that F = (m+ 1)1

It should be noted that the sequence of  becomes
the periodic sequence {0™1} even if

a=b®" 4+ b1 ... + 1),
Therefore, instead of (18),

b 1
N e R | Za= P pm—1 L . 1

(19)

is adopted as the interval of @ which corresponds to the
periodic sequence {0™1}.
Representation of (19) in the scale of b yields

00...010 >a(b)= 00...001

11...111 = = 11...111° (20)
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Table 1. The values of ¢ and ¥ which correspond to periodic
sequences {1M0} and {10} of the set S, for casesm=1,2 and 3

B+ +b b b2+ 1 3
P bl =% e bl =7
1110 1101
(1111 a2 1111)

B2 ib b1 2
oy = v ey | F=3
110 101
(—m Za()Z {1y )

b 1 1

351 =2 55T F=y

1 01
. >
T 2e®=17)

b 1 1
Prbri =*ZHErbri F=3
010 001
(n—lga(b)gl_lf

b 1 1
FrErel S Beabel o4
0010 0001
(1111 =a(b)= 1111)
Fa)
T ——
Fl9) }
Al
\/,I
> 7
Y4 mmmmmmmm e oo A —F}a)
ey ot
e dn
B e e S I
ST
g g TR
] e M o
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b+1 5+1
b
B2+ b+1

Fig. 5. The relation between a and F for periodic sequences of
the set 8,. F}(a) and Fj!(a) are functions which give an upper
bound and a lower bound, respectively

where a(b) means the value of @ represented in the
scale of b. Numerators on the left and right-hand
gides of (20) indicate the periodic sequence under
consideration, and the numerator on the left is derived
from that on the right by consecutive rotations of the
numerals of the latter. Incidentally, the value of F is
given by the ratio of the sum of the numerals in the
numerator to that in the denominator.
Replacements of ¢ by 1 —a, F by 1 —F in (19)
yield results for the periodic sequence {1™0}. The
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Yn+1

Q

n

Fig. 6. Graphic display of periodic sequence {01001}, which
is an element of the set S,

values of @ and F, which correspond to the periodic
sequences {1™0} and {10™}, are shown in Table 1 and
in Fig. 5 for cases m =1, 2 and 3.

In Fig.5, Fl(a) and F'{(a) are functions which
give an upper bound and a lower bound respectively,
and

1

FJ(a)=~——_g (1+ 9—}5 (E{_l ga>0), "
1 1
=1 1og(1+b(f:;)) (1>“;b-+1)'
_ 1
Fla)= 1og(1+ b(ba—n) (ﬁ—l ga>o), )
-y ' b
log (1+i—:%) (1>a;b_ﬁ)

B. Elements of Set S,

The values of @ and F will be computed for {01001}
which was previously cited as an example of the ele-
ment of the set 8, (Fig. 6). By a calculation like that
before, the values w4, y,, ..., y; are obtained as func-
tions of ¢ and b. The condition corresponding to (17)
turns out

%<0, yy=a—1, (23)
from which
B +b B
[ e gL - v S L))

is derived corresponding to (19). Conversely, if condi-
tion (24) is satisfied, the corresponding sequence of z
becomes the periodic sequence {01001} after a finite
number of steps. Clearly F =$.

Table 2 and Fig. 7 show the values of @ and ¥ which
correspond to {(01)"(001)}and {(01) (001)™} for cases
m=1,2 and 3. In Fig. 7, functions giving an upper
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bound and a lower bound are

1 1
F:(a)=g{1+ i ]
g (1+ 2 i 1)
B¥4+1 b
(swg ot 29> wpsrr):
1

1
= — 1—
) Bo=1)
[ l°g(1+ =G 1D)

1 41
(541 > 2 spmg 1)
1 1
Ff(a,):; 14 BB b—1)
g (1-+ 218 71y =5)

bB+b b
(w1 29 wypra):

_1i[ 1
— 2 b—1
{ log (14 1—u(b+1))]

bB+b
>a= m)

(25)

(26)

— _1 -
(e
and the following inequalities hold for

1 b

b F1 - %7 Brbri-

3> F} (@) > F}(a) > F (a) > F}(a)> F(a) > }.

C. Elements of Set S,

For the example {0100101001001} of the element
of 8; previously cited, the condition corresponding to
(17) is found to be

%2 <0, yg=a—1, (27)
or
b 4B bS 4 BB+ b bR B8 b8 b3 41
b12+b11+...+1 ga’g— b12+b11+...+1 (28)

(see Fig. 8). Obviously F = .
The values of @ and F are shown in Table 3 which
correspond to periodic sequences

{(01001)™(01001001)} and {(01001)(01001001)y™}

for cases m =1 and 2.

Total Length of the Intervals of a
which Correspond to the Elements of S

Our next task then is to calculate the total length
of intervals of & which correspond to the elements of S.

For the element {10}={01} of S§,, the corre-
sponding interval is

b 1
P11 =22 551

so that the length of the interval is (b —1)2(82 — 1),
Similarly, the length of the intervals for {110} and
{001} is (5 —1)2(b3 — 1), one for {1110} and {0001}
is (b —1)2(b* — 1) 1. Hence the total length of intervals
which correspond to the elements of S, is given by
(b —1)2L,, where

v

1 1 1 1
L=y +2<b“—1 vyl o "‘)
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Table 2. The values of @ and F which correspond to periodic
sequences {(01)™(001)} and {(01)(001)™} of the set S, for
cases m=1,2 and 3

BB b+ b B 4-b5 45341 4
B4 - 1 =L Bro g 1 F= 9
010101010 010101001
(111111111 g“(b)giﬁunu)

BB+ b B4+ b8 41 _3
Bt - +1 Za= BB 41 F= 7
0101010 0101001
(1111111 2a(h) = 1111111)

b5 +b B +1 2
BBt - 1 Zaez b - 1 F= 5
01010 01001
(11111 2a(b) = 11111)

a5 p_3
bt - +1 = = BT e 1 8
01001010 01001001
(11111111 Za(b)= 11111111)

B B84 b3+ b PB4 b1 4
b0 B0 -ee -1 6= bIO B9 4 ove -1 F= 11
01001001010 01001001001
(11111111111 za®) = 11111111111)
F(a)
0 —
n
2
Fu(a)\;;;;%

‘/9“"""“""““““"“;:f;,,{\:\Fz(a)

L besav (0 N B

rdin

] s mnur— A B LA

P B B

,/ ’,’ : : | () | i

wsr—Cm T b

vapgdT L

VA N R R

[ A L
V3 A D U U N R O .

1

b+1

b 53+1 3+

b2+5+1 b1 6ot 41

Fig. 7. The relation between @ and F for periodic sequences

{01)m(001)} and {(01){001)"} of the set S,. F2(a) and

F?(a) are functions which give an upper bound and a lower
bound, respectively

Next, the total length of intervals of the elements
of 8; will be considered. The intervals for the elements
of §,, which lie between {01} and {001}, are as fol-
lows. From Table 2, it is seen that the interval for
{(01)(001)} is

b 4-b B¥+1
BB e 41 =7 b3 oo 10
so that the length of the interval is given by
(b —1)2(6°—1)2. The lengths of the intervals for

\

a
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Fig. 8. Graphic display of periodic sequence
{0100101001001}, which is an element of the set §;

Table 3. The values of a and F which correspond to periodic se-
quences {(01001)m(01001001)} and {(01001) (01001001)M}
of the set: §; for cases m=1 and 2

18- b18 b1 L B84 BE B3+ b
BT+ . 11

R e e o e e T
= R R =18
(010010100101001010
(ii111ii1111111111

>a(h)= 010010100101001001)
T 1111111131 4111111

i o e e e A oy ol o ol e ol 8 S B
P2 gl ... p1 FUF prppu ... 1 { 13
0100101001010 0100101001001

Za(b) =
1111111111111 111111111111

BI® 4 164 pla | pL .t P8 L p6 L B3+ b
b20+b19+...+1
2a‘zil!)_|_blli_l_blll_l_bll__*_bs_i_bﬁ,_i_bii_}_1 F_____8~
=%= B4 p1O 4+ oo 41 21
(010010100100101001010
111111111111 11111111%

=a(b) =

010010100100101001001)
1111111111141 1111111¢

{(01)2(001)} and {(01)3(001)} are (b—1)(b7—1)?
and (b — 1)2(® — 1), respectively. On the other hand,
the lengths of the intervals for {(01)(001)?} and
{(01)(001)3}are (b —1)? (38—1)and (b — 1) (B1—1)7,
respectively. Hence the total length of intervals for
elements of 8, which lie between {01} and {001} is
given by (b —1)2L{», where

1

1 1
it (w

L(25) = + pil_q

1+b911 +)

+(bsl i +b111—1 + bul__l + )
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The length of the intervals corresponding to the
elements of 8, which lie between {110} and {10} is also
equal to (b—1)2 LY.

Likewise, the length of intervals corresponding to
the elements of S,, which lie between {OO 1}and {0001}
and between {1110} and {110}, is given by (b—1)?
L, where

Lg;) '_‘_btf (blo 1 + w7 bla

+

In the same way, LY, LIV, LYY, ... are obtained,
and the total length of intervals corresponding to the
elements of 8, is given by (b —1)2L,, where

=2ILP+ LY+ L+ )

Next, the total length of intervals which corre-
spond to elements of S, is calculated and denoted by
(b —1)2L,. To cite an example, the total length of
intervals corresponding to the element of 8; which lie
between {(01 (001 } and {(01)(001)2} is, refernng to
Table 3, given by (b —1)2 L§13) where

RCE

(b2l 1 + b29

In general, the length of intervals corresponding
to the elements of § is given by (b —1)2L with

ct gt )

+ g Tt o)

LYY =

1 1
+bzs +bzs_1+"')

)

L=2Li,

i=1

where (b —1)2L; is the total length of intervals corre-
sponding to the elements of 8;(1=1,2,3, ...).

The above-mentioned results are summarized in
Table 4, where the integers n{n=2) indicate the
terms (" — 1)1, C; represents the set of the integers »
which correspond to the elements of §;, and only a
half of the whole is shown in this table because it is
symmetrical. Table 5 contains numbers of the integer n
which belongs to each C;(¢=1,2,3), the sum of
them X, and double the sum ¢(n) (except for the case
n=2). Since @(n) is the number of terms (" —1)7
which are involved in Z,

(29)

It is proved that ¢(») is nothing but Euler’s
function (see Appendix I), namely, the number of
positive integers not greater than and prime to ».

Now,

> 2

(30)

= ib_mﬁ; P (),

where the last sum is taken over every divisor s of m.
But since (Hardy and Wright, 1960)

D pls)=m

glm

(31)
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Table 4. Positive integer » implies the term (b%—1)-2, (b — 1)?

times of which is the length of the interval corresponding to

an element of 8. C; is the set of integers n which correspond

to the elements of S;. Only 2 half is shown in this table because
it is symmetrical

6, ¢ ¢ | o o

2 4
13 i3
11 9
12 11
13 13
13
10
11

Table 5. This table contains numbers of the integer n which
belongs to each O; (i=1,2,3), the sum of them X, and
double the sum ¢(n) (except when n = 2)

n (o8 C, C, z p(n)
2 1 0 0 1 1
3 1 0 0 1 2
4 1 0 0 1 2
5 1 1 0 2 4
6 1 0 0 1 2
7 1 2 0 3 6
8 1 1 0 2 4
9 1 2 0 3 6

10 1 1 0 2 4

11 1 4 0 5 10

12 1 0 1 2 4

13 1 4 1 6 12

it immediately follows that

) Y mb b —1)2,  (32)
n=1 m=1
and hence
L=b(b—1)2—@G—1)1=(}—1)2  (33)

Thus it is shown that the total length of the inter-
vals which correspond to the elements of § is equal
to unity.

Function F(a)

As has been seen in the. previous section, the
function F(a) is defined over an enumerably infinite
number of intervals which are everywhere dense in
the interval 0 <a =<1, and the total length of the
intervals is equal to unity. It is clear that this function
can be uniquely extended to a function which is
defined throughout the.interval 0 <a < 1 in a natural
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way. The extended function (denoted by F(a) anew)
is continuous, nondecreasing, flat (F”(a)=0) almost
everywhere in 0=<a=<1; nevertheless F(0)=0,
F (1) =1. Thus the conclusion that the function F(a)
is an extended Cantor’s function (Titchmarsh, 1968)
is achieved.

Correspondence to Harmon’s Experimental Results

The values of F of the periodic sequences which
belong to the set S, and lie between {1™*+10} and {1™0}
are given by

_ nim+1)+m
A=t oimin =D
or

2T (m+2)tu(mt1)
and those between {0™1} and {0™*11} are given by

n+1
b=t miy =D
or
1+4n
A Dtemry =

A detailed correspondence of these values of F to
Harmon’s experimental results is shown in Table 6.
Since a in (9) is not exactly the same as that in Fig. 1,
correspondence of the values of @ can not be made.

Table 8. Comparison of the values of ¥ between Harmon’s
experimental results and our theoretical results

Harmon F m n Harmon F m n
1:1 F, oo — 2:9 Fy 3 1
4:5 F, 4 0 3:14 F, 3 2
3:4 F, 3 0 1:5 F, 4 0
5:7 F 2 1 3:16 F, 4 2
2:3 F, 2 0 2:11 F, 4 1
3:5 Fy 1 1 3:17 F, 4 2
1:2 F| 1 0 1:6 F, 5 0
6:13 F, 1 5 3:19  F, 5 2
4:9 F, 1 3 2:13 Fy 5 1
2:5 F, 1 1 1:7 Fy 6 0
1:3 F, 2 0 2:15 F, 6 1
5:16 F, 2 4 1:8 F, 7 0
3:10 F, 2 2 2:17 F, 7 1
2:7 F, 2 1 1:9 F, 8 0
3:11 7, 2 2 2:19 Fy 8 1
1:4 P, 3 0 1:10 F, 9 0
3:13 Fy 3 2

An Analogue Circuit

It is shown that the very simple circuit in Fig. 9,
which is composed of a delay line and a negative
resistance element, is an analogue of our mathematical
neuron model if the characteristic of the negative
resistance element is chosen as shown in Fig. 10,
where Z is the characteristic impedance of the delay
line and Z > R (see Appendix II).

It is known that the voltage v(l, ) maintains a
constant value during the time-period 7', where 7 is
double the delay time of the delay line. Then the
sequence of x defined by

x,=1[v(l,nT)]

(n=1,2,3,...) (34)
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Fig. 9. An analogue circuit of the mathematical neuron model

x=0

=AV)

Fig. 10. The characteristic of the negative resistance element in
the analogue circuit, where Z is the characteristic impedance
of the delay line and Z> R

is proved to agree with that discussed in previous
sections. Furthermore, a simple computation gives

a=5(1+7%); (35)
Z+4+ R
b=tp >1. (36)

Therefore the condition —¥,<< B < ¥, implies 0 <a <1.

Some experimental results of this circuit, when a
tunnel diode is used as the negative resistance element,
was given by Nagumo and Shimura (1961).

Appendix I
In this appendix, the constitution of Table 4 will
be investigated. First of all,

¢, ={23,..}.

The element of C, which lies between p, (positive
integer not less than 2) and p, + 1 of C, takes the form
n=pyp +9¢s(p,+1), where p, and g, are positive
integers and p,=1 or g;=1.

In general, the positive integer of the form
n=pp,+¢(p,+1), where p,q and p, are positive
integers and p, =2, is denoted by [p, ¢]. If p and g are
prime each other, it is called a * prime pair”.

It is obvious that every element of

Cy={..., [3, 1], (2, 1], [1, 1], {1, 2], [1, 8], ...}

is a prime pair. Since C, is symmetric, p > ¢ is assumed
hereafter. See Table A.1.

Next, the element of C, which lies between [p,, 1]
and [p,+1,1] takes either of the following two
forms:

(a) [2pp+1, 2]+ p3pe, 11 ={(Ds+2) P2+ 1, ps+2],

(b) [2p,+1,214ps[p.+ 1, 1]
=[(ps+2)py+ (ps+ 1), ps+21,

Kybernetik

Table A.1. Alternative expression of Table 4 between C, =2
and C, =3 by the use of prime pairs

¢, € G c, € G,
2
‘o 2, 1]
3, 1] =
e [7, 4]
[11, 4] [5, 3]
[8, 3] (3, 2]
[5, 2] [4, 3]
[7, 3] [5, 4]
9, 4] oo
aE [1, 1]
1, 2]
L, 3]
3

where p, =0, and it is easily seen that both of them
are prime pairs.

Expression (a) above is rewritten as [p;p,+1, 5]
(ps =2), if py+2 is replaced by p;. The element of C,,
which lies between [pyp,+ 1, py] and [(p;+ 1)p,+ 1,
5+ 1], takes either of the following two forms:

(8) [2ps+ 1)pet2, 20+ 1]+ Dy [Pa 2+ 1, D3]
=[((P4+2)P3+ 1)P2+ (Pa+2), (py+2)ps+ 1],

(b) [(2ps+1)pa+2,2p,+1]
+ P [(ps+ 1)pa+ 1, p3+ 1]
=[{(ps+2)p3+ps+ 1) pg+ (ps+2),
(Pa+2)ps+Pa+ 1],

where p, =0, and both of them are prime pairs. The
same result is obtained for the element of C; with
expression (b).

Similar processes show that positive integers which
appear between p, and p, -+ 1 are all prime pairs.

Our next task then is to show the fact that when a
prime pair [p, ¢] is given, the position it occupies
between p, and p,+ 1 in Table 4 is uniquely deter-
mined. If this is shown, it is known that every prime
pair appears once and only once between p, and p, 41
in Table 4.

Now, as described above,

Cy= {[Z’z’ 1], ps = 1}~

Next, the general form of the element of Cy, which
lies between [p,, 1] and [p,+ 1, 1], is either of the
following two forms:

(8) [2ps+1, 2]+ ps[pa+1]1=[(ps+2) 2+ 1,15+ 2],
(b) [2p,+1, 2]+ palp,+1, 1]
=[(ps+2)(pa+1) — 1, p3+2],

where p,=0. Thus the general form of C; can be
expressed as [P, &, 23] (p; =2) where g5=41, and
Pa=py if fy=—41, pp=p;+1if gy=—1.

Next, the general form of C,, which lies between

[ps 02+ &5, ps] and [(ps+ 1) pa+ &5, P+ 11, takes either
of the following two forms:

() [2ps+ 1)pat+ 265 2p5+1]1+ Dy [Pap2+ &5 15]
=[((ps+2) s+ 1) pa+ (0 +2) &, (D4 +2) 2+ 1],
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() [(2p;+ 1) pa+ 285, 29+ 1]
+Pal(ps+ 1) P2+ &5 23+ 1]
=[((pa+2)(ps+1) ~1)pa+ (Ps+2) &5,
(Pa+2)(ps+ 1) —1],
where p, = 2. Thus the general form of C, is given by
[(paps+ e P2+ Pats Paps+ 8]  (P422),

where g =41, py=p; if e,=+1, pg=p,+1 if
84 _— 1 .

Summing up, it is found that the element [p, ¢]
of C, is expressed as

P=p2q+ e
q9="s
and the element of C, as
P=paq+ets  (9<g/2),
q="P3gs+ &g,
9 =Py

In like manner, the element [p, ¢] of C}, can be
expressed as follows:

P=p2q + &5 (gs<q/2),
q =Dsls+ €194 (94 <q4/2),
@ =PsGs+ €595 (25 <94/2),

...................

Qr—s="DPi—2Gt—2F Ex—16—
Q-2 =DPt—1%e—1+F &>
Q-1 =Pk

where ¢;=+1 for :=3,4, ...,
=41, g =p+1if &=
1=3,4,..., %

The above expression of the prime pair {p, q]
indicates the position it occupies between p, and
p,+ 1 in Table 4. An example is shown in Table A.2
where the prime pair [143, 38] is found to belong
to C;.

Thus it is ascertained that the number of integer
n (n = 5) which belongs to C;’s (¢ =2) is equal to the
number of ways of expressing # by the prime pair
{p, q]; namely, the number of ways of expressing = as

n=pp +q(p+1)
=p+omtyq
=rpt+q (r=p+q,

where p; =2; p and ¢ are positive integers prime each
other; r is prime to g and » >¢ =1; nis prime to r and
n>rp, =2r. Hence n/2>r>1.

Given a positive integer n, let the positive integers
which are less than and prime to # be

(Tr-1 <qx-2/2),

k, and p;_,=p;_; if
—1; py =1, p; =2 for

I=n <ry<ry <o <1<y <o <P <7 =n—1,

where ¢ implies @(n). Since r,+7r,=n, r34r,
=My oo, Py Tepy =m0, it immediately follows that
s=g@{n)/{2. Since r is limited to #/2>r>1, the
number of ways of expressing # in the form n =rp, ¢
is equal to the number of r, such that

P =Ty, Vg euny Ty

ors—1.

J. Nagumo and 8. Sato: Response Characteristic of a Mathematical Neuron Model

163

Table A.2. This table shows how one discovers the position

occupied by prime pair {143, 38]. If ¢;= 1 t, the position is

located, as indicated by small arrows, m a half of the set C,,
which consists of smaller/larger prime pairs

143=4-38—9 pi=4 g=—1 p,=3 ¢,=9
38=4-9 +2 pi=4 gf=+1 p;=4(2) ¢,=2
9=4-2 +1 pi=4 =41 p=4(2) (k=5)
p5=¢,=2(0)
C, C, C, Cs
=3 =2 =2 =0
" =1t Wby Soan
[19,5]
(2) [154] (0) [34,9]
(1) [11,3] (1) [49,13]
[4,1] (0 [7.2] (2) [64,17] {
(0) [3,1] [79,21} (0) [143,38]

Besides, every positive integer not less than
2 appears once in (. Hence it is concluded that the
number of n(n =3) which appears in Table 4 is given
by (s —1)+ 1= (n)/2.

Appendix II

Let the series inductance and parallel capacitance
per unit length of the delay line, assumed to be lossless,
be L and C respectively. Then the relation between
the voltage v and the current ¢ of the line is given by

ov o1 o1 ov
= Lew =l
As the line is shorted at « =0 and connected with
the negative resistance element at z=I, boundary

conditions become

(A1)

v(0, t) =0, (A.2)

il ty=f(v(, 1)+ B), (A.3)

where £ is the dc bias voltage, and I =f(V) is the
expression representing the characteristic curve of the
negative resistance element (Fig. 10).

It is assumed that the voltage along the line at
t=0 is «(z) and the current is f(x). Therefore, the
initial condition may be written as

v(z, 0) =a(x)
i(x, 0) =4 ()

where o (0) ==0.
D’Alembert’s solution of (A.1) is of the form

2 ) =g (t— ) + ot +2),
= Hpl=2) e T

where w = (L C)~t is the propagation velocity of waves
in the line, and Z=(L/C)}* is the characteristic
impedance of the line.

The combination (A.6) and (A.2) gives

¢1 (t) + ¢z (¢) =0. (A-S)

With the substitution of (A.8) into (A.6) and (A.7),
the results are

v(x,t)_qSl(————) ¢1(t+ )
z(x,t)-—{q&l(t——)+¢1(t+ )} (A.10)

O<z <)),
O<z<),

(A4)
(A.5)

(A.6)

(A.9)
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Fig. A.1. Graphic display of the relation between £ and 7 in
(A.19)

1+ T)=g ()]

¢(1)

Fig. A.2. Comparison of this figure with Fig. 2 leads to the
conclusion that the circuit in Fig. 9 is an analogue of the
mathematical neuron model

From (A.3), (A.9) and (A.10)
¢1(t—”§) +¢1(t+%)

(A.11)
=21 (paft—5) — o1+ ) +E),

where I _ —l~: the propagation time of waves in the
. 2 w
line.

Equation (A.11) may be written as

i) == )]

This equation is a difference equation with the dif-

ference T if ¢,(f) is given for — % <t< -211, ¢, (2)

may be successively determined for

T,
2 2 2 I

Now, from (A.4) and (A.9)

bu(—Z) —u (L) =a@ (O<z<i, (A13)
and from (A.5) and (A.10)

b~ o)+ i) =2B@) (O<az<d. (Al4)

(A.12)

Kybernetik
Accordingly
&, (_ %) =3 la@+2p(z)} (O<o<D, (A.15)

(L) =— 3 {a@) —ZB@} (O<z<D. (A16)

Equation (A.15) gives ¢, (¢) for — % <t=0, and
(A.16) for 0.<t < 3. The value of ¢ (1) for — 5 <
< }2-’— , therefore, is determined by combining (A. 15)

with (A.16). Thus our problem is reduced to
difference equation (A.11) or (A.12).

By the introduetion of a new variable (f):

pO=di(t— ),
(A.12) becomes

pit+ T)=glyp@®)]. (A.17)
Furthermore, making use of new variables
£= 5 O~y T}
. (A.18)
=5 fpO+ye+ D}
(A.17) is rewritten as
n= v_Zz {12 &+ E). (A.19)
Obviously
1 Z .
f= o), =g i(Lt).  (A.20)

From Fig. 10, (A.19) becomes as shown in Fig. A.1.
Hence the relation between () and w(t4-T) is
obtained by rotating the curve in Fig. A.1 45° to the
right. This is shown in Fig. A.2. By comparing this
figure with Fig. 2, (35) is obtained. Furthermore, a
simple calculation yields (36), and (34) immediately
follows from (A.20).
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