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Summary. In isolated receptors the impulse frequency
following “‘step” stretches had a highly significant correlation
with both muscle length and tension; any deviations from
linearity were in opposite directions, impulse frequency rising
more quickly than linearly with length and more slowly than
linearly with tension. The impulse frequency decayed accord-
ing to a power function of time from application of a step
increase in length. A transfer function was derived and used
to predict responses to sinusoidal and constant velocity
stretches. The experimental data generally agreed with pre-
dictions. The deviations that were found could be accounted
for by considering quantitatively any non-linearity between
frequency and length, the adaptation of the impulse frequency
to constant currents, the all-or-none nature of the action
potential, and the viscous forces present during dynamie
stretch. The approximately linear relationship between impulse
frequency and muscle length and muscle tension is discussed.
Muscle tension appears to be the more direct causal agent of
impulse generation. Possible physical bases for the transfer
function are also considered.

Introduction

One step towards a quantitative understanding of
the response of a sensory system is the development
of a mathematical description for the response of the
first order neurone to a variety of stimulus patterns.
There have been several notable attempts at such de-
scriptions in recent years (HERMANN and STARK, 1963;
CrAaPMAN and SmirH, 1963; KirscHrELD and REI-
CHARDT, 1964) using the concept of the linear transfer
function. The transfer function is closely associated
wiht the Laplace transform method for solution of
linear differential equations with constant coefficients
(CLarE, 1962). A transfer function can be derived in
two ways. If complete knowledge of the behaviour of
all components of a system is available, and they are
linear, the transfer function can be derived directly.
The transfer function so derived can be used to cor-
rectly predict the response to any input. The alter-
native method, when complete knowledge of the sys-
tem is not available, is to measure the response to
a simple input pattern, fit the response with an em-
pirical formula and derive a transfer function from
this formula. Since this second method relies on an
empirical relationship from a limited range of data,
it may not correctly predict responses to other types
of stimuli. Indeed any deviations noted may be useful
in determining other important factors governing the
behaviour of the system.

In this paper a transfer function for the slowly
adapting stretch receptor of the crayfish is determined
from its response to a step change in length of the
receptor muscle. This receptor is particularly suited

for detailed analysis since with extracellular recording
from an isolated preparation stable records can be
obtained for many hours and there is exceedingly little
variability in its response. The response (frequency
of nerve impulses) is also quite linear with muscle
length over the physiological range. It is especially
important to consider the response to dynamic stimuli
such as constant velocity ramp stretches since they
have been extremely useful in analysing the function
of vertebrate muscle spindles (MaTTHEWS, 1964).
Therefore, predictions for dynamic stimuli (sinusoidal
and constant velocity stretches) are derived and com-
pared with experimental results. Some deviations from
the predictions of the transfer function are found
though these can be accounted for quantitatively by
considering records of muscle tension and any non-
linearity present in the relation between impulse fre-
quency and receptor length. The implications of and
possible physical basis for the transfer function are
discussed. Some of the results have been published
previously in abstract form (Brownw, 1965). POPPELE,
Borsrrrino and TrrzvoLo (1966) have also briefly
described the response of the lobster stretch receptor
to sinusoidal stretch.

Methods

Preparation. Isolated slowly adapting stretch receptors
(R. M. 1; ALEXANDROWICZ, 1951) from the second abdominal
segment (occasionally 3rd or 4th segments) of freshwater
crayfish (Astacus sp.) were used. Dissection was done from
the ventral side under saline with incident lighting as de-
scribed by WigrsMA, FursEPAN and Frorey (1953), usually
with isolation of the whole length of nerve stretching from
receptor to the ventral nerve cord. In some experiments the
minimum and maximum length ¢n sitw of the receptor muscle
was measured with a calibrated eyepiece. The increase in
length from minimum to maximum was about 35% of the
minimum length.

The fast receptor muscle was dissected away and the slow
receptor with its natural insertions into pigment tissue at
the anterior end of the segment and clear connective tissue
at the posterior end, was transferred to the organ bath with-
out crossing any fluid interfaces.

In the organ bath (volume 5 ml) the receptor was attached
at one end to the myograph and at the other end to the
puller. At both ends this was done by passing the ends of
the receptor muscle into a longitudinal slit made in a piece
of monofilament nylon (10 lb. breaking strain; SmiTH, 1964),
and then sliding over this bit of the nylon a small segment
of stainless steel tubing, which because of its close fit to the
nylon rod pressed the two sides of the slit together. This
proved to be a secure form of fixation and, once attached,
the receptor did not slip out even under éxtreme stretches.
The nylon rods were stuck with Araldite to the myograph
and puller extensions. The extension from the puller passed
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through a small hole in the side of the bath which was sealed
with vaseline to stop fluid leaks. The extension from the
myograph entered the bath from above so that there was no
friction to distort the recording of the tension.

Application of Stretch. This was done with an electro-
magnet (GoobpMans V 47, 3 ohm model) mounted on a hori-
zontal screw thread so that the initial length of the receptor
could be adjusted by hand. The initial length was chosen so
that the receptor fired at about 1impulse/sec. This length
was generally slightly higher than the minimal length in situ.
In some cases the receptor fired even when completely slack
(cf. EvyzacuiRre and Ku¥rrLER, 1955). In these cases the
muscle was stretched until the background discharge just
increased perceptibly. For comparison with the other ex-
periments a frequency 1 impulse/sec less than the background
was subtracted from the measured values.

For constant velocity stretches and “step” stretches (ramp
rise times of 30—40 msec were used for “steps’’) ramp voltage
wave forms were generated by a transistor circuit (BANNISTER,
1965) and these were amplified to provide a ramp current
which was fed to the coil of the electromagnet. Ramp rise
times from 10 msec to 8 seconds were available in 30 fixed
steps, and the final value of the current at the top of the
ramp was varied by 10 fixed resistors in series with the coil,
providing 10 different length stretches from 0.1 to 1.0 mm
in approximately 0.1 mm steps.

This open loop system was simple and reliable and, because
the stiffness of the internal suspension of the moving coil was
so much greater than the tensions developed in the receptor,
had no zero error. 500 gms displaced the coil by about 1 mm.
Maximum recorded tensions from the slow receptor muscle
were about 30 mg. wt. However, for long stretches (> 0.7 mm)
the velocity of stretch fell off as the movement approached
its final length, presumably due to an increase in stiffness of
the mounting of the coil at its extremes of movement. The
change in slope between the initial part of the stretch and
that over the final part was of the order of 15% of the initial
slope. As the range of velocities used varied over two orders
of magnitude and the minimum difference between the various
velocities used was 100%, this seemingly large error for long
stretches was ignored.

There was another undesirable feature in the stretching
apparatus. Movement did not cease at the end of the ramp,
there being a slow onward creep which was over in 2 seconds,
and very largely over in 250 msec. This creep was worse for
fast rise times when it might amount to 10% of the total
length (see Fig. 1 and Fig. 9).

Sinusoidal stretch was applied by driving the electro-
magnet with a low frequency oscillator (Servo-Mex, TWG 100).
The frequency of the stretching was varied from 0.03 c/s to
5c¢fs, and its amplitude (peak to peak) was varied from
0.014 to 0.72 mm by means of resistors in series with the
current amplifier. «-y plots of applied signal against resultant
length showed that the vibrator did not appreciably distort
the oscillator waveform. The amplitude was reduced by 8%
of its low frequency value at 10 ¢/s.

Recording of Tension. This was done with an R. C. A. 5734
mechano-electric transducer valve with an extended anode
pin of stainless steel tubing having a natural frequency of
130/sec. It was calibrated in the way described by KrNJEVIC
and VAN GELDER (1961), and was found to have an output
linear with tension. Its complicance was not more than
50 £/100 mg wt. Drift of the output was greatly reduced by
supplying the heaters from a regulated D. C. power supply
and mounting the valve in a large brass block.

Recording of Length. The phototransistor circuit of MAacHIN
(1959) was used, a light metal vane on the extension of the
moving coil partly interrupting light from a pea bulb focused
on the phototransistor. The output was linear with displace-
ment over the range used (1 mm).

Direct Current Stimulation. Square current pulses were
applied to the sensory cell from a battery using a micro-
switch, the current reaching the nerve via a 20 MQ resistor
and Ag/AgCl electrodes, the cathode in the crayfish saline
and the anode on the nerve raised into liquid paraffin. Current
was monitored as the voltage drop across a 10 KQ resistor.

Recording of Action Potentials. This was done conventional-
1y with a pair of silver electrodes on the receptor nerve, which
was raised into liquid paraffin. The amplified spikes were
used to trigger a circuit which gave a direct display of the
instantaneous frequency of discharge (MAaTTHEWS, 1963a).
The frequency of discharge was thus recorded directly, simul-
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taneously with the length and tension, by photographing the
stationary spots of 2 double-beam oscilloscopes on moving,
70 mm recording paper. Film speeds of 1.22 cmfsec and
1.84 cm/sec were used.

When sinusoidal stretches were being used the recording
paper was stationary and the output of the frequency meter
was displayed on the y axis of the oscilloscope while the signal
from the length transducer was applied to the x axis (see
Fig. 7).

Saline. VaN HARREVELD's (1936) solution was used; the
pH was about 7.5 at 15° C.

Temperature. In any one experiment the temperature,
which was recorded by a thermistor bead in the organ bath,
did not vary by more than 3° C; the extreme values were
between 13°C and 23° C. All the later experiments were
carried out below 18° C by keeping the fluid in the bath 5° C
below room temperature with a thermoelectric cooling device.

Length Change of the Sensory Region of the Receptor Muscle.
In 3 experiments small glass beads were placed on the receptor
muscle on either side of the area innervated by the sensory
cell. With powerful lateral illumination these beads acted as
small markers, bright enough to produce an image on the
film of a Cossor 35 mm oscilloscope camera which was placed
with its lens close to the eyepiece of a microscope (magni-
fication X 25). The camera film ran at right angles to the
axis of stretching. It was thus possible to record the length
changes of the middle region of the receptor muscle during
and immediately after an applied stretch of constant velocity.

Analysis and Accuracy of Records. Records of frequency,
tension, etc. on the photographic recording paper were meas-
ured to the nearest 0.1 mm. The frequency value in mm was
converted to readings of impulses/sec by inspection of accurate
calibration curves. The voltage output of the instantaneous
frequency meter was not exactly linear with frequency over
the whole range of frequencies studied. Assumption of linearity
would have given an error of + 2 impulses/sec. By using the
calibration curve the accuracy was increased to +0.5 im-
pulses/sec.

The movement of the recording paper provided the time
base (see above). The film did not run on completely evenly.
The variation in speed was 1.5% of the mean value.

Provided the preparation was washed with fresh perfusion
fluid between readings, repeated recordings of any one partic-
ular stimulus pattern gave reproducible results throughout
the course of an experiment though there was a tendency
for the responses to decline slowly during a long experiment.

In 4 experiments the discharge of the receptor was recorded
on magnetic tape and the intervals were measured and recorded
on punched paper tape automatically by a high speed timer
and recorder “Histar’” (StEIN, 1965). These experiments gave
similar results to those recorded more conventionally. Further
analysis was done on the English Electric KDF 9 Computer
of the Oxford University Computing Laboratory. The statisti-
cal analysis was done using a computer program written by
Dr. D. F, MayErs of the Computing Laboratory. In testing
for the significance of statistical parameters, it was assumed
that they were normally distributed. Values more than three
times the standard error in the determination of the parameters
were assumed to be statistically significant at the 5% level.
These assumptions are not fully justified because of the small
sample sizes (GUEsT, 1961).

Results

Step Stretches. The time course of the frequency
of action potentials generated by the slowly adapting
stretch receptor using ‘‘step’ stretches to various
lengths from the same initial length (rise time 40 msec)
are shown in Fig. 1. Only four stretches are shown in
Fig. 1 for purposes of clarity. At first there is a very
rapid decline in the frequency, but the decline becomes
increasingly slow with time. The initial length was
chosen as described under ‘“Methods’” and in this case
the stretch receptor fired one nerve impulse/sec at
the initial length. As the stretches were increased by
steps of about 0.2 mm, the impulse frequency also
increased by roughly equal amounts while the tension
rose by increasing amounts. This result has been noted
by TErzvoLo and Wasa1ZU (1962). However, KRNJE-
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vic and vaN GELDER (1961) reported a linear relation
between frequency and tension and WENDLER and
BURKHARDT (1961) described a near-linear relation
between frequency and tension. All three groups of
workers can not be correct for it is agreed that tension
is not linearly related to length (TERzZUOLO and
WasHIzu, 1962; KrNJEVIC and van GELDER, 1961).
All previous studies used stretches applied successively
one on top of another so that the effects of adaptation
accumulated and the muscle was often stretched to
lengths greater than the physiological maximum. All
stretches used in the present study were kept within
the normal physiological range and were applied in
random order from the same initial length with a one
minute recovery period between stretches. When these
precautions were taken, we never encountered the non-
linearities due to the phenomenon of ‘‘overstretch’’
first reported by WiErsma, et al. (1953).

Since a linear relation between input and output
is important for the type of analysis to be carried out,
and since we could give more carefully controlled
stretches to the muscle than had been done previously,
we first examined the linearity of the system. The
response frequency (for which we shall use the letter y)
was measured at two or three different times after
the onset of step changes in length of several magni-
tudes in 13 receptors. The size of the length change
will be denoted by z. The best fitting straight line
and the best fitting curve (in the sense of least mean
square deviations) of the form y =ay 4@, « -+ a,2? were
calculated for 34 cases in all. The linear correlation
coefficients and the significance (GuUEsT, 1961) of the
various coefficients were also determined. For com-
parison, similar calculations were done for the changes
in frequency as a function of the change in tension on
the same receptors. In all cases response frequency
and muscle length were highly correlated (linear cor-
relation coefficients >0.94) and in over half of the
measurements the linear correlation coefficient was
greater than 0.98. Even slightly higher values were
found for the relation between frequency and muscle
tension (linear correlation coefficient always >0.95
and greater than 0.98 in over 3/4 of the cases exam-
ined). The coefficient a, for the relation between im-
pulse frequency and muscle length was significantly
different from 0 at the 5% level (i.e. there were
significant deviations from linearity) in over half the
cases that were examined. Significant deviations from
linearity in the relationship between impulse frequency
and muscle tension were only found under 20% of
the time. The directions of the deviations from linearity
were also different; in all cases of significant deviation,
impulse frequency showed a faster than linear increase
with increasing length and a slower than linear in-
crease with increasing tension. If the best values of a,
are examined for all cases (not only those in which
the value was significantly different from zero) much
the same result emerges. In over 85% of the cases
the best value of the coefficient a, relating frequency
and length was positive while, just under 60% of the
time, the corresponding coefficient relating frequency
and tension was negative.

Since the linear correlations between impulse fre-

quency and both muscle length and tension are so
high, it is not surprising that both relationships have
been reported in the literature by different workers
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(TErzZvoLo and WasHIzu, 1962; Kgrxomvic and
vAN GELDER, 1961). However, the differences in the
direction of the deviations from linearity may be im-
portant in determining which variable is the more
direct causal agent in the generation of nerve impulses.
This topic will be discussed later. In most of the results
impulse frequency will be considered only as a function

750 p=

S
S
1

Feguency (imp/sec)
3
T
.

1A

S0
mgwt

Tensron

7Ad

S

i

Le

o= L - |
7sec.

Fig. 1. Superimposed tracings of the response of a slowly adapting stretch
receptor to 4 different length stretches with the same rise time (about 40 msec).
The top records show the frequency of discharge. Each action potential is
represented by a spot and the vertical displacement is proportional to
the reciprocal of the time interval since the previous action potential
(i.e. the instantaneous frequency in impulses/sec). The middle records give
the tension in the receptor muscle. The bottom records show the changes
in length of the muscle measured by the length transducer (Temperature
15° C, Exp. 2)
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Fig. 2. The decay of impulse frequency following ““step’ stretches (40 msec

rise time) to different lengths plotted on a log-log scale. Time was measured

from the midpoint of the rising phase of the stretch, Data from Fig. 1.

The straight lines are calculated best fits; a straight line of negative slope

on this plot indicates that the impulse frequency decays as a power function
of the time since application of the “step’” stretch

of muscle length and initially a linear relationship
between the two will be assumed.

Let us now return to the time course of the change
in impulse frequency following a step stretch. In Fig. 2
the response frequencies shown in Fig. 1 have been
replotted on a log-log scale. On this scale a power
function plots as a straight line, the exponent given
by the slope. It will be noted that replotting in this
way has linearized the curves of frequency versus time
and that the slopes of the decay curve following
changes in length of different magnitudes are approxi-
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mately equal. The results can thus be summarized by
the equation
y=—azxik (1)

The constant a gives a measure of the sensitivity of
the receptor to a unit change of length while & de-
termines the rapidity with which the response decays
following the change in length. The best straight line
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Fig. 8. Decay of tmpulse frequency following a ‘‘step’ change in length of
0,77 mm (circles) compared fo that following the sudd pplication of a

constant depolarizing current of 0.37 uA (squares) on a log-log scale. Same
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Fig. 4. Superimposed tracings of the response of a slowly adapting stretch

receptor to step depolarizing currents. Upper records, instantaneous frequency;

lower records, applied current. (Temperature 22° C, different receptor from
that shown in Fig. 1)
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Fig. 5. Records showing summation of the effects of stretch and depolarizing

current. A. Response to slow constant velocity stretch. B. Response to

small depolarizing current. C. Response to the simultaneous application

of stretch and current. Top trace in each record shows instantaneous

frequency (scale in A applies also to B and C and represents 50 impulses/sec).
Bottom traces signal length and current

on a log-log plot (again in the sense of least mean
square deviations) was determined for the first 2.5
seconds of each muscle stretch in § receptors listed in
the Table. In each of the 31 stretches so analysed the
linear correlation coefficient between log y and log ¢
was greater than 0.84 and for over 60 % of the stretches
it was greater than 0.99. The overall mean value for
k in these experiments was 0.2104-0.015 (mean+- S.E.).
No individual determination varied as much as 0.04
from the mean for that experiment. The largest devia-
tions were in both directions and occurred more fre-
quently for the smaller stretches where measuring
errors were greater.
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The average value for the constant ¢ varied widely
between receptors (from 20.2 to 62.6 impulses mm™!
sect-1) since muscles of different lengths were used.
In addition, the value of a tended to increase some-
what as the size of the step stretch was increased
because of the non-linearity present in some muscles.
The effect of the non-linearities will be analysed more
fully later.

In Fig.3 the response of the same receptor as in
Fig. 1 to a step stretch of 0.77 mm lasting 200 seconds
is indicated by open circles. The solid line as before
is the best fitting power function over the first 2.5
seconds. Two kinds of deviations are noted at long
times. Both were characteristic of the results on 7 re-
ceptors examined using long stretches although they
were often much less marked than in Fig. 3. At about
10 seconds the frequency begins to decay faster than
a power function while beyond 100 seconds the decay
slows and tends toward a constant value. Hence, with
stretches lasting minutes, a small term should be added
to the right hand side of Eq. (1) which is independent
of time. However, with an isolated preparation, the
response tended to decrease somewhat during the
course of the experiment and the recovery from such
a long stretch was rather slow so that it was difficult
to examine the small term with accuracy. Studies using
such long-lasting stretches (WENDLER, 1963) indicate
that this small term is also fairly linear with extent
of stretch. The effect of this correction term on
stretches lasting less than 5 seconds is minimal and
will not be considered further.

D. C. Current Stimulation. An explanation of the
faster than power function decay after ten seconds
(or for that matter, the power function decay itself)
is not immediately clear. Experiments were therefore
carried out in which step currents with a rise time less
than 5 msec were applied. The current was also re-
corded to be certain that it remained constant over
the period of stimulation. Currents were applied which
gave a similar range of frequencies to those elicited by
stretch. Responses to current steps of various sizes
are shown in Fig. 4 for comparison with the responses
to step stretches. No sharp peak frequency is seen
with current stimulation and very little decay in fre-
quency (NARAJIMA, 1964; WENDLER, 1963) occurs over
the first few seconds. The filled squares (@) in Fig.3
show the response to a long step current. The decline
in frequency to constant current is much less marked
and of a different character. The responses could al-
ways be fitted adequately by a single exponential of
the form

Y =a, +b,e. @)

The dotted line in Fig. 3 represents such a curve
where

a, =14.5 impulses/sec; b, = 5.6 impulses/sec;
7 =16 sec.

In contrast, at least three exponentials would be
needed to fit the response to stretch adequately.
The time constant and extent of the electrical
adaptation seen in Fig. 3 is of about the same size
as the deviations from the power function decrease
at about 10 seconds following the step stretch. How-
ever, it is more reasonable to compare the responses
to stretch and current if the applied current was acting
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at the site of natural impulse initiation. The evidence
shown in Fig. 5 suggests that this is the case. In
Fig. 5A the response to a 0.5 mm stretch with a long
rise time is shown. Fig. 5B gives the response to a
small depolarizing current while Fig. 5C gives the
current superimposed on the stretch and it is seen
that the response to the two sum. Furthermore, hyper-
polarizing currents would slow a discharge due to
stretch (not illustrated), and current stimulation was
ineffective after crushing the soma of the sensory cell.
Although this does not prove unequivocally that the
natural and electrical stimuli were acting at the same
point these same criteria have been used by LippoLp,
NicaorLs and REDFEARN (1960) with the muscle
spindles of the cat tenuissimus muscle.

The frequency of discharge at about one second
after the onset of stimulation as a function of current
strength is shown in Fig. 6. The shape of the curve
(linear over the lower portion, but approaching a
maximum as the current is increased) is an agreement
with previous studies (WENDLER and BURKHARDT,
1961; Terzuoro and WasHIzU, 1962).

With the external electrodes used, the current was un-
doubtedly more diffuse than the generator current that normal-
ly excited the cell though the above experiment indicates
that the mechanically and electrically induced depolarizations
sum. The interspike intervals during current stimulation were
more irregular than those elicited by stretch. Using intra-
cellular stimulation TErzvoLO and WasHizo (1962) found
a linear region extending to higher frequencies and a higher
maximum discharge frequency.

Transfer Functions. If the response to a step stretch
is given by Eq. (1), the transfer function, G/ (s), (CLARE,
1962) can be obtained by dividing the Laplace trans-
form of the response, Y(s), by the Laplace transform
of the input, X(s), where the Laplace transform is

o o]

defined by F(s)= fe~#f(t) dt. For Eq. (1) the trans-
0

fer function is

foz—“axt—kdt
G(S) . Y(s) __0

=X = =al'(1 —Fk)s* (3)

j?oe—‘txdt

0

where I'(1 — k) is the gamma function which is tabu-
lated in the C. R. C. Standard Mathematical Tables
(HopemaN, ed., 1957).

From the transfer function the response to an
arbitrary input can be predicted. In particular, the
prediction for sinusoidal stretches is given by (CmaP-
MAN and Smrry, 1963)

y=axl'(1 —k)2xf)*sin(2n ft + kw/2) 4)

where f is the frequency of sinusoidal stretching in
cycles/second. Eq. (4) predicts that the amplitude of
the response will increase as the k-th power of the
stimulus frequency and that there will be a constant
phase lead of k s/2 radians or 90% degrees.

Similarly the transfer function can be used to
predict the response to a ramp stretch. Consider a
ramp of length z lasting # seconds with a constant
velocity v = zft, over this time. If it is further assumed
that the muscle remains stretched the amount x for
times ¢=1t,, then the Laplace transform of the input
waveform is

X(8) =(vfs?) (1 —e~*4). (5)
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Multiplying Eq. (5) by the transfer function of Eq. (3)
and taking the inverse transform yields the predicted
response frequency as a function of time.
avil—k
1—%
av(l—k— (t—¢,)1—F)
1—%

Hence, on the linearly rising phase of the ramp,
the response frequency should increase according to
the (1 —k)-th power of time and, when the stretch
reaches the final length, it should begin to decline
a8 the difference of two power functions. In the
“Appendix” it is shown that:

1. for tt,>>1, this difference reduces to Eq. (1);

2. the fastest convergence to Eq. (1) results when
time is measured from the midpoint of the ramp (2,/2)
and

?/= tétl,

(6)

t>1¢.
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Fig. 6. Frequency of discharge as a function of the strength of applied depolar-
izing current. Frequencies measured one second after application of current
and plotted on linear coordinates. Same receptor as Fig. 1

3. for times shortly after the end of the ramp, the
frequency predicted by Eq. (6) will be higher than
that given by Eq. (1) if time is measured from the
midpoint of the ramp. However, the error is only 0.5%
at ¢, seconds after the end of the ramp.

These last results extend the intuitive idea that
the time taken to attain the final length will not
geriously affect the instantaneous frequency measured
at times long compared to the time taken to reach
the final length.

If the velocity of the ramp, », and the time ¢,
are varied so that the same final length is reached
at different rates, the peak frequency should increase
as the k-th power of the velocity as can be seen by
substitution in Eq. (6). The maximum frequency, %,,,
will occur at ¢ =4, as discussed above, so

avtl—t  aqal-—kok

YWm="1"% ~"1—% )

Thus, there are in theory at least five simple ways of
determining the constant k:

1. the exponent of the power function decay in
response frequency with time after step stretches,

2. the exponent of the power function increase in
amplitude of the response as a function of frequency
of sinusoidal input,

3. the phase lead to sinusoidal stretches (90% de-
grees),

4. the exponent of the increase in peak frequency
with velocity using ramp stretches,



180

5. the exponent (1 —k) of the increase in response
frequency with time on the linearly rising phase of
ramp stretches.

These determinations of k£ could be used to give
four separate determinations of the constant a. In
practice as will be indicated, the first determination
is the most accurate and in the next sections we will
compare the results for sinusoidal and ramp stretches
with the average values determined from several step
stretches of different length.

Sinusoidal Stretches. The inverse of each interre-
sponse interval was directly displayed on the y-axis
of the oscilloscope at the end of the interval. The
term “‘instantaneous frequency’’ has been used to dis-
tinguish this sort of measurement from an average
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arises from the fact that the responses tend to occur
locked in phase with the stimulus so that only a few
isolated points are obtained from many cycles instead
of a complete curve. Finally, with a small resting
discharge, the receptor will go silent for half a cycle.
In practice, this means that sinusoidal frequencies
above 5[sec could not be analysed accurately.

Records of the responses to different frequencies
of sinusoidal stretching are shown in Fig. 7A using an
z-y plot as deseribed in “Methods”. Fig. 7C illustrates
the method of analysis of these records. The measure-
ment of peak frequency minus resting discharge (Ay)
gives the amplitude of the response to sinusoidal input.
This amplitude is plotted as a function of input fre-
quency in Fig. 8 A on a log-log scale, and the solid line
represents the best fitting straight line on this plot.

. A The correlation coefficient of such a plot was always
P Yy
spr 205l 47 43 70 30 greater than 0.96. No corrections for the effects dis-
8 . cussed above of high sinusoidal frequencies have been
% R ! made. The constant k determined in this way was
< - N 0.278 compared to the average value of 0.244 deter-
,§~ /’ mined from 5 step stretches in the same experiment.
0 g - The results of the 5 experiments in which sinusoidal
272mm I piAS stretches were applied from the same muscle length
-
““““ ol Table 1
) 205 ¢/s 05 (O Determinations of Decay Constant k
< 25,
& poty| ) |
E oo g’ Exp. Steps Sines Ramps (peak) Ramps
S == . (amplitude) (rising phage)
N O ———— i mean k Deviation Deviation Deviation
— e
405 mm ol 0.224 0.134 115
¥ig. 7. The response of the slowly adepting streich receptor to sinusoidal é O.g 44 _g?)gi i 0'1 49 “8’0 40
stretches at various cyclic frequencies. Each record is the photograph of i +0. * e
an z-y plot displayed directly on an oscilloscope (see ‘“‘Methods’). The 3 0.204 +0.039 +0.111 —0.206
y-coordinate gives the instantaneous frequency while the z-coordinate is 4 0.223 —0.043 +0.158 - 0.020
the measured length., 4. Responses to sinusoidal stretches of 0.72mm & 0.157 +0.058 +0.126 -+ 0.038
peak to peak at frequencies from 0.03 to 3 ¢/s. At the resting length (mid-
point of the sine wave) the receptor was firing just less than 1 impulse/sec. Mean 0.210 +0.017 -+0.136 —0.069
Same receptor as Fig. 1 (Exp. 2). B. Response of a different receptor to +S.E 4+0.015 4 0.018 4 0.008* 4+ 0.042
0.05 mm peak to peak stretches after being stretched to give a background . . e .
discharge of about 10 impulse/sec. (Tracings of actual records.) C. Enlarge- Determinations of Sensitivity Constant a
ment of 0.3 ¢/srecord of 4 to show qlethod of analysis of records (explanation mean a % Deviation % Deviation % Deviation
in text) 1 37.4 + 2.1 +18.2 +26.5
2 36.1 — 14 ~—10.5 — 42
frequency measured over a number of intervals. How- 3 62.6 —15.5 +21.1 +48.6
ever, uncertainty still remains since it is not clear to 4 20.2 + 6.9 +11.9 +22.8
. - 5 53.0 —10.9 —15.1 —11.7
what part of the interval the instantaneous frequency
refers, and this uncertainty limits the time resolution liegri 419473 —38+41 +51+75 +164:109

of the analysis to half an interspike interval.

If the response frequency measured the average generator
current over a single interval, it would be more appropriate
to display the frequency in the middle of the interval. In
fact, the average is weighted in favour of currents occurring
towards the end of the interval since a) the nerve is refractory
immediately following a nerve impulse and b) the depolariza-
tion produced by current will decay from the time of its
occurrence so that a current toward the end of the interval
will contribute more to the threshold depolarization than one
early in the interval. Hence, the “instantaneous frequency”
can be thought of as referring to some point in time in the
latter half of the interspike interval. PARTRIDGE (1965) has
recently considered this problem in more detail.

For sinusoidal analysis there will be a limit of
accuracy for phase information of 180f/y degrees
where f is the cyclic frequency of stretching and y
the “instantaneous’ response frequency. A similar un-
certainty is involved in measuring the maximum fre-
quency change (the response amplitude to sinusoidal
stretching). At high stimulus frequencies the peaks
will be rounded off by the averaging and the measured
amplitude will be artificially low. A further difficulty

Comparison of constants in transfer function determined
from application of various types of stretch in the 5 receptors
on which all measurements were made using stretches from the
same resting length. All values were determined from best
fitting straight lines on log-log plots. The slope on each plot
gave a value for k [steps, Eq. (1); sines (amplitude), Eq. (4);
ramps (peak), Eq. (7)] or 1 — k [ramps (rising phase), Eq. (6)].
The intercept on the log-log plot, together with the value
of & determined from the slope was then used to determine a.
The mean value of k£ determined from between 5 and 7 “step”
stretches in each receptor provided the most accurate values
of k¥ and a. The values determined from other inputs are
listed as deviation or % deviations from the mean values
using the “‘step’ stretches. A significant deviation (indicated
by an asterisk) was found for one mean value and large, but
non-significant deviations in two others. The reasons for these
deviations are discussed in the text. Measurements of the
phase lead of the response to a sinusoidal input gave a fifth
method for determining k [Eq. (4)]. These values agreed with
those determined from “‘step’ stretches (Fig. 8 B) but are not
listed in the Table because of the difficulties in obtaining
a “best” value. The receptor in Exp. 4 had a higher resting
discharge (2.9 impulses/sec) than the others and this was
corrected for as explained under ‘“Methods” before analysing
the responses to step or ramp stretches.
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as the “step” stretches are summarized in the Table.
The deviations were both positive and negative and
were not significant. The value of the constant @ so
determined (Exp. 2) was 35.6 compared to an average
value of 36.1 determined from the “step” stretches.
Again positive and negative deviations are seen in
the Table and they were not significant.

The amount of phase lead in Fig. 7A is indicated
qualitatively by the openness of the curves or by the
shift of the z-coordinate of the peak frequency away
from the peak length. Zero phase difference between
input and output would plot as a straight line. Phase
lags were never seen over this frequency range.

For small phase leads such as those found here, it is very
difficult to measure the shift of the peak frequency away
from the peak length accurately, since the position varies as
the cosine of the phase angle. Instead, we have measured
the difference between the position on the rising and falling
phase of the stretch (Ax in Fig. 7C) that gave the same re-
sponse frequency. This difference was then divided by the
peak to peak extent of the stretch (z). Since the uncertainties
in time discussed above are inversely proportional to the
. frequency, we have chosen as high a response frequency
(0.9 Ay) as was consistent with accurate measurement of Ax.
For a linear system, the phase lead will then be equal to
8in~1(2.294 Az/x). Measurement errors produced differences in
phase lead of + 1°. Similar but less reliable results were
obtained when the phase lead was calculated from the change
in position at half the peak frequency or as the 2-coordinate
of the peak, though the phase lead tended to be somewhat
greater, when measured at lower impulse frequencies. The
curved arrows of Fig. 7C show the direction of movement
during the stretching. Placing the points at the end of the
interval reduces the openness of the curve on both sides of
the loop and hence the error limits for the estimated phase
lead will be asymmetrical.

Fig. 8B shows the measured values of phase lead
(horizontal lines) together with estimated error limits
(vertical lines) from measurement errors and time un-
certainties. The effects of neuronal variability, or time
for conduction of the action potential along the nerve
(only about 1 msec) were not taken into account. The
dashed line is the value predicted from the transfer
function using the average value of . determined for
the same receptor from 5 step stretches to different
lengths. Because of the rapidly increasing error bounds
as the stimulus frequency is increased, it is difficult
to calculate a best value for k from the phase data,
but it is clearly in agreement with the result predicted
by the transfer function. This was true of all experi-
ments that were analysed fully.

Implicit in these calculations is the idea that one
can fill in the silent half cycle with fictitious negative
frequencies. If a small sinusoidal streteh is applied to
a receptor that has been stretched so that it exhibits
a large background discharge, this assumption is not
needed ; the frequency always remains positive. Results
obtained in this way are shown in Fig. 7B. The be-
haviour is qualitatively similar, increasing sensitivity
with increasing input frequency and roughly constant
phase lead (openness of loop). However, the sensitivity
was found to be greater than predicted from the trans-
fer function. This is due to the non-linearity of the
system when stretched to this degree.

Ramp Stretches. In Fig. 9 the responses to ramp
stretches of varying velocity to the same final length
are shown for the receptor of Experiment 2. The trans-
fer function predicts that the peak frequency should
increase as the k-th power of the velocity; it also
predicts that the response frequency should increase
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as the 1 —k-th power during the rising phase of the
ramp. In Fig. 10A and 10B the results are plotted
on a log-log scale and the solid lines represent best
fitting straight lines on this plot. The linear correlation
coefficient on this sort of plot was always greater
than 0.96. The value for £ determined from the peak
response frequency using different velocities was 0.393
while that from the rising phase was 0.204. The average
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Tig. 8. Response to sinusoidal stretches. 4. Peak impulse frequency minus
resting discharge (amplitude) plotted as a function of the rate of sinusoidal
stretching on a log-log scale. Straight line gives calculated best fit. B. Phase
lead (linear scale) plotted as a function of the rate of sinusoidal stretching
(logarithmic scale). Vertical lines represent uncertainty in estimation of
phase angle; the horizontal lines intersect them at the measured experi-
mental values. The dashed line is the predicted value of phase lead using
the trapsfer function derived from response to ‘‘step’ stretches. Same
receptor as in Fig. 7A and Fig. 1
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Fig. 9. Responses of a slowly adapting receplor to stretches of 4 different
velocities (values given above the records) to the same final length (0.5 mm).
The top records show instantaneous impulse frequency. The middle records
give the tension in the receptor muscle, The bottom records show the
changes in length of the muscle measured by the length transducer. Same

receptor as Fig.1 (Exp. 2). Rising phase of tension records in the two
fastest stretches was too faint to reproduce
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Fig. 10. Responses to ramp strelches. Same receptor as Fig. 1. Straight
lines are calculated best fits, 4. Impulse frequency during a constant
velocity (0.19 mm/sec) Tamp stretch plotted as a function of time on a
log-log scale. B. The peak impulse frequency as a function of the velocity
of stretching (mm/sec) to the same final length (0.5 mm) plotted on a
log-log scale
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value determined from five step stretches was 0.244.
The Table gives the results from this and other ex-
periments and it is seen that the average value of &
determined from the peak response frequency is higher
than predicted and that from the rising phase of the
long ramps lower. (Only for the longest, slowest ramps
could enough points be measured to determine the
constants.)

A possible source of deviations is the significant
non-linearities between impulse frequency and muscle
length found in some receptors. The effect of non-
linearities would be most marked on the rising phase
of a ramp streteh since other measurements (e.g. decay
following steps, sinusoidal amplitudes and phase leads,
peak frequency) are taken at a roughly constant posi-
tion and are relatively insensitive to the non-linearities
present. In the following section the effect of non-
linearities is considered in detail and later the reasons
for the deviations in peak response as a function of
velocity are analysed.

Non-Linearities. Eq. (1) assumes that the output
frequency is directly proportional to the input length
at all times. The initial length was chosen so that the
zero order term (the constant value at x =0) was
small, but it was shown earlier that second order terms
(terms in x?) were sometimes significant. If we include
this second order term, Eq. (1) for the response to a
step stretch would become

y =(a,x +aya?) ik 8)

The response can be considered to result from two
processes, one which converts z to a,x +a,2% and
a decay process with transfer function I'(1 — k) s* (cor-
responding to the time decay ¢~%).

Hence, if the input were a ramp, x =v ¢, the first
process would convert the ramp to a, v ¢ + a,0v%#2, which
would then be the input to the decay process. By
multiplying the Laplace transform of this last ex-
pression by the transfer function of the decay process
and taking the inverse transform, a new prediction
for the response to a ramp input can be made. This
prediction taking into account the second order term
is given by Eq. (9).

a,vil~k
1—%

2a, 0% 82—k
y= @—B(1—Fk) ©)

The first term of Eq. (9) corresponds to the pre-
diction of Eq. (6) and the second term represents an
additional term. It is clear that on a log-log plot of
frequency against time the best fitting slope will be
higher than predicted by Eq.(6). If the slope is
assumed to be 1 —%, (from consideration of only the
first term) the prediction of the value of k will be
low as actually found. The prediction of Eq. (9) for
impulse frequency as a function of time was calculated
using values of a,, a, and k determined from the step
‘stretches. The calculated line fell virtually on the best
fitting line of Fig. 10A; any residual deviations were
within measurement error. This result applied as well
to the experiments in which the maximum deviations
in £ were found. The insensitivity to non-linearities
of the value of k determined from the peak frequency
can be easily demonstrated. If the length of stretch z
is kept constant while the velocity » and the time ¢,
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for the stretch are varied, we have from Eq. (9) for
the peak frequency, y,,.

ay gtk

1—&

2q, 22—k ) I

= e—wna-5) 10

The slope, k, on a log-log plot of y, against v will
remain unchanged although the straight line on this
plot will in general be shifted up or down the y-axis.

Similar calculations could be made for sinusocidal
stimulation and the effect of the second term would
be to introduce a second harmonic. Third or higher
order terms could be introduced, if present, in an
analogous way.

Another source of non-linearity arises if the muscle
does not move smoothly and uniformly to its new
length. With a quick ramp stretch large acceleration
forces are present and initially a wave will spread
down the muscle and the receptor may undergo an
extra stretch and release. This is evident as small
oscillations in some of the tension records (not those
illustrated) and as a single or double high frequency
impulse followed by one or two low frequency impulses.
Oscillations have also been seen in vertebrate muscle
subjected to similar ramp stretches (MATTHEWS,
1963b). This effect might be advanced as the cause
of the high value of £ which results from measuring
the peak frequency as a function of the velocity at
which the muscle is stretched to the final length. This
is unlikely for three reasons:

(1) Neglecting velocities above 10 mm/sec (the
highest velocity attained in sinusoidal stimulation)
has very little effect on the value of k.

(2) Averaging over the top two or three impulses
does not sufficiently reduce % although oscillations in
frequency lasting more than one or two impulses were
never seen.

(3) Direct, continuous photomicroscopy of glass
beads placed on the part of the muscle innervated
by the sensory cell failed to show oscillations during
ramp stretches, although the light was not sufficiently
intense to record the fastest stretches.

Viscous Tension. A more likely possibility is that
muscle tension is the causal agent generating the nerve
impulses. If this were the case the viscosity of the
musele would add considerably to the musele tension
during high velocity stretches and one would thus
expect a higher impulse frequency. From Fig.1 and
Fig. 9, it can be seen that the muscle tension ap-
proaches a steady value quite quickly after the end
of a stretch. As a measure of viscous tension we sub-
tracted the tension 1 second after the end of the
stretch from the peak tension. This measure is not a
linear function of velocity, increasing more slowly than
the velocity as velocity is increased. It does, however,
increase more quickly than the k-th power (k, as de-
termined from the “‘step’ stretches, varied between
0.15 and 0.25) and was of the right order of magnitude
to account for the deviations found in the value of &
determined from the curves of peak frequency vs ve-
locity (Table). A more exact comparison must await
better methods for measuring the very small tensions
in the muscle fibre.

Consideration of the response to sinusoidal stretch-
ing adds further support to this hypothesis. The
amplitude of the sine response was measured near the
peak length where the velocity was very small and
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linear function of velocity. In addition, the predictions
of this model are not linear with length. Increasing
the length 2 does not increase w, directly, but only
indirectly through a decrease in ¢,. Thus, rather than
being proportional to length, the curve would be
shifted along the time axis in disagreement with the
records of Fig. 1. An analogous kinetic model in which
inactivation of a depolarizing chemical is proportional
to the n-th power of its concentration can also be
developed, but with some of the same difficulties.

A more likely hypothesis is that the power function
is a convenient representation although one without
a simple physical basis. A power function could be
approximated over a certain range of times by a series
of exponential decay processes with different time con-
stants. At least three decay processes are involved,
the decay of tension at a constant overall length, the
decay of generator current at a constant tension (see
WENDLER, 1963) and the decay of impulse frequency
to a constant current. Only the last of these seems
to be a simple exponential process. WENDPLER and
BURKHARDT (1961) have used the analogy of a chain
of effects between stimulation and excitation (Wir-
kungskette zwischen Reiz und Erregung). Imposing a
variety of inputs on the first link of the chain has
already indicated several complications not included
in the simple structure of Eq. (1) and further studies
are needed to elucidate the nature and extent of the
decay processes. However, for many purposes, the
power function and its corresponding transfer function
should be a useful tool for analysis of the more complex
systems of which the stretch receptor is only one part.

The power function also seems a useful way to
encode information. It can be thought of as a frac-
tional differentiation of the input signal (CHaPMANW
and SmrtH, 1963). Information is thus available about
muscle position and velocity. The two are also separ-
able in time since velocity will be signalled by a high
frequency burst which we have shown dies away
quickly after the end of a dynamic stretch leaving
a well-maintained discharge which depends on the
final length of the muscle.

Appendix

Eq. (6), the predicted response to a ramp input,
can be expanded in powers of (£/t) for times greater
than ¢,. The result is
y=awt1+ (5] o+ EE @ |- @

For ¢>>t,, all terms except the zero order term
can be neglected and Eq. (A.1) reduces to Eq. (1),
the response to a step input. A better fit to the results
at times when the first order term [the term in (4/f)]
can not be neglected results from measuring times
from the midpoint of the ramp. This approximation
can also be expanded in powers of (f/f) to give

y=ax(t—4/2) *=axt*x

x (14 (g)en + 265 e+

(A.2)

Comparing Eq. (A.2) to the exact expansion given by
Eq. (A.1), it can be seen that, if times are measured
from the midpoint of the ramp, the first order term
will be right and the error in the second order term
is only % as great as if times were measured from the
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start of the ramp. The fact that the first order term
is exact (and will only be exact if time is measured
from the midpoint of the ramp) ensures that the con-
vergence to Eq. (1) will be fastest when time is mea-
sured from the midpoint of the ramp. It is a result
of the quantity /2 in the approximation of Eq. (A.2)
that second (and higher) order terms are smaller than
those of Eq. (A.1). Since all the terms of Eq. (A.1)
are positive, this approximation will underestimate
the prediction of Eq. (6) for times shortly after the
end of the ramp. If we assume ¢ =21,, (the frequency
is measured ¢, seconds after the end of the ramp) and
assume a value of 0.2 for k, the first order term of
Eq. (A.l) is 0.05 and the second order term is 0.01.
The error is only 1 of this last figure and, because
of the rapid convergence of the series, the total error
in the approximation of Eq. (A.2) is unlikely to ap-
preciably exceed 0.5%.

Note added in Proof. A paper by Borsellino, Poppele
and Terzuolo in the Symposia on Quantitative Biology
Vol. 30, pp. 581—586 (1965) has recently become avail-
able. In this paper a transfer function for the lobster
stretch receptor was derived. Differences between their
results and ours presumably arise from differences in
their experimental animal, size of stretch (microns as
compared to tenths of a millimetre), type of stretch
(only sinusoidal inputs over a rather different fre-
quency range were used), and analysis procedures.
With the smaller, higher frequency stretches used,
their results were dominated by the discrete, all-or-
none nature of the action potential output and the
transfer function for the specific transducer properties
of the receptor organ itself was only obtainable by a
subtraction procedure. This procedure was not needed
in the present work over the range of amplitude and
frequency of stretches used. Finally, their analysis was
based on the averaged output of a track-and-hold de-
vice which introduced substantial delays. The fre-
quency averaged during an interval was the inverse
of the preceding interspike interval.
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Zusammenfassung. Zweck des vorliegenden Auf-
satzes ist es, die Form des Spektrums von Sprech-
signalen, wie z.B. von Selbstlauten, zu erkldren.

Summary. The aim of this paper is to explain — from the
mathematical point of view — the vowels spectrum.

Wie bekannt ist, werden in der modernen experi-
mentellen Phonetik weitgehend Gerite verwendet, die
automatisch das Spektrum von Sprechsignalen an-
zeigen konnen. In Abb. 1 ist das Spektrum des Selbst-
lautes @ aus der ruménischen Sprache wiedergegeben,
so wie man es mit dem Apparat ,,Sonograph® erhalt.
Dieses Spektrum weist die allgemeinen Merkmale jedes
Selbstlautspektrums auf.

Das Spektrum der Selbstlaute ist im allgemeinen
dadurch gekennzeichnet, dall die Komponenten eine
in gewissen Bereichen stetig verdnderliche Frequenz
aufweisen, wihrend die Maxima sich ungefihr in der
Mitte der Bereiche befinden und diese Mittenfrequen-
zen alle ganze Vielfache einer Grundfrequenz sind.

Im folgenden werden die allgemeinen Merkmale
dieser Spektren ausgehend von den physiologischen
und physikalischen Grundlagen der betreffenden Vor-
ginge erklart.

Wie bekannt ist [1], dndert sich der Luftdruck als
Funktion der Zeit — im Falle eines reinen Selbstlaut-
signals, d.h. entsprechend eines einzigen gesprochenen
Selbstlautes — wie in Abb. 2 angegeben, das vom
Schirm eines Zweistrahloszillographen erhalten wurde.
An einen Eingang wurde das Signal angelegt, das von
einem Mikrophon erzeugt wird, in welches der be-
treffende Selbstlaut gesprochen wird. An dem anderen
Eingang wurde ein Markierungssignal bekannter Fre-
quenz angelegt. Die waagerechte Geschwindigkeit des
Elektronenstrahls ist in diesem Bild verhaltnisméafig
klein (geringe Frequenz der Zeitbasis). Fiir eine grole
Geschwindigkeit (hohere Frequenz der Zeitbasis) er-
hilt man Abb. 3. Ein dhnliches Bild erhilt man auch,
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wenn man die zeitliche Luftdruckverinderung mit
Hilfe eines Kymographen untersucht.

In einem friheren Aufsatz [2] wurde versucht, das
Spektrum der Selbstlaute auf Grund der zeitlichen
Luftveranderung zu erkliren.

AA8)
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500 7000 7500 2000 2500 3000 3500 F Hz

Abb. 1. 8pektrum des a-Selbstlauets

Bezeichnet man mit p{t) den Luftdruck als Funk-
tion der Zeit, so kann man unter Berticksichtigung der
Formen in Abb. 2 und 3 den Luftdruck als

p(t) =a(f) v(t) (1

angeben, wo v(t) das periodische Signal und a(?) dessen
Amplitude bedeutet.

Wie aus Abb. 2 ersichtlich, kann man annehmen,
daB a(f) eine ungefdhr trapezformige Anderung auf-
weist, die in Abb. 4 angegeben und durch folgende
Beziechungen gekennzeichnet ist:

Iyt 0<t<t
a(t) = k, LSt<t, (2)
ky—hgt t,<t=t,.

Beriicksichtigt man (1) und die Tatsache, daB v(f)
eine periodische Funktion ist,

v(E-+T)=v(),



