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Summary. A set K of integer vectors is called right-closed, if for any
element meK all vectors m' > m are also contained in K. In such a case K is
a semilinear set of vectors having a minimal generating set res(K), called
the residue of K. A general method is given for computing the residue set
of a right-closed set, provided it satisfies a certain decidability criterion.

Various right-closed sets wich are important for analyzing, constructing,
or controlling Petri nets are studied. One such set is the set
CONTINUAL(T) of all such markings which have an infinite continuation
using each transition infinitely many times. It is shown that the residue set
of CONTINUAL(T) can be constructed effectively, solving an open prob-
lem of Schroff. The proof also solves problem 24 (iii) in the EATCS-
Bulletin. The new methods developed in this paper can also be used to
show that it is decidable, whether a signal net is prompt [23] and whether
certain w-languages of a Petri net are empty or not.

It is shown, how the behaviour of a given Petri net can be controlled in
a simple way in order to realize its maximal central subbehaviour, thereby
solving a problem of Nivat and Arnold, or its maximal live subbehaviour
as well. This latter approach is used to give a new solution for the bankers
problem described by Dijkstra.

Since the restriction imposed on a Petri net by a fact [11] can be
formulated as a right closed set, our method also gives a new general
approach for ,,implementations” of facts.

1. Introduction

The basis of many decision procedures in vector addition systems or Petri nets
is the so called “property of monotonicity”. To give an example: if a sequence
of transitions can fire in a given marking, this must also be possible in any
marking that is (componentwise) not smaller. In particular, a marking is
unbounded if for any integer n there is a place p and a firing sequence w, such
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that firing w in m brings more than n tokens to p. Consequently, unbounded-
ness is a monotone property of markings.

A marking is called dead if any firing inevitably results in a total deadlock.
Hence the property of a marking to be not dead is also monotone. This
property can be rephrased as follows: m is not dead, if an infinite sequence of
transitions can fire in m. Being interested in some particular set T<T of
transitions to be fired infinitely often we define: a marking m is T-continual, if
an infinite sequence of transitions can fire in m containing each te T infinitely
often. T-continuality is again a monotone property of markings.

To have control on the behaviour of a concurrent system, given by a Petri
net, one may wish to know all markings having an undesired property, (e.g. to
be unbounded, to be dead). The main purpose of this paper is to show, how
finite representations of monotone marking sets can be effectively computed.

To give finite representations of infinite sets of integer vectors we will use
the notions of regular and semilinear sets. It was proved in [6] and [10] that
these two notions are equivalent.

According to [12], a subset K =IN* is called right-closed, if with meK each
m' =m is also contained in K. It is wellknown that the set of minimal elements
of such a set is finite and is here called the residue res(K) of K. If K<IN* is
right-closed and satisfies a particular decidable property, called RES, then
res(K) can be effectively computed. In section 2 we give the algorithm and
prove its correctness. The results of this section are very general and not
specific for Petri nets or vector addition systems.

In section 3 we define place transition nets (P/T-nets) and the notions of
bounded, dead, T-blocked, and T-continual markings.

The sets UNBOUNDED (NOTDEAD, NOTBLOCKED(T), CONTIN-
UAL(T), resp.) of unbounded (not dead, not T-blocked, T-continual, resp.)
markings are right-closed sets which satisfy property RES. Hence we can
apply the results of section 2 to effectively compute the residue of these sets for
a given P/T-net.

In section 4 we use residue sets res(K) to control the behaviour of a P/T-
net N in such a way that all reachable markings are in K. The ‘control’ is
completely integrated in the P/T-net and yields a new P/T-net N, with the
same number of places, but possibly additional transitions.

The construction of Ngis also a new method for the “implementation™ of
facts in P/T-nets in the sense of [11].

In section 5 we then apply the construction to the right-closed sets K of
not-dead and T-continual markings. Using the notion of transition systems we
show that N has the maximal subbehaviour with respect to well defined
properties. Of particular interest is the net Ny where K is the set of T-continual
markings. Ny allows exactly the “live” firings of N and prevents from “non
live” situations. These results give a solution to a problem of {22] to realize
the maximal “central” subbehaviour of processes. We also show how Dijkstra’s
wellknown banker’s problem obtains a new solution.

In section 6 we show that the old problem of a transition to be “hot” is
decidable and give applications of this result to the problem of promptness in
P/T-nets. Also the emptyness problem for classes %, and . of w-behaviour
of P/T-nets as introduced in [28, 5] is shown to be decidable.
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We acknowledge the work of Schroff [25], who first gave an algorithm to
compute the residue res(NOTDEAD). His algorithm was not published and is
- compared with ours - very complicated. A result very similar to Theo-
rem 2.13 is contained in [12, Lemma 3], however, the algorithm to compute
res(K) for a right-closed set K given there is not very practical since it works
by mere enumeration of the two sets K and N*K. In [26] our result for
effectively computing the set res(CONTINUAL(T)) is mentioned as an open
problem. This result and applications to the set of unbounded markings,
promptness and the maximal live subbehaviour of a given P/T-net were first
derived in [27], but with again unnecessarily complicated proofs.

2. Finite Representation of Integer Vector Sets

Definition 2.1. Let Z denote the set of integers and IN be the set of nonnegative
integers. If A, BeZ* then we write A+ B:={x+y|x€A, yeB} and

A®:= ) A;, where A,:={0} and A4, :=A4;+4,
i=0

and 0:=(0,...,0) is the zero vector of appropriate dimension. Usually vectors
are written as small, underlined letters and are understood as column-vectors
even though we sometimes prefer to write them as row-vectors, especially in
examples.

Definition 2.2. The regular subsets of Z* are defined as follows:

(a) Every finite subset of Z* is regular.

(b) If A and B are regular subsets of Z* so are AUB, A+ B, and A%,

(c) A set ASZ* is regular, iff it is so by finitely many applications of rules (a)
and (b).

Definition 2.3. A regular set R<Z* is called linear, if it is of the form R={x}
+ B® for some xeZ* and some finite subset B< Z*.

A regular set RS Z" is called semilinear, if it is a finite union of linear sets.

Theorem 2.4 [6, 10]. The regular subsets of Z¥ (or N*) are precisely the
semilinear subsets of Z* (or N*).

Definition 2.5. Let N:={w} UN, where w is a new element satisfying:

VneN:n<w, VaeN_ n+w:=w—n:=q, min(n, @):=n,
max(n,w):=w, (n+1) - w:=w, 0-v:=w-0:=0.

a shorthand for (x<y and x=+y). The dyadic operations +, —, min, and max
are evaluated componentwise too.

For sets M, M'<IN¥ define:

The relations =, <, = for vectors are understood componentwise and x5y is

max(M, M):={max(m,m) meM,m'eM'},
max(M):= max(M, M),
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min(M, M'): = {min(m, m')|meM, m'e M'},
min(M):= min(M, M).

Definition 2.6. For each meN¥ let reg(m):={m'eN*|m' <m} be the region speci-
fied by m and hyp(m): = {m'e N*|m(i)# w implies m'(i)=m(i)} denotes the hyper-
plane specified by m and restricted to IN*.

Lemma 2.7. For each meIN¥ the sets reg(m) and hyp(m) are semilinear.
Proof. Trivial and omitted.
Definition 2.8. A set K <IN¥ is called right-closed iff K=K + N*.

Definition 2.9. Let K be a subset of N* then the residue set of K, written res(K),
is the smallest subset of K which satisfies res(K)+IN*= K +IN¥.

By this definition res(K) is a set of incomparable vectors with respect to the
partial order < and therefore by Dicksons lemma finite. Thus we obviously
have:

Lemma 2.10. For each right-closed set K <IN* res(K) is finite and K =res(K)
+IN* is a representation of K as a semilinear set.

Lemma 2.11. If K,K' are right-closed sets, then KUK’ and KnK' are right
closed, too.

Proof. Trivial and omitted.

If one knows the residue sets of the right-closed sets K and K’, then it is
easy to compute the sets res(KwK') and res(KnK").

Lemma 2.12. Let K, K'<IN* be right-closed sets.
(a) res(KUK')=(res(KN\K")u(res(K' )\ K)u(res(K)nres(K"))
(b) res(K n K')=res(max(res(K), res(K'))).

Proof. Statement (a) is easily proved and thus left for the reader. To verify (b)
observe that for any set RSIN* res(R) is a set of incomparable vectors, and
moreover for any moeKnK' there exist meres(K), m'eres(K’) with
myzmax(m, m’). Hence my=m" for some m”eres(max(res(K), res(K’))).

If a right-closed set K is given in the form K =L+ N then it is not always
possible to effectively compute res(K) from a finite representation of L. The
next result exhibits a necessary and sufficient condition, called property RES,
to effectively construct the finite set res(K).

Definition 2.13. For each set K <NN* define the predicate py: IN* — {true, false}
by py(m):=(reg(m)~K+@). A set K is said to have property RES iff the pre-
dicate pg(m) is decidable for each meIN¥.

The following theorem is similar to Lemma 3 in [12], where an algorithm to
compute res(K) for a right closed set K is given. However the algorithm is not
very practical, since it works by mere enumeration of the both sets K and IN*
— K using the fact that membership is decidable for both sets. Here we want to
use the property RES and a different algorithm which might have smaller
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complexity. However, as regards its complexity we can only give a lower
bound.

Theorem 2.14. Let K=IN* be a right-closed set. Then res(K) can be effectively
constructed iff K has property RES.

Proof. Assume first that res(K) can be computed. Then K=res(K)+IN* gives a
semilinear representation of K. Since reg(m) is a semilinear set, a representa-
tion of which can be found effectively, the question “reg(m)nK=0?" is decid-
able.

Conversely assume that the question “reg(m)n K =§?" is decidable for each
melN¥ . The following method can be used to effectively construct res(K):

Let K be a right-closed subset of N* for which property RES holds, ie.
px(m):=(reg(m)n K +0) is decidable for each meN*.

Algorithm to compute res(K)
(1) begin (* initialization %)
) i=0; Mo:={(®,....0)}; Ro:=9;
(3) repeat
(4) choose some meM,;
(5) if py(m)=false then M,:=M,—{m};
(6) until
(7) pxlm)=true or M,=0
(8) endrepeat;
(9) if M;=9 then res(K):=R, and stop
(10) else
(11) begin (*+ now reg(m)nK =@ and hence reg(m) contains at least one
element of res(K); one such element will be found in the next repeat loop *)
(12) repeat
(13) choose some coordinate m(i) of m which in this loop has not been
considered yet;
(14) replace m(i) in m by the smallest neN such that p,(m) for this new vector
is still true;
(15) until
(16) all coordinates have been considered
(17) endrepeat; (* the new vector meIN* found in this way will be an element
of res(K) as will be shown in Lemma 2.15 below *)
(18) R, :=R,u{m};
Let m=(x,,...,x,) be the vector found in the preceding steps (lines (13) to
anm.

19) M{::{(ylw,yk)elN’é,

11<jsk: yyr=x;—1 and
Vm=0w for all m=j

(* M is describing all the regions that do not contain the element m, i.e. for
reg(M)):= () reg(m’) one has N* —reg(M))={m} +N* %)
meM;
(20) M, ,:=min(M,, M}
(21) i:=i+1;
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(22) endif
(23) goto line (3)
(24) end (* algorithm x).

Lemma 2.15. The vector m constructed in lines (13) to (17) of the previous
algorithm is an element of res(K).

Proof. First of all, this new vector m is an element of the set K, since pg(m)
=true. Now, for the sake of contradiction assume that mé¢res(K). Then there
exists some m'$m with p (m’)=true, and, according to the sequence of choices
made in the repeat loop to construct m, there will be some coordinate m(j),
which for the first time is larger than the corresponding coordinate m'(j). But
this contradicts the fact that the coordinate m(j) was chosen to be the smallest
neN such that the new vector m obtained in this step still satisfies py(m).

Lemma 2.16. At line (3) of the algorithm one always has:
(a) reg(M)NR,=9 and
(b) reg(M,)=res(K)—R,.

t

Proof. We shall use induction on i:

Basis
Obviously reg{M,)=N* and R,=0 so that (a) and (b) are satisfied trivially.

Induction Step

Assume reg(M)nR;=0 and reg(M;)=res(K)— R, at line (3). Then this remains
true by going from line (3) to line (20) without passing through line (22), since
in the repeat loop line (3) to line (8) only those meIN¥ are substracted from M,,
for which reg(m)nres(K)=0.

Let meres(K)—R; be the new element computed to define R;, ;:=R,u{m}
in line (18). Then M; computed in line (19) has the properties:
(a') m¢reg(M) and
(b") m'éreg(M;) implies m <m’ which is equivalent to
IN* —reg(M;)={m} + N*.

Now reg(M,, ,)=reg(M)nreg(M;) by definition of M, , and the property
reg(min(x, y))=reg(x)nreg(y).

Hence: reg(M;_ |)nR,,,
=reg(M)nreg(M)nR;

=reg(M;) nreg(M)n(R,u{m})
=(reg(M)nreg(M)nR)u(reg(M,) nreg(M)n{m})

=§ since by induction reg(M))nR,=0, and by construction of M} one
has mé¢reg(M}).

Thus, reaching line (3) again after having executed i:=i+1 in line (21)
property (a) is again true.
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For showing the other property (b) observe that res(K)—R; ;=res(K)—R;
—{m} =(res(K)—R)n(res(K)—{m}), since R; ,=R,u{m}. Now res(K)
—R;Sreg(M)) by induction and res(K)— {m} =reg(M;) by properties (a’) and
(b') and the observation that m’ and m are incomparable.

Hence res(K)—R,, ,=(res(K)—R,)n(res(K)~{m})=reg(M)nreg(M;=reg
(M;_ ) as desired. This proves Lemma 2.16.

It is now easy to verify the total correctness of the algorithm as follows:
Each time, that the statement in line (18): R,, ,:=R;u{m} is executed, one has
meres(K) (see Lemma 2.15) so that R, R,, < res(K) for each i for which this
statement is executed. Since by Lemma 2.16 we have reg(M,, ;)=2res(K)— R, ,,
the first repeat loop, (lines (3) to (8)), will always find a new element in
reg(M;, \)n(res(K)—R;, ) if it exists. Since res(K) is finite there will be some
index j such that R;=res(K) and then M;nres(K)=@ which implies py(m)
=false for each meM i and hence the algorithm will correctly terminate by
emptying M; at the stop statement in line (9) with final output res(K):=R,.

3. Computing Certain Right-Closed Sets in Petri Nets

Let us first fix some notation for Petri nets or more precisely P/T-nets. For
much more detail see [17].

Definition 3.1. A P/T-net N=(P, T, F, B} is defined by
a finite set P of places,
a finite set T of transitions, disjoint from P, and two mappings:

F:PxT—N
B:PxT—N

called forward and backward incidence mapping. They can also be seen as
(/P/, /T /)-matrices over N, (where /S/ is the cardinality of a set S). Let 4:=B
— F be the incidence matrix of the P/T-net N. F(t), B(t) and A(t) denote the ¢-
column vector in N'* of F, B and 4, respectively.

Definition 3.2. A marking meIN'" is a column vector giving a number m(p) of
tokens for each place peP. A transition has concession in m, written m(t>, iff
F(t)<m. For meN" we also write m(t) iff Im’ereg(m): m'(t).

For meN"" we define m(¢)m’ iff m(ty and m'=m+ B(t)— F(t)=m+ A(1). We
extend this notion to strings weT* by
(a) m(A>m for all meN/*"" and
(b) mwtd)m” iff Im'eNF: m(wdm' and m'(t) m”.
Again we say that w has concession in meNY/, written m(w), iff Im'eN?/:
m(wyn'.

For meIN"! we let Q(m):= {peP|m(p)=w}.

Definition 3.3. A P/T-net N=(P,T,F,B) together with an initial marking
m,eIN? and/or a labelling homomorphism h: T*— X* will be also called a
P/T-net and is denoted by (N, my) and (N, h, m,), respectively. For such a P/T-
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net (N,m,) and a subset KSIN'Y/ we define the K-restricted set of firing
sequences

it 1, €T
Fy(N,mq): = {tlltlz S

mo(t; >my (G omy...m,_(t; >m,
for markings meK (0Zi<n)

and the K-restricted reachability set
Ry(N,mg):={meN*|IweF (N, mg): mo(w) m}.

For K=IN'*/ these sets are the ordinary set of firing sequences F(N,m,) and
the reachability set R(N, m,), respectively.

For a net (N,h,m, the Ilanguage is defined by L(N,h,m,):
= {h(w)|we F(N,m,)}. Until section 5 we assume h(t)+AiVteT.

Definition 3.4. Let A: T*—Z'* be a homomorphism defined as follows:

A(4):=0 (null-vector of suitable dimension)
A(t):=B(t)— F(t), and A(uv):=Aw)+A4(v) for wu,veT*

We also use the Parikh image ¥: T*—IN'"', where W(w)(t) gives the number of
occurences of the transition ¢ in the finite word weT*. We will also write
Y(w)(t)=w if w is an infinite sequence and this number is not finite. 4 and ¥
are related as follows

Aw)=4-¥(w)

which motivates the choice of the same symbol 4 for both notions (homomor-
phism and incidence matrix).

Modelling concurrent systems by Petri nets also the infinite behaviour is of
importance. In this paper we also use the notion of infinite firing sequence of a
P/T-net [28].

Definition 3.5. X® denotes the set of infinite words w=w(1)w(2)... over the
alphabet X. For ieN w(i) denotes the i-th element of w and wli]
=w(1)w(2)... w(i) the prefix of length i of w.

For weX® the set In(w): = {xeX|x=w(i) for infinitely many ieN} is called
infinity set of w.

An w-word weT® of transitions in a net N=(P,T,F,B) is said to have
concession in a marking meIN'", again written m(w), if m(w[i]> for all ieN.
F (N,my):={weT®|my(w)} is the set of all infinite firing sequences of N with
initial marking m,.

For a motivated introduction to place/transition nets we refer to [17] and
[29], where also the following construction of the coverability graph is used. It
differs in some way from the original form in [19]. The most important
difference used here, is the possibility to start with an initial node containing
w-coordinates.

Definition 3.6. Let N=(P,T,F,B) be a P/T-set and m,eIN'". A coverability
graph G(N,m,) of N will be a finite, directed, edge labelled graph consisting of
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a set of nodes NODEScIN/?, and a set— < NODES x T x NODES of la-

w

belled arcs. G(N,m,) is defined by the following construction:

(1) begin
(2) NODES:={m,}; —:=0;
(3) loop
(4) choose meNODES, teT such that F(t)<m and the pair (m,t) has not
been considered before;
) if no such pair {m, t) exists then stop fi;
(6) m':=m—F(t)+B(t);
(7) if mMeNODES
(8) then
©) —i=—uilmLm);
(10) else begin
1) m"=m+o- Y (0 -m")

(""" % m) A
(" =m’)

(12) NODES:=NODESu{m"}; —:=— u{m,t,m")}
(13) end if;

(14) goto line (3)

(15) end (= of construction =)

It is well known that the construction of the coverability graph always ter-
minates, however, the resulting graph is usually not unique, because different
choices at the beginning of the loop can produce different graphs.

Definition 3.7. Let G:=G(N,m,) be some coverability graph. For each node
m'eNODES of G define L(G,m):={ve T*|m'—*> " is a path in G}

and LG):= |) L(G,m)

m’ eNODES
Lemma 3.8. Let G(N,m,) be some coverability graph. Then L(G) and L(G,m’)
for each m'e NODES are regular subsets of T* and effectively constructable
from G. For each m"’creg(m') the set F(N,m") is a subset of L(G,m). In
addition, a set of places P'S P is simultaneously unbounded in R(N,m,) iff
dmeNODES: Q(m)=P'.

Proof. First of all, as is well known, L(G) and L(G, m') are regular sets since the
coverability graph G(N,m,) is finite. Clearly F(N,m")c L(G,m’) for each
m"ereg(m’), since then we have m" <m.

The last statement about the set P’ P of simultaneously unbounded
places is Theorem 3.11 in [13].

Lemma 3.9. Let N=(P,T,F,B) and G(N,m,) be some coverability graph of N

with  initial node myeN[Y. Then veL(G) and A(v)=0 implies
JueT* Im'ereg(m,): uve F(N, m").
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Proof. We first quote Theorem 1 (b) from [29], which should be also clear
from Lemma 3.8 or [19]:

If m,eN'" is an initial marking of N and m some node in G(N,m,), then
for every keN there is some firing sequence u,eF(N,m,) with m,(u,> m,, such
that m,(p) =k for all peQ(m) and m,(p)=m(p) for all p¢ Q(m).

If we replace myeIN'* by m,eIN’?’ as required in the Lemma, then the claim
remains true if the initial marking of N is replaced by some suffiently large
m'ereg(m,).

From this remark the Lemma is proved as follows. If ve L(G) and 4(v)=0
then there is a path m, —m, in G(N,m,). If Q(m,)+Q(m,) then by A(v)=0
and m,>m, we have m, "> m, with Q(m,)=Q(m,) for a third node m,. Since
the set of places is finite, after a finite number of repetitions of this step, we
reach nodes m; and m; such that mi——vﬁmj in G(N,m,) and Q(m,)=Q(m;). Now
v can be fired in the net from every marking m eN'" with m_ (p)=m;(p) for all
p¢Q(m,) and a sufficiently large number k of tokens in all places peQ(m,). By
the claim mentioned in the beginning of the proof there is m'ereg(m,) and
u,€T*, such that m, with m'(y,>m, is such a marking. By u,veF(N,m’) we
have shown the Lemma.

Definition 3.10. Let N=(P,T,F,B) be a fixed P/T-net and meN'" be an
arbitrary marking of N.

(a) m is T-blocked for a set T<T of transitions iff no transition teT has
concession in a reachable marking m'e R(N,m). When T=T then m is a total
deadlock. (For T={t} m is often called t-dead which we want to avoid because
of possible confusion with the next definition.)

(b) m is called dead, iff F(N,m) is finite.

Remark: If m is dead, then total deadlocks cannot be avoided. Such situations
are sometimes called unsafe.

(c) m is called bounded, iff R(N, m) if finite. Otherwise m is called unbounded.

(d) m is called T-continual for some subset T<T of transitions, iff there is
some infinite string we T such that m(w) and T <In(w).

Remark: Every live marking m is T-continual for T=T, but the converse is
usually not true. A marking m is T-continual iff the predicate hot (T, m) in [18]
is true.

Now we define the following sets of markings according with (a) to (d)

above: N .
(aa) NOTBLOCKED(T): = {meIN'*'|m is not T-blocked}

(bb) NOTDEAD: = {meN'"|m is not dead}
(cc) UNBOUNDED: = {meN"*/|m is unbounded}
(dd) CONTINUAL(T): = {meN"|m is T-continual}
From the monotonicity property of Petri nets it follows immediately that the

four sets of markings defined by (aa) to (bb) are all right-closed. We shall now
show that they also satisfy property RES.
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Theorem 3.11. Let N=(P,T,F,B) be a fixed net and T<T be arbitrary. Thfn
each set Ke {NOTBLO CKED(T),NOTDEAD,UNBOUNDED,CONTINUAL(T)}
satisfies property RES.

Proof. Let be G:=G(N, m) for some meIN'V,

Case 1: K=NOTBLOCKED(T)

From Lemma 3.8 one concludes that reg(m)nK +0 iff for some teT there
exists an arc in G which is labelled by ¢, i.e. te L(G). This clearly is decidable,
hence the set K has property RES.

Case 2: K=NOTDEAD

Again from Lemma 3.8 one concludes that reg(m)nK+9 iff there exists
veL(G) such that A(v)=0. Since L(G) is a regular subset of T*, which can be
constructed from G effectively, the set A(L(G)):={4(v)|veL(G)} is a regular,
hence semilinear, subset of Z'7/. Then S:=A(L(G))nN'"' is a semilinear subset
of N'?/, a representation of which can be constructed effectively. Hence “S+0”
is decidable and S0 iff 3veL(G): A(r)=0. Thus K has property RES.

Case 3: K:=UNBOUNDED

Again we find, using Lemma 3.8, regm)n K+ iff JveL(G): A(v)Z0. We
construct the semilinear set S:=A(L(G))n {m'eN'"|m'+0} and then S=+@ iff
reg(m)n K +0, which is decidable using the finite representation of S. Hence,
also in this case the set K has property RES.

Case 4: K=CONTINUAL(T) A
Let e;eIN'T be defined by ez(t):=if teT then 1 else O fi. We first show the
following claim:

Claim: reg(m)n K %0 iff 3veL(G): A4(v)=0 and ¥(v)= ¥(ez). To see this assume
first, that there exists veL(G) such that A(r)=0 and ¥(v)= ¥(es). Then by
Lemma 3.9 there exists m'ereg(m) and a string ueT* such that m'(uv). Since
A(v)=0 also m'(uv™) for every neN and m’ is T-continual by T <In(v®).

Conversely, if m'ereg(m) is T-continual, then there exists an infinite se-
quence weT®, such that m'(w) and T<In(w). Obviously w has a decom-
position w=w,w,w, ..., where w,eT* and ¥(w,)= ¥(e;).

Now m'(w,>m,, m'(w,w,om,, m'(w w,w,>m,,... defines an infinite se-
quence of markings m', m,, m,,.... Therefore there must exist indices i <j such
that m,<m;,.

Defining v:=w;, ;w;,,...w; we then have m(v)m; with A(r)=0 and
Y()= ¥(eq)

Since m;eR(N,m’) there exists ueT* such that m'(u)> m" with mereg(m”),
hence uve L(G, m) and ve L(G). This proves the claim.

Now, in order to decide whether there exists some ve L(G) with 4(v)=0 and
Y(v)= W(e;) we proceed as follows:

First, R:=L(G)n{weT*| P (W)= ¥(es)} is a regular set, since it is the in-
tersection of two regular sets. A finite representation of R can be constructed
from the coverability graph G=G(N,m). Then S:=A(R)nIN* is a semilinear
set, a finite representation of which can be effectively constructed.
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The question “S+0?” is therefore decidable and equivalent to:
“Jvel(G): 4(0)20 A P(v)2 ¥(en)?”

Hence also in this case the set K has property RES.
The following result is a direct consequence of the proof of Theorem 3.11
and solves problem P24 (iii) of the problem collection in [9].

Theorem 3.12. Given a P/T-net N=(P,T,F,B), a marking meIN'", and a set
TS T of transitions, then

(a) It is decidable, whether m is T-continual.

(b) It is decidable, whether m is T-blocked.

(¢) It is decidable, whether there exists an infinite firing sequence we T such
that m(w) and In(w)=T.

Proof. The claim in Case 4 of the proof for Theorem 3.11 says, that m is T-
continual iff some coverability graph G(N,m) contains a path m’—j»m”, la-
belled by veT*, such that A(v)=0 and each teT occurs at least once in v.
Hence we have (a).

Part (b) is even more simple, since Case 1 of the preceding proof says, that
m i§ T-blocked iff G(N, m) does not contain an arc m’——g—»m" labelled by some
teT.

From the arguments given to verify the claim in Case 4 of Theorem 3.11
one easily deduces that m has the desired property of (c) iff G(N,m) contains a
path m’—j—»m” such that ve T*, A(v)=0 and each teT occurs at least once
within v.

The main result of this section can now be stated as follows:

Theorem 3.13. For each Ke{NOTBLOCKED(T); NOTDEAD; UNBOUN-
DED; CONTINUAL(T)} the finite set res(K) can be constructed effectively.

Proof. Immediate consequence of Theorem 3.11 and Theorem 2.14.

An important application of Theorem 3.13 concerns the question, whether
a given P/T-net is bounded for every initial marking.

Definition 3.14. A P/T-net N=(P, T,F,B) is called bounded, iff R(N,m) is finite
for each marking meIN'?.,

Theorem 3.15. It is decidable, whether a given P/T-net N=(P,T,F,B) is
bounded.

Proof. N is bounded iff resqtUNBOUNDED)=#, which is decidable by Theo-
rem 3.13.

This Theorem has been proved in [2] by a completely different method.
Known results on the boundedness problem allow to give a hint concerning
the complexity of the algorithms considered here. A marking m of a P/T-net N
is bounded iff there is no m'eres(tUNBOUNDED) with m'<m. On the other
hand, there is a constant ¢ such that boundedness of a marking m in a P/T-net
N cannot be decided in space 2¢Vsi=(N[21, 24]. The complexity of computing
res(UNBOUNDED) cannot be smaller than this lower bound.
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4. Controlling a P/T -Net Using Residue Sets

Having computed a residue res(K) of a right-closed set K, it may be useful to
control a net in such a way that all reachable markings are lying in K. For the
examples K=NOTDEAD and K=CONTINUAL(T) this is of particular im-
portance, however, there will be other examples of interest too.

In the following we shall present a general construction for controlling the
behaviour of an arbitrary P/T-net by some right-closed set K, just by changing
its set of transitions and without adding new places.

Properties of controtled nets using particular right-closed sets will be con-
sidered in section 5.

Construction 4.1

Let (N, m,) with N=(P, T,F,B) be a P/T-net and K <IN/* be a right-closed net
satisfying property RES.

Then using the residue set res(K) we effectively construct the K-restriction
(Ng, h,myg), or (Ng,my) if b is not important, by a P/T-net Ny=(P,T',F',B’) and
A-free homomorphism h: T'*— T* as follows:

a) T:=T,uT,
where T, := {teT|Vm'eres(K) Imeres(K): max(nt', F(t))+ A(t) = m}
and T,:={t, |teT—T,,meres(K)}
b) for all te T, let F'(t):=F(t) and B'(t):=B(?)
c) for all 1, €T, let
F'(t,):=max[F(t), m— A(1)]

B(t,):=max[B(t), m]
(Recall that by Definition 2.5 max is evaluated for each place-component
separately).
Since
F(t, p)zm(p)— B{t, p)+ F(t, p)=
B(t, p)z m(p)

part ¢) can be equivalently formulated by ¢’) for all ¢, T}, peP let

(F'(t,, ), B'(¢,, p)):=if B(z, p)Zm(p) then (F(t, p), B(t, p))
else (m(p)— A(t, p), m(p))

v if teT;
h(t):= : !
®) {t if '=t,eT,

d) h is defined by

If (N,m,) is given together with initial marking m,, then the K-restriction
(Ng, h, m,) is defined only if moeK.
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Remark. Note, that even if ¢, t'e T are such that F(r)=+ F(¢') and B(t)+ B(t') and
m,m'eres(K) are all different, then F'(t,)=F'(t,) and B'(t,)=B'(t,,) is possible
and only one of t,, and t,, is actually needed. B B

Also for m=+m', m, m'eres(K) it can happen that
F’(tm)§F'(t,_n,)

which means, that whenever ¢, is enabled in Ny so is t,, and since A4(t,)
=A'(t,,) we can omit the transition ¢,, and use T"~{t,} instead of T’ without
affecting the result. B -

We will show that N, behaves like N, when only markings in K are used.
To be more precise, the reachable markings of N, starting in m,eK and never
leaving K in between, are exactly those of Ny and a transition ¢ in N can fire
iff an equally labelled transition ¢’ in Ny can do so.

Theorem 4.2. Let N be a P/T-net, K a right-closed set, and Ny the K-restricted
P/T-net from Construction4.l.
Then for all m €K, teT we have:

(a) m;(t>m, in N and m,<K iff

JteT  h(t)=trm(t'>m, in Ng.
In particular for all initial markings m,eK we have
(b) R(Ng,mo)=Rg(N, m,) and () L(Ng, h, mq)= Fg(N, m,)
Proof. We shall first show:

Claim 1
Vi'eT: A(h(t))=A()

Proof of Claim 1. The claim is obvious for teT,. Now let
t'=t,eT, with teT—T,, meres(K) and peP.

If B(t,p)=zm(p) then A(t',p)=B(t,p)—F(t,p)=A(t,p), and il B(t,p)<m(p) then
A(t', py=B'(t',p)— F'(¢', p)=m(p) - (m(p)— A(t, p))= A(t,p), both by ¢) of con-
struction 4.1.

Claim 2. For every m,eK: m,(t) m, in N and m,cK implies m,(t'>m, in Ng
for some t'eT’ with h(t)=t.

Proof of Claim 2. If teT, take t:=t. If teT—T, take t':=t, for some
meres(K) with m,=m. By Claim 1 it is sufficient to show

m, ZF'(t).

Indeed m,=m,—A({t)=m,—At)zm—A(t), and m,;=F(), which implies
m, zmax[F(t), m— A= F'(¢)

Claim 3. For every m eK: m,(t'>m, in Ny implies m,(h(¢)>m, in N and
m,eK.
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Proof of Claim 3. If reT, then h(t')=t. For m, =m’ with m'eres(K) by defini-
tion of T, there is meres(K) with max (m',F(t)}+A(t)=m. Hence m,=m,
+A(zmax(m', F(t))+ A(t)=meK. If ¥eT—T, then t'=¢,, for some meres(K).
Then m,=F'(t,)=max(m— A(t), F)) 2 F(¢) and m,=m, —F(t,)+B'(t,)=B'(t,)
=max (B(t),m) =2meK. Part a) of Theorem 4.2 now follows from claim 2 and
claim 3. From this part b) and ¢) can be easily derived by induction on the
reachability set.

Remark. 1t is important to note that, even though R(Ng, m,)=Rg(N,m,), it is
often the case that R(Ng, mo)+=R(N, my)n K.

To illustrate the construction of the K-restriction Ny and Theorem 4.2 we
give the following example.

Example 4.3. Consider the P/T-net N in Fig. 4.1. a) and K:=res(K)+N* with
reS(K) = {m1 7m2} and MI = (25 07 07 0)7 r_nz = (0’ 09 07 1)

) (Y Oem,on, P,

a) n d N

Fig. 4.1.

By 4(c)=(1, —1,0,0) and 4(d)=(0,0,—1,1) and following the notation of
Construction 4.1 we obtain:

Ti={c,d}, T,={ay,, 4y, bm:bn,}

The construction of F and B results in the P/T-net N of Fig. 4.1 b). For each
transition ¢ the labelling h(¢) is given outside the box of t. To give an
application of Theorem 4.2 we consider the initial marking m,:=m, +m,eK.
Instead of looking at particular firing sequences we give an interpretation
of Ng.
For the P/T-net (N,m,) all reachable markings meR(N,m,) satisfy the
following “invariant equations™:

iy: m(py)+m(py)=2
it m(py)+mipy)=1
Together with property R(Ng, my)= K of Ni it follows
(*): VmeR(Ng, m): (m(py) =0 v m(p;)=0)
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Hence, places p, and p, can be seen as “critical sections” of two “reader
processes”, represented by the two tokens in p, or p, and a “writer process” in
the right hand side part of N,. By Theorem 4.2 the labelled firing sequences
h(w)e L(N,, h, m,) are exactly those firing sequences we F(N, m,) that respect the
condition (x) of mutual exclusion. (How the net Ny can be systematically
simplified will be shown later on).

Remark. In this example by the construction of the K-restriction we have
found an “implementation” of the fact (x) in the sense of [11]. This obser-
vation can be generalized as follows:

Every fact with bounded input places can be
“implemented” by a K-restriction.

This is true, since facts can be equivalently formulated as
VmeR(N, mo): (m(p,) 2k v ... v(m(p,)2k,)

where {p,,...,p,} are the output places of the fact together with the com-
plementary places of the input places.

In the remainder of this section we give some methods how the net N, can
be simplified. This part can be skipped for a first reading.

The definition of Ny by Construction 4.1 is fairly general and independent
from the initial marking m,. The only and obvious requirement is m,eK,
because my¢K implies Rg(N, my)=Fg(N, m,)=9 so that no construction would
be needed.

This independence, however, usually leads to the construction of large P/T-
nets Ny that could in many cases be simplified if there is just one fixed initial
marking m, for which the new P/T-net Ny has to be built.

For instance, the following case may occur: The initial marking m,eK is
{t}-blocked in (N,m,) for some teT. Then transition ¢ is not needed for the
construction of (Ng,m,) and can (and should) therefore be removed from T
before starting the construction of (N, m,). Such a transition ¢ is usually called
dead in m, (cf. Def. 6.1).

Moreover, even if ¢ is not dead in m, for N it may be dead for m, in Ng.
Since this property depends on K, we call such transitions K-dead for m,. K-
dead transitions can be computed effectively from N and therefore removed
before the construction of Ng.

Definition 44. Let N=(P,T,F,B) be a P/T-net and K be a right-closed subset
of N’ A transition teT is said to be K-dead for meIN'", if ¢ is not contained
in any firing sequences we F, (N, m). t is dead for m. if t is K-dead for m with K
=N'".

Definition 4.5. Let N=(P,T,F,B) be a P/T-net, myeN'"’ a marking and
myeK=IN'", K a right-closed set.

The K-restricted coverability graph Gg(N,m,) is defined as G(N,m,) in
Definition 3.6 with the following modification:
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Replace line (4) by:
(4") choose meNODES, teT such that F(t)<m, reg(m+ A(t))nK +0

and the pair (m, t) has not been considered before;

Lemma 4.6. Let N=(P,T,F,B) be a P/T-net, KSIN'* a right-closed set, and
Gy(N,my) a K-restricted coverability graph of N. Then a transition teT is not
K-dead in m, if and only if Gg(N,m,) containes a path

I ’ ’ ' _
mo—monl Tml_)"'—tn_)m" such that [n——t,ngl

Proof. If teT is not K-dead in m,, then there is a firing sequence w
=t...1,eFx(N,mg), my(t, >m,(t,>...(t,>m, with t,=t and meK for all
1ZiZhn.

There is a unique path my,——m), —2> ... — "> m, in Gy(N, m,) with (m!(p)=*

w=mi(p)=m p)). This follows directly from the construction in Definitions
3.6 and 4.5. The additional condition in (4) of Definition 4.5 is satisfied for all
0<i<n since meK.

The reverse direction follows from the following stronger claim, which will
be proved by induction on nelN:

Claim: For any constant celN and any path

o ty ’ ] th—1 ’ tn ’
ma=m, my m m,

pLA4 = Lp—1 fA43

in Gg(N,m,) there are markings m, ,, m,eN* and a firing sequence
wt, e Fi (N, m,) satisfying:

a) mO(W>Mn-1(tn>mn_

b) m, (p)=m, (p)if m,_,(p)+w

¢) m,_,(p)zcifm, (p)=ow.

Zn—-1

If n=1 then we have the path m,= m’oi»m’l and a), b) and c) are valid by
mo(Ay mo(t,> m, for m; =mq,+ A(t,). By condition reg(m,+ 4(t,))n K +0 in Def-
inition 4.5 also m,eK and t,eFx(N, m,) is valid.

Now assume that the claim holds for all paths of length n. Let ¢’'eN be a
constant and

o 51 th-1 ’ tn ;o ta+i ;
1ty =My m, . m, m,. 1

be such a path of length n+1.

The following is a standard argumentation on coverability graphs and
therefore not developped in full detail here (cf.: [29, 3]). We first consider those
w-components m,(p) which are different from m, ,(p), ie. m,(p)=w=xm,_,(p)
By the construction of Gg(N,m,) such components result from existence of
predecessor nodes m/ such that m’ <m, but m,(p) <m,(p).
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If v, is the sequence of transition on this path, then vSeF (N, m,) for any
marking m, with m,(p)=m,(p) if m,(p)# w and sufficiently many tokens in m,(p)
for m(p)=w. Let be ¢, a number that is sufficiently large for all firings
v, vxz...v; :v associated to the new w-components in m,. For these com-

ponents p we therefore have A(v)(p)=c'.
Next we define the constant ¢ to be used in the induction hypothesis by

ci=c¢y+ 1)
¢+ )
max{F(p,t,)} + 3

peP

max {F(p,t,, )} + “4)
max {m(p)} (%)
meres(K)

Intuitively, (1) and (3) serve to make v firable in m,, (2) serves to satisfy c), (4)
serves to make t,, ; firable and (5) is used to show the final marking in K.
More formally, by induction hypothesis, there is a firing sequence
wt,eF(N, mg), satisfying a), b) and ¢) in the claim.
We consider w:=wt,ve Fi(N, m,) and m,(W)> A, for some A, eK.
a') mo(W) m,(t,, > m,, |, where i1, =m, +A(t,, ) follows from the definition
of G¢(N, m,) together with (4).
b’} 1, (p)=m,(p) if m,(p)+ w holds by the construction of Gg(N, m,)
¢) #,(p)2¢ if m(p)=w=m,_,(p) follows from

m,(p)=1i, (p)+B(p,t,)—F(p,1,)
zm, (p)—F(p,t,)
zc—F(p.t,)
Zc— ma;x{F b1}z

mpyzc if m(p)=w+m,_,(p) follows from (1) and A(v)(p)=c as discussed
above.

Finally it remains to prove: wt, ,eFg(N,m,), or equivalently s, , ,€K. By
the construction of Gx(N,m,) in line (5') we have reg(m,+ A4(t,, ))"K=+0, ie.
m, + A, ) 2m, for some m, eres(K).

If m,(p)+ w then by b'):

B,y 1 (P)=11,(p)+ 4(t,,, )(P)
Im'n(l’) + A(tn-f— 1)(p)gm“es(p)

If m,(p)=w then by ¢') and (5):
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A, 1 (p)=1,(p)+4(t,, )P
=c—F(p,t)

; max {m(p)} Z M..,(p).

meres(K)

We conclude: A, , , =m, and 11, ,€K.
Using the preceding result and remarks we now can modify Construction
4.1 of the K-restriction (Ng, m,) of (N, m,) as follows.

Construction 4.7.

Step 1: Take the notation as in Construction 4.1. Replace T in (N, m,) by T:
={teT|t is not K-dead in m,}
Step 2: Define (Ng, m,) or (Ng, n, m,) following Construction 4.1. Using the modi-
fied P/T-net (N, my).
Step 3: Delete all transitions t' from N, such that F'(t")S F(t") for some other
transition t” with h(t")=h(t').
Step 4: Delete all transitions t,, that are still dead in the initial marking m, of
the resulting P/T-net. B

The following example shows that step 4 is some times needed.

Example 4.8. Consider the P/T-net (N, m,) of Example 4.3.

(Ng, m,) of Figure 4.1 (b) is also the result of step 1 to 3 in the preceding
Construction 4.7.; a and b are not K-dead in m,, but a, and b,, are dead in
m,, and can be deleted. Figure 4.2 shows (Ng,m,) after having applied Con-
struction 4.7 completely.

Fig. 4.2. P/T-net (Ng, m,)

Another situation that might occur and which is also not easy to detect in
general, is the following:
After having constructed a P/T-net (Ng,mg) using Construction 4.7, we know
that each transition of (N, m,) will be enabled in some reachable marking in
R(Ng,mg). But again one can still omit further transitions in Ng without
affecting it’s behaviour as described in Theorem 4.2.

Let us again give an example that illustrates such a situation.
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Example 4.9. Consider the P/T-net (N,m,) from Figure 4.3 where m,=(1,2)
and the coverability graph G(N, m,) is drawn too.

(1,2)
t t/ t//
2.1 3,0 (l,th”
t t tiv
(3,0) (4,0) (Ww)

Fig. 4.3.

If the right-closed set K<IN? is defined by res(K):={(0,2), (3,0)} then we
get the P/T-net (Ng,m,) depicted in Fig. 4.4, where a coverability graph
G(Ng, mg) is drawn, too.

t
0,2) (3,0) €0,2) (3,00

(3,0 h ”
¢ ""D' - Yo,2)

’ ’
l’( 3,00 Yo, 23,00

(3,0) (W,W) )T

Fig. 4.4. (Ng,mgo): Where T':={t", 15 5, L3 0 Lo, 29> Lz, 0]
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Now one can show that for all me R(Ny, m,) the invariant relation m(p,)=1
holds. Hence, whenever £, ,, is enabled in (Ng,m) s0 is t(3 o), and thus t{, ,,
can be deleted from 7.

Moreover, we can simplify Ny even more by redefining F’ and B’ for t3, 0)

as follows: /
F'(ts, 0):=F()
B'(t(5, o))+ = B(t)

Hence we finally get Ny=(P,T',F',B’) where T':={t", t{5 o), {(0.2)> (3.0} and

F" and B’ are defined for t”, ¢, ,, and t; , as before.

This last example shows that other methods which provide information
about the reachability set R(N, m,) might be useful in order to simplity the K-
restricted net (N, m,) even further.

In many cases one can use place invariants and place invariant inequalities
for that purpose. Let us first recall the definition of place invariants.

Definition 4.10. A (linear) place-invariant for a P/T-net N=(P,T,F,B) is a
vector xeZ'® such that x™-m=xT-m’ for all meIN'"/ and all m'eR(N, m).
This is equivalent to saying x7- 4=07, (see [2]) &T is the transpose of x).

A (linear) place- muartant for a P/T-net (N, my) with initial marking m, is a
vector xeZ'? such that x™-m,=x"-m for all me(N,m,).

Obviously, each place-invariant for N is also a place-invariant for (N mg)
but the converse need not be true. If x is place-invariant for (N, m,) then xT-m,
is a constant ceZ so that one obtains an invariant equation of the form

Y x(p) m(p)=c

peP

which is valid for all reachable markings meR(N, m,).

Sometimes it is useful not to consider invariant equations of the form
described above but to consider invariant relations of the form defined below.
For example the invariant relation m(p,)=1 was used in Example 4.9 to
simplify the K-restricted P/T-net (N, m,).

Definition 4.11. A (linear) place invariant relation for a P/T-net N=(P, T, F,B) is
a vector xeZ'", such that

VmeN"Vm'eR(N,m): (x"-m' 2x" - m).
A (linear ) place invariant relation for a P/T-net (N, m,) with initial marking m,
is an xeZ'®, such that x™-m' 2 x7 - m, for all m'eR(N, m,).

Obviously, each place-invariant relation for N is also a place-invariant
relation for (N, m,) but not conversely.

Lemma 4.7. Let Ny (resp (Ng, m,)) be the K-restriction of N (resp. (N, m,)) using
the Construction 4. 1 or its modified version 4.6.
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Then every place-invariant (tesp. place-invariant relation) for N (resp.
(N,my)) is also a place-invariant (resp. place-invariant relation) for Ny (resp.
(NK,mO))'

This Lemma can be applied in Example 4.3:

Invariant equations i, and i, for (N,m,) also hold for (Ng,m,). Hence
transitions g, and b, are dead in m, and can be omitted.

5. Maximal Subbehaviour and Liveness of P/T-Nets

In this section we consider K-restricted P/T-nets (N, m,) for some particular
right-closed sets K. Their behaviour is characterized as the maximal subbe-
haviour of the original P/T-net (N, m) with respect to well-defined properties.

The behaviour of a system can be defined as the set all possible sequences
of actions. For the definition of “maximal subbehaviour” we therefore use a
formalism that is independent of the representation of states: a transition
system. Since there is no partial ordering or operation defined on the state
space, we cannot use the notation of closed nets etc. The connection to the
previous sections will then be established by interpreting marking graphs of
P/T-nets as transition systems. Therefore it is sufficient here to consider only
initially connected transition systems with finite sets of transitions.

Definition 5.1. A transition system TS=(S,T,—,s,) is defined by a set S of
states, a set T of transitions, a transitional relation— <S8 x T x S, and an initial
state sy€S.

We write s— s’ for (s, t, s)e— and extend this notion to words weT*
by s—2ss for all seS, s—5 s iff 357eS: s— 5" As"— s for all s, s'eS,
weT*, teT.

R(TS,s):={s'|IweT*:s—>5'} is the set of states reachable from s and
F(TS,s):={weT*|35€S:s——s'} is the set of transition sequences from s.
F(TS,s):={weT®|there is an infinite path s—'>s, —2>s5,—2> . ..and w
=w,w,ws...} is the set of infinite sequences of transitions from s.

R(TS8):=R(TS,s,), F(TS):=F(TS,s,) and F (TS):=F,(TS,s,) are the sets of
reachable states in TS, finite and infinite transition sequences in TS, respective-

ly. In this paper we assume for all transition systems TS, that T is finite and S
= R(TS).

Definition 5.2. A transition system TS=(S, T,—,s,) is called

a) notblocked for T<T, iff for every state seR(TS) and some teT there is a
weT* such that wteF(TS,s).

b) notdead, iff for every state se R(T'S) the set F(TS, s) is not finite

¢) T-continual for a subset T< T iff for every state se R(TS) there is an infinite
string weF, (TS, s) with T'<In(w).

d) live, iff for every state se R(TS) and every teT there is a word we T* such
that wre F(TS,s).

These properties are not independent, as shown by the following simple
theorem.
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Theorem 5.3. A4 transition system TS=(S,T,—,s.) is notblocked for Tiffitis T-
continual. TS is T-continual iff TS is live.

Proof. Let be TS notblocked for T={t,,...,z,} and seR(TS). Then there are
words w,,...,w,eT* and states s,,...,s,€S such that

wity w2tz er}
1 2 S,.

Repeating this construction we define inductively an infinite transition se-
quence w with 7<In(w). Hence TS is T-continual. The other statements of the
Theorem are now obvious.

Definition 54. Let TS=(S,T,—,s,) be a transition system. A transition system
TS,;=(S;, T,—,,s,) is called a subsystem of TS iff §;=8 and —, &5 —.

If ¥(TS)={TS,iel} is a set of such subsystems (with the same initial state),
then
TS((g)= {S/: T,—’/a SO}

defined by §'=|)S; and —'=|)—, is the union of €(TS). It is the smallest
iel iel

subsystem containing all T'S; as a subsystem, and therefore called the %-

maximal subsystem of TS. (Recognize that in fact R(TS(#%))=S")

Definition 5.5. Let TS=(S, T,—,s,) be a transition system. Then we define the
following classes of subsystems:

a) notdead(TS) is Ehe class of notdead subsystems of TS

b) if TS T then T-continual(TS) is the class of all T-continual subsystems of
TS

c) live(TS) is the class of all live subsystems of T'S.

Theorem 5.6. For given transition system TS=(S, T,—,s,) and T< T the classes
notdead(TS), T-continual(TS) and live(TS) are closed under arbitrary union.
Hence the notdead-maximal subsystem TS(notdead), the T-continual-maximal
subsystem TS(T-continual), and the live-maximal subsystem TS(live are uniquely
defined and not dead, T-continual and live, respectively.

Proof. Let be TS;=(S,,T,—>,,s,) (icl) a set of T-continual T-continual sub-
systems of TS=(S,T,—;s,) and TS’ =(§', T,—',s,) the union, ie. §'={]JS, and
iel
—'=|J—,. For an arbitrary state seS’ we have to show that there is some
iel

weF, (TS, s) with T<In(w). But since s€S ; for some jel such an infinite word
weF, (TS;,s) exists in TS, By the definition of the union of subsystems
weF, (TS, s) also holds.

The case of the class notdead(T'S) is similar but even simpler. For the class
live (TS) the Theorem follows from the first part the proof as special case T
=T, as stated in Theorem 5.3.
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Definition 5.7. Let (N, m,) be a P/T-net N=(P, T, F, B) with initial marking m,.
To (N, m,) we associate the transition system TS(N, m,):=(R(N, m,), T, »m,)
where (m,, t, m,)e > iff m,, m,eR(N, m,) and m, (t> m,.

If (N,h,my) is a net with labelling homomorphism k: T*— X* then in
TS(N,m,) we replace T by X and t by h(¢) in the definition of — and write
TS(N,h,m,). If (N,m,) is a P/T-net, then we say that a net (N',m,) (resp.
(N',h, my)) has the ¥-maximal subbehaviour of (N,m,) (resp. of (N, h,m)) iff
the transition system TS(N',m,) (resp. TS(N',h,m,)) is the ¥-maximal sub-
system of TS(N,m,) (resp. of TS(N, h, m,)) with €e{notdead, T-continual, live}.

We are now ready to formulate as a Theorem, that for a P/T-net (N, mg) a
P/T-net (N',h,m,) with notdead-maximal, T-continual-maximal or live-maxi-
mal subbehaviour can be effectively constructed.

Let us first recall the standard liveness definition for P/T-nets.

Definition 5.8. A P/T-net (N, m,) or (N, h, m,) with N=(P, T, F, B) is live, if
VieTVmeR(N,m,) Im'e R(N, m): m'(t).
Theorem 5.9. For every P/T-net (N,m,) a P/T-net (N',h,m,) can be effectively

constructed such that anyone of the following properties holds:

a) (N, h,m,) has the notdead-maximal subbehaviour of (N, m,)
b) (N, h,m,) has the T-continual-maximal subbehaviour of (N, m,)
c) (N', h,mg) has the live-maximal subbehaviour of (N, m,)

Proof. In all three cases we define (N, h, m,) as the K-restriction (Ng, h, m,) for
different right-closed sets K. (Construction 4.1 or 4.6).

Then TS':=TS(Ng, h,mg)=(S",T,—',m,) is a subsystem of TS:=TS(N,m,)
=(S, T,—,m,). Recall that by Construction 4.1 and 4.6 we have h:T'—T.
Since by Theorem 4.2 we have:

§'=R(Ng, mq)=Rg(N, mo) = R(N, m,)
and also

(m, ——'m, in TS') iff

(m,(t'>m, in Ny and h(t')=1) iff
(m,(t)m, in N and m,, m,eK) iff

(m, 't_’mz and m,, m,eK)
We now prove for Ke {NOTDEAD, CONTINUAL(T)} (Def. 3.10) the follow-
ing statement (xx):

For every meRg(N,m,) and weT?
and (T =In(w) if K=CONTINUAL(T)) we have: | (%)
weF (TS, m) implies weF, (TS, m)

Suppose the conditions in (**) and weF (TS, m).
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Then with w=w, w, ..., (w,€T™"), we have in N

m(w, > m(w,»my(ws) ...

It follows m;eK for all ieN.

Indeed, w;, W;,,...€F,(TS,m), hence F(TS,m) is infinite and
meNOTDEAD. If K= CONTINUAL(T) then T<lIn(w) implies
T<In(w,, ;. ,...), hence meCONTINUAL(T) for all ieN. From (x) we
conclude weF, (TS m).

Now we consider the cases a), b), and c¢) of the Theorem.

a) Take K:=NOTDEAD as right-closed set satisfying RES. Then TS’ is
notdead: if meR(TS’) then meS'=R(N’', mo)=Ry(N,m,) < K:=NOTDEAD. By
definition of K the set F(N,m) is not finite and therefore an infinite sequence
weT® can fire in m, ie. weF,(TS,m). Then by (xx) also weF,(TS,m) and
F(TS',m) is infinite too. It remains to show that TS’ is the notdead-maximal
subsystem of TS, i.e. every notdead subsystem

TSi:(Sia T:_),mo)

of TS is also a subsystem of TS =(§,7T,—',m,). Indeed meS, implies
meNOTDEAD, and as before meS’, and also —,=—".

b) Take K:=CONTINUAL(T) as right-closed set satisfying RES. Then TS’
is  T-continual: if meR(TS) then meS' =R(N,m,)=Rg(N,m))=K
=CONTINUAL(T). By definition of K the set F,(N,m) contains we T® with
T <In(w). Then by () also weF, (TS, m) and m is T-continual also in TS It
remains to show that TS’ is the T-continual-maximal subsystem of TS, ie.
every T-continual subsystem

TS,=(S;,T,—,mg)

of TS is also a subsystem of TS =(5,7T,—',my). Indeed meS" implies
meCONTINUAL(T), and as before meS’, and also —,<—".

c) Take K=CONTINUAL(T) as right closed set satisfying RES. TS" is T-
continual by b) and live by Theorem 5.3. Every live subsystem T'S; of TS is T-
continual, and by a) also a T-continual and live subsystem of TS". Therefore
TS’ is the live-maximal subsystem of T'S.

Knowing from Theorem 5.3 that a subsystem of TS is T-continual iff it is
notblocked for T, one might think that in part b) of the preceding proof the
choice of K:=NOTBLOCKED(T) would be equivalent to K:
=CONTINUAL(T).

But this is false. A closer look at the construction of the P/T-net (N, h, ni,)
shows that by inhibiting to fire out of the set NOTBLOCKED(T), also the
firing of some teT may become impossible! In such a case the transition
system is not T-continual. Let us mention that in case c) of the Theorem
R(Ng,m,) and R(N,m,) are equal if (N, m,) is live. By the result of Hack [15],
however, it is undecidable whether two nets have the same reachability sets.
Therefore our Theorem cannot be used as a decision procedure for liveness of
(N, my).
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Example 5.10. The right-closed set K=CONTINUAL(T) for the P/T-net N in
Fig. 5.1 a) has the residue res(K)={m,, m,, m;, m,} with m;:=(2,0,0), m,:
:(07 1’ 1)7 M3’:(17 190)’ _VL14’=(1,0’ 1)

Fig. 5.1.

The K-restriction (Ng, h,m,) of (N, m,) in Fig. 5.1 b) is constructed according to
Construction 4.1 and simplifications, obtained by using the invariant equation:
VYmeR(N,my): m(p,)+m(p,)+m(p;)=2. (Ng, h, my) has the maximal live subbe-
haviour of (N, m,).

Theorem 5.9 solves a problem of Nivat and Arnold [22] for the case of
P/T-nets. Using our terminology they call a behaviour F(N,m,) central if
F(N,mgy) < FG(F,(N,m,)) where FG(L) is the set of finite prefixes of L= X*. In
[22] the problem to realize the maximal central subbehaviour is solved for
finite automata and stated as open problem for more powerful devices. Ob-
viously the maximal central subbehaviour is the notdead-maximal subbe-
haviour in our terminology. Theorem 5.9 also gives a new solution to the older
and celebrated banker’s problem of Dijkstra [8].

Example 5.11. We demonstrate our approach on the banker’s problem, given
by Dijkstra in 1965 as an example of a resource sharing problem. For the
description of the problem we refer to [1].

Figure 5.2 shows the example in [1] of the banker’s problem as a P/T-net.
The following invariant equations hold for all me R(N, m,):

iy:m(cy+m(lp)+m(ly)+ m(lz) =10
iy m(lp)+m(cp)=38
by mll)+ micg) =3
iy m(lg)+m(cg)=9

The set of reachable markings R(N,m,) of this net is exactly the set of all
markings satisfying the four invariants [16]. Furthermore by these invariants



The Residue of Vector Sets 669

every reachable marking is uniquely determined by the components corre-
sponding to the three places cp, ¢, and cg. By the arc from rp to ¢, the initial
claim of 8 units in ¢, can be restored if the maximal amount of 8 units is loan.
The net behaves correctly if all customers can perform their transactions.
Therefore all reachable markings should be T-continual. In other words, before
granting another unit of mony the banker has to verify, that the marking, that
would be reached by this step, is still T-continual. For instance in the reach-
able marking with (m(cp), m(cy), m(cg))=(4,3,6) an infinite firing sequence can
fire (namely (g4g,80%p)”), but neither customer P, nor customer Q has a chance
to terminate his transactions. Hence the marking m is {g,,ry}-continual, but
not T-continual.

In [16] general formulas are given, that describe all T-continual markings
for such nets. For this example, from 195 reachable markings 60 are not T-
continual and contain 24 total deadlocks (c.f. Definition 3.10). The set of 135
reachable and T-continual markings can be described by a residue set R of 10
markings:

R=1{(8,2,0), (8,0,2), (2,0,8), (0,2,8),

(7’ 35 0)’ (77 05 3)7 (3’0’ 7)3 (0’ 37 7)’

(1,0,9), (0,1,9)}
This description can be further reduced by observing that R consists of all
permutations of (8,2,0), (7,3,0), and (1,0,9) excluding 8 not reachable mark-
ings, that do not satisfy the invariants. Hence the banker has to know only

these three markings.
c: hanker’'s cash

Ip tp ' ] 'R ‘R
loan claim

of customer 1]

Fig. 5.2.

6. Decidable Properties of Liveness, Promptness and w-Behaviour of P/T-Nets

In this section we give applications to some other open problems for P/T-nets.
In [4] the following definitions for liveness of transitions are proposed accord-
ing to [18].
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Definition 6.1. Let meIN'" be a marking of a P/T-net N=(P,T,F,B). Then a
transition te T is called

a) dead in m ff m is {¢}-blocked.

b) warm in m iff YnelN IweT*: m(w) A P(w)(t)>n.

¢) hot in m iff m is {t}-continual.

Theorem 6.2. For any P/T-net N=(P,T,F,B), any marking meIN'", and each
transition teT it is decidable, whether t is dead, warm or hot in m.

Proof. a) t is dead in a marking m of N iff m is {t}-blocked. This is decidable
by Corollary 3.12.

b) Add a new place pu, to N and let F(t, pooun):=1, in order to count the
number of firings of . Then t is warm in m iff p,,,, is unbounded in m. Un-
boundedness is decidable. A different proof is contained in [18].

¢) t is hot in m, iff m is {t}-continual. The latter property is again decidable by
Corollary 3.12.

We now consider nets that are models of systems communicating with the
environment. Actions or transitions that are visible from the exterior are
distinguished from internal transitions.

Definitions 6.3. A signal net is a P/T-net N=(P,T, F,B) with initial marking
g, where T=T,uT,, T,nT,=0. Transitions in Ty are called external, whereas
transitions in 7T; are internal.

An important property of such systems is to react within a finite delay to
inputs from the environment. Such systems are called prompt. Compare the
similar definitions in [14, 15] using A-labels for internal transitions.

Definition 6.4. A signal net N=(P,T,F,B,m,) is

a) strongly prompt, if ke N Vme(m,» VweT*: m(w) =|w| <k, where |w| is the
length of w.

b) prompt, if Vme(my,y IkeN VweT*: m(w) =|w| <k.

Theorem 6.5. For a signal net N it is decidable, whether it is strongly prompt and
also whether it is prompt.

Proof. Given a signal net (N,m,) with N=(P, T, F,B), we extend it as shown in
Fig. 6.1.

In this construction all transitions teTy are connected with p, in the given
way, and also all teT, are connected with p, and p,. The new net is called N’,
and has the initial marking as N for P and as indicated for the new places.

a) N is not strongly prompt, iff ¢, is warm in the initial marking of N'. To
prove this, recall that N is not strongly prompt iff VkeN
dAme(my> IweTi*: m(w) A lwl>k. m is also reachable in N, if p, remains mar-
ked and two firings of transitions in T are separated by a firing of ¢,. Then
after firing of t, the sequence weT* with |w|>k can fire alternating with ¢;.
Therefore ¢, is warm.

On the other hand, if r; is warm in N’ a firing sequence w in N’ with
¥(w)(r) >k contains k—1 transitions of T; and no transition of T;. Hence N is
not strongly prompt.
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Fig. 6.1.

b) N is not prompt, iff ¢4 is hot in the initial marking of N. N is not prompt iff

Ime(my,> VkeN IweT,*: m(w) A |w|>k.

iff 3me(my>: F(N,m)nT;* is infinite

iff Ime(mod: F,(N,m)n T* +0

iff ¢, is hot in the initial marking of N".
By Theorem 6.2 it is decidable, whether ¢; is warm or hot. The first part of the
theorem is from [23], who also conjectured the second part, not knowing our
results.

Infinite sequences of transition firings have been used already in this paper.

The set (or language) of all infinite firing sequences is called the infinite
behaviour or w-behaviour of a net and is systematically studied in [28].

Definition 6.6. For P/T-nets (N, h,m,) with initial marking m, we now also
consider not A-free labelling homomorphisms h: T*— X* h is extended to
h: T*—>X® where T*:=T*UT®, X®:=X*UX® by h(w)(i):=h(w(i)) for all
weT®, ieN (we assume h(w)e X* for we T iff JiVj=i: h(w(i))=41).

L, (N,h,my)={h(w)eX®|weF, (N, m,)} is the w-behaviour of (N, h,m,). We
consider the following classes of w-behaviours

Z,:={F, (N, my)|N is P/T-net with initial marking m,}

@ . JLo(Nmo) [N is P/T-net with initial marking mo}
@ and A-free labelling homomorphism h

P ___{Lw(N ,h,my)|N is P/T-net with initial marking m,
Ao and labelling homomorphism h
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Theorem 6.7. The emptiness problem for w-behaviours in %, ¥, . and &£, is
decidable.

Proof. It is sufficient to consider &, ,,. For any P/T-net (N, h, my) we have:
L,(N,h,m,)£0 iff JteT: h(t)+1 and m, is {t}-continual.

In connection with this theorem, one may ask for the decidability of the
membership problem: “weF,_ 7" for given weT® and N, for instance. However,
already the formulation of the problem is difficult: what is the finite represen-
tation of weT?

In general this representation can be given by a Turing machine computing
all prefixes of w. Then the problem is certainly undecidable. More interesting
cases are those, where w is given by an w-regular expression litke w=ab(aab)”.
Some of these w-words are w-behaviours of labelled nets.

For such cases the “membership problem” in the following form is decid-
able:

Theorem 6.8. For given A-free labelled P/T-nets (N,h,m,) and (N',h',m,) it is
decidable whether there is some weL (N, h, mg) such that weL (N',h', m,).

Proof. By well-known methods (e.g. [14]) a net (N, i, m,) can be constructed
such that .
L(N, k., 1hy)= L(N, h, mg) " L(N', b', m{,)

Then weL (N, h, i) iff Vi:w[ileL(N,h,m,) iff Vi:w[i]JeL(N,h, i) A w[i]
eL(N', W, my) iff weL (N,h,my)nL,(N',h',mg). (The first equivalence is false
for not A-free labelled nets, see [28]).

Hence L,(N,h,mo)nL (N, B, mp)+0 iff L (N,h, i)+, which is decidable
by Theorem 6.7.

For particular problems, as fairness, for instance, it is interesting to consid-
er some subsets of w-behaviour in nets. In [28] the notion of i-definability
of Landweber [20] is studied with respect to sets of markings as definable sets,
which specify the subset. The resulting classes have been shown to be different
if only bounded places are involved in the definition of defining sets [28].

In [5] it was then proved that the latter classes coincide with the classes
obtained by defining sets of transitions.

Definition 6.9. Let (N,h,m,) be a Ai-free labelled P/T-net with N=(P,T,F,B)
and &={E,...,E,} a set of sets E;= T. Then an w-sequence weT* is called
a) 1-firing for &, if 3 Ee& FieN: w(i)eE.
b) 1'-firing for &, if 3E€& VieN: w(i)eE.
¢) 2-firing for &, if IEe&: In(w)nE+0.
d) 2-firing for &, if 3Ee&: In(w)<E.
e) 3-firing for &, if IE€é&: In(w)=E.
f) 3-firing for &, if 3Ee&: In(w)2 E.
For ie{1,1',2,2',3,3'} we define the transitional i-behaviour of (N, h, m,) by
Ki (N, h,m,, &)= {h(v)e X°|veF, (N, m,) A v is i-firing for &} and denote the cor-
responding classes by K.
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Theorem 6.10. The emptiness problem is decidable for all classes
K (ie{1,1,2,2,3,3})

Proof. It is interesting to see how the decision problem for the different cases is
reducible to T-continuality. For instance, KL(N, h, m,, &)+0 iff for some Ec&

a transition teE appears on an arc m——m of the coverability graph
G(N,m,) and m’ is {t}-continual for some t'eT.

However, it is easier to reduce all five cases to the case i=3. In fact, from
the results in [28], [5] and [7], it follows that

KicK3 for ie{l,1,2,2,3}

Furthermore, it is sufficient to consider & ={E}. Hence for given P/T-net
(N, h,mg), where N=(P,T,F,B) and ECT the decision problem is:

“is there some weF, (N, m,) such that In(w)2 E?”

This is equivalent to:
“is m, E-continual?”,

which is decidable by Corollary 3.12.
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