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Summary. Recently, A.C. Shaw introduced a new class of expresstons called
flow expressions, and conjectured that the formal descriptive power of flow
expressions lies somewhat below context-sensitive grammers. In this paper,
we give a negative answer for his conjecture, that is, we show that all
recursively enumerable languages may be denoted by flow expressions.

1. Introduction

Recently, A.C. Shaw [4] introduced a new class of expressions, called flow
expressions, which are extended regular expressions to describe concurrencies,
synchronization and cyclic activities. Flow languages are defined as languages
which are denoted by flow expressions under the restrictions imposed by the
lock and wait/signal symbols. The lock symbols handle critical sections and the
wait/signal symbols provide a simple synchronization mechanism. As similar
non-procedural description languages based on regular expressions, path ex-
pressions [1] and event expressions [3] are known. Path expressions are used
to describe the synchronization and coordination among processes. Event
expressions are strongly related to flow expressions, that is, only one difference
between them is the synchronization mechanism.

It is known that any recursively enumerable language is described by some
event expression [3]. But as for flow expressions, A.C. Shaw conjectured that
the formal descriptive power of flow expressions (excluding the cyclic operator)
lies somewhat below context-sensitive grammers and is incomparable with
(neither above nor below) context-free grammars. In this paper, however, we
give a negative answer to his conjecture. That is, every recursively enumerable
language is shown to be a flow language. Since the converse trivially holds, the
classes of recursively enumerable languages and flow languages coincide. Since
the flow languages are defined as the smallest family of languages containing
some very basic ones and closed under a few basic operations, a new character-
ization of recursively enumerable languages is obtained.
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2. Definitions

In this section, the definitions of flow expressions and flow languages are
presented. In [4], a cyclic operator co is introduced, but the following dis-
cussion can be done without it. This exclusion of the cyclic operator leads to
somewhat simpler discussion because the operator produces infinite strings.

Let X* denote the set of all finite strings composed of symbols of ¥
including the empty string 4 whose length is zero. For IIcZX, let h; be the
homomorphism from XZ* to IT* such that hy(a)=a for aell and hy(a)=2 for
a¢ll. For a set I1, let |II| denote the number of elements in IT.

Let X be a finite set of atomic symbols, I'={,[ . J,,,[, 15,.--..[, 1.} be a
finite set of lock symbols, and Q={5,,0,,0,,®,,...,6;,©,} be a finite set of
wait/signal symbols, where XnI'=XnQ=I'nQ={ }'. (In examples where
c¢=1, we drop the subscripts on symbols in I'.)

Definition 1. Flow expressions are constructed by the following rules?.

(1) Each aeZu, A, and ¢ are flow expressions.

(2) If S and S’ are flow expressions, then (S), SS, S+5’, §*, SOS and S®
are flow expressions.

(3) If S is a flow expression and [, ], is a pair of lock symbols in I', then
(5], is a flow expression.

We define §' and S© as follows:

(1) §°=/.

(2) S'=S5""1S for i>0.

(3) S°°=4A

(4) S€1=8% 1S for i>0.
Definition 2. The language L(S), which imposes no interpretation on the lock
and wait/signal symbols, is defined as follows:

(1) L¢)={ }.

) §(1)={/1}-

(3) L(a)={a} for aeZuI'uLQ.

(@) L(S)=L(S).

5 L(SS) {x ylxeL(S) and yeL(S )}
(6) L(S+S)={x|xeL(S) or xeL(5")}.

(7) L(S*)= U L(sh.
(8) (S@S) {xlylxzyz X ilxy x5 .. x,€L(S) and y, y, ... y,eL(S)}.
9) L(s®) = U L(S®Y.

i=0

Definition 3. Flow expressions S .., and Sy, are defined as follows:

S51gnal (0,0,+0)*O0,0,+0,)*O ... Olo, 0,4+ 7)™

lock ( [ ]1)*6(2[ :l ) @@(c[ ]c) B

The empty set is denoted by { }

2 In [4], operator v is used instead of operator +
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Definition 4. The language L(S), which is called the flow language defined by §,
is obtained from L(S) by applying the restrictions imposed by the lock and
wait/signal symbols as follows:

L(S)={xy Xq ... XJ2=X1 V1 X3 V5 ... X, Y ELAS), x,€Z*, y,€(QUI)¥,
and YiYa--- ykEE‘(Slock@Ssignal)}’ that iS,
L(S)= {hy(2)lz€ L(S), ho(2)€ L(S ignm) and hy(2)€ L(Spoei)}-

Though the lock symbols can be simulated with the wait/signal symbols, we
use them for simplicity and readability.

Example 1. Let S,=(ab)®, where X={a,b} and I'=Q={ }. Then L(S,)
={w|the number of a’s is greater than or equal to the number of b’s in all
prefixes of w, and equal in w}.

Example 2. Let S,=((ab)®c¢)*, where X ={a,b,c} and '=Q={ }. Then L(S,)
={w,cw,c...w,clw,eL(S,) for 1 i<k}, where S, is defined in Example 1.

Example 3. Let S;=([o,]1[w,)*([0;] [0, ") O([w,ac,}[w;ba,])® where X
={a,b}, I'={[,]} and Q={0,, w,, 6,, W,, 63, ©;, 64, ®,}. Then, L(Sy)
={a"b"|n=0}.

This can be seen as follows: The string surrounded with lock symbols [ and
] is treated as atomic or indivisible. Therefore, it is sufficient to consider the
subset {we{[w,ac0,],[w;bo,]}*|lw contains equal numbers of [w;ac,]s
and [wsbo,]s} of L(([w,a0,][w;bc,])®). The regular expression
(Lo ] [w,)*([o3] [w,])* denotes the set of strings with any numbers of re-
peated ([o,][w,]) followed by any numbers of repeated ([o;][w,]) i(SE)
denotes the set made by shuffling two sets L(([o,][w,])*([o5][w,])*) and
L([w,a0,] [wyb0,1)®). L(Sg) is a set of strings of the form hy(z) such that z
fulfills the lock and wait/signal restrictions and z is in L(S g). These restrictions
allow only strings of the form ([¢,][w, ac,][®,])"([¢;]{w;ba,][w,])" Thus,
L(Sp)={a"b"n=0}.

The following proof will employ essentially the same technique as this
example.

3. Proof of the Theorem

In this section, we give the proof of the following theorem.
Theorem. The flow languages equal the recursively enumerable languages.

It is trivial that the flow languages are the recursively enumerable lan-
guages. Therefore, we show that the recursively enumerable languages are the
flow languages, that is, every recursively enumerable language is denoted by
some flow expressions. To show this, we consider a deterministic two-counter
automaton (abbreviated as 2ca) with one, one-way read-only input tape. It is
known that a 2¢ a can simulate a Turing machine, that is, recursively enumer-
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able languages can be recognized by 2c'a’s [2]. Without loss of generality, we
have the following definitions and assumptiens on 2cakK.

(1) The set of states is denoted by I1.

(2) The two counters are denoted by ¢, and c,.

(3) The set of input symbols is denoted by 4.

(4) K starts from the initial state s, and halts when and only when it goes
to the final state s,.

(5) In states s, and s, the contents of ¢, and c, are to be zero.

(6) For simplicity, only four types of operations defined below are consid-
ered to be used. This does not lose any generality, because any other operation
can be simulated by using these operations.

(I) If the current state is s;, then add one to counter ¢, and go to state s;.
This operation is denoted by (+,s;,s;, ). Let P be the set of these operations.

(II) If the current state is s; and the content of counter ¢, is not equal to
zero, then subtract one from counter ¢, and go to state s;. This operation is
denoted by (—,s;,s;,]). Let M be the set of these operations.

(IIT) If the current state is s; and the content of counter ¢, is equal to zero,
then go to state s;. This operation is denoted by (=,s;,s;,1). Let Z be the set of
these operations.

(IV) If the current state is s; and the input head scans the input symbol g,
then move the input head ome cell to the right and go to state s;. This
operation is denoted by (*,s;,s;,a). Let R be the set of these operations.

(7) In state s,, if some operation in M is possible with counter I, then
another operation in Z is also possible with counter /, and vice versa.

(8) The last operation is in Z for both counters.

A configuration of the 2caK is represented by <s,k,,k,,w) where s is the
current state of K, k, and k, are the current contents of counters ¢, and ¢, of
K, respectively, and w is the input tape which is still to be scanned. The initial
and final configurations are {s,,0,0,w) and {s.,0,0,4), respectively. An ex-
pression <{s,kq,k,, wwrg— (s, ky, kY, w> or (s,ky, k,,wwHHt—{s, k|, kY, w)
if K is known will denote that the 2caK will reach the configuration
(s, k', ky,w) through an operation sequence « starting from the configuration
{s,ky,ky,ww) and scanning the portion w of the input tape. Let Ly(K) be the
set of input tapes w such that {s,,0,0,w)-*—{s,,0,0, 1) for some a.

Now we shall show the method of constructing flow expressions which
correspond to 2¢a’s.

Definition 5. Given a 2cak, the flow expressions S and S, are constructed as
follows:

(1) Let Z=4,I'={[, 1}, and @ =Q,0Q . where Q ={0,,w/s;€II} and
Qe =10y, Dppjs Otmjs Oimjs G12js W15 1SIS2, 1SS 2}
(2) For each operation F,=(+,s,,s,,])eP in K, let

SP,«=[(U,1] [Ulp1] [(‘)zpz] [o,] (=ig|P)).



Flow Languages Equal Recursively Enumerable Languages 213
(3) For each operation M;=(~—s,,s,,))eM in K, let
Su, =0 1L01m1 ] [0m2]l0,] (1ZiZ|M]).
(4) For each operation Z;=(=,s,,s,,/)eZ in K, let
Sz.=lw,]lo1][w.2]1[0,] (1=i=]Z).
(5) For each operation R;=(*,s,,

Sg,=lwJdlalle,] (IZiZIRI).

s,,a)eR in K (aeAd), let

(6) Let
So=([,101,2] [ 01m2])®EW1z1 01.21)*
O(([wlpl 0'2,;2] (@31 02m2])®[w221 02:20)%
(7) Let
Sx=[00)(Sp, +Sp,+...+8p, 5, +S,. +-+Su, +S2,+5,+...+8;,
+Sg, +Sp, o+ Sk [0, ]OS,.

In the method of constructing Sy, we use the technique used in Example 3
to compare to the numbers of a’s and b’s. That is, 6,1, ©3, Gip1> Oppz> Dypy
G1p2> Oy and o, in S correspond to o, w,, 03, Wy, Wy, 6,, w3 and g, in
Example 3, respectively. By using this technique, the property that the number
of operations in P is always greater than or equal to that in M and always
exactly equal before the operations in Z for a counter ¢, in the 2caK is
embedded in flow expression Sg. Furthermore, lock symbols [ and ] are used to
forbid any strings to be shuffled between w,,; and ¢,,, in S, for =1 or 2 and
t=p or m or z. Our goal is to show that L(Sy)=L,(K).

For simplicity, we use the notation &, & and @ to denote [¢], [@w] and [a],
respectively.

Definition 6. For a finite operation sequence « in the 2caK, define f(«) and g(x)
recursively as follows:

(1) If x=4, then
fla)y=gl0)=4.

(2) f a=Po and F,=(+,s,,s,,/)eP, then
f(@)=a,6,, &,,6,f(«)and
glo)= @, 0,1 [wlpl O'tpz] @y, O, g(o).

(3) f o=M,a’ and M;=(—,s,,s,,)eM, then

q’
f@)= Dy Oy Dz s, f(«) and
g()= @y Oy [O1m1 Tima] B2 T, 8().
4 Hoa=Z,« and Z,;=(=,s,,s,, DeZ, then
f@)= @, 0,1 By o, f () and

g(a) = CL—)q a121 [wlzl 0-122] a_)IZZ Er g(a,)-
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(5) fa=R,o and R,;=(* a)eR, then

7qa r’

Lemmal. Let Sk(si,kl,kz,oc)z(&lpla‘)lpz)’“(ﬁzp,a“)zpz)’”&,-f(oc)cﬁf@So. If
$Sin ks kg, Wy —5—<5,,0,0,4), then

Z=(61p1[a)1p1 0'1,;2] C‘_)1,,2)1“ (62,,1[(021,1 O-sz] a—)2p2)k2 ,8(0) a_)fEf‘(Sk(siaklakZaa))

and w=hg(z)eL(S,(s;, ky, k5, ®)).

Proof. We prove this lemma by induction on »n where n is the length of a.
Consider the case of n=0. Since i=f, k,=k,=0 and o=/, that is,
<Sf10,0,/1> (570,04, z=6,0, and S (sf,O 0,1)=6,0,0S8,. Since
LeL(Sy), 2=5, wfeL(S (s;,0,0,2)). Since ZEL(SsxgnalOSlock) A
=hy(2)€L(S,(s,, 0,0, 4)). Therefore this lemma is true for n=0.

Suppose that this lemma is true for n=1—1 and consider the case of n=1.
Let (s, kY, ko, whHk=Cs; kg, ky, wHH={s,,0,0,4> where «'=to and o are two
operation sequences of length [ and [ —1, respectively. Assume that

=T 1[0, ,101,2]1D, ,2)"(F3,1 (03,1 05,215,,2) 5;8(%) @ e L(Sy(s;, ky, ky, )
and w=hy(z)e L(S,(s;, k,,k,, ) by the induction hypothesis. Therefore
w=hy(2)=hy(3,8()@,) and o r(5;8(2) &) EL(S igna O Sioar)-
In this proof, let C(k,,k,) denote
(@1 1[04 51 01,21 B1,2)" G, 1 (03,1 02,51 35,0

There are four cases with respect to the type of operation t. The discussions
below are done for the counter ¢,, but they hold for the counter c,.

(1) If t is in P, that is, t=(+,s;,5;,1), then k| =k, —1, k,=k, and w =w.
Let

is p

z'=C(k},k3) 6,8(e) 0, = Clk; —1,ky) 5, g(¢) 0, = Clk; ~1,k,) 5, 8(t) g(0) O
=(5, 1[0)1,,1 lel]wlpZ) (62p1[w2p1‘72p2]w2p2)
-0, 0; Exm[wlpl“lpz]wlpzo' g(x) @ Wy,
By the fact that ze L( (Si(s;, k1, k5, )) and the definition of S, 2’ eL(S,(s;,k,, ky, o).
Slnce w=w= h}:(o- g(O() wf) and hQuF(O- g(a) wf)eL(S51gnal®Slock) hZ(Z,):WI
and hgur(z)eL( s1gna,®Slock) Therefore w' =hy(z)e L(S,(s;. k7, k), o).

(2) If ¢t is in M, that is, t=(— 1), then k) =k, +1, k\,=k, and w'=w.
Let

$;’Ja

z'=C(k, k) 6, 8() D, = Clk, + 1, k)5, g(0) 0, = Clky +1,k;) 5, 8(0) g () @
"—(611;1[601,;1‘711;2:|fﬁ1p2)k1 (62p1[602p102p2]w2p2)

G D0 11 [ O O1ma] D12 0;8() D
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By the fact that ze L(S «(8;,k,k,, ) and the definition of S, z 'eL(S (S0 KL K, o).
Since w'=w= h( ()wf) and hg r(@; g(“)wf)EL( signal O S1ockh  hx(@) =W
and hQUr(z)eL(SmgmlOSlock) Therefore w' =hy(z')e L(S,(s;, k}, K}, &)).

(3) If tis in Z, that is, t=(= 1), thenk =k, =0,k,=k, and w =w. Let

> p ja
2'=C(ky, k)3, g(a) ;= C(0, ky) 5, 8(o) b, = C(0, k,) 5; 8(1) g (o)

- - k -— —_ = - p— —_
=(02p1 [©2,102,,] B352)?0,@;0 1,1 [@,,10,,,]10,,, o;8(m)d,.

By the fact that ze L(S, (5;,0,k;, ) and the definition of S, z 'eL(S,(s;,0, kz, o))
Since w'=w=nhy(7;g(®) wf) and hgur(a g(o) wf)eL(SSlgnalOSlock) hy(z')=w" and
QuF(Z )EL( slgnal@Slock) Therefore W= h ( )EL( k(SwO k'z’ ))
(4) If t is in R, that is, t=(*,s,,5;,a), then k' =k, k', =k, and w =aw. Let

2 Qi)
Zl:C(k,’kll)aig(a/)wnf:C(kl’k2)6ig(al)u_)f:C(klﬂkz)aig(t)g(a)a_)f
:(51p1 [a)lpl 01p2] a_)lpZ)kl(&Zpl [prl Uzpz] Cl—’z;;z)kz o; (I)i(_zﬁ.g(a) D.

By the fact that zeﬁ(S( ki, ky,a)) and f )=®;ad; ,2’eL(S, (s, k’l,k’z,oc))
Since w=hs(5,8() ;) and hig,(5,8(2) 5 ) LS.yt eu) hs(Z) =aw=w' and
QuF(Z )EL(SmgnaIGSlock) Therefore W hE(Z )EL( ( xa kll’ k/Za o )) (QED)

Lemma 2. If weL,(K), then weL(Sy).

Proof. If weLy(K), then there is a finite operation sequence o such that
<SO,O,O,W>F;-<SI,0,O,A>. By Lemma 1, z=60g(a)a7feﬁ(5k(so,0,0,oc)) and

w="hy(z)eL(S,(50.0,0,a)). Since f(x)el( (Sp,+Sp,+.. +SP|P|+SM]+SM2+...

800 TSz, +85, 4 48, +Sp, +8p, + ... +Sg o)) L(S,(50,0,0, )< L(S ).
Therefore zeL(Sg) and w= h s(2)eL(Sg). (Q.ED)

Lemma 3. If weL(Sy), then weL,(K).

Proof (1) If weL(S), then there exists at least one string zeL(S,) such that
hy(z)=w and hy, F(Z)EL(551gnal®Slock) and there exists an operation sequence o
such that zeL(aO S(@)@,O8,) by the definition of S. Since hQH(z)eL(

) - Mgnal,.QH)
where S is a flow expression S, ., on Q,, that 18,

signal, Q7 signa

Ssignal,ﬂn:(ao Wo+0)*Olo, o, +0,)*O(o, w,+0,)*
O...O0O -2 Oy~ 2 T 01 )*Olo 0+ 0 ),

by the definitions of f(0) and §,, hgy (z) should be of the form
0oWy0;,@; Oy Wy, w, 0,0, for some i,, i,,...,i;. Therefore, o is a par-
tially valid operation sequence of K with a state sequence s,s;, 5;,...5; s,. Here,
‘partially valid’ means that the sequence « is possible or valid with respect to
finite-state part of K but not necessarily possible if the counters are considered.
The next step is to show that the operation sequence a is valid, that is, its

counter operations do not contain any inconsistency.
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(2) By the definition of S, for any string z'(#4) in L(S,) satisfying the lock
conditions, f,q _,(z') should be in the set

f‘((([wlpl 1p2]" OLlWyn1 Opma]™) 011 01,2] ([a’zm Uzpz]M@[wzm Tm2)*) [0),1 0),5]

[0y 615217 Ol 63,21 01,1 01,21 O S10ci)

for some uj,u,,...,u, where Qy={0,,;, W,; O O O
0,1 £]£2} Q.. It should be noted that there are equal numbers of
[wi,164,,] and [wy, 6,,,] in the prefix preceding any [w,,;0,,,]. This is
necessary to ensure that if K executes an operation Z; in Z for the counter ¢,
then the contents of the counter ¢, is always zero. Now, since hy, r(z)ef,(Ssigml
OSjocx)s by the fact above and the definition of f(a), hr gq,(2) should be in the
set  L((pj*Om) z,(p1Om?) z,...(pfrOM{) 2)OS,,.) for some u,,u,,...,u,,
where p;, m; and z, stand for [0}, ]1[w,,; 6,51 [®;,5)s 1001 [0y 612] [@)2]
and [6,,,][w;; 01;,] [0,;,], respectively. R

3 Sigce zeL(Go f () &,OS,) by (1), let e (G, f () @) such that z=z'Oz"
and z"eL(So). Then z'eL(Go(Sp, +Sp,+... +Sp,, + S, +Sp, + o +Su 0, T52,
+85,+.. +87,,+Sr, TS, ..+ S )* D). Now Sp . Sy, and S, containing
G1p1>C1m @0nd 0., (OF G5, 0y, 0y,y) TESPEctively; by (2) and the definition
of Sy, the number of S, (1 <j<|P|) is equal to that of S, (1=<j<|M]) in every
prefix z of z’ ending with §, (15j<|Z|); the number of Sp,(1=j<|P)) is equal
to or greater than that of Sy, (1<j<[M]) in every prefix of z””; and the last
symbol of z’' is in Z. This implies that in the sequence «, (i) the number of
operations in P for the counter ¢, is equal to that of operations in M for the
counter ¢, in every prefix o' ending with an operation in Z for the counter ¢,
(ii) in every prefix of o/, the number of operations in P is equal to or greater
than that of operations in M, and (iii) in the last configuration, the contents of
both counters are to be zero. That is, all operations for counters are valid.

4) By (1) and (3), « is a valid operation sequence of K such that
{84, 0,0, h;(Z))F%(Sf, 0,0, 2>. Therefore w=hy(z)eL(K). (QE.D)

It follows from Lemmas 2 and 3 that L(S,)=L,(K). That is, for any 2caK,
there is a flow expression Sy such that L(Sg)=L,(K). Therefore the proof of
Theorem is completed.

4. Conclusion

In this paper, we have shown that the flow languages equal the recursively
enumerable languages. Therefore A.C. Shaw’s conjecture is resolved negatively.
As the result of this fact, almost every decision problem for flow expressions
such as the emptiness problem, the equivalence problem and the membership
problem is undecidable in general. This answers the decidability problems
posed by A.C. Shaw and shows that many questions of practical interest (e.g.,
deadlock, starvation, verification and correctness) are undecidable for flow
expressions. Furthermore, the class of flow languages is closed under almost
every operation except for complementation.
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