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An On-Line Algorithm for Variable-Sized Bin Packing
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H-6720 Szeged, Hungary

Summary. An on-line algorithm for variable-sized bin packing with an
asymptotical worst-case ratio of < 1.7 is given. The method is derived from
the Harmonic Fit proposed by Lee and Lee. It is proven that, if it is allowed
to choose any bin sizes, then with an appropriately chosen second bin size
we can have an asymptotical worst-case ratio of 1.4, even with the same
algorithm and two bin sizes.

Introduction
In variable-sized bin packing we are given a list
L=(als as, -"san)

of items (elements), each with item size s(a;) (0<s(a;)<1) and a finite collection
of bin sizes. Our aim is to pack the items into the bins so that the sum of
the sizes of the bins used is minimum.

The variable-sized bin packing problem is NP-hard (Friesen and Langston
[31), and thus efficient heuristic algorithms which ensure near-optimal packings
are required. Friesen and Langston [3] gave three approximation algorithms,
with performance ratios (asymptotical worst-case ratios) of 2, 3/2 and 4/3. Unfor-
tunately, only the first of these algorithms is on-line (which means that it packs
the elements in the order they are given, without a knowledge of the later
elements). Murgolo [7] presented an e-approximation scheme, which for any
£>0 yields an approximation algorithm with a performance ratio of 1+¢. How-
ever, these algorithms are not on-line either. Very recently, Kinnerley and Lang-
ston [4] gave fast on-line algorithms for the variable-sized bin packing. They
devised a scheme based on a user specified factor f=1/2, and proved that
their strategy guarantees a worst-case bound not exceeding 1.5 + f/2.
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On the other hand, in “classical” bin packing (where we have only one
bin size) it is known that no on-line algorithm can have an asymptotical worst-
case ratio <1.53... (Brown [1]; Liang [5]). The best on—line algorithm to
date is the “modified Harmonic Fit” given by Lee and Lee [6], which has
a worst-case ratio of 1.63... .

A third line of research was also done by Friesen and Langston [2]. Their
question was: what is the best bin size for a given list in the sense that the
wasted space is minimized ?

In this paper we give an on-line algorithm for variable-sized bin packing
with an asymptotical worst-case ratio of <1.7. The method is derived from
the Harmonic Fit proposed by Lee and Lee [6]. We shall prove that, if we
are allowed to choose any bin sizes, then with an appropriately chosen second
bin size we can have an asymptotical worst-case ratio of 1.4, even with the
same algorithm and two bin sizes!

Definitions

Let k denote the number of different bin sizes available. We assume that there
is an inexhaustible supply of bins of each size. Let us denote the different bins
by B,, B,, ..., B, and their sizes by s(B,), s(B,), ..., s(B,). Without loss of gener-
ality we may assume that s(B,)>s(B,)>...>s(B;). We suppose further that
the elements of

L=(a,,a;,...,a,)

and the bins are so normalized that the largest bin has a size of 1. We shall
sometimes use the list in the form of

L = (s(al)s s(al)’ sery S(a,,)),

ie. as a list of real numbers. Let
s(L)= 3, s(a),
i=1

and let

B(4,L)=(B,B%,...,B)
denote the list of bins used by a heuristic algorithm A4. Let

B(x,L)=(B,,BZ, ..., B})
denote the list of bins used in some optimal packing of the list L. Then

i

s(B(4, L)= 3 s(B}y)

i=1
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is the total size required by algorithm A with respect to L, and

s(B(*, L))=OPT(L)= i s(B)

i=1

is the minimum (optimal) size to pack the list L.
We shall give our results in the following way: we shall prove that for
a heuristic algorithm A and every list L

s(B(4,L))<R-OPT(L)+C (1)

holds. The smallest possible R will be called the asymptotic worst-case ratio
of A, and will be denoted by R,. Instead of the asymptotic worst-case ratio,
we shall sometimes say that our bound is tight.

The Algorithm Variable Harmonic M (VH,,)

Let M>1 be a positive integer and let M;=[M-s(B))] (j=1, 2, ..., k), where
[x7] denotes the smallest integer not less than x. We shall define our algorithm
only for those M where M;>2. Let us divide the intervals (0, s(B))]

(=1,2, ..., k)into M; parts according to the following “harmonic partitioning™:

_(5(B) s(B) . e
1,.,,-(”1, 2L =2k =12 M=

and

_ s(B))
1o 2]

For each bin size s(B;) we define a weighting function as follows:

J

i

s(a) if s(a)el; 4,

M;—1
Wila)= L?f) if s@)el;, 1=1,2,...,M;~1, @
0 if s(a;)>s(B)).
Now let
W)= min Wia) G)

the weight of a;.

Example. Let M=4, L=(038, 0.1, 0.6, 0.4, 0.25), and s(B,)=1, s(B,)=0.7, 5(B,)
=(.3.
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Then M, =4, M,=3, M5=2, and

I, =(05,11;1, ;=(1/3,0.51; I, 3 =(0.25, 1/31; I, , =(0,0.25];

I,.,=(0.35,0.7]; 1, , =(7/30, 0.35]; I, , =(0, 7/30];

I,,=(0.15,03]; 15 , =(0, 0.15].

For the weights:

Wi(a)=1; Wa(ay)=o0; Wila)=00; Wia)=1;
Wi(a,)=4/30; W,(a,)=0.15; W,(a,)=0.2; Wi(a,)=4/30;
Wilas)=1; W,(a3)=0.7; Ws(az)=o0; W(a)=0.7;

Wi(a))=0.5;  Wy(a,)=07; W(a)=00; W(as)=0.5;
Wi(as)=1/3; W,(as)=0.35; Wi(as)=03; W(as)=03. [J

The algorithm VH,, works as follows:
In the first step we assign to each element of the list a bin size:

1. B, is assigned to each element a; with
Wia)=(M/(M,—1))s(a).

These elements will be called small elements, and all others big elements.
2. A big g; will be a B; element if j is the smallest integer such that

W(a)=Wj(a).

A big element will be called an I;; element if it is a B; element and belongs
tol;,.

fn the second step of VH,, we shall perform a Harmonic fit-type packing:

a) All big B; elements will be packed by Harmonic Fit into B; bins as
follows: we classify the B; bins into M;— 1 categories. Each category is designated
to pack the same type of elements. A B; bin designated to pack I;,; items is
called an I;, bin. Clearly, each I;; bin has room for exactly | pieces. We use
a Next-Fit packing in all I;, (j=1,2,...,k; I=1,2,..., M;—1) bins, ie. after
packing I pieces into an I;; bin, we close this bin and open a new I;; bin.

b) All small elements will be packed in B, bins by Next-Fit, ic. if the next
small element does not fit into the opened bin, then we close this bin and
open a new one. These elements are called I, items, and these bins are called
1, bins.

Thus, we have at most a number of

series (categories) of bins, each designated to pack the same (I;; or I,) type
of items.
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Example (continued). The weighting functions:

Wi
1 0.5 0.33 (4/3) s(a;)
} % —
s(ay)
1 0.5 1/3 025
W,:
© 0.7 0.35 (3/2) s(a;)
} ; 1 }
s(a)
1 0.7 0.35 7/30
W;:
0.3 2s(a)
| | |
l l |
s(a)
1 0.3 0.15
and therefore
Interval Element Weight
(0.7,1] I, 1
(0.5,0.7] I, 0.7
(0.35, 0.5] I, 0.5
(1/3,0.35] I,, 0.35
(0.3, 1/3] I, 1/3
(9/40, 0.3] I3, 0.3
(0, 9/40] Iy (4/3) s(a)

which means that in our list

a, is an I, , piece,
a, is an I, piece,

as is an I, , piece,
a.is an I, , piece,
asis an I ; piece.

In packing of an arbitrary list into these bins we would have 7 series of bins
(Us,15 11,2, 14,3: 12,1, 15,2, I3,y and I, bins). [0

The item classification can clearly be done in O(log P) time and we have at
most P active bins, and hence the space requirement is O(1) for fixed M. The
running time is therefore O(n) at a space requirement of O(1). Our algorithm
is obviously on-line.
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The Asymptotic Worst-Case Ratio of VH,,
Let us first recall the main result of Lee and Lee [6]. Let

P(1)={(y1,yz, o y)|teN, >0, 1<i<t,

and 2': ¥ < l)}

i=1

be the set containing all possible partitions of any positive real numbers <1,
and let

Gu(l)—Sl(lp Z Wi (v2)s

1) =1
and

Gy ()= sup. Z W(y),

i=1
where W, and W are defined in (2) and (3). It is obvious that
G (1)< Gy(1).
We define the sequence r; as follows:
ri=1, rpeq=rir;+1) forizl.
Then, Theorem 1 from Lee and Lee is the following:
Theorem 1 [6]. Let M 23. Fori>1,r,<M=<r;,,

M
GulD)= ,Zl ey O @

It is clear that G,.(1) decreases monotonically as M — 0. A short computation
gives G,(1)=2, and therefore Theorem 1 is true for M =2, i=>1, too. Lee and
Lee proved that G, (1) is the asymptotic worst-case ratio of Harmonic Fit with
M intervals in classical bin packing.

This result can easily be extended to all other bin sizes. In this case, let

P(s(Bj))={(y1,yz, o y)|t€N, >0, 1Sist,

and ) yiés(Bj))}, j=2,3,....k,

i=1

Gu(s(By)= sup Z W;(vy),

P(s(By) ;=1

G%(S(B,-))=Psup > W@

B =1
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Here also

G (s(B)= Gy (s(By),

and the following emerges immediately from Theorem 1.

Corollary 1. If M;22,i(j)21, r;;,<M;=ry; 41, then

) M,
GulsB)=( . -+ 1) 5B
1=1 i)+

=Gy, (1)-5(By),

where G, is defined as in (4). []

Consider now an optimal packing of Lthat uses B(*, L). Then, Lcan be expressed
as the concatenation of a number of m sublists, each of which corresponds
to the content of B, ..., By. But then

WL)s Y Gu(s(BY) = Z Gu(s(BY)

p=1 p=

= ¥, Guer(1)-5(B3)

=Gu, (1) Z s(BR)= Gy, (1)-OPT(L) &)

p=1

because of Corollary 1, and since G, (1) decreases monotonically as M — 0.

On the other hand, we know that in the packing by VH,,, in each full
B, bin which contains big items, the sum of the weights W of items is s(By)
and in all B, bins this sum is not smaller than one, ie. =2s(B;)=s(B,)=1
Let

k
Q=1+ 3 (M;—1)-s(B),

i=1

which is the maximum of the sum of the sizes of the opened bins. We can
classify the bins used by VH,, into two groups: in the first are the full bins
(for these the sum of the sizes < the sum of weights W), and in the second
the opened ones (the maximum of the sum of the sizes of these bins is Q).
Hence

s(B(VHy, L)) —-Q@=W(L), (6)

and, rewriting (5) and (6) in the form (1), we get the following result:
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Theorem 2. Let M, =[M -s(B)1Z2. If r;gy <M, <ri4y+ 1, then

0 1 M,
Ry, <) —+

— "k -G - d
=1 1 (M~ 1)r1(k)+1 M

From (4) we obtain G4(1)=1.7 and G,(1)=1.694... . Thus the asymptotic worst-
case ratio is <1.7 if for the bins By, B,, ..., B, we choose M so that M,>7.
It is easy to see that

. 21 1 1
lim Gy, = Zr——1+2+6+ .=1.691..

M=

For general bin sizes it is not very easy to decide whether Theorem 2 gives
a tight bound or not, but special cases may also be interesting. For example,
for two bin sizes we can choose the second bin size so that the bound is tight,
or so that it is much smaller than given in Theorem 2. To show the first, we
consider the list defined by Lee and Lee: let M=r,,,, i=2. Consider items
of i+ 2 sizes:

a;j=1/(ri+1)+1/c, 1=5j<i,
a1 =1/r;1 1 —ilc,

ai+2=1/d,

where ¢ and d are sufficiently large integers. With this list, it was proved that
the asymptotic worst-case bound of Harmonic Fit for classical bin packing
is tight. It is now clear that we get the same result if we choose the second
bin size so that s(B,)=1/2+1/(2 c), because we use only B, bins in both optimal
and Variable Harmonic algorithms.

On the other hand, it is an interesting question as to how we can choose
the bin sizes so that the asymptotic worst-case ratio is smaller than the one
given in Theorem 2.

The Best Choice of Bin Sizes

We first assume that we have two bin sizes: s(B,;)=1, and we can choose s(B,)
=x. We want to decide which x gives the smallest asymptotic worst-case ratio.
For this we shall give a finer estimation of G¥,(s(B,)) and hence of W(L). Becausc
of G¥,(s(B))=(G3,(s(B))/s(B;))-s(B;) and of the procedure used in (6), we shall
focus on an estimation of G3,(s(B,))/s(B;).

We shall solve this problem only for a special M. For example, let M =4.
Then, I, ,=(1/2,1], I,,,=(1/3,1/2], I, 3=(1/4, 1/3], 14 =(0, 1/4]. We shall or-
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ganize a case analysis to choose the best x. For this purpose we have to choose
x so that the maximum of G$(1) and that of G5(x)/x have the lowest possible
values.

Case . 3/4<x<1.

Here
W,
1 172 1/3 4/3s(a))
| % ! | i
s(a;)
1 1/2 1/3 1/4 0
W,
x x/2 x/3 4/3 s(a;)
| | | | | |
| I ] I 1 ]
s(a)
1 x x/2 x/3 x/4 0
w
1 x 172 x/2 1/3 x/3  4/3s(ay)
| % o a
s(ay)
1 x 172 x/2 1/3 x/3 x/4 0

and hence we have the following intervals and elements:

Interval Element Weight W
(x, 1] I, 1

(1/2, x] I, x

(x/2, 1/2] I, 1/2

(1/3, x/2] I x/2

(x/3, 1/3] I3 1/3

(x/4), x/3] I3 x/3

(0, x/4] I, (small) (4/3) s(a;)

It is now clear that we can increase the total weight of items in a bin if we
choose an I; ; item as small as possible, and increase the size of small elements.
On the other hand, for I, ;, I, ,, I, ; and I, ; items W(a;)/s(a;)<4/3, and hence,
if we replace them by small elements then the total weight will increase. Accord-
ingly, we need not take I, (, I, ,, I,; and I, elements into account. The
case analysis is given in Table 1. From this Table we have to choose x (3/4<x <1)
so that the maximum of weights W in 1.1.-1.5. and the maximum of weights
W/x in 1.6-1.10. are as small as possible. That is now in case 1.7. at x=3/4,
and has the weight W of 13/12, and hence the asymptotic worst-case ratio can
be arbitrarily near to (13/12)/(3/4)=13/9x1.44... if we choose x=3/4+ 6 where
¢ is small.
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Table 1. The case analysis of possible partitions of P(1) and P(x) at 3/4<x<1

Case Elements (partitions) Weight W<

Analysis of P(1)

1.1 I,,,+1; ;+small 3x/2+(4/3)(1—-1/2—1/3)=2/9+3x/2
1.2. I,,; +small x+@4/3)(1-1/2)=2/3+x

1.3. 1,241, 5+small x+@4/3)1—-1/3—1/3)=4/9+x

14. I, ,+small x/2+(4/3)(1—1/3)=8/9+x/2

1.5. small 4/3

Analysis of P(x)

1.6. I, 1 +1,,;+small x+x/2+(4/3)(x—1/2—1/3)=17x/6 - 10/9
1.7. I, 1 +small x+(4/3)(x—1/2)=7x/3-2/3

1.8. I, ,+1, ;+small X2+ x/2+(4/3)(x—1/3—1/3)=7x/3—8/9
1.9. I, +small x/2+(4/3)(x—1/3)=11x/6—4/9

1.10.  small (4/3)x

Note: 1.6. is possible only for x> 5/6.

Case I1. 2/3<x £3/4.

For the weighting functions:

1 1/2 1/3 4/3 s(a;)

| | | | |
I I I I |

1 1/2 13 1/4 0

x x/2 4/3 s(a))

| | | | |
] T I I |

1 x x/2 x/3 0

x/2
1 x 1/2 1/3 4/3 s(ay)

| | | || | |
I I I [ I I

1 x 1/2 x/2 1/4 0
1/3

and thus we have the following intervals and elements:

Interval Element Weight W
(x, 1] I, 1
(1/2,x] I, x

(x/2,1/2] I, 172
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T T T

Fig. 1. (A): 7/3—4x/3; (B) 7/6+x/3; (C): 7/3—2/(3x); (D) 2/3 +1/(2x)

(1/3, x/2] I, x/2
(1/4, 1/3] I3 1/3
0, 1/4] 1, (small) 4/3)s(a) O

In this case, I, ; and I, , elements have a relative weight <4/3, and hence
they can be replaced by small elements. We now have the cases given in Table 2.

Table 2. The case analysis of possible partitions of P(1) and P(x) at 2/3<x<3/4

Case elements (partitions) Weight W<

Analysis of P(1)

2.1. 1, 4 +small 1+(4/3)(1—x)=7/3—4x/3

2.2. I,,,+1; ,+small 12+ x+(4/3)(1—1/2—x/2)=7/6 +x/3
2.3. I,,;+small x+(4/3)(1-1/2)=2/3+x

24. I,+1;,+small 1+(4/3)(1—x)=7/3—4x/3

2.5. I, ,+small 1/2+@4/3)(1 —x/2)=11/6—2x/3
2.6. small 4/3

Analysis of P(x)

27. I,,, +small x+(4/3)(x—1/2)=7x/3—-2/3
2.8. I, ,+small 1/2+@4/3)(x—x/2)=2x/3+1/2
29. small 4/3)x

Here, 2.1. and 2.4. are the same. If now 2/3<x<3/4, then 2.3, 2.5. and 2.6.
are smaller than 2.2.; thus, from the first part we need only 2.1. and 2.2. For
the same interval, in the second part, the relative weight in 2.9. is not greater
than in 2.8.; therefore we have to compute here only 2.7. and 2.8.
We now have 4 functions in Case II: (A): 7/3—4x/3; (B): 7/6+x/3; (C):
"7/3—2/(3x); (D): 2/3+1/(2x), and for 2/3<x<3/4 we have to choose that x
where the maxima of these functions are as small as possible. We can see these
functions in Fig. 1.
The smallest values of the maxima are at the joint point of 2.1. (4) and
2.2, (B), that is at

7/3—4x/3="1/6+x/3,
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and thus x=7/10. This means that the asymptotic worst-case ratio is not greater
than (7—2.8)/3=14.

Case 111. 12 <x<2/3.

We consider lists with optimal packing of B, bins with x+& and small
elements. These bins then have a weight Wof

1+@4/3)(1—x)=7/3—4x/3.

This is not smaller in (1/2, 2/3] than 13/9=1.44..., and in this interval, therefore,
the asymptotic worst-case ratio can not be smaller than 13/9.

Case IV. x<1/2.

We consider now lists with optimal packing of B, bins with 1/2+§ and
small elements. The total weight in these bins is then >1+(4/3)(1/2)=5/3.
We have the following proposition:

Theorem 3. Suppose there are two bin sizes (k=2). If the smaller bin size is
optimally selected, then the asymptotic worst-case ratio of Variable Harmonic
Algorithm is not greater than 14.

We note that this algorithm is very good in space, because we use only
at most six (four B, and two B,) bins at the same time.

We can prove that this bound is tight. For this purpose we shall give an
infinite series of lists L, L,, ... such that

OPT(L)=10i+1,
and
s(B(VH(L)=14i.

We choose the lists so that both optimal and VH,, use only B, bins. Let

Li=(ai15 a2, > Qi3 a)
where
0.7+ 9; if 1<j<104,
025—9¢; if j=10i+4k+1, 0=Zk<3i,
j=10i+4k+2, 0=<k<3i,
j=10i+4k+3, 0=<k<3i,

s@)=1 55 if j=10i+4k+4, 0<k<3i
025—8, if j=22i+12k+1, 0<k<i,
0.05 if j=22i4+12k+], Osk<i2<I<li,
56, if j=22i+12(k+1), 0sk<i,

and 54;=1/(4i).
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It is clear that in the optimal packing of L; we shall have a number 10i
of B, bins containing elements

0.7+4,, 0.25—86;, 0.05,

and one B, bin with a number 4i of 59; elements. On the other hand, in VH,,
packing we have only B, bins, namely 10i bins containing a 0.7+ 6; element,
3i bins containing 0.25—4;, 0.25—46,, 0.25—9;, 59; elements, i bins containing
one 0.25—4;, ten 0.05, and one 54; elements. Accordingly, our result is the
following:

Corollary 2. Consider variable-sized bin packing with 2 different bin sizes. Let
s(By)=1, s(B,)=0.7. Then Ryy,, =14.

Open Problems

Variable-sized bin packing is a relatively new field in bin packing. Thus a number
of open questions may be asked. We concentrate here only on the “best choice”
of bin sizes and list only some of these problems.

a) What is the lower bound for on-line algorithms at the best choice of
bin sizes? From the choice of bins in Corollary 2, it is clear that this bound
is smaller than those given by Liang and Brown for classical bin packing.

b) Give a best choice of bin sizes for two different bins from a probabilistic
point of view, for example if the elements are independently and uniformly
distributed random variables on (0, 1).

¢) How can these questions (and the results of this paper) be extended to
more bin sizes?
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