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Summary. The concept of Chomsky-grammars is generalized to graph-grammars;
the ““gluing”’ of graphs is defined by a pushout-construction. In the present paper,
we allow the left-hand and right-hand side of a production to be partial graphs, i.e.
graphs in which there may be edges without a source or target node. A necessary
and sufficient condition for applicability of productions is given. Furthermore, convex
graph-grammars are studied.

Introduction

In trying to generalize the concept of Chomsky-grammars to multidimensional
symbol-structures, the main problem is to specify the embedding and the ex-
change of substructures in order to get direct derivation of symbol-structures.
There are several concepts to solve this problem.

The first known approach is the concept of web grammars [8]. A web is a
directed graph with labelled nodes; a production is given by a pair of webs
(W;, W,). Applying the production to a web W, a subweb of which is W, we must
replace W, by W,; in addition to the case of strings, we need a rule as to how to
connect the nodes of W, with the nodes remaining in W after W, is removed. In
(8], these ““embedding-rules” are given in an informal way. A formal descrip-
tion of these rules is due to [6].

Another approach is given in [12, 13], where *‘n-diagrams’ are considered,
i.e. relational systems with a set K of labelled nodes and » partial orderings
0y, ---» 0, o0 K. A production of a #-grammar consists of two n-diagrams D, and
D, describing precisely the embedding rules. A generalization of this approach
is given in [7]. These approaches consider convex graph-grammars only.

In [2, 3], we proposed an algebraic approach using homomorphisms and
pushouts. In contrast to the above mentioned concepts, we were able to define
gluing of graphs and direct derivations of labelled graphs separately. This concept
was generalized by [11] to partially labelled graphs and noninjective embeddings.
In the present paper, we discuss another generalization, mentioned and used
already in [14] for the description of incremental compilers: We allow the lefts
hand and right-hand side of our productions to be *partial” graphs, i.e. graph-
in which there may be edges without a source or target node, but we give addi
tional conditions to make sure that the derived graphs are total, labelled graphs
again.

There is a great variety of applications about which we can give only some
references: pattern recognition (3, 8], translation of programming languages [10],
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two-dimensional programming languages 1], incremental compilers [14], bio-
logical organisms{4].

The reader may ask why we want to allow partial graphs: Instead of a par-
tial graph which is to be replaced, we may replace a sufficiently large graph
containing the given partial graph. It is clear that we have to add, on both sides
of the original production, some nodes which remain unchanged in the deriva-
tion step. These nodes may be interpreted as constant context. Because all
possibilities of context must be added, the set of productions increases rapidly.
Additionally, in the applications mentioned, data structures are to be stored by
node and edge lists (see e.g. [13]); if we want to describe syntactic operations
on such data structures by formal graph-grammars, it would be not a natural
way of thinking to add unnecessary information (which must be tested in each
step) to the productions and to increase at the same time the number of pro-
ductions. (In the case of an infinite labelling alphabet, this process leads to an
infinite set of productions; furthermore, the productions of a convex graph-
grammar with total graphs must take into account all combinations of edges
between nodes of the original partial graph and the additional peripheral nodes.)
Therefore, it is of interest to know some criteria for applicability of productions
with partial graphs.

The definitions of partial graphs, the embedding mechanism, and derivation
between graphs are given in Section 1. The notion of derivation is illustrated by
some examples in Section 2. Section 3 contains the main results and proofs:
the definition of labelled gluing is shown to be correct, and there is a necessary
condition for applicability and unique applicability of productions. The last
section is concerned with convex graph grammars.

1. Definitions

First, we summarize some basic definitions, given for total graphs in (2, 3].
Since we allow partial graphs to be the left-hand and right-hand side of produc-
tions, we have to modify the definition of morphisms, especially injections,
and labelled gluing.

Definition 1.1. A partial directed graph G consists of two sets G and Gy to-
gether with two partial mappings ¢: Gz —Gy and z: Gz —Gy. The graph is called
total and directed if and only if dom (¢) = dom (2) =G.

Remarks. (i) The elements of G are called edges, these of Gy, nodes or vertices;
¢ determines the source and z the targets of edges.

(ii) With respect to the applications we have in mind, it is not of interest to
allow edges to be neither in the domain of ¢ nor in the domain of z, but the proofs
even hold true in this case. In the following we speak of “graph” as abbreviation
of ‘“partial directed graph”.

Definition 1.2. Let G=(Gg, Gy, ¢¢, 25) and H=(Hg, Hy, 94, 2y) be graphs.
A weak graph morphism is a pair f=(fg, fv) of mappings fg: Gg—>Hp, fv:Gy—Hy



Grammars on Partial Graphs 299

where

Gg —— Gy

Hg —5— Hy
commutes for s=g and s=zin the sense that sy (5 (¢)) is defined if s; (¢} is defined.
Since we require partial graphs to be subgraphs of a total one, we may not
use in each case the usual graph-morphism:
Definition 1.3. A weak graph-morphism f: G—H is called graph-morphism if
sg{fz(e)) is defined if and only if s (e) is defined.
Remarks. (i) Partial graphs together with weak graph-morphisms constitute

a category O®raph-; composition of morphisms and identities are defined com-
ponentwise.

(ii) If Sets? is the category of all pairs of sets (together with all pairs of map-
pings), the forgetfui functor U: Graph~— Sets? is given by
UG:=(E,V) for G: EZ:V,
Uf:=(fe. fv) for [:G—=>G.
(iii) Let ®raph be the full subcategory of &raph~ the objects of which are the
total graphs.

(iv) If ¥ is a category, we denote with |£| the set of objects and with Mor¥
the set of morphisms.

Most of the following results are applicable to infinite graphs, too, but only
finite graphs are of interest here. From now on, we consider only graphs the nodes
and edges of which are labelled:

Definition 1.4, Let Q=(Q;, Q) €| Zets?| be a pair of sets (labelling alphabet),
G: E %V a finite (partial) graph, and m:=(mg, my) a pair of partial mappings
mg: E—>Qp, my: V—>Q (labelling mapping). Then (G, m) with m: G2 is
called (partial) 2--graph. Given 2-- graphs (G, m) and (G’, m’), a graph mor-
phism f: G—G' is called Q2--graph-morphism if m' .-Uf=m holds in the sense
that the following diagrams commute:

dom(mg) —=— Q, dom(m,) —— Q,
fe| = mi ol = e
G, G,

Notaton. (i) G is called 2-graph if mz and m, are total.

(ii) £2--graphs together with these £2--graph-morphisms constitute a category
®raph,-. The categories Graphs, Graphg-, and Graph, are full subcategories, the
objects of which are the partial £-graphs, total 2--graphs, and total £2-graphs
respectively.
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Definition 1.5. A graph-grammar is a quadruple Q=(£2, T, S, P) where
Q:=(Qg, Qy) is a labelling alphabet, T= (T, Ty) <2 the terminal alphabet,
S a single-noded discrete labelled graph (initial graph), and P a finite set of
productions of the form:

p=((B,'m),'p, K, p', (B', m"))

with K €| @raph-| and ('B, 'm), (B’, m’) €| Graphy|, ('B, 'm) ¢| ®raphz|, 'p: K—'B
and p’: K — B’ graph-morphisms satisfying

'Bp\'pg[Kg]Cdom(g.5) ndom(z.p)
Be\#r [Kg] Cdom(gs.) ndom (zp.).

If K is a set and p a partial mapping of K into another set,  [K] denotes the
set of images of K.

("B, 'm) and (B’, m’) are called the left-hand and right-hand side of p re-
spectively. To derive a new graph from a given one, the left-hand side of a pro-
duction is to be replaced by its right-hand side; the auxiliary graph K and the
morphisms ‘p, p’ serve to define how to glue (B’, m’) into the graph which remains
after having deleted ("B, 'm). Condition (*) ensures an edge in ‘B or B’ without
source or target node to be theimage of such an edge in XK. (Thisis used in No.3.2
to show that the pushout-object is in |®raph|.) For better understanding, the
reader should study now the productions given in Section 2, and should read
these examples step by step as the notions and constructions are introduced.

If we omit the labelling for a moment, we may introduce the notion of deri-
vability by two pushout-constructions:

(%)

‘B 2 K 2 B

. Pushout Pushout .
e in Graph * d  in Graph- |4’
v v

G 3 D > H

The graph H may be called derivable from G. Intuitively, the graph D is the
remainder of G after having deleted 'B and before inserting B’; in addition, D
contains the gluing nodes and gluing edges. One must ask why this diagram
includes unlabelled graphs only. Actually, we could also consider this diagram
for labelled graphs. But this would be a real restriction for the applications,
because a common labelling of K and D would imply that corresponding gluing
points in ‘B and B’ must have the same labels. For example, the labels % of ‘1
and f of 1’ in figure 1 would have to be equal. Therefore, we don’t label the graph
K and proceed in two steps: first, we define the gluing of D and 'B (resp. D and
B’) along K, and then we define the labelling of G (resp. H). Because of the sym-
metry of this construction, we may restrict our considerations to one part of the

diagram:
Theorem 1.6. Let K¢€|®raph~|, Be|@raph-|, De|@raph| be such that there
exists an injective weak graph-morphism d: K—D and a graph-morphism
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p: K — B satisfying
(8) Be\pe(KglCldom(gs) ndom(zg),
(b) If pg(e)=pg(e’) for some ¢, ¢'€ K, then

(b1) ¢, ¢’ €dom (gx) =¢p dz (¢) = gpde (¢),
(b2) ¢, ¢’ €dom (z¢) = zp dg (¢) =2zp dg (¢).
Then, there exists a G&|@raph|, such that

K—2 38

‘1 iz |
D — G
is pushout-diagram in ®raph-.
Conditions (a) and (b) are used to show that G is a total graph although the
pushout-construction is in ®raph-. If edges without source or target node are
identified by pg, condition (b) ensures the source and target nodes to be identical,

too. This theorem is a basis of the following definition and will be provenin No.3.2.

Definition 1.7. Let be K¢|®raph-|, (B, mg)€|Graphy|, (D, mp)€|Graphy-|,
d and $ as in No. 1.6 and dom (mp) = UD\d[K], then the pushout-object in

K 2 B
Pushout

d in Geaph ~

D — G

together with the labelling m given by

UK 2., UB

n

UD\d[K] - 2

is called labelled gluing of (B, mg) and (D, mp) along K, abbreviated as:
(G, mg)=(D, mp) l_[ (B, mp)
37
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The labelling of G is uniquely determined and  and d are morphisms in ®raph,,
and Graphg respectively. According to injectivity of d,

UD\d[K]=-UD ZL UK
is a coproduct-diagram in Set32 Therefore, we have a unique %y, with #ip - (=mpa
iy - Ud=mg - Up. (Note that UD\d[K] is the domain of mp.) Because of the
pushout-property of Ud - Up=Up - Ud, there exists a unique mg with mg - U p=
ﬁDAmG . U2==m3.

Remark. Although in this definition, X is not labelled and D only labelled
partially, there exist mp and my such that

(K’ mx) 2 (B, mB)

Pushout
d in @raphny d

(Dv m’D) —"—T—’ (G9 mG)

is pushout-diagram in ®raphz, and we can show that for each such pushout
there is a unique =, (the restriction of mp) and

(G, mg)= (D, mp) !“L(B' mpg).

The proof is analoguous to that given in [2].
Now, we can define the derivability:
Definition 1.8. (H, my) €| raphy,| is called directly derivable from (G, mg) in Q:
(6, mg) > (H, my)
if and only if there is a production p€P, a partially labelled graph
(D, mp) €| Graph,- | and an injective, weak graph-morphism d: K —D satisfying

(1.6b) and
dom (mp)=UD\2[K],

such that, up to isomorphism, the following conditions hold:

(G, mg)=(D, mn)dI_IP('B, ‘m)

(H' mH)= (Dr mD)dI_L(B,» m,)'

Remarks. (i) e:=(d, (D, mp)) is called an enlargement.

(ii) If we want to denote the production and enlargement used, we write =
instead of e ; if there is no doubt we write —-. !

(iii) The derivability relation —;» is the reflexive, transitive closure of 5

The set of £2-graphs generated by @, is
LQ):={(G, mg)|S —3—» (G, mg) A (G, mg) €| Graphz|}.
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- In many cases it is necessary to forbid unrestricted use of production:

Definition 1.9. A graph-grammar with enlargements Q=(2, T, S, P, E) is given
by a graph-grammar (2, T, S, P) and a family E=(E,,., of enlargements
e=(d, (D, mp)). (G, mc)?(H , my) holds if and only if there exists a production
p such that () holds with an ¢€E,.

Remark. The set of enlargements belonging to a production is not necessarily
finite. (See e.g. 4.8.)

Definition 1.10. A graph-grammar Q=(Q, T, S, P) is called confextfree if and
only if for all productions (('B, ‘m), 'p, K, ¢’, (B’, w’}) 'B contains exactly one
node. Q is called sirongly conéexi-free if and only if it is context-free and ‘B doesn’t
contain edges (for all productions).

2. Examples

Example 2.1. First, we consider the production p the left-hand and right-
band side of which are given in Figure 1. (In our figures, we write v:x to re-
present a node or edge with denotation v and label x.) The labels of the edges
are not of interest in this example and are omitted. In our first example, let X be
a discrete graph with (unlabelled) nodes 1 and 2; the graph-morphisms ‘4 and
' are defined by "p(5):="7 and p’(5): =1’ for i=1, 2. Now, we choose a partially
labelled graph D as given in Figure 2a with d(): =+. Then, the construction
given in No. 1.7 yields the graphs G and H of Figure 2b: H is directly derivable
from G by the considered production. .

In this example, there is an edge in G between two nodes of the replaced
subgraph, but this edge is not part of the subgraph: 4 is not convex. (See Def. 4.1.)
This case is not considered in most of the known approaches.

Example 2.2. Next, we consider an example related to structured programming
(programming by step-wise refinement): the aim is to refine the condition in an
““if-then-else-statement”. In other words, node '1 in G is to be replaced by a
compound condition which is composed of 1’ and 2’ (Fig.3). The production .
realizing this derivation step is given in Figure 4, the graph D in Figure 5. Asin
the former examples, py (5): =1, px(f): =7, and ", (1)="pp(2)="1, "P:3)="3,
"Pe(4)="pg(5)="4, 'pg(6)="6. We must take into consideration the edges 3, '3,

'8: @ Kk ) B: @
O,
G5 TS

@
D ' €3

Fig. 1
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D: Gg:

©

OO

Fig. 3

Fig. 4

3’, too: if we omit these edges in the production, the node 2’ may be the target of
3’ because of ‘p(1)="p(2). In such cases, the derivable graph is not uniquely
determined. (See Theorem 3.11/12.) More details concerning syntax-directed
description of incremental compilers using grammars on partial graphs, are
given in [14].
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Fig. 6

I

Fig. 7a

Example 2.3. Our last example is concerned with trees. We consider the pro-
duction given in Figure 6 with ‘p and p’ indicated by the numbers. Using the
enlargement, given by the graph D, of Figure 7a and d(i): =+, we get the deri-
vation G—H, of Figure 7b. However, the resulting graph H, depends essentially
on the enlargement. If we use a D, different from D,, we get a different H, deri-
vable from G by the same production (Fig. 8).
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D C:o

Fig. 8

3. General Results on Graph-Grammars

First, we note a lemma, frequently used:

K B
il jl
D G

Lemma 3.1. If

4
——

——

P
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is 2 pushout-diagram in €ef3 with injective 4, we have:
(a) k€6Ak¢d[B] = kep[D\d[K]]
keGakép[D] = ked[B\p[K]],
(0) d(k)=p(ke) = (FREK)(d(R)=hynp(k)=4y),
(©) Blh) =Pk Aly+ky
= (3k], ;EK) [@d(R) =k ad (kD) =Rk AP (k1) =D (k3)),
{d) the restriction $y: D\d[K] —G\d[B] of p is bijective.
(e) & is injective.
This lemma follows immediately from explicite construction of pushouts as
disjoint union using injectivity of 4:

K z B

where K is the equivalence-relation induced by
R:={(d(k), p(R))| kEK}.

In No. 1.6, we gave a theorem used to define the labelled gluing, without proof:

Proof of Theorem (1.6) 3.2. Let K¢|®raph-|, Be|Graph-|, De|Graph| be
such that there exists an injective weak graph-morphism d: X —D and a graph-
morphism p: K — B satisfying

(a) Be\pg(Kg]<dom(gp) ndom (zp),
(b) If pp(e)=2pg(¢’) for some ¢, ¢’ €K, then

(b1) e, G'.edom(qx) = 7D dE(e)=qD dE(e,)’
(b2) e, e’ €dom(zx) = zpdg(e)=zpdg(e’).

Then, we have to show existence of a G&|®raph|, such that

K—2.B8

212 Acta Informatica, Vol. 6
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is pushout-diagram in ®raph-. To prove this, we consider the pushout in Sets?:
K r= Bg

de

de
dy dv
v i A4
Dy —=—— G¢
N
4D g
Ny ¥
Dv ——5—— Gy

with partial mappings gx and gz. Then, we can construct ¢; in the following way:
due to No. 3.1(a, b)

d
Dy —2— cpg[Dg] —25 GIE =— B\ pe[Kg]
4'-

with an arbitrary coretraction ¢: pg[Dg] =Dy of g, ie.

P c=1d5, py

is coproduct-diagram. (Because of No. 1.6(a), Bg\pg[Kg] is in the domain of
gg.) Therefore, we have an uniquely determined g;, defined everywhere on Gg,
such that the diagram commutes. Using a similar construction for z;. the proof
is complete if we can show:
(i) g¢ doesn’t depend on the choice of ¢ (No. 3.3).

(ii) p is a graph-morphism, d a weak graph-morphism (No. 3.4).

(lii) G is pushout-object in @raph- (No. 3.5).

Remark. (a) In general, the pushout-object in ®raph~ is not total. Therefore,
we must construct it explicitly using the assumptions of No. 1.6.

(b} Here (and in many other proofs), we use the same notation for a mapping
and for a restriction if it is clear what we mean.

(¢) 2; may be constructed in the same way.

3.3. We consider ¢,, ¢,€Dy with fr(e,) = pp(es) =¢, ¢ ==e,, and ale)=e,
¢, (¢) =¢,. With (3.1¢c), we have unique existence of ¢!, e2€Ky with dz(¢')=¢,,
P (V) =1pz(e?). If g (¢') are defined, we have

v aple) =pv qp dg () =4y dy gx () =dy Py g (Y)
=dy g5 pe(e)=dy g5 Pe(e®) =dy pv & (¢*)
=}3V dy gx (")‘—“1‘;1’ gp dg(e?) =;5V gp(es)-
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p is a graph-morphism; therefore, i (¢’) both are not defined in the other case:
(1.6b) yields g5 () =¢p(ea). Thus, the total graphs

"xfs (Dg] %."'GV and 02155 (Dg] % Gy

with §; constructed as shown in the diagram of No. 3.2 and 2, constructed analo-
guously, are isomorphic because
fila)=pv g () =pv qp(e2) = Ga(ea)-

3.4. For e€cpg(Dy] follows py gp(e)=¢spz(¢) from construction. Let be

eécpp(Dg] and ¢':=cpg(e), therefore pp(e’) =pg(¢).
=gcpe(e)=q5pc(e)=3()=pv ap(€),
and the argument of (3.3) yields §y ¢p(¢') =5y gp (¢). Similarly, dy g5 () =4¢ 3z (¢)
by construction if ¢€Bg\pg[K]. If e€pgdom(gx)], we consider ¢ €dom (gg)
with pg(e)=e: _
9635(¢) =96 dg pe(¢)=pv gpds(¢’)  ($ is graph-morphism!)
=py dy g (¢) =dy py ax () =8y g pr(¢) =dy g5 (c).

Since ¢ must be only weak, this completes the proof.

3.5. To prove pushout-property, we consider a weak graph-morphism f:
B —H and a graph-morphism g: D — H with f p =g d. Because of pushout-property
in Eetd?, there exist unambiguous hg: Gz —Hy, 4yp: Gp—H, with
hg 2£=f5» hy av-‘-fw hzﬁz=§s, hv;ﬁv=gv-
The proof is complete, if we can show (kg, hy) to be a graph-morphism:.
(a) e€pg[Dg]: We consider ¢’ with jg(e) =e:
hy 4g(e)=hy gcpe(¢) =hvpv ap(€)=8v qp (¢) =gy gz (¢')
=gy hgpe(¢')=qu he(e).
(b) e¢pp[Dg]=>ec dg(Bg]: We consider ¢’ with dg(¢’)=¢. Then gg(e’) is
defined. (Otherwise, ¢” has a pre-image in K by (1.6a) and ¢ is in pz[Dg].)
hy 4o(€) =hy @e a5 (e)=hy 3y 45(¢) =1v g5 (¢) =4 f£ (¢)
=gy hgdg(¢)=qy hgle) qed.
Example 3.6. In 1.6, we must suppose p to be a graph-morphism. It isnot
possible to allow p to be weak. We consider the following example:

Ke={e,} Ky={v, vp},
x{a)=n gk (6,) =undefined,
Bp={e}, e} By={v], v3, v3},
zgle) =1 . 25 (ea) =vy,
gz (e1) =73 ga(ea) =y,
pela)=e prv)=n pv(ve) =1y
Dp={2, &} Dy={1, ¥y, ¥, T3},
2p(&)="0 zp (25) =Ty,
9p(E) =1, gp (&) =17,,

dg(e) =4 dy(v) =15 dy (vy) =7y,

21*
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Then, it is not possible to construct ¢, unambiguously because of fz (&) =dx (¢;),
but

Inpr (&) =py (B +dy (v) =qu dz(er).
With similar examples, one can illustrate that (1.6a) and (1.6b) are necessary.
We omit the proofs.
Whereas a production of a string-grammar is applicable if its left-hand side

is a substring of the given string, a production of a graph-grammar is applicable
only if there exists a suitable enlargement:

Theorem 3.7. Let K €|@raph=|, (B, mg) €| Graphy|, (G, mg) €| Graph,| be such
that there exists a graph-morphism p: K—B and an injective weak graph,-
morphism g: (B, mg)—(G, mg). Then, there is an enlargement e=(d, (D, mp))
with

(G, mg) = (D, mp) ] (B, mg) ng=2
(up to isomorphism) if and only if '
(@) 96 8= Px [Kel N gy [Bv] Cgv pv 9 (K]
n268e pr [KE1Ngv [Br] gy pv 25 (Kil,
(b) 4 (GE] w26 (GE1 SGyugy by [Ky), where
Ge:=Ge\ge(Bzl, Gr:=Gy\gy(By].

To prove this theorem,

(1) we construct a complete graph D, together with mp and d: K—D (see
No. 3.9),

(ii) we must show that

(G, mg)=(D, mp) [[ (B, ms) and g=d

a,p
up to 1somorphlsm (see No. 3.10),

(iii) we must show the gluing condition to be necessary, but this is straight-
forward and will be left to the reader.

Remark 3.8. In the case of a contextfree production the gluing condition
(3.7Db) is trivial on the left-hand side because of g,,['By]=gy * 'y [Ky].

Construction 3.9. Consider Dp:=GywK; and D,:=G,w K, with the
“natural” inclusions dg: Kz —Dg, dy: KDy, jg: Gg—Dg, jy: G—>Dy. Then

KE de Dz ‘71': GE
}llm L]

v

| 4

is a coproduct-diagram: if % and % are given, there is a unique ¢, with
dpdr=kAgpfg=h.
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(a) To construct %, we consider another coproduct-diagram:

K\dom(gy) —=— Ky —>— dom(gy)

X

ivacezrx dvex

o e

Dy

If ¢ is not in the domain of gx, g¢ £z Pz () is in Gy. (Otherwise, it would be in
gv(By), and therefore, it is an element of g, Py gx[Kz] because of (3.7a) in
contrary to the assumption.) Thus, 7, yields a node of D, by construction.
Note that d:=(dg, dy) is 2 weak graph-morphism because of dy, gy=~%=¢p dz on
the domain of g.

(b) In order to construct %, we consider the restriction r: Ky =gy v [Ky] of
gv Pv and an arbitrary coretraction ¢ of ». (By definition ¢ is a coretraction of
r if rc is the identity on g, py[Ky].) Then, we define k:=4, g;, where %, is tha
resulting morphism in the following coproduct-diagram:

Gv GVUSvPv (Kv] — gv v [Ky]

ke dye

[ S

Dy

Because of condition (3.7b), A, ¢; is defined. With a similar construction for z,
we have a total graph D.

Finally, we must define the labelling of D:

mg(e) i eeGg
undefined otherwise

and mp (v) analoguously.
3.10. Using the inclusions iz: Gz —Gz and iy: Gy =Gy, we define 5 by

Kg—= Dy =G,

depr e iz

v
Ge
and py in the same way. It is easy to see that $ is a graph-morphism and 4 a weak
graph-morphism. To show that
K B
D

—.—-’G
14

14
—

21b  Acta Informatica, Vol. 6
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(with the above constructed D, 4, p) is a pushout-diagram it is sufficient to prove
the pushout-property for the V- and E-components in Set3. Let us consider the
V-component: Given x,: D, — X and x,: By,— X withsomeset X and x,dy, =2, 9y,
we must prove existence of a unique x: G, —X with xp, =x, A x g, =x,. Consider
the following diagram:

Ky

v B,

dv tid

v x2
D, —2 G,
\
\
\
5 AY
v iv Nz
Ay
~
.
2
Gy ——— X
=

%, is defined by x, ;. Because of the coproduct-property, there is a unique » with
X gy=~2*yA x 1,=Z%y. Then, we have

2hyfr=xip=H=x7]y
2py dy=xgy Py="2, pyr=12x,dy.

Since 7 and dy are coproduct-injections of Dy, we get xp,==x. It is easy to
show. that this is the only way to construct x: If there exists another x' with
%' pp=x, and ' gy=1x,, we have also x'iy=2x"pyjy= % Jy=% and hence
x=21" by uniqueness of x.

Since we have mp=m; Uj;' - ¢ by construction in 3.9, the diagram in No. 1.7,
defining m;, commutes showing that €Mor @raph,- and mg is the labelling of
(D, mp) l_‘_{[’ (B, mp).

If we have a production (('B, ‘m), 'p, K, $’, (B', m")) and g: (B, ‘'m)— (G, mg)
satisfying (3.7a, b), then existence of an (H, my) with (G, mg) —(H, my) follows
immediately from the existence of an enlargement. But this (&, my) is not uniquely
determined:

Definition 3.10a. v, v'€Dy, are called p-equivalent if either v=1", or there
exist &, X €Ky with p,(R)=py (X'), v=dy (%), and v'=dy (%').

Theorem 3.11. If the assumptions of 3.7 are satisfied and if (4;, (D), mp)))
and (d,, (D,, mp,)) are enlargements, then there is a pair of bijections b= (b, 4y):
UD;—UD, withb - UD;=Ud,amp =mp - b|p, such thatbis a graph-morphism
up to p-equivalence of nodes.

Remark. Proposition 3.3 in [3] does not remain true if we allow partial graphs,
because it is not possible to simulate assumption (1.6b) without edges in K.

Theorem 3.12. If the assumptions of 3.7 and 3.11 are satisfied and » is in-
jective, then b is an isomorphism in Grap}.
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In this case, the enlargement —therefore (H, my), too—is unique up to iso-
morphism. The proofs of 3.11 and 3.12 are the same as in [3].

4, Convex Graph-Grammars
Following an idea of J. Pfaltz, we consider now the replacement of convex
subgraphs. However, we use a more general definition as in [9]:
Definition 4.1. A graph-morphism d: K —D is called convex if and only if it
satisfies
(Veo, &y, ..., e,€Dg) (gpeo) €dv [Ky]Aazple,) €4y [Ky)
AV Sisn=zp(e_)=4ple:)
= (V1) (0 2 =in) (¢;€dg [K(])).
This means that the edges of a path the first and the last node of which are
images of nodes of K, are images of edges of K, too. Thus, there are no new

paths in D between the images of nodes of K. If 4 is injective, K is a convex
subgraph of D in the usual sense. Note that we allow g{e;) =z(e;).

Corollary 4.2, If d: K —D is convex, we have
(Vi) (0sisn=qp(e)€dy [Ky]azple) €dy[Ky])

with the above ¢,.

Consider ¢;eK; with dg(e})=e;, gx(e), and zg(e}). Then, we have e.g.:
dy gk () =qp (e (€)) =4p(e))-

In Definition 4.1, we have not assumed the pre-images of the edges to form
a path:

Corollary 4.3. If d: K—D is convex and injective, then the ¢; with dz(e))=e¢,
form a path.

Because of injectivity dy(gx(e:)) =qp(e)=z2p(e;)) =dy (2 (ei~y) yields
Gk (e]) =z ei - )

Lemma 4.4. If : K—D and ¢: D—C are convex and injective, then ¢ - d is
convex and injective.

We must only prove convexity. Consider ¢, e,, ..., ¢,€Cp with
9cleg) €cy dy [Kyla (Vi) (1 ST Sn=zc(e,_y) =gc(e)) Azc(en) €cy dy [Kyl.
Because of the convexity of ¢, we have .
(Y 0SiSn=eec:[Dg]).
¢ is injective. Therefore, the pre-images ¢; form a path with
qpleo) €dy [KylAzp(e,) €dy [Ky].

Convexity of 4 yields the proposition.
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Theorem 4.5. If

_—’

B
‘ 1

D———rG

is a pushout-diagram in ®raph with 4 injective, then & is convex if and only if
d is convex.
This result corresponds to Theorem 8§ and 10 in [9].

Proof of (4.5) 4.6. Given ¢, ¢, ..., ¢,6Gg(n =0) with
gole)) € dy [Byla (Vi) (1 Si Sn=z5(e,_ 1) =qg(e.) A zg(en) € Ay [Byl,

we must only show
(Vi) (0 SiSn=e¢;€dy[Bg))

because of Corollary 4.3. Without loss of generally, we assume furthermore

(V1) (1 Si Sne>gq(e) édy [By]). (*)

Otherwise the path in G may be divided into subpaths such that each subpath
satisfies the assumptions of 4.5 and (*). From (*) it follows that ¢; &4 (Bj). In other
words, there is ¢;€ Dz with fz (¢;) =e;,. (Possibly ¢; is not uniquely determined, but
this is not importa.nt.) Then, we have:

Pvidn(e D)= g, (e)€py [Dylapy(zple D)=z ( .)GPV[DV] (w=)
We consider the following cases:

(@) (V{1 SiSn=zp(e_)=4gple)),

(b) (37)(1 Sf=nAzplej_y) =qp(e))-

(@) In this case, ¢,¢;,...,¢, are a path from gp(e)€dy, [Ky] because of
g6 (¢) € py [Dylndy, [By), (see No.3.1b) to zp(e,)€dy [Ky]. Since d is convex,
there exist ¢’ €Ky with dp(e;)=¢. We consider dg(pg(e)))=pg(dg(el))=e;.
It follows that ¢;€ dg [Bg] for all ¢ showing the assertion. Particularly, this holds
for n=0.

(b) We assume j to be minimal, thus zp(¢,_,)=gple;) for i<j. From
zple ,—1)*qb(ef)’\;bv(zn(‘fﬂ))—;bv QD(e:) ) and Lemma 3.1(c) follows the exis-
tence of v;, vjeKy with dy(v)=gp(e))Ady (v)=2p(ej_s) APy (v) =Py (v;). We
consider

ZV(?V(U,-))-’;EV(dV(”,'))=§V(9D(‘;’))=%(5i) by (**)
= gole;y=2z5(¢;-4)€ dy[Byl.

Therefore, the subpath ¢, ¢, ..., ¢;_; with j =1 satisfies (a). On the other hand,
€, €i+1, -+, 6, either satisfies (a), too, or (b) may be repeated.

Proof of 4.5 (Converse) 4.7. Given ¢, ¢, ..., ¢,€Dg with gp (&), 2p(e,) €4y [Ky]
and (Vi)(1 Si Sn=zp(e;-4)=¢ple;)), we must show (V1) (0 Si Sn=>e,€d; [K)).
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We have v, v' €K with dy(v)—qp(eo)/\dy(v Y=1zp(e,). From

dy (py () =pv(dv (v) =pv (g () =9c(Pr(er) € aV [By]
dy Py (V) =25(pelen) € dy(By)
and

(Vi) (0siSn=pe(e;) €Gy)
Vi)(1sisSn=z (155 {e:-1) =§V(ZD (ei-1) ‘—"fV(QD (e))=4¢ (1'51-: (e))

and the convexity of &: B—G it follows that all 5z (¢,) are images of edges in
Bz and of edges in K, too (Lemma 3.1 (b)).

Theorem 4.5 enables us to characterize grammars the derivations of which
replace convex subgraphs only:

Definition 4.8. A graph-grammar () with enlargements is called convex if and
only if for all productions p of @ E, contains convex enlargementsd: K —D only.

This classification into convex and non-convex graph-grammars may be used
in addition to classifications considered in [3]. Especially, contextfree graph-gram-
mars are convex by definition if there are no cycles, because in this case 4 is convex
and hence also by Theorem 4.5.

Theorem 4.9. Let G be cycle-free, (p, ¢) a production and an enlargement of
a convex graph-grammar, and G-(-’—.)»H, then H is cycle-free if and only if the

right-hand side B’ of the production is cycle-free.
This result corresponds to Theorem 1 in [13].

Proof. Let H contain a cycle. If this cycle doesn’t possess a common node v
with B’, then G contains already this cycle. Otherwise, there is a path in A from
v to v totally in B’ because of convexity, thus B’ is not cycle-free. The converse
is trivial.
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