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1. Introduction

The Thermodynamics of Irreversible Processes as a phenomenological theory
describing processes in continua was initiated by ECKART [1]in 1940. Independently
of EckARrT’s work, MEIXNER proposed essentially the same theory in a series of
papers between 1939 and 1943*. Both authors introduce an equation of balance
of entropy with positive production density. An important feature of this balance
equation is that the entropy flux is assumed to be equal to the heat flux divided
by the temperature, although this relation does not result from the theory; one
can suggest possibly meaningful generalizations of this assumption [3].

The motivation for this relation rests upon the definition of entropy in thermo-
statics and on an approximate calculation of the entropy flux based on the kinetic
theory of gases.

In recent years, COLEMAN & NOLL [4] have developed an improved method
for exploiting the entropy balance. This method was applied to simple materials
with fading memory by CoLEmMAN [5]. Here again the postulate is made that
entropy flux and heat flux over temperature are equal.

In the present paper this assumption is omitted. Instead, we introduce an
independent entropy flux, subject to constitutive assumptions like those made for
heat flux, internal energy, stress, and entropy. By evaluation of the entropy in-
equality and application of a natural invariance principle, we are then able to
derive a relation between entropy flux and heat flux which, for simple materials
with fading memory, reduces to that usually postulated, except if these materials
have uncommon symmetries. Calculations for a dipolar fluid, however, seem to
indicate that the generalization of the entropy flux leads to alterations in the theory
of multipolar materials.

* See the survey by J. MEixnNer & H. G. Reix [2].



On the Entropy Inequality 119

In a recent publication GURTIN & WILLIaMS [6] have generalized the entropy
balance in a different way, but in their work also the entropy flux is proportional
to heat flux. However the kinetic theory of gases gives a motivation for the
assumption of a more general entropy flux [3].

2. Basic Concepts*

We consider a body #, whose particles are characterised by the material co-
ordinates X,. We take the X, as coordinates of positions occupied by the particles
in a reference configuration.

The motion of the body is then described by the function x;(X,, t), which
gives the position of the particles at time . We call the function x;(X,, ¢) the
deformation and suppose that the deformation gradient

0x;
F Xz, ==t 2.1
A( B ) aXA ( )
is nonsingular, i.e.
J=det {FiA.} 4:0 . (2.2)

Without loss of generality we may then assume: J > 0. The mass density p is given
by

p(Kas D=7 po(X0), 23

where po(X,) is the mass density in the reference configuration. The deformation
gradient may be expressed as the product
FjB=Rjk Uin» 24
where R, and U, p are components of a proper orthogonal tensor and a symmetric
positive-definite tensor, respectively.
We suppose that it is always possible to assign a positive temperature $(X,, )
to each X, 4.

For any deformation of the body, the equations of balance of linear momentum,
moment of momentum, and internal energy hold. Hence

3 atij _
pPX;— 7%, —pb;=0, (2.5)
tij=tji’ (2'6)
. 0q; ox; _
p8+-a“;i‘ tij"aTj pr—O, (2.7)

where ¢, ; is the stress tensor, b; the specific body force, & the specific internal energy,
g; the heat flux vector, and r the specific energy supply from the external world,
per unit time. The dot denotes the material time derivative.

* Throughout this paper we employ Cartesian tensor notation.
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Let n(Xy, t) be the specific entropy and p;(X, ¢) the components of the en-
tropy flux. We postulate that the entropy production is nonnegative and hence
write the entropy balance in the form

. 0p; r
pn+ ai—p—EO- (2.8)

Here we have assumed that the entropy supply from the external world is equal
to the energy supply divided by the temperature. In the earlier works cited above
it is also assumed that the entropy flux is equal to heat flux divided by tempera-
ture. However, we here make no such assumption.

Let us introduce the specific free energy Y and a vector k; signifying the differ-
ence between entropy flux and heat flux over temperature

y=e—9n, k=p—i. 29)

If we insert these quantities into (2.8) and make use of (2.7), we are led to

. 1 ox; 9 0k; 1 03
—— Bl A O Tt SN S
Y—9n+ . L %, + > % p9 q; 7%, =0. (2.10)

It is assumed that the histories of deformation and temperature within the
body determine ¢, 4, ¢;;, q;, and p; or, equivalently, ¥, 5, ¢;;, 9;, and k; as func-
tions of X and ¢. The functional relations which connect these functions with the
histories of deformation and temperature are called constitutive equations; their
form characterizes a material.

We postulate that the constitutive equations and the balance equations (2.5) to
(2.8) hold for every history of deformation and temperature in the body %,
provided of course det {F; } >0 and 9>0.

Then the possible constitutive functionals are subjected to the requirement
that the entropy production be nonnegative, i.e. they are restricted by (2.8) or
(2.10). The balance of momentum and of internal energy provide no further restric-
tions on the constitutive equations; an arbitrary choice of x;(X, 7) and 3(X, 7)
[X,e# and — oo <t<t] merely determines the body force and energy supply.
The balance of moment of momentum is to be satisfied by requiring any constitu-
tive equation for ¢;; to be symmetric in i and j.

We wish to emphasize the contrast in the basic concept of this paper and the
usual theory of nonequilibrium thermodynamics. We lay down a general constitu-
tive equation for the entropy flux, or equivalently, for k; as well as for free energy,
entropy, stress, and heat flux, whereas normally it is assumed that p;=g;/3. This
amounts to postulating a very special constitutive equation for p;.

To simplify later calculations, we introduce material components of heat flux,
entropy flux, and of the vector k;:

X X X
Qu=J 6xi{ qi, PA=J6—J:P;', KA=J'—a_f'ki (2.11)
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where J is the determinant of the deformation gradient. It is easy to show that
Jd (1 0x;
dx; (7 aX,,) =0. @-12)

We use (2.11) and (2.12) to transform (2.10) into a form which is appropriate for
later use:

M ~ 1 h -1 19 1 aKA 1 6 19
—— —t.F. g A T > .
In (2.13) we have also replaced 0x,/0x; by FM(F" dai
The possible constitutive functionals are restricted not only by the entropy in-
equality but also by the principle of invariance under superposed rigid motions.

Let x} and x; be the positions of a particle in two motions which differ only by a
superposed rigid motion. These positions are related by

XF (X, 0=0;;(®) x;(X4,)+b;(2), (2.14)
where O,;(t) are the elements of any proper orthogonal matrix. For two such
motions we assume the following:

i) The scalars 8, ¢, 1, and ¥ are unaffected by this superposed rigid motion.
if) The transformations of the components ¢;, p;, and k; are
47 =0;4;5 Pi=0i;p;; ki=0ky;
hence the material components Q,, P,, and K, are unaltered.
iii) The components ¢; ; for the two motions are related by
;=04 0j1 by

This principle is closely related to the principle of material frame indifference*.
However, in the latter principle the above transformation properties are valid for
all orthogonal matrices O;; instead of for all proper orthogonal ones.

3. Homogeneous Simple Materials with Fading Memory
Constitutive Equations
In a simple material, the quantities ¥, ¢;;,#, Q4, and K, at the particle X¢
and time ¢ are determined by the histories
Fig(s, X0)=Fp(t—s,X), (s, X)=9(t—s,Xc) [0<s<o0]

of the deformation gradient and the temperature at X and by the present value
of the temperature gradient at this particle. It will turn out to be convenient in
later calculations to treat the present values F;z(f, X¢) and 3(¢, X¢) of the deforma-
tion gradient and the temperature and their past values separately; let us therefore
introduce the difference histories:

Fipa(s, Xc)=F{p(s,Xc)—F,; (t, Xc)
SL(S, XC) = 'gt(ss XC) - S(t, XC) .

* See [7] for a review of the history of this principle.

(3.1)
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Then the constitutive functional relations for ¥, t,,(=1), n, O, and K, are

| 69 ]
Y (Xc, )= ?o Fipa(s, Xc), 93(s, X0); Fyp(t, Xc), 9(t, Xc)
®r 097
(X, D)= —tB Figa(s, Xc), 95(s, X0); Fip(t, X0), 8(t, Xo), = A
N | . 09 7
nXe, 0= b |Fpa(s,Xc), %(s, Xc); Fip(t, Xo), 9(t, X¢), = 5% (3.2)
s=0 L C J
® . 83
Q4(Xc, D)= ?A Fipa(s, X¢), 93(s, Xc); Fip(t, X¢), 3(t, Xo), w5~ X, |
T 039 ]
K (Xc,0)= 5}64 Fipa(s, X0), 94(s, Xo); Fp(t, X0), 8(t, X¢), 5 X0 |

We assume that the material is homogeneous. Then a reference configuration
exists in which the functionals are independent of the particles; we may regard
our coordinates X as the coordinates of the positions of the particles in this
particular reference configuration. Then the functionals in (3.2) do not depend
on Xc.

In formulating the constitutive equations (3.2) we have used the principle of
equipresence [8], according to which the same independent variables should appear
in all constitutive equations unless this contradicts the inequality (2.13), invariance
under superposed rigid motions or some material symmetry.

More Compact Notation
Following COLEMAN [5], we introduce the ten-dimensional vectors

(Fia» 9.

If F;, and 9 were completely unrestricted quantities, the collection of all these
vectors would form a normed linear vector space & under the following definitions:

1 2 2 1 2
(4,9)+/3(F,A,-9) (2F4+BF, A,a9+ﬂ9), (3.3)
1(Fa, Dl =)/ FiaFia+ 9. 34

However, as is discussed by COLEMAN & MizeL [9], the restrictions det {F; }>0
and 9>0 lead to the conclusion that

=(F 49 (x=1,2,...,10) (3.5)
form a cone Cc /. We define
1 _
Zo= (5 s =) (3.6)

and correspondingly the functional

&= (5 uFar. ). 3.7
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Let us introduce also
I,=(0,1), (3.8)
2, and I, are vectorses/.
Using this notation, we can write the constitutive equations (3.2) in the form

V)= » [ 4405, X0: 4,6.X0, S5 1

) (XC:

II@S

[Aﬂd(S’XC) A,(, Xc), (7X
- 3.9

8

0 (e 0= B [ 45405, X0: 4,0, X0, S 1

s=0

Ki(Xc, )= sn [A;,,(s Xo): A4, (1, %g), 2

These functionals must satisfy the inequality (2.13), which in the present compact
notation has the form

. . A
—_— _— >
VAL AT Dt ps Qs 5x- L20. (3.10)

Fading Memory

Let h(s)[0=s< 0] denote a positive, monotone decreasing, square-integrable,
continuous function.

Let I,(s) [0 s< 0] with I,(0)=0 be a vector €&/ such that its A-norm
I k= [ I L)1 h*(s) ds (3.11)
0

is finite. The collection of all such I,’s forms a Hilbert space &,. || I [, is called
a fading-memory norm, because the recent past of I',(s) contributes more to || I, |,
than does the distant past. COLEMAN & MIZEL in a recent paper [9] thoroughly
investigate the properties of the “influence function” 4(s) in norms of the type
(3.11), subject to physically reasonable hypotheses on the space.

The principle of fading memory as laid down by CoLEMAN in [5] states that
the functionals (3.9) are Fréchet-differentiable throughout their domain in %,
with respect to the A-norm.

Recently MizeL & WAaANG [10] have re-examined the assumption of fading
memory, emphasizing the fact that the domain of the functionals (3.9) is only
the cone Cc /. They get the result that the chain rule is applicable for these
functionals if the following conditions hold:

D) Apy(s, X)=Ap,(t—s,t, X,) as a function of the argument (¢—s) is
smooth, i.e. Ag (t~s, t, X,) is absolutely continuous, Az,(0+, ¢, X ) exists, and
Aﬁd(t"‘s, t, XA)Eyh.
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i) The functionals (3.9) are smooth for each A} 4(s, X ), i.e., for all I, (s, X ,) ¥,
for which Ag,(s, X )+ (s, X,)eCn &, the following relation holds:

8 [A5a(s, X+ (s, X)]
B o d ™
= 8 [M5a(s. X140 § [ 45465 X 1,(5, X0 +0CU T3 1)

where 6 § [Af4(s, X)|T3(s, X,)] denotes a continuous functional in Ap4(s, X)) and
a continuous linear functional in I(s, X ). Continuous in both cases means con-
tinuous with respect to the A-norm.

MizeL & WANG justify the application of the chain rule only for the time differ-
entiation of functionals, but we must differentiate the functionals also with respect
to X, . By following the proof of MizEL in [/0] we can easily see that the conditions
i) and ii) of Mi1zEL & WANG allow the application of the chain rule also in X ;-
differentiation, if we complete i) by requiring that smoothness of Ag,(s, X,) in-
cludes that

t
£4%§Z—mesh (B=1,2,3).

In using the chain rule, we do not wish to emphasize every time the mathema-
tical refinement of COLEMAN’S assumption of fading memory by MizeL & WANG.
Therefore we shall call our functionals § Fréchet-differentiable (and 0§ the
Fréchet-differential) if they and their argument functions satisfy the conditions i)
and ii) which we assume. Furthermore we require that the functionals be continuous
and differentiable in

Aox) ana XD
C

Then we obtain

V=op [A;“(S);A"’ gf( 1,1 4; (S)]**%P[ 5a(9); 4, gf( ]A,,+
+o0s, [0 4 G (552) 1 612
and
%I?%=5R‘ [A:”(s);/l’“ SX I _a_;?A(s)]'FaAéRA [AE.:(S) 4,, ZX I] gﬁ: +
+56£XA_;IV K4 [A}a(s);A,,, g;“ I] a;:g}ﬂ I,. (3.13)

Here we have omitted the dependence of the argument functions on ¢ and X,.
op and 6 K, are the Fréchet-differentials of the functionals p and K ,.

* For simplicity in notation, we have omitted here the dependence of § on Aﬁ (t, X,) and
©4,/0X) 1,.
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4. Restrictions Imposed on the Constitutive Equation (3.9), by the
Inequality (3.10)

Let us introduce the constitutive equation (3.9) into the inequality (3.10). Then
by (3.12) and (3.13) we obtain

&[40 40 S 1] 000 [ a9 4,, g2 1] Lo

o4,
—p | 45409 44 G52 11 Asa9)] +

19 a4, 1 oa, oA

+7-;{aAGRA [AM(S) Ays 55— aX ]—T(F—QA [ ;’d(s);A‘“ 5X ]Id} 6X1+
19 o4, 6/154(3)

+ 7 0% [ A0 4y, G| S5 2] 0

oA oA
~ t . o 4
~agge,,» [Aha01 0 G 1] (G2) v
19 [ o4, ] %4,

+7 ?aazly pa(s); A, X, X, 0%,

I;=0.

This inequality must hold at every particle X.e€4 for any history Aj(s, Y¢) with
Yce4. Hence it must hold in particular for any choice of

8xi(s, Xo)
fg(S, XC) = (WB—C_ s St(sa XC)) s

aA;(s» XC) _ (a2 X;(S, XA) 69t(ss XC))
ox, \ ox, 0%, '~ ox, )’

2 A5 (s, Xc) L= > 9 (s, Xo)
0X,0X; ¢ o0x,0X,

that does not violate the symmetry in the last two expressions. Hence the six
independent quantities
A, [ %3
0X,0X, ° 0X,0Xg°

which appear only in the last term of the inequality, may be chosen arbitrarily.
From the inequality and our constitutive assumptions we then obtain (with
(0A,/0X p) I,=09/0X )
0 08 8,403 Kp=0. “4.2)
oXp X 4
Similarly if we assign arbitrary values to

X,

(6=1,2,...,9),
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i.e. to
OFy  &x
X, 0X,0Xy’

we see that the inequality requires that

aFiBRA‘I'aFiARB:O. (4-3)
Let us introduce

a9
(A3, 43, 43, 49 = (Fus. Fa Fiz 5). (44

Then (4.2) and (4.3) can be expressed as
aAiBRA-*—aAhRB:O'

Consequently it can easily be shown that K, must have the following form:

__ ijkl 4k ijk J
K = Z 'QABCDEABA Ap Ap+ Z Qiep Ay ALAp+
i, j k1= i, j,k=1
x<1<k<l i<j<k

L S -3
+ D QipcAp AL+ ) QupAp+Qy.

Li=1 =1

i<i

Here the Q-tensors are functionals of Aj,(s) and functions of 3. They are anti-
symmetric with respect to permutation of any of the lower indices, e.g.
Q;B= —QiBA. (4.6)

The main implication of (4.5) is that K, must depend linearly on the components
of each vector 45 (i=1, 2, 3, 4).

Let us go back to the inequality (4.1). By use of the assumed continuity of
J s, with respect to the A-norm, it can be shown possible to choose

o4,
(aXA) fs

arbitrarily yet change the term

0454(s)
t . a dd
(SRA [ ﬂd(s)’Ay, 6X I 0XA ]
as little as desired. Hence we obtain
a4,
8%9 [Azd(s);A,,, X, I] 0. 4.7
. 045 4(s) . o .
Now the history 5y, ¢an be assigned arbitrarily and independently of all
A
the remaining terms in (4.1). Thus we have
045 4(s) ] 045 4(s)
oK, [ 5a(8); A,,, aX L1, ax, 0 for any X, (4.8)
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Equations (4.5), (4.6), and (4.8) represent restrictions imposed on the constitutive
functional for K by the inequality.

The inequality itself is reduced to the form (note that p is independent of

o4, , _ 99
ax: 7T BX,
according to (4.7))
A . .
{Ga [A“(s) Ay >3- 6X y]_aAgp[A;d(s);Au]} A,s~5v[Afu(S);A,,lA34(S)]+
1 9 oq,
+5 {assn 45005 40, 5221 - 49

1 oA 98
__QTQA[ 54(5); Ay 52 1]} 5220
COLEMAN* obtains this same form short of the term

aq, a9
208 [4549: 40 552 1) -

CoLEMAN’s reasoning following his equation (6.17) is not affected by this difference,
and we finally obtain the inequality

1 1 1 09
o7 (W Q3 aasn) 20 @.10)

in the same way as COLEMAN finds his inequality (6.29).

o is defined as

1

d
500 [449: 4,

P A:,(s)] . (4.11)

g=

Putting d3/0X, zero, we see that ¢ is nonnegative. COLEMAN calls it the internal
dissipation.

Summarizing this section, we can say that the constitutive functional &, is
subjected to the two restrictive requirements (4.5) and (4.8) and that the entropy
inequality reduces to the form (4.10).

5. Further Restrictions Imposed on the Constitutive Functional (3.9), by Invariance
under Superposed Rigid Motion

According to the principle of invariance under superposed rigid motions, laid
down at the end of Section 2, K, is unaffected by this superposition:
Kj = K A

* See equations (6.17) and (6.5) in [5]. In comparing, note that CoLEMAN has replaced
ap [A}M(s), A”]A'.,,,(s)] using equation (5.17) in [51.
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Hence the functional & is restricted by the following condition:

R0 |00 (1=9 Fa, 50, 5| =R [Fo: 900 5] 65

which has to hold for any proper orthogonal matrix O, (z).
According to (2.4) we may write

Fjp(s)=R;(t—5) U{(s),

where R is a proper orthogonal tensor and U is a symmetric positive-definite
tensor. In (5.1) we may choose O, ;(t—s)=R;;(t—s), and so we have

a3 09
11 t
R [Fia 55 5| = [Us 0. 900 5| 52)
It is more convenient for us to use the tensor

CDE=UI§E=FjDFjE’ Cpr=Cgp. (5-3)
Hence we obtain

03
Ka(he, 0=y [Fina(s),9409: Fin, 8, 5|

=R [ £ a(s), 94(s), Cpg» 8 i‘g—] 9
T M DEd s Vd s “YDE> ’aXC'

According to (5.4), K, must depend on Cpg(2)=F; () F;g(t), i.e. K, must
depend quadratically on F; ;, F, 5, and Fyp; on the other hand, (4.5) showed
that K, can depend only linearly on these quantities. Hence we conclude that K,
can not depend at all on F;,, and (4.5) reduces to

o8

KA QAB aXB

—+Q,, (5.5

where we have set Q4 =0, ;. In (5.5) Q, 5 and Q, may still be functionals of
Flg,(s) and 95(s) and functions of 9, and
QAB=_QBA‘ (5.6)

Let us now determine explicitly the restriction placed upon &, by (4.8). For
this calculation we abandon the summation convention.

Let us consider the Fréchet-differential

5RA[ pEa(8), 93(5); Cpi, 9, 99 l Chra(s) 09,,(s)]

oX. | ox, X,
_sa [Nlacsm(s) 50), ©-7
A1 ex, T ox, I

this is a linear functional in the ten functions

DEd(s) 5,9‘(3)
ox, > ox,°
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of which only seven are independent because of (5.3). We can rewrite (5.7) in the
form

A ac;)Ed(S) 0%4(s) _ A aCtCDd(s)
‘”‘AH S e | T Dot [~ 5+

+5, R ———a‘gf‘(s)] o
874 ox, |
Here
9Ccpa(s) 094(s)
seosa [~ U] ana s [~ 2]
are those parts of the functional
A 3Ccpa(s) 09%(s)
084 [N‘ 0xX, = 0X, ]
that are linear in
9Ccpa(s) 095 (s)
ax, M —xo
respectively. Without loss of generality we may sasume
" 9Ce pals . A 0Cep4(s
Ocp Ry ["’ ——(—%;‘Z(—)] =0pc Ry ["‘ —%‘i‘g—)‘] ) (5.9)
since only six out of nine functionals
- 0Ce pa(s
dcp Sy [~ ——*—“g}lz( )]
for each A are defined by (5.8). The functionals
o 9ChH£a(s) & 395(s)
seob [~ O] w0k [~|52]

are equal to the Fréchet-differentials (5.7) if C¢ p,(s) or 35(s) are the only argument
functions that depend on X . If those functionals are zero for all

0 thpa (s) 0 ‘9:1 (s)
ox, 2 o

respectively, then K , does not depend on C¢p4(s) or 35(s).
Now according to (4.8), (5.4) and (5.8) we have the condition

. 8Cepa(s) a 895(s)
0= Scp K [~~—@‘—]+ 83 & [~l 4 ]
223 %ol ox, | T3 %M~ Tk,
which has to hold for all

0Ccpa(s) 895(s)
ox, = 0X,

A 8CL (s oon
Ocp R [Nl"‘a%%:(—)]=0, 3Ry ["‘

Hence

FEAOYE
ang ]_o, (5.10)
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which means that R does not depend upon C¢ p4(s) and 35(s), and consequently
by (5.4) K, is independent of Fig,(s) and 9(s).
Summarizing this result and (5.5) and (5.6), we can say that K, has the following

form:

09
K= ‘QAB(S) +QA(9) s Qup=—0p,. (5.11)

Hence the material components of the entropy flux are (see (2.9))

09
PA=——%A +Q,5(® A +9,(9), (5.12)
and by (2.11)
) 09
pj=—%1—+§24c(9) FyuFic 75— +94(9) (5.13)

The second term on the right-hand side of (5.13) is solenoidal; therefore this term
does not contribute to the entropy inequality. Using (2.12), we find that

op; @ q,) 1. 69,9 69
Ox; ax( M L TR P (5.14)

J

Accordingly, if we insert K, from (5.11) into our reduced inequality (4.10), we
obtain

1 1 1 aQA a9
—>
or finally with (2.11)
1 1 a2\ 039
“(—Tp9 457 Fiq 69) -20. (5.16)

6. Material Symmetry
It might seem at first sight that (5.12) or (5.13) considerably modify the usual
result. However, the class of materials in which a material vector @ and a material
antisymmetric tensor Q can exist is rather restricted. We now find what properties
those materials must have.
Let us change the reference configuration of the body. The unimodular trans-
formation matrix
abc
Hep=|/d e f||, |det{Hcg}|=1 (6.1)
ghi

maps the coordinates X into the new coordinates X¢. In the new coordinates (5.11)
has the form
09

o FHy 2, (6.2)

K’M=HMAHNBQAB
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All transformations for which

QI’WNEHMAHNB Qi3=Cun,

, 6.3
Qu=H,2,=8y, 63)

are said to belong to the symmetry group of the material.

If the symmetry group is formed by all transformations that map (say) one
plane into itself, the material has a preferred plane; if only transformations Hc g
with det {H.z}=1 belong to the symmetry group, the material does not possess
central symmetry.

We now determine the general transformation for which (6.3) holds and from
this infer properties a material must have in order for & and Q to exist.

The components ,, and Q,,, in (6.3) are referred to a certain basis ¢, ¢,, ¢5.
In general we may assume for instance that this basis has been chosen so that

‘QM=(91’ 0, O),

0 O _wz
w, 0 0

To give an intuitive idea, we note that this means that ¢, is in the direction of the
polar vector & and e, is in the direction of the axial vector @, which can be
associated with the antisymmetric tensor Q. This is not possible, of course, if @
is parallel to & ; we treat this case later.

Then it is an easy problem to show that (6.3), requires

abec
Hy,=[010|, af—-de=%1, (6.4)
def
while (6.3), requires
1gh
Hy, =01 jll. il-kj=+1. 6.5)
0k 1

Thus (6.3) allows for transformations of the form

1bec
HMA=010' (6-6)
Oel

(6.6) describes all those transformations that

i) leave the direction and length of @ unaltered,

ii) preserve a plane through @ and the distance of lines parallel to @ in this
plane,
iii) preserve the distance of the preserved planes mentioned in ii).

10 Arch. Rational Mech. Anal., Vol. 26
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Hence we conclude that a material in which a polar vector € and an axial
vector @ which are not parallel exist, cannot have central symmetry and must
possess all those preferred elements mentioned in i)—iii) as preserved elements.

There is, however, a case in which the material may have fewer preferred
elements and still allow for the existence of @ and @. If @ and @& both point into
the e, direction, then (6.3) requires that

1 0 0
0 ¢ d

HMA— 1+d e . (6.7)
0 e p

These are the transformations that

i) leave the direction and length of @ unaffected,
ii) preserve a plane that does not contain &.

There are still two special cases which must be discussed, namely the cases in
which either @ or Q is equal to zero. The symmetry group is then formed by the
transformations (6.4) and (6.5), respectively.

The transformations (6.4) preserve a plane; hence if 3=0 and Q=+0, the
material must have a preferred plane.

Similarly, the transformations (6.5) preserve a length on a line and the direc-
tion of this line. Hence if @ +0and Q=0, the material must possess a preferred
direction and a preferred length in this direction.

In a material which does not prefer any of these elements, we have

Q=0 and Q,y=0;
hence

=4
b= ‘9 .

Thus we have proved that in such a material, the entropy flux has the form usually
assumed as a postulate.
If the material symmetry forbids the existence of a vector Q but allows for Q,

we still have (see (5.14))
2419
dx; ox; \ 9§

i.e. the divergence of the entropy flux has the form usually assumed.

7. Heat Conduction in a Homogeneous Thermoelastic Medium

In a thermoelastic material, the quantities ¢, 1, ¢, ;, ¢;, and p; at a particle X,
at the time ¢ are determined by the instantaneous values of deformation gradient,
temperature and temperature gradient at that particle. Hence a thermoelastic
material is the special case of a simple material in which the constitutive functionals
(3.2) reduce to ordinary functions.



On the Entropy Inequality 133

The same argument which we applied in the theory of simple materials with
memory can be used to show that the final inequality for a thermoelastic material is

_( 1 Ly 69,,(8)) 29 4. 1)

p2 LT, 39 ) ox, =

Comparison with (5.16) shows that the internal dissipation ¢ vanishes in this case.

Let us consider a thermoelastic material in which the vector &, as discussed
in Section 6 does not vanish. According to the considerations in the last section,
the symmetry group of such a material contains transformations of the form (6.5).
These are transformations with preserve the direction and length of 3. Hence a
material which has a non-zero @ cannot possess central symmetry and must at
least prefer one line and a length along this line. In this section we consider a
material for which these are the only preferred elements; if there are other pre-
ferred elements as well proper regard must be given them in the calculations below.
The necessary alterations can easily be made.

Equation (7.1) shows that the heat flux in the absence of a temperature gradient

need not vanish; we have

92 99,(9)

Qi(ﬂs:lg,o):”fEA_a@_- (71.2)

But this is not as remarkable as it sounds because the divergence of this heat flux
vanishes, and hence this heat flux cannot give rise to a time rate of change of the
internal energy.

Let us now consider the case when the temperature gradient does not vanish.
The heat flux in a thermoelastic material has the general form

a9
qi=2, (9, Cok> 73—)5) Fy. (7.3)
From (7.2) we get
9 00,9
8405, Cp, 0= T4 )
Hence if we introduce
— 2 —
¢A=¢A—‘%I— 6%4‘;9) With ¢A(‘99 CDE’O)=0’ (7.5)
we have
_{= 8 3Q,.(®
q9;= (‘p.ﬁ'—J— _EBT) Fu. (7.6)

Hence we see that such restrictions as were obtained for the coefficient @, in (7.3)
by means of the usual inequality remain correct if we merely replace &, by @,.
Thus the presence of the term

92 02,(9) F

T Tas

10*
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may have physical implications because ¢; now contains a term linear in F; , with
a factor which does not depend on the temperature gradient.

Let us give an example of what may occur with such a term present: we con-
sider an undeformed body (F; ;=46; ), so that

_ 3 . q2 9%
qi"¢i+'9 ———6_9—_’ (7.7)

where @, now may depend on 9 and 09/0x;. Since we consider a material which
has only one preferred direction, the vector

09;(9)
09
must be parallel to Q;(9):

92 E%QL a(® (9. (7.8)

In (7.7) we now restrict attention to terms of order lower than the second in
08/0x;. Then @; must be a vectorial combination of the two available vectors 2
and grad 3, which is linear in grad & and vanishes if grad 3 vanishes; hence

— a9 - a9
®,= —k—a+ b(Q x grad 9);+c¢ (Qla—x;) Q.
If we insert this into (7.7), we find with (7.8)
qi=-—1c-§—9—+b(§xgrad9),-+c (Q,—ﬂ) Qi+a(P Q. (7.9
ax, 5xj

The inequality shows that the tensor {xd;;,—cQ;Q;} is nonnegative definite.

From (7.9) and (7.8) we obtain the following heat conduction equation when
3 is time-independent :

2
08 _ g% (7.10)

(’\'Oij—CQin)m i ox,

where

da  a*\ = Q,
A=|—-—- Q Q="
for simplicity we have assumed that x, b and c are constant coefficients.
Hence we can decide whether or not the proposed generalization of the entropy
flux is meaningful by measuring the steady state temperature distribution in a
thermoelastic material of the kind considered.

Let us treat the case in which § depends on x only and @! points in the positive
or negative x-direction. Then we get the differential equation

$'=+_9, (7.11)

1
p
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with the solution

+
d=A4e

x

+B (7.12)

o[

and with + or — according to whether £’ points in the positive or negative x-
direction. In (7.11) and (7.12) we have set

1 A
Bl e — 7.13
A k—c|@) (7.13)
If $(0)=T, and $(L)=T,, we get
1(y-L L L
YRS N ¢ 5 Nt b P W S AT
e2h_p 2

where again the upper sign corresponds to the case when Q!=(+1, 0, 0) and the
lower sign to the case when Q!=(—1, 0, 0). Fig. 1 shows the different temperature

Px)
A
7 -
. |
I
s E
& |
{A>0assumed) L x
Fig. 1

distributions in these two cases, and the dotted line denotes the classical linear
distribution
_ TL_ To

c
8 L

x+Ty. (7.15)

Thus if we measure _ghe temperature at any point O0<x <L, we expect different
results according as Q'=(+1,0, 0) or 2'=(—1, 0, 0).

8. Dipolar Fluids
Constitutive Equations and Restrictions Imposed on Them by the Entropy Inequality

In the preceding sections we dealt with simple materials; it turned out that
the generalizations of the entropy flux proposed here lead to a modification of
the usual theory only if the material considered possesses rather uncommon sym-
metries. However, this is not necessarily so for non-simple materials. Let us
briefly investigate the effect of this generalization on a non-simple material. We
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choose a dipolar fluid which is characterized by the following set of constitutive
equations:

a9
n=y ( le’Ath"g 7‘;—)

i

28
( duaAl]k"g _671)

' ( dij, A9 i‘g—) (8.1)

ij» aaxi
03
q;= ( le’AUk’S’_a_;C:)

49
K=k, ( dU,Auk,S,a—x?).

The variables d; ; and A4, ;, are defined by

4y (et en) Anaan 62

Insertion of the constitutive equations (8.1) into the inequality (2.10) yields*

(awﬂ)é_ oy (&9) g B

09 a(ﬁ}—) ox; od;; 0A;
ox;
1 oy 1 89 9 (oK a3 .
+(p t”+p a 5 )d ﬁq'ﬁ:_i-?{_a—&__ﬁ: (8.3)

Ok 8 0k bdy 9k dAuu Ok 0p) .,
6(63) 0x;0x; 0dj, 0x;  0A;; 0x; ap ox; [~
ox;

The inequality (8.3) must hold for any

. s\ : 9 0A; ap
3, (-67) d(,-j), Ai(jk)’ ax(iaxj), a;:)“, —(:“71_': (8.4)

where the brackets ( ) indicate symmetry with respect to the bracketed indices.
These quantities can be chosen arbitrarily and independently of other terms in the

* It is true that it is customary in the theory of multipolar materials — of which the dipolar
fluid is a special case — to start with equations of balance more general than those used to derive
(2.10) (e.g. see [11], [12]). But since we are interested in what modifications of the classical results
are caused by the proposed generalization of the entropy flux, we do not consider generalization
of the equations of balance as well.
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inequality; hence we obtain the following statements:

ow
(as ) 0
oy
_ =0
6(09)
ax;
o _, (8.5)
dd;,
oy
aAijk 0,
ok, ok,
L =0, .
(22 7 29) ¢
Ox; 0x;
ok, ok, = Ok
+ =0, 8.7
aAjkl aAjik aAJ“ ( )
ok;
6/)— (8.8)

Thus the inequality reduces to

(t,,+p2 gz 5,,.) d;;— 1 ( -9 ak) 05 -+ 9 Ok 4;,:20. (89

) 03/ ox od;y

The differential equations (8.6) —(8.8) can be solved. Omitting the rather tedious
details, we obtain

98 09
ki= Z Qt(ab)(lk)(rs)] aabAﬂlkAyrsa + z Qt(ab)(lk)JAaabAﬁlka +

aB,r=1 ap=1
a<pg<y a<p

a9 03 3
+291(ab)1Aa(ab)a +9”a + Y X anesnAearApindy st

o (8.10)

+ pz Qe Azar Aprit Z X apyAaart ;.
a,pf=
a<p

The Q-tensors can depend on d; and 9, and the following symmetry relations
must hold:
The Q-tensors are symmetric with respect to the bracketed indices, e.g.

L ary=L ) (8.11)
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they are antisymmetric with respect to the index pair 4, j, e.g.
Q;j=—Q; (8.12)

and the sum of three components which result from cyclic permutation of i and
two bracketed indices is zero, e.g.

Lyt et un=0. (8.13)

Further Restrictions on the Constitutive Equations

From invariance under superposed rigid motion we know that the tensors Q
in (8.10) must be formed from d;;, 6;;, and ¢; ;. Hence it follows immediately
that

Qi=0
0 =0 (8.14)
ij s
and after some calculation using (8.13)
Q?np=w1 61’«15»1:_'0;—1(6in5ap+5ip5an)+w2 6iadnp_a)3 5npdia_
(8.15)

'—%2_(6apdin+5andip)+%(5indap+5ipd¢n)'

In (8.15) the coefficients w;, w,, and w; may depend on & and d,,,. It is also easy
to find the form of the other tensors 2, but we can omit this because from now
on we want to restrict ourselves to the case linear in the sense that we neglect all
terms in (8.9) which are of order higher than the second in the quantities

08
dij’ Aijk, —d';i". (8.16)

If we satisfy this requirement, the most general constitutive equations for ¢;;, ¢;
and k; are

ti.i=—péij+(C"‘%“)dnn5ij+2ﬂdij’ 8.17)
qi=—KT—aaTS—KAAinn_KBAnni, (8.18)

ki=w?(Ainn_Anni)+wi dnn(Ainn_‘Anni)'l'

+ @y (Aiz 1A= A di) + 03 (Agr 1Ay~ Ax 1 die) - (8.19)
In (8.17)—8.19) the coefficients p, {, 4, 7, k,, and k; may depend on 8 and p.
From (8.8) we know that w?, o}, w, and w5 depend only on 9.
Note that in (8.19) we must allow for those second-order terms in which d,,
occurs; otherwise second-order quantities in (8.9) arising from its last term would
be neglected.
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The Inequality, Final Form of the Constitutive Equations

Inserting (8.17)—(8.19) into the inequality (8.9), we get by a lengthy but
straightforward calculation

—(p+p2 g—'ll:dnn) +Cd3n+

Ky 1 (."4+9 aw‘;) l(-"i-s am?) a9\ /09
3 2\etas) 2\ V5 ox, \[ 7%,

+\ x  —8Gw,+15w;) %9(w1+§w2—§a)3) Ay Ay [+ (8.20)
X X —Y(wi+30,— 5 0y) 1 Ay

+2pd; DLd; D+ Qo + 03) A i) {Aij> + 303 A D {AjD +

3 3
+‘9 Z Asss(wZAiis'l_wSAsii)—‘g Z Assi(wZAiss+w3Assi)go’

i,s=1 i,s=1

where the crosses indicate that the matrix in (8.20) is symmetric. Here we have
introduced the traceless parts of d;; and 4, ;.

<dij>=dij_é'dnn5ij’
(Aijk>=Aijk""T16 {@4;1,—24,,) 0+ (— A1 +34,,,) 6,5+ (8.21)
+ (=4 +34;, )0}

The inequality (8.20) is satisfied for all d,,, 89/0x;, A;;y, Aui, <d;;, and {A;;>
if and only if the following relations hold:

2 0¥
dp

~3
Il

P

)
[=

=
v v v
© o

&
~

8.22)

g &
(3]
Il

o o

e
- W
i
()

2 6(1)(1)(9)
98

KA=KB=-9
Thus the constitutive equations for ¢, ¢;;, ¢;, and

ki=Pi"'“'1‘9l
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have been reduced to the following forms:

v=y(p,9) with 7= 1
_'_p(pa‘g)éu'*'[C(p"g)_%”(p,S)Jdnn511+
+20(p, 9)di, with p=p* L, 120,420 (.29

239 .
q:=—x7(p,9) Fx-_—KA(S)(Ai”—A”i) with kr20
; dw? 1
D= q9+w1(9)(Aill—Atli) with 691 '"'9—’@4-

Equation (8.23), shows that in a dipolar fluid of the type considered, the entropy
flux need not be equal to the heat flux divided by temperature. This result presum-
ably indicates that the generalization of the entropy flux leads to alterations in
the theory of multipolar materials which could well prove to be of less trivial

character than they are for simple materials.
In the present case the main physical implication is that heat flux and tempera-

ture gradient are related by (8.23); instead of being proportional. Although the
heat flux does not vanish if the temperature gradient vanishes, its divergence does.

Simple Viscous Fluid

For the simple viscous fluid, there is no difference between the theory proposed
here and the usual one. A simple viscous fluid is characterized by constitutive

i

03
n=n( iy 9~ )

tij ( dlj ) 3 69 ) (8.24)

= ( i, 9, "9)

29
k=K, ( 4,9, 6xi)'

Following the same procedure as in the case of the dipolar fluid, we obtain

k;= 9,1(9) 03 +Q(9), Q;;($H=—2;,(9);

hence by the same argument as led to (8.14),

ki=0, pi=-¢.
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