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§0. Introduction

We shall consider a real nonlinear periodic system

dx
0.1 _d—t——X(x’ 1,
where x and X(x, t) are vectors of the same dimension and X(x, t) is periodic
in ¢ of period 2z. In this paper we discuss the question of existence and numerical
approximation of periodic solutions of (0.1).

If
0.2) Xu(®)=ao+]/2 Y (a,cosnt+b,sinnt)

n=1

denotes a trigonometric polynomial of order m with undetermined coefficients
ay, dy, by, ..., a,, b,, Wwe may be able to determine these 2m+-1 coefficients so
that x,,(¢) satisfies identically the reduced system

dx,,

0.3) -

1 2
2—6]' [xnm(s), s]ds+

n

m 2=
% > {cos nt§ X[x,(s),s]cosnsds+
= )

2n
+sinnt [ X[x,(s),s]sinns ds},
0
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or equivalently

2=n
Fﬁ,’”(a):%(j; X[xp(s), s]ds=0,

2=n
0.4) Ff,’”)(oc)=——1_—j X [x,,(s), s]jcosnsds—nb,=0 (n=12,....,m),
V2TC 0

2n

G,(,"')(oc)=—1=—j X[xn(5), s}sinnsds+na,=0,
V27t 0

where o denotes the (2m+ 1)-vector a=(ay, a, by, ..., a,, b, and the F{™, F™,

G'™ are defined by the equalities above.

It is to be expected that, for m sufficiently large, a trigonometric polynomial
x,{(t) determined by these relations, may be a reasonable approximation to a
periodic solution x(¢) of (0.1). Actually, this process is exactly the Galerkin
method [3] applied to the determination of periodic solutions of (0.1). A trigono-
metric polynomial x,(t) satisfying (0.3) or (0.4) (if any) will be denoted as a
Galerkin approximation of order m and the system (0.4) will be called the deter-
mining equation of Galerkin approximations. In the present paper we discuss the
question of the existence and error bounds of periodic solutions of (0.1) in
association with the Galerkin approximations x,,(¢).

This problem was studied by CESARI [2a] under very mild conditions. Pre-
cisely, he proved that in association with a given Galerkin approximation x,,(z),
even of very low order (one or two), an algorithm is available which may answer
the question as to whether there is an exact solution x(f) in some neighborhood
of x,,(1), and in the affirmative case may give a bound for x(¢)—x,,(z). CESARI'S
process can be applied at a very low order m of approximation, and may
even lead the way to a qualitative analysis, as shown by KNoBLOCH [4]. Never-
theless, the process, when applied to a practical problem, actually requires a
certain amount of discussion which may not be easy.

On the other hand, in a numerically given problem we may be able to obtain
GALERKIN’S approximations of high order by an electronic computer.

Assuming that GALERKIN’s approximations of somewhat high order can be
obtained, assuming some more conditions on the given system, and restricting
somewhat the class of periodic solutions we deal with, we present here a theory
which is more convenient to practical applications. Namely, we assume that
X (x, t) and its first order partial derivatives with respect to x are all continuously
differentiable with respect to both x and ¢. We limit ourselves to those periodic
solutions x(¢) for which the multipliers of the equation of first variation are all
different from one. Any such periodic solution will be called isolated in the present
paper since there is no other periodic solution in some neighborhood of it. Both the
smoothness condition on X (x, t) and the restriction that the periodic solution % (¢) be
isolated arenot severelimitations from the standpoint of practical applications. Under
these hypotheses, we can surnmarize the conclusions of the present paper as follows:

1. The existence of an isolated periodic solution x(t) of (0.1) lying in the interior
of the region of definition of X (x, t) always implies the existence of Galerkin approxi-
mations x,,(t) of all orders m sufficiently high, as well as the boundedness of certain
operators connected with the Jacobian matrix of X (x, t) with respect to x.
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2. The existence of a Galerkin appromaximation x,(t) of a sufficiently high
order m always implies the existence of an exact solution provided a boundedness
condition as mentioned in 1. is satisfied.

Actually, from the first result, we prove the uniform convergence of the
Galerkin approximations x,,(¢) toward x(¢) as m— co. From the second result
we obtain simple criteria for the existence of the exact periodic solution x(z).

On the basis of the present results, practical numerical methods have been
developed and applied to numerical problems. The methods and the numerical
examples will be discussed elsewhere jointly with A.REITER.

If we apply our method to weakly nonlinear systems, then we obtain the first ap-
proximation of the averaging method [/], and moreover we can give an explicit bound
for the magnitude of the parameter under which the averaging method is valid
for the determination of periodic solutions. This will be shown in a later paper [5].

Lastly, we wish to acknowledge the comments made by Professor LAMBERTO
CESARI.

§1. Preliminaries

In the present paper, we use Euclidean norms for vectors and matrices and
denote them by the symbol || ... ||. Let £(¢) be a continuous periodic vector-function
of period 27. In the present paper, for such a function, we use two kinds of norms
I fli; and | f,, which are defined as follows:

121: 4
=] 2101 e[

0

lIflln=mle /@1

The approach of the present paper is based on the following three propositions.

Proposition 1. Let

d
(1.1) L2 A x+o)

dt
be a given linear periodic system where A(t) is a continuous periodic matrix of
period 2 and @(t) is a continuous periodic vector of the same period. If the
multipliers of the corresponding homogeneous system

dy
. —— = A(t

(1.2) L —awy
are all different from one, then (1.1) has one and only one periodic solution of
period 2n, which is given by

2n
(1.3) x()= | H(t,s) p(s)ds
Q
where H(t, s) is the piece-wise continuous periodic matrix
S(N[E-dQ2n)] L7 (s) or 0ZsgtL2m,
w8 ngz{ OIE-0CR]" o7
SH[E-2Q2n)] 'd@2n) D '(s) for 0=st<s=Z2m,
1.5) H(t,s)=H(t+2mmn,s+2nn) (m, n integers),

E is the unit matrix and ®(t) the fundamental matrix of (1.2) with ®(0)=E.
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Proof. Any solution of (1.1) is expressed as follows:
t
(1.6) x(O=0(t) c+D(1) [ D' (5) p(s5) d>s,
o

where ¢ is a constant vector. The solution x(¢) given by (1.6) is periodic in ¢
of period 27 if and only if

2=
an [E-9Q2n)]c=2(2n) [ 7' (s) p(s) ds.
0
Since det[E—®(27n)]#+0 by the assumption, the equality (1.7) implies
2z
(1.8) c=[E-0@2m)] '®Q2n) [ ¢7'(s)p(s)ds.
0

The desired formula (1.3) is now obtained by substituting (1.8) into (1.6). Q.E.D.

The formula (1.3) defines a linear mapping H in the space of continuous
periodic functions of period 2zn. Consequently, the norms of this linear mapping
are defined corresponding to the norms of continuous periodic functions. We
shall denote them by || H|, and || H|,. By means of SCHWARZ’ inequality, it is
readily seen that

2z 2=x: 4
1.9 IIHII.,§[I szfl(t,s)dsdt],
0 0 k1
2n 4
(1.10) |]H|[,,_S_[2n-maxj Y HZ (¢, s)ds] ,
t 0 ki

where H, (¢, s) are the elements of the matrix H(¢, s).

In what follows, we shall call the linear mapping H defined by (1.3) the H-
mapping corresponding to a given matrix A(t).

Proposition 2. Let
(1.11) F(a)=0
be a given real system of equations where a and F(a) are vectors of the same dimen-
sion and F(x) is a continuously differentiable function of o defined in some region
Q of o. Assume that (1.11) has an approximate solution o= o for which the deter-

minant of the Jacobian matrix J(o) of F(a) with respect to o does not vanish at
a=d and there is a positive constant 8 and a non-negative constant k<1 such that

) Q={a|le-a|=s}cn,

(1.12) @) N1J@-J@I<k/M' for any «eQ;,

M'r
<
(l”) 1_K=69

where r and M' (>0) are numbers such that
1.13) IF@[sr and |J7Y(&)|ISM".
Then the system (1.11) has one and only one solution a=a in Qy and
M'r
1-x°

(1.14) la—a)<
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Proof. Put A=J"'(a), and let us consider NEWTON’s iterative process:

(1.15) oy =0, —AF(a,) (n=0,1,2,..)),
where o= d.

First, we shall prove that this iterative process can be continued indefinitely
and that

(1.16) l[otgs s = | SE" g — 2t I,
117 o,.1€02; (n=0,1,2,...).
For n=0, (1.16) is evident. For «,;, we have successively
oy —ag|=AF(ap)|EM'r
(L18) ey —ao [ = A F (o) |
=(1—x)dé<d,

and consequently a;eQ;. This proves (1.17) for n=0.
Let us assume that (1.16) and (1.17) hold up to n— 1. Then from (1.15) we have

“n+1_an=(<xn_'xn—1)_A[F(an)_F(an—1)]
1
=A.f {J(aO)_J[an—l+‘9(an_an—1):|} ’ (an_an—l)d‘g'
4]
Here a,_{+3(a,—a,—;)eQ; (0=9<1) since «a,, a,_;£Q; by the assumption.
Then, by (ii) of (1.12), we have

(1.19) Ity 1 — 0 | S M -~

MI

° ” “n““n—1” =K “ <xn_-an—lll s
which proves (1.16) for # because

-1
oty —0ty— 1 | S "7 oty —oto ||
by the assumption. Since

fotns1—o | Slotgy =l +lltg—u g+ + g =00,
it follows from (1.16) and (1.18) that
[ ets 1 —tto | S("+K"" 4ot a4 1) g — o |

(1.20) < M'r
=1-k

which proves (1.17) for n.

By (1.16) and (1.17) it is evident that the iterative process (1.15) can be con-
tinued indefinitely in Q;c=Q.

Then, by the iterative process (1.15), we have an infinite sequence {«,} in Q;,
which is convergent by (1.16) because |x|<1. Let

o= lima,.

This limit & is evidently a solution of equation (1.11).

Inequality (1.14) readily follows from (1.20).
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Lastly, let us prove the uniqueness of the solution. Let &’ be another solution
of (1.11) lying in Q. Since
a =a —AF(a),
a'=a'—AF(a'),
analogously to (1.19) we have

la—a' | sxla—al,
which implies
(1.21) fe—a'||=0

because 0<x < 1. Equality (1.21) proves the uniqueness of the solution. Q.E.D.

Proposition 3. Let
d

(1.22) =X,
be a given real system of differential equations, where x and X(x, t) are vectors
of the same dimension, and X (x, t) is periodic in t of period 2n and is continuously
differentiable with respect to x in the region D x L, where D is a given region of
the x-space and L is the real line.

Assume that (1.22) has a periodic approximate solution x=Xx(t) lying in D and
there are a continuous periodic matrix A(t), a positive constant 0, and a non-negative
constant k <1 such that

(i) the multipliers of the linear homogeneous system

dy

(1.23) 5

=A()y
are all different from one, and
(i) Dy={x|Ix—x(t)| <6 for some teL}<D,

(1.24) (iii) 1| ¥ (x, )~ A() | <k/M, for all x such that | x—x(t)| <6 and teL,

(1v)
Here
Y (x, t) is the Jacobian matrix of X(x, t) with respect to x;

M is a positive constant such that | H|,S M, where H is the H-map-
ping corresponding to A(t);

é

r is a non-negative constant such that

&0 _xz.fsr.

(1.25) ‘

Then the given system (1.22) has one and only one periodic solution x=Xx(t)
in Dy, and this is an isolated periodic solution. Furthermore, for x=Xx(t), we have

er

(1.26) [x@®-x®Ol=
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Proof. Let us put

(1.27) %=X[E(t), 1+5().

Then this can be rewritten as follows:

diﬁt) =AOXO+{X[Z®), 1- 4O X0+ (1)}

Since Xx(t) is periodic of period 27, by Proposition 1, X(¢) can be expressed as
follows:

(1.28) 5= | H(, ) {X[R(9), s]~ AQTE +1(9} ds,
4]

where H(t, s) is the piecewise continuous periodic matrix defined by (1.4) and
(1.5) in correspondence to A(t).

As in Proposition 2, let us consider the iterative process

(1.29) x,..(0)= 2j"H(t, H{X [x,(s), s]—A()x,(H}ds (n=0,1,2,...),
0

where x,(£)=X(2).
First we shall prove that this iterative process can be continued indefinitely
and that

(1.30) I Xt 1 —Xn lnS K" 1 X1 = %0 llas

(1.31) | Xpe1—%Xo S8 (1=0,1,2,...).
For n=0, (1.30) is evident. Since

(1.32) X () —x0()=— :)an(t, s)n(s)ds,

we have

(1.33) [x1=%ola=M;rs(1—K)d<5.

This proves (1.31) for n=0.
Let us assume that (1.30) and (1.31) hold up to n—1. Then by (1.29) we have

2z
Xps 1()—Xa ()= (J; H(t, ){X [x,(), s]— X [%n-1(5), s] = A () [Xa () — %, -1()] } ds,

and hence,

(1.34)  Ixpe1—Xalla =My - [ X [x,(5), ] = X [Xn-1(8), s] = A(S) [x0(8) =X~ 1()] -

However,
X [xn(s)’ S] -X [xn - 1(8), S] - A(S) [xn (S) —Xp— l(s)]
1
= [ (D 900~ 515, ST = A} {(20(5) 5 1()} 49,

and
" [xn—l(s)+‘9(xn(s)_xn—l(s))] _xO(s) ” é‘s (0§9§ 1)
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since || x,—1—Xollss |Xs—Xoll,<6 by the assumption. Then, by (iii) of (1.24),

K

H X[xn(s)a S]_X[xn—l(s)a S] _A(s)[xn(s)_xn—l(s)] " él—‘l_l. * ” Xp=—Xp—1 ”n .
Therefore, from (1.34) we get
(135) ”xn+1_xn"n§'€“xn_xn—lnn,
which proves (1.30) for » because

”-xn_'xn—lllnénn_1 "xl_-xO "n
by the assumption. Now since
" Xpn+1—Xo ”né ” Xn+1—Xp "n+ ” xn_xn—llln+'"+ ”xx“xo "n’

it follows from (1.30) and (1.33) that

1 Xn41—Xo ||n§(""+’€"_l+“‘+'€+1) lx1—%olla

(1.36) < M,r
l—-k

<

=Y

which proves (1.31) for n.

By (1.30) and (1.31) it is evident that the iterative process (1.29) can be con-
tinued indefinitely in D;= D.

Then, by the iterative process (1.29), we have a sequence {x,(¢)} of continuous
periodic functions lying in Dj;, and this sequence is uniformly convergent by
(1.30) since |x|<1. Therefore there exists a continuous periodic limit function

()= limx, (1)
lying in D,. For this limit function fc(:),w(l.29) yields
£~ [ 9 (XT3, 51- 4039} ds
={5c<t>—xn+l<r>}+{f)j"H<t, X (xa(6), )= A5 5, (] ds—
- (HOX 66,9 =40 30]45].

Then analogously to (1.35) we have

%(6)— 2j"H(t, ) {X[%(s), s]— A(s) ()} d's
0

é |i$€—xn+1”n+x " xn_-;\c ”n
n
Letting n — oo, we see that

(1.37) $(0)= [ H, 9 {X[5(), 51— 46 3O} ds,
0

which implies that

dift) =AM X+ {X[%@®), ] -4 X1},
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that is,

dzgt) =X[x(®),1].

This says that x=x(¢) is a periodic solution of the given system (1.22).
Inequality (1.26) follows readily from (1.36).

Next, let us prove the uniqueness of the periodic solution. Let x'(¢) be another
periodic solution of (1.22) lying in D,. Then

d;;’t( D X[ (), =A@ O+ X [¥ ), - A0 X 0);

therefore X'(¢) can be expressed as follows:

2n
X®O=§ H(t, ) {X[%'(s), s]—A(s) X' (s)} ds.
0
Comparing this with (1.37), analogously to (1.35) we have

1x=%lly=wlx—%"|.,
which implies that
X—%"[l,=0

because 0<x<1. The above equality proves the uniqueness of the periodic
solution.

Lastly, let us show that x=x(¢) is an isolated periodic solution. Put
AWM =2[%(), 1],
and let us consider the linear homogeneous system

(1.38) %—f-=/i(t) y.

This is the equation of first variation of (1.22) with respect to the periodic solution
x=x(t). By (iii) of (1.24),

(1.39) A — A | Sx/M,.

Now any periodic solution y=y(¢) of (1.38) satisifes

%:A(t)y+[/i(t)—f1(t)]y;

consequently, y(t) is expressed as follows:
2n a
y(n)= 6[ H(t,s)[A(s)—A(9)] y(s)ds.
Then by (1.39) we see that

K
Iy la=M, ML Iy ha=2xlylas
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which implies that | y[,=0 because 0<x<1. This says there is no non-trivial
periodic solution of (1.38). This implies that the multipliers of (1.38) are all
different from one, namely x=x(¢) is an isolated periodic solution. Q.E.D.

§2. The Existence of a Galerkin Approximation

2.1. A truncated trigonometric polynomial of a periodic solution. Let f(¢) be a
continyous periodic vector-function of period 27, and let its Fourier series be

[¢)
f@®~co+l/23 (c,cosnt+d,sinnt),
n=1
where ¢, ¢;, dy, €3, d,, ... are vectors. Then the trigonometric polynomial
m
fu®=co+)/2Y (c,cosnt+d,sinnt)
n=1

is a truncated trigonometric polynomial of the given periodic function f(z)
(strictly speaking, a trigonometric polynomial obtained by truncating the Fourier
series of the given periodic function). In the sequel we shall denote such a trun-
cation of a periodic function (strictly speaking a truncation of the Fourier series
of a periodic function) by P,, and write a truncated polynomial f,, () of a periodic
function f(¢) as follows:

Jn(O)=P,f(D).
If we put y=~(cg, €1, dis .-+ 5 Cm» d,), then

1 2
Ilfmllﬁ=7n—g I £.(O1%dt

=lleoll*+ X (Neall®+11dul?)
n=1
=yl

I fmllg=1l71-

This property will often be used in the sequel.

We owe to CESARI [24] the following lemma concerning continuously differ-
entiable periodic functions.

consequently

Lemma 2.1. Let f(f) be a continuously differentiable periodic vector-function
of period 2n. Then

2.1) If=PuflaZc(m) || fl,<o(m)|f I,

22) 1f=Pufly<om) £,
where - =d|dt and

_ 1 1 +
sm=y2 [(m+1)2 T2y +:| ’

1
m+1-
Arch. Rational Mech. Anal., Vol. 20 9

2.3)

o (m)=
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Also

2.4 _mL—f-l— <o(m) <%.

Proof. Since f(t) is continuous and periodic and hence bounded, the Fourier

series of f(¢) is uniformly convergent. Let the Fourier series of f(¢) and f(t)
be respectively

f®=co+)/2 Y (c,cosnt+d,sinnt)
n=1

and
fO~co+)/2 Y (c,cosnt+d,sinnt),
n=1

with

=0, c=—td, d=Le¢' (n=1,2

0—V> Cp= n ns "_ch n=l1, ,..,),
Hence,
(2.5) fO-P.f(H=)/2 Z —«( d,cosnt+c,sinnt).

n=m+1

By ScHWARZ’ inequality it follows that

2.6) If®—Puf@®)2L0"(m) =i+ 1(ll el +1d,0%),

and by BESSEL’S inequality,

Z (e 2+ 112 = 1512

n=m+1

Thus (2.1) follows from (2.6). Inequality (2.4) readily follows from the inequality

2 cd 2

If we apply PARSEVAL’s equality to (2.5), then we have
it 1 ’ ’
If=Puf = _Z 7(Ilcnllz+lld..||2)

5(:171‘)’2 z (el +14,1%),

from which (2.2) readily follows. Q.E.D.

If we apply Lemma 2.1 to a periodic solution of a differential equation, then
we easily get the following lemma concerning its truncated trigonometric poly-
nomials.

Lemma 2.2, Let
dx

@7 = X(x, 1)

be a given real nonlinear periodic system, where x and X(x, t) are vectors of the
same dimension, and X(x, t) is periodic in t of period 2n. We assume that X(x, t)
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and its first partial derivatives with respect to x are continuously differentiable
with respect to x and t in the region D x L, where D is a closed bounded region of
the x-space and L is the real line.

Let K, K, and K, be non-negative constants such that
K=max [ X(x,0)[, K,=max|¥(x, 1],
DXL DxL

0X(x,t)
ot

(2.8)
K,=max
DxL

b

where ¥ (x, t) is the Jacobian matrix of X(x, t) with respect to x.
If there exists a periodic solution x=x(t) of (2.7) lying in D, then

A

(l) ||5c—x,,,||,,§Ka(m),
(2.9) (i) Nx—Xnl, <K a(m),
i) x=%nl, (K Ky +K5) a(m),
where X,,(t)=P,, x(t).
This lemma yields the following corollary.

Corollary. If x=x(t) is an isolated periodic solution of (2.7) lying inside D,
then there exists a positive integer my such that, for any mz=my,

(i) %n(t)eD;

(ii) the multipliers of the linear homogeneous system

(2.10) 4 50,1y

are all different from one and the H-mappings H,, corresponding to ¥ [x,,(t), t] are
equibounded, that is, there exists a positive constant M such that

2.11) [Hullg> | Hulla=M

e d .
(iii) a7 Y[x,(1),t] is equibounded, that is, there exists a non-negative

constant K such that

@.12) H% W50, 1| <K

Proof. The conclusions (i) and (ii) are evident from (i) of (2.9), since (i) of
(2.9) implies
[Xp—%1,—0 as m-oo0

and ¥ (x, t) is, by the assumption, uniformly continuous with respect to x in D x L.

Now for % Y[x.(1),t], we have

& w3,0.1= Z——[ NOWI e TUMLS PO |

Q¥
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where x, and x,,(z) are respectively the components of the vector x and %, (z).
However

dxn(t)
dt

SK+(KK;+K,)o(m)
by (iii) of (2.9), and all the elements of the matrices

S B, S [0,

are equibounded so long as x,,(¢)eD. Therefore, all the elements of the matrix

< L0, 1]

are equibounded provided m is sufficiently large. This proves (iii). Q.E.D.

2.2 The Jacobian matrix of the determining equation of Galerkin approxima-
tions. Let J,(x) be the Jacobian matrix of the left member of the determining
equation (0.4) of Galerkin approximations. The elements of J,(x) are of the
following forms:

121!

—_——‘j Y’[xm(s) S] ds,
V2 qu[xm(s) s]cos psds,

j Y [x,(s), s]sin psds;

]/2

_f Y [x,(s),s] cosnsds,

]/2
1 2n
(2.13) —_[ Y [x(s), s] cosnscos psds,

2n
ij ¥ [x,(s), s]cos nssin psds—né, ,;

1 2n

V2n s

(5), s]sinnsds,

2z
—1—j ¥ [x,,(s), s]sinnscos psds+né,,,

2z
—l—j' ¥ [x,(s), s]sinnssin psds,
where a=(ay, a;, 15 -.-5 A, by), P, n=1,2, ..., m, and

(2.14) Xu(=0a0+)/2 Y (a,cosnt+b,sinnt).
n=1

To find the basic properties of J,,(x), let us consider the auxiliary linear system

(2.15) Iu(@) E+y=0,



Nonlinear Periodic Systems 133
where E=(ug, Uy, U5 ---5 Up, Uy) and y=(cq, ¢4, dy, ..., €, d). If we put

y(t)=u0+]/§ Y (u,cosnt+v,sinnt),

(2.16) "=
@()=co+}/2 Y. (c,cos nt+d,sinnt),

n=1

then relations (2.13) and (2.15) show that y(r) satisfies the differential system

217) WO b, ¥, 0. 150 +00),

where x,,(¢) is of the form (2.14).
First, we shall prove the following lemma.

Lemma 2.3. Assume that the conditions of Lemma 2.2 are satisfied and that
the system (2.7) has an isolated periodic solution x=x(t) lying inside D.
Taking mq sufficiently large, we consider the differential system

(2.18) DY e W30, ]y 400

for m=my, where X,,(t)=P,, %(t) and where ¢ (t) is an arbitrary continuous periodic
Sfunction of period 2.

Then, for any periodic solution y=y(t) of (2.18) (if any exists), we have

M[1+K, o,(m)]
2.19) IS TR Ry ey 19

Proof. For brevity let us put
(2.20) An(O)=¥[3n(0). 1].
Then for any periodic solution y=y(¢) of (2.18) we have

(221) DO _ 40y + o0 +10),
where
(2.22) N()=—I~P,) An(t) ().
Here 1 is the identity operator.

Put
(2.23) u(=A4,) y@.
Then

()= A4, 1) y(O) + An(t) [P Au()) y() + 0 (1)],
from which, by (2.8) and (2.12), it follows that
(2.24) Nl Ksllyllg+ K[l Pr Am y g+l 0ll,]
But by BESSEL’s inequality,

| P A Y, = A y 1S K1y |-
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Therefore, from (2.24) we have

(2.25) I, (K3 +KD Iyl +Kllol,.
Since ||y [l,£0,(m) [u], by Lemma 2.1, we have then
(2.26) 0o (m) [(Ks+KD Iyl +Killel,]-

On the other hand, y(¢) is a periodic solution of (2.21), so it can be expressed
as follows:

2z
(2.27) y(®)= g H,(t,9) [e(s)+n(s)] ds,

where H,(t, s) is the matrix of the H-mapping corresponding to fim(t). If m, is
sufficiently large, by the Corollary of Lemma 2.2 we have

(2.28) Iyl sMelg+inl,]
formzm,.

If we substitute (2.26) into (2.28), then we have
Iy1,2M ol +M[(Ks+KD Iyl + Kl @l oy(m),

from which follows (2.19) since 1 — M (K, + K2) o,(m)>0 for sufficiently large m.
Q.E.D.
Let

5c(t)=&o+]/§ Z (a, cos nt+l;,, sinnt)

be the Fourier series of an isolated periodic solution x =X (¢) of (2 7) lying 1ns1de D,
and let us consider the Jacobian matrix J, (&) where ¢=(d,, d;, by, .-, Gy, ,,,)
Then the lemma above yields the following corollaries.

Corollary 1. There exists a positive integer m, such that

(2.29) det J,,(@)+0
for any mzmy.

Proof. For y(¢) and ¢(¢) of the form (2.16), the differential system (2.18)
is equivalent to the linear system
(2.30) Ja(@) E+y=0
as mentioned in the beginning of this section. Now put y=0. Then ¢(z)=0 by
(2.16), and this implies y(¢)=0 by (2.19). Then =0 by (2.16). Thus, in (2.30),
y=0 implies £=0. This proves (2.29). Q.E.D.

Corollary 2. There is a positive integer mq such that, for any m=mg, J,; *(d)
exists and

1 M[1+K, a(m)]

Proof. By Corollary 1, J,, 1(&) certainly exists for m=m,. Further, for y(#)
and ¢ () of the form (2.16), the differential system (2.18) is equivalent to the linear
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system (2.30). Hence &= —J7'(d)y. Since ||yll,=1¢]l and ol =lyl, (2.31)
readily follows from (2.19). Q.E.D.

Lastly, for the difference J,(¢")—J,,(a’"), we shall prove the following lemma.

Lemma 2.4. Under the conditions of Lemma 2.2, let K, be a positive constant
such that

(2.32) K4g[max > (M)Z:I*’

DxLk1,p axlaxp

where X, (x, t) and x; are respectively the components of the vectors X(x, t) and x.
Then, if both

x'()=ag+]/2 Y. (a,cosnt+b,sinnt)
n=1
and
x"(ty=ay+)/2Y (a, cosnt+b} sinnt)
n=1
belong to D together with 3x'(t)+(1—9) x""(t) (09 1), then

(2.33) 1T m(@)=Tu(@ ) SK %" —x" [, Ks )/ 2m+1- o' o,
where

1

1 ’ ’ ’ r ’ r I3 1 " rr
o'=(ag, ay, by, ..., a,, b,) and o''=(ag,ay, by, ...,a,, by).

Proof. Take an arbitrary &=(uy, u,, vy, ..., Uy, v,), and consider

(2.34) y(O=uo+)/2Y (u,cosnt+v,sinnt).
n=1

Put

(2.35) V==J.@)¢, ¥'=—=J.@")¢,

and let

144

! 7 ’ ’ 1 L 43 X3 r
y=(c05c1sd’l""’cm,dr’n)s ? =(CO’cla 1’---acmsdm)'
If we put

@' (H=co+)/2Y (cicosnt+d,sinnt),
n=1

@"(O=cy+]/2Y. (c;/cosnt+d)sinnt),
n=1

then by (2.17) and (2.35) we have

DO b wx (0, 1y +0'0),
DO b w x5O +0" .
From this it readily follows that
(2.36) o' O—¢" (=P, {¥[x' O, ]-¥[x" (), ]} y(®.

Let us put
e(M)=0¢'()—¢" (1) and y=y —y".
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Then from (2.36) we have

(2.37) p(O=—P,{P[x'®, ]-P[x"(®), ]} y(®),
and from (2.35)
(2.38) y=—[In(@)=Tn(@)]E.

Now

19X (), 1= [x" (0, 111 ékzl[q’kz(X', =¥ (x", 0]%,
where ¥, (x', t) and ¥,,(x", t) are the elements of ¥[x'(f), ¢] and ¥ [x"'(¢), ¢],
respectively. Since x” (£)+93[x' (¢1)—x"(t)le D (0<£IL1) by the assumption, the

quantity in the right member of the above inequality is estimated successively by
means of SCHWARZ’ inequality as follows:

NGRS ACA
' : 0Y]kl " ’ 1" ’ 1 2
=> I{Z (" +9(x" =x"), 1) (xp—x;, }ds]
kL]0

2
gaazkl ds (x __xu)}]

f4

“’“ ds} 3 (x, ]

) ] Ix'()—x" @)

]d9 Ix ="

I
~DM

=

A
~M

IA
-’:M
o

A
N © ey
=
=t
/-\

,Lp
i llx— 3

H{¥x'®, 1-Px"®, B yOISKy- 1% =x" |- 1y
Then by BESSEL’s inequality it follows from (2.37) that

IIA

Hence

lol,SKa-lIx"=x"{lo- [yl
Since [[yll=lell, and [|€]|=1y],, from (2.38) we have
[ [Tm(@) = Tm(@ Y] NS Ky X —x" [+ 111,
which implies that
(2.39) [ Jn(@) =TI NS Ko %" =x" -
Put a=o'—0a", and suppose a=(ay, a;, by, ..., @y, b,). Then
x’(t)—x"(t)=a0+]/§§ (a,cosnt+b,sinnt),

n=1

and therefore,

m 2
X (8)—x"" (£) “2=;[a0k+l/§ zl(a,,kcos nt+b,,sinn t):l

m 2
<3| sl +v2E yaam |,
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where ag, a,; and b, are respectively the components of the vectors ay, a,, and
b,. By means of SCHWARZ’ inequality we have

Ix"—x"[2<Y (1+2m) [a3k+ Y (a3k+b3k)]
k n=1

=2m+1) [u ao|*+ i(u a,|*+| b, llz)]
=Q2m+1) o’ =" ||?.

Then (2.33) follows readily from (2.39). Q.E.D.

2.3 The existence of a Galerkin approximation. The existence of a Galerkin
approximation to an isolated periodic solution is proved by the following theorem.

Theorem 1. Let
(2.40) %= X(x,0)
be a given real nonlinear periodic system, where x and X(x, t) are real vectors of
the same dimension and X (x, t) is periodic in t of period 2n. We assume that X (x, t)
and its first partial derivatives with respect to x are continuously differentiable with
respect to x and t in the region D x L, where D is a closed bounded region of the
x-space and L is the real line.

If there is an isolated periodic solution x=x(t) of (2.40) lying inside D, then
there exists a Galerkin approximation x=X,(t) of any order m=m, lying in D
provided my, is sufficiently large.

Proof. Setting P, x(¢)=x,,(¢), we have

d5c,,,(t)_P dx(r)
dt ™ dt

(2.41) =P, X[x(®),1].

Now let us take a small positive number 8, so that
U={x||x—x(t)]|£5, for some teL}cD.

This is possible because x = x(¢) lies inside D by the assumption. Then, by Lemma 2.2,
X, (1)eUcD for all reL and for any m=m, provided m, is sufficiently large.

For such m equation (2.41) can be rewritten as follows:

(2.42) d ’A‘;t(‘) =P, X [%n(f), ]+ R, (1),

where

243) Ru(®)=Pp {X [% (D), 1] = X [ (8), ]}
Now

1
X[x(@®), (] - X [xn.(0), {]= —g PIx(0)+9(xn()—%(®), ] (Gm(D—%(1))d 9,
hence, by (2.8),
I X [%(@®), ] = X [Xa(®), ]I S K, - [X(D) =%, (D] .
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Then by (i) of (2.9) we have
I X [x(8), t]— X [Xu(), (] 1,=K; - | X=X, [, S KK 64(m).

Hence, from (2.43) and BESSEL’s inequality, we see that

(2.44) | Rull,<K K, 0a(m).
Let us put
(2.45) x(N=aq +]/'§§: (a,cosnt+b,sinnt)
and i
(2.46) R, ()=r{"+]/2 i(rf,"" cosnt+s™sinnt).

Then (2.42) is equivalent to the following system:

2n
FE,""(&):—I—j X[ (0, £]d1 = —rgm,
(2.47) Fi™ (4 )—71—-] X [5n(t), {lcosntdt—nb,= —r™,

1
G(m) N=—n [ X Am 0, ] si tdt A (m)’
n (%) ]/2ng [Xn(D, ] sinntdt+na,= —s

(n=1,2,...,m),

where F{™ (), F™(x), Gi™ () are defined by the expressions above, and where
Xn()=a0+)/2Y, (a,cosn t+i)nsin nt.
n=1

For brevity let us write equation (2.47) in vector form as follows:

(2.48) F™(@)=—p™
where

a=(ag, ay, by, cvs Ap, by and p™ =, K™, s, ..., rID, sy,

Then, by the definition of J,(a), J,(«) is the Jacobian matrix of F™ (x) with
respect to o, and by (2.44) and (2.46) we have

(2.49) ™IS KKyoy(m).
Now, for m=zm, and m, sufficiently large, let us consider the region
Vi={x| | x—%n(f) | £6o— K o (m) for some teL}.

Then, by (i) of (2.9),
V,cUcD
for any m=m,. Consider
9m={al le—dl s ‘5°‘K"('")},

/2m+1
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where a=(ay, a,, by, --., ap, by). Then, as is shown in the proof of Lemma 2.4, for
x=x(t)=ao+}/2Y (a,cosnt+b,sinnt)
n=1

with (aq, ay, by, ..., ay, b,)=0€Q,,, we have

Ix=%ulla<)/2m+1-Ja—al

£o—Ka(m),

and hence, x(¢t)eV,,=D. Thus, it is proved that F™(x) is well defined for any
aef,,.

From (2.47) we note that a Galerkin approximation is a trigonometric poly-
nomial whose Fourier coefficients satisfy the equation

(2.50) F™()=0.

Since «=« is an approximate solution of the above equation, which follows from
(2.48) and (2.49), we shall apply Proposition 2 to the above equation in order
to prove the existence of an exact solution, namely the existence of a Galerkin
approximation.

Let us take m, sufficiently large. Then by Corollary 2 of Lemma 2.3, for any
m=mg, J, () exists and

1 M[1+K,0,(m)]
1 < 1v1
”Jm (“) ”= I_M(KB_I_Kf)a_l(m) .
This implies that
(251 1. @I<M’ forany m=m,
where
(2.52) M= M[1+K o,(my)]

1-M(K3+KDa,(mp)
Further by Lemma 2.4,

(2.53) 1@ =@ I SKs)/2m+1- a—d|

for any aef2,, provided m=my.
Take an arbitrary number x such that 0<x <1, and put

(2.54) min (‘K;LM— 50—Ka(m0)>=(51.

Let us take m, =m, so that, for any m=m,,

M'KK, _M'KK, 1 5,
(2.55) ot om="5 m+1<1/2m+1'

This is possible because
m+1

—— 00 a5 M.
V/2m+1
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By (2.55) we can take a positive number §,, such that

M'KK, 5,
_— <o L—
(2'56) 1—x al(m)=6m= V2m+1 .

Let us consider the set
(.57 Q;,={o|la—al£8,}.
For any aeQ; we have

la—a| S —etee
/2m+1

< do—Ka(mg)
= Y2m+1
00— Ko(m
éL]/é_m—-i-_(T)— (mzm =m,),
and consequently,
(2.58) Q, Q.

Then, for any aeQ;_, by (2.53) we have
1 Tn(@) =@ I SK,- Y/ 2m+1-6,,
and hence, by (2.56) and (2.54),
(2.59) | To() = T (@) | S /M.
Further, from (2.49) and (2.56),

M| p™) _ M’ KK, a,(m)
1-x = 1—-x

(2.60)

<s,.

The expressions (2.57)—(2.60) show that the conditions of Proposition 2 are
all fulfilled. Thus, by that proposition we see that equation (2.50) has one and
only one solution a=a lying in €; . This proves the theorem. Q.E.D.

2.4 Error estimates and some properties of Galerkin approximations. An error
estimate of a Galerkin approximation is given by the following theorem.

Theorem 2. Assume that the conditions of Theorem I are satisfied. Let x=x(t)
be an isolated periodic solution of (2.40) lying inside D and x=X,,(t) be its Galerkin
approximation as stated in Theorem 1. If mgy is sufficiently large, then for any
positive integer m2Zm,

- . M'KK; }/2m+1
—x|.< .
2.61) [kl S

+Koao(m),

M'KK] }2m+1
1—-x m+1

(2.62) 16w — % [ < (K, +2 K Ky) 0 (m)+ ,
where xk is an arbitrary fixed number such that 0<k<1, K, K, and K, are the
numbers defined in (2.8), o(m) the number defined in (2.3), and M' the number
defined in (2.52).
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Proof. Put
— m —_—
(2.63) Xm(D)=a0+])/2 Y. (a,cos nt+b,sinnt).
n=1
As shown in the proof of Theorem 1, &=(a,, d,, by, ..., @n, b,y) is a solution of
(2.50) lying in Q;_, and by Proposition 2 we have
(2.64) ja-al s MK oy om),

where d=(do, dy, by, ..., Gy, by) is such that
— m A
ao+)/2 Y (a,cos nt+b,sinnt)=%,()=P, x().
n=1

Inequality (2.64) is evidently equivalent to the inequality

As shown in the proof of Lemma 2.4, we have

M’ KK,
1—
On the other hand, by Lemma 2.2,

M'KK, V2m+1

i X=X [ =
(2.65) X=X 12 = 1—k m+1

o (m))/2m+1=

I%n—X1,<K a(m).

Thus, by combining this with (2.65), we obtain (2.61).
Since a is a solution of (2.50), for x,,(¢) of (2.63) we have

dx,(t)

T=PmX[)_Cm(t), t] .

This can be rewritten as follows:

dx,(1)

(2.66) pr =X[X, (0, t]+1.(D,
where
(2.67) Nm(D)=~(I—Pp) X[xn(D), ],
and I is the identity operator. Since
d - _wr= dx,(ty 06X __
—7 X[, =¥ [xn(0), 1] - — 2=+ [xa(®, 7]

= P[50, - P X [, 114 Dm0 1,

by (2.8) and BEsSEL’s inequality we have
” Xm "qéKl * ll Pm Xm "q+K2
=K;K+K,,
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where X,,=X[Xx,(¢), t]. Then, by Lemma 2.1 and (2.67), we have

(2.68) 7 In S0 (m) (KK +K5).
Since

L0 =x30. 1,

from (2.66) we have

d)z,,t(t) B d;gt) = {X [%n(®), (] = X [% D), 1} + ()

1
=g Y% () +3(xn()—x(®), 1] - [Xu () =X (O] A9+ 1 (0) ,
and consequently, by (2.8),
”i-m_&"néKl ) ||§m—5\c”n+"nm"n
If we substitute (2.61) and (2.68) into the right member of the above inequality,
we get (2.62). Q.E.D.

Corollary. Assume that the conditions of Theorem I are satisfied. If there is
an isolated periodic solution x=x(t) of (2.40) lying inside D, then its Galerkin
approximations x=X,(t) stated in Theorem 1 converge uniformly to the original
exact solution x=x(t) together with the first order derivatives as m— co.

Proof. This is evident from (2.61) and (2.62), because ]/2m+1/(m+ 1) tends
to zero as m— o0, and by (2.4), o(m) also tends to zero as m—o0. Q.E.D.

By Theorem 2, if we take m, sufficiently large, then for any m=m, the con-
clusions of the Corollary of Lemma 2.2 are all valid for Xx,(¢z) as well as for
X, (t). Thus, by Corollaries 1 and 2 of Lemma 2.3, we have the following theorem.

Theorem 3. Assume that the conditions of Theorem 1 are satisfied, and suppose
that (2.40) has an isolated periodic solution lying inside D. Let

x=Xp(D=8o+}/2 ¥, (a,cos nt+b,sinnt)
n=1

be its Galerkin approximations as stated in Theorem 1, and suppose m sufficiently
large. Then, for any m=m,,

(2.69) det J,,(a)+0,
and there exists a positive constant M’ such that
(2.70) 1 @I=M

where &=(ao,dy, by, ..., dm, by). Furthermore, the multipliers of the linear homo-
geneous system

(2.71) %= P[x. (1), 1]y

are all different from one, and the H-mappings H,, corresponding to ¥ [x, (1), 1]
are equibounded, namely, there is a positive constant M, such that

(2.72) [Hullgs | Hulla=M,.



Nonlinear Periodic Systems 143

§3. The Existence of an Exact Isolated Periodic Solution

According to Theorem 3, let us assume the equiboundedness of the H-mappings
H,, corresponding to ¥[X,(?), t]. Then the following theorem holds.

Theorem 4. Let us assume that the conditions of Theorem 1 are satisfied.

Let my be a positive integer, £>0 a given number, and A a region of points x
whose g-neighborhood is contained in D.

Then, if there are Galerkin approximations x=X,(t) of all orders m=m, lying
in A such that the H-mappings H, corresponding to ¥[x,(t), t] are equibounded
in the norm || H,,|,, then there exists an isolated periodic solution x=x(t) of (2.40)
lying in D, X(t) is unique in a neighborhood of X,,(t), and the following inequality
holds:

_ M
(3.1) Ix—Xmlla= 1__1K (KK;+K;)o(m),

where
K is an arbitrary fixed number such that 0<k<1;
K, K,, and K, are the numbers defined in (2.8);
6(m) is the number defined in (2.3);
M, is a positive constant such that

(3.2) I Hulln =M.

Proof. By the definition of Galerkin approximations,

(3.3) —‘I—’Z"‘tﬁ=Pm X [xm(1), 1]
We have ~

34 Donl) _ X 50 0), D10,
where

(35) "m(t)‘_‘ —[I—Pm]X[Em(t)’ t]'

Equation (3.4) is of the same form as (2.66). Therefore, by (2.68) we have
(3.6) 11w la S 0(m) (KK, +K35).

Now let us take a positive integer m, =m, so that

M, . /2 . K
—— (KK;+K —_—
1—% ( 1+ 2) l/ml <min (8, Ml K4>,

where x is an arbitrary fixed number such that 0<k <1 and K, is the number
defined in Lemma 2.4. Take d (>0) so that

M ]/5 K
3.7 ! (KK;+K,) Y= <5< mi
3.7 = KK +K,) /o <é<min (s, M1K4),

and let m be any positive integer such that m=m,.
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By assumption there is a Galerkin approximation x=Xx,(¢) of the order m
lying in 4. Let D; be the set

Dy={x||x—X,(1)| <6 for some teL}.
Then

(3.8) D;=D
since 0=<e¢. By (3.4) and (3.6) we have

1450 x5, 0.1~ 1m0
S(KK,+K;)a(m)
<(KK,+K;)o(m,)
<(KK,;+K3,) V2 (Cf. (2.4)) ,

Vm,
and hence by (3.7)
(3.9) Ml” "m “n M

1-¢x T 1-

2
. (KK, +K3) V— 4.
K l/m1
Furthermore, as shown in the proof of Lemma 2.4, for any teL and any x
such that || x—X,,(¢)[|<J we have

[P0, )= P[xa(®), t]I SKy | x =X (| K, 0,
from which, by (3.7), follows
(3.10) 12 Cx, )= B [Fn(®), 1] S
M,

Relations (3.8)—(3.10) show that conditions (ii)—(iv) of Proposition 3 are
fulfilled for A(f)=Y[xX,(2), t]. Condition (i) of Proposition 3 is naturally ful-
filled by the assumption of equiboundedness of H,,. Thus, by Proposition 3 we
see that there exists one and only one exact isolated periodic solution x=x(¢)
of (2.40) in D;. Inequality (3.1) readily follows from (3.6) and (1.26). Q.E.D.

Remark 1. In practical problems, after finding a Galerkin approximation
x=X(¢) of some order, we can compute (say by numerical integration) the approx-
imate values of the matrix H(z,s) of the H-mapping corresponding to the
matrix ¥ [x(¢), ¢t]. Then, by means of (1.10), we can estimate the value of | H||,.
Since
dx(1)

dt

-X [’_C(t)’ t]

n

can also be estimated (say by numerical computation of the Fourier coefficients),
we can check whether the conditions of Proposition 3 are all fulfilled or not.
If the conditions are not fulfilled, then the order of the Galerkin approximation
has to be raised. As seen from the proof of Theorem 4, such a procedure always
ends at a certain finite order in case the given system has an isolated periodic
solution lying inside D (¢f. Theorems 1 and 3). In other words, in such a case we
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can always find a Galerkin approximation for which the conditions of Proposi-
tion 3 are all fulfilled, and thereby, we can affirm the existence of an exact isolated
periodic solution. The error of such a Galerkin approximation is within the
bound given by (3.1).

Remark 2. In Theorem 4 it is assumed that the multipliers of the linear

homogeneous system
dy _
dt - ‘P[xm(t), t] y

are all different from one. However, as is shown in the proposition of the Appendix,
this can be proved if we assume the existence and the equiboundedness of J,; * (&)
where  is the vector corresponding to the Fourier coefficients of x,,(¢).

However, the equiboundedness of the H-mapping corresponding to ¥ [X,,(¢), 7],
which is also assumed in Theorem 4, does not seem to follow solely from the
assumption of the existence and equiboundedness of J,; *(&).

§4. An Example
In this section we shall give an example of our method, using the equation
4.1) $+1.52x+(x—1.5sin)*=2sint.

More realistic examples will be presented in the succeeding paper which will be
mainly concerned with numerical techniques.
Equation (4.1) can be rewritten in the form of a first order system as follows:
x=y,
“.2) ) ) 3 .
y=—15°x—(x—1.5sint)"+2sin¢t.

Now let x=x(¢) be any periodic solution of (4.1); then evidently —x(—7) and
—x(t+m) are also periodic solutions. Therefore, if the periodic solution of (4.1)
is unique, then it must be that

x(-)=-—x() and x({+m)=-—x().
Then the Fourier series of such a periodic solution must be of the form
x()~a,sint+assin3t4---.

Taking this fact into consideration, first, for the system (4.2), let us calculate
the 3'® order Galerkin approximation of the form

x=x(t)=a, sin t+a,sin 3¢,
4.3) _
y=y(t)=a,cost+3azcos3t.

Substituting (4.3) into (4.2), we get the following determining equation:

—2+125a,+3(a,—1.5%-3(a,—-1.5%a;+3%(a;—1.5)a%=0,
—6.75a;—3}(ay;— 1.5 +3(a,—1.5% a3 +3a3=0.
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Since a;=1.5, a;=0 is an approximate solution, let us put
a;=15+u.
Then (4.4) is transformed to the following equation:
u=0.1-0.6u>+0.6u*a;—12ua?,
ay=or(—u*+6u’az+3ad).
This equation can be solved easily by the iterative method as follows:
u=0.09941, a;=-0.00004.
Thus, for (4.2), we get the following 3™ order Galerkin approximation:

x=Xx(t)=1.59941 sin t—0.00004 sin 3¢,

4.5) _
y=y()=1.59941 cos t —0.00012 cos 3¢.
Next, putting

(4.6) A(t)=(_?02 é) (w=1.5),

we calculate the matrix H(¢, s) of the H-mapping H corresponding to the above
matrix. Let &(¢) be the fundamental matrix of the linear system

dz

a1 A z;
then evidently

1 .
o) = cos wt —a;smcot .

—wsin wt cos wt
Hence, by (1.4) we have

. 1
B9 =5gnon simo(m=t+s) Zeoso@m=1+9) o ogsi<on,
sin —wcosw(r—t+s) sin w(r—t+5)
. 1
H(,5)= 1 sinw(—n—1t+5) Ecosw(—n—t+s)
T 2sinon _
—wcos o(—n—t+s) sinw(—n—t+s)

for 0<t<s=Z2m.
By (1.10) we see that

“.7 HI,s 13112/2 n=4.81312... <4.8132.

Let ¥(x, y, t) be the Jacobian matrix of the right member of (4.2) with respect
to x and y. Then, from (4.6),

0 0
Y(x, y, t)—A(t)=<_3(x_1,5 sin £)? 0)’
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and hence,
(4.8) | ¥(x, v, )—A@®) ]| £3(x—1.5sin£)%.
Since
| x()—1.5sin t| £0.09945
by (4.5), inequality (4.8) implies that
4.9) ¥ (x, y, ) — A1) | £3(6+0.09945)°
for x such that
(4.10) [x~x(1)|Lé.
Lastly, from (4.5),
dx(i)
dt

dy(®
dt

—;(t)=05

+1.52X()+[x()—1.5sin]* —2sin¢

= —0.00000040sin ¢+0.0000 2381 sin 3 ¢

+0.00000030sin5¢.
Consequently

4.11) [(dzgt) ()>2 (d;(t) +1. 52x(t)+(x(t) 1.5sin¥) —25mt>2:|§
<0.000025.

Now, according to Proposition 3, let us determine 6 and x (<1) so that

2 K
3(6+0.09945)° < =133

4.8132 x 0.000025
1—-x

(4.12)

<é.

The second inequality of (4.12) is

0.00012033

(4.13) —

A

.

Let us suppose
(4.14) 0=<0.0002.
Then the first inequality of (4.12) can be replaced by the stronger inequality

K K
3% 0.09965 x4.8132  1.43890614

which can be further replaced by the stronger inequality

§+40.09945 <

0S——— T 439 —0.09945.
Combining this with (4.13), we have
0.00012033
. <o=
(4.15) T S0S7 439 —0.09945.

10*
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Now let us consider the inequality

0.00012033 x 1.439 £(1 — k)(x —1.439 x 0.09945),
ie.,
0.00017315487 £(1 —k)(x—0.14310855) .

Then this is evidently satisfied by

k=0.144.
But for this value of x,
—(&?O_liﬂ=0.00014057. s
(4.16) 3
1439 0.09945=0.00061949... .

Consequently, by our restriction (4.14), it is seen that we have only to choose &
so that

4.17) 0.000141 £56<0.0002 .

This shows that there are indeed positive constants é and k (< 1) satisfying (4.12).

From this result, by Proposition 3, we see that the given equation which is
equivalent to (4.2) has really one and only one exact isolated periodic solution
x=x(¢t) in the region

(4.18) Dy={x|llx—X()|| £ for some teL}.
Further, from (4.16) we see that
4.19) | % () —x ()| <0.000141

for the Galerkin approximation x=X(¢) of (4.5).

Remark. The region D; of (4.18) can be made broader by allowing a larger
value to J. For instance, instead of (4.14), let us suppose

0=0.1.
Then the first inequality of (4.12) can be replaced by the stronger inequality

K K
<=
(5+0.09945=3 <03x5-3"
Then, by combining this with (4.13) we have
0.00012033

. K
<o ——
T <0< —0.09945.

Now let us consider the inequality

3 x0.00012033 < (1 —x)(x —3 x 0.09945) ,

0.00036099 < (1 —x) (x —0.29835).

This is evidently satisfied by
k=0.9.
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But, for this value of x,
0.00012033
1—-x

§—0.09945 =0.20055..

=0.0012033,

Consequently, by our restriction it is seen that we have only to choose § so that
0.0012033<46<0.1.

From this result we see that an isolated periodic solution of the given equation (4.1)
is unique in the region

D'{x|llx—X(1)| £0.1 for some teL}.
For x=0.9 we can obtain again an error estimate for the Galerkin approxi-

mation, but this error estimate is of course worse than that of (4.19).

Appendix
Proposition A. Let us assume that the conditions of Theorem I are satisfied,
and furthermore, let us assume that there is a positive integer mgy such that, for any
mz=my, there exists a Galerkin approximation

x=>_cm(t)=Eo+]/§2 (@,cosnt+b,sinnr)
n=1

of order m lying in D, for which

(A.]) detJ, (o) %0

and

(A2) Il @l=M.

Here 3=(ay, ay, by, ..., @y, b,,), and M’ is a given positive constant independent ofm.

Then, if my2my is sufficiently large, the multipliers of the linear homogeneous
system
dy

(A3) —7 =Y, 1]y

are all different from one for any m=m,.

Proof. For brevity let us put

(A4 An()=¥ X, (1), 1],
and let us consider the linear system

d -
(A5) Sr=Pudn()y+o(),

where @(¢) is an arbitrary trigonometric polynomial of the form

(A.6) p()=co+]/2Y (c,cosnt+d,sinnt).
n=1
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Because of the particular form of the right member of (A.5), a periodic solution
y=y(t) of (A.5), if it exists, is a trigonometric polynomial of the form

(AT y(O=uo+)/2Y (u,cosnt+uv,sinnt).
n=1

As has been mentioned at the beginning of Section 2.2, between é=(ug, u,, ...,
U,, v,) and y=(cq, ¢y, dy, ..., €, d,), the following relation holds:

(A.8) J (@) E+y=0.
By assumption (A.1) this can be solved with respect to £ as follows:

(A.9) E=—Jn (@7

This means that a periodic solution y=y(¢) of (A.5) always exists and is determined
uniquely for any trigonometric polynomial ¢(¢) of the form (A.6). Furthermore,
from (A.2) it follows that

IEN=M v,
which implies

(A.10) Iyl =M el

since || yll,=11¢]l and [@l=|7.
Now let us rewrite (A.5) as follows:

(A1) 4 By + o) +10),
where
(A.12) n()=—(I=P,) A, () y(®).

As seen from (3.4) and (3.6), X,,(¢) is equibounded in the norm | X,,|,; con-
sequently, as in the proof of the Corollary of Lemma 2.2, there is a non-negative
constant K} independent of m such that

d 4,,(1)
dt

!
SK; for mzm,.

Since (A.11) is of the same form as (2.21), from (2.26) we have
Inll, e (m K3+ KDyl +Killolld,

from which, by means of (A.10), we deduce that

(A.13) Inl, [(K5+KDM +K Jo(m) ol

On the other hand, y(¢) is a solution of (A.11), and consequently it can be
written in the form

y(¢)=‘15(t)0+<15(t)g~ @~ '(s) [o(s) +n(9)]ds,
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where ¢ is a constant vector and @(¢) is a fundamental matrix of (A.3) such that
& (0)=E (E is a unit matrix). Since y(¢) is periodic, we must have

(A.14) [¢(2n)—E] c+<D(27r)?d5'1(s) [@(s)+n(s)]ds=0.
o

Now let us suppose that at least one of the multipliers of (A.3) is one, and
hence,

(A.15) det[®(2m)— E]=0.

Then there exists a non-trivial vector A such that

(A.16) r*[®(27)—E]=0,

where h2* denotes the transpose of 4. From (A.14) it follows that
2z

(A.17) | v* &) [@(s)+n(s)]ds=0,

0
where

V*($)=h*dQ2n) D" (s).
By (A.16), v*(s) can be written as

v*(s)=h*®"(s),
or
(A.18) o(s)=0* "X(s)h.

Since @ (s+2n)=>(s) $(2n), we have successively (¢f. (A.16))
v(s+2m)=0* ") d* "'2n)h
=&* "Y(s)h
=p(s).

This means that v(s) is periodic in s of period 2. Because & can be multiplied
by any constant factor, we may suppose without loss of generality that

(A.19) lol,=1.
Since

2O &6)00),

we have also
(A.20) v, K7,
where
Kj=max | ¥*(x, 0] .
DxL

Since @(f) is an arbitrary trigonometric polynomial of the form (A.6), we
can take ¢(2) so that

@) =0,() = P, o(t).
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By Lemma 2.1 it follows from (A.20) that

(A21) le—vil,=lvn—vl,=Kja(m).
Using (A.19), we have

loll,=1+Kjoy(m).
Then from (A.13) we have

(A.22) Inll,[K3+KDM'+K,]-[1+K]01(m)]oy(m).

Now (A.17) can be rewritten as follows:

2r 2r
3§ D0 ds =5 [ OO -0 @] -1} ds.
namely
lo12 =5 v*(9) ([0~ 9 (] ~n(} ds.
0

Then by SCHWARZ’ inequality we have

ol ol Dlo—el+lnld,
from which, by (A.19), (A.21) and (A.22), it follows that

1K o,(m)+[(K5+KHM +K,]-[1+K]6,(m)]a(m).

This is a contradiction for large m, since ¢;(m)=1/(m+1)—0 as m—oo. Thus,
we see that (A.15) does not hold for any m=m, provided m; =m, is sufficiently
large. This proves the proposition. Q.E.D.

This paper was prepared while the author was at the Mathematics Research Center, United
States Army, Madison, Wisconsin, under Contract No. DA-11-022-ORD-2059.
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