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This paper deals with one aspect of the classical problem of hydrodynamical
stability, namely, the determination of sufficient conditions for a basic (usually
laminar) flow of an incompressible fluid to be stable under arbitrary disturbances.
The technique to be applied is the well known method of energy, originated by
OsBOURNE REYNOLDS and WiLLiaM MCF. OrRR and used since that time by
many other writersl. In spite of this intensive study, it appears that a number
of new results can be secured from the method, and it is to these that the paper.
is devoted. )

Our main conclusion is a Reynolds number criterion for the stability of an
arbitrary fluid motion in a bounded region. In particular, we show that a basic
flow in a bounded region ¥” is stable whenever its Reynolds number Re =V djy
is less than 5.71; here V is the maximum speed of the basic flow, d is the diameter
of ¥°, and » is the kinematic viscosity of the fluid. The number 5.71 in itself
is neither especially good nor especially bad as a criterion for stability, but
what #s interesting is the fact that it is absolutely rigorous and applies in-
dependently of the geometry of the flow region and the particular flow involved.
For this reason the result may appropriately be called a Reynolds number for
universal stability. We also obtain similar criteria for the stability of flows in
unbounded regions, and applications are made to the problem of uniqueness of
steady flow.

In the second part of the paper (§ 4) we state a general variational problem
connected withsthe stability of an arbitrary motion. The Euler-Lagrange equa-
tions corresponding to this problem bear an interesting and remarkable resem-
blance to the Navier-Stokes equations, but they are in general too difficult to
solve, except for special cases.

The last part of the paper treats a. particular example, the laminar Couette
flow between rotating coaxial cylinders. The methods of the earlier sections of
the paper, when applied to this case, yield the stability criterion

Q,— 82, 2
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in which the notation is practically self-explanatory. The author knows of no
other formula of this type which applies to arbitrary disturbances of the basic
laminar motion. (The criteria of G.I. TAYLOR and others (cf. [14], Chapter 2)

1 Cf. references [1]—[9] at the end of the paper.
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all refer to infinitesimal disturbances of a special type; thus, although they have
indisputable importance if one is considering the breakdown of already established
flow, and give quite sharp results in certain limited situations, thev do not by
any means apply to the whole realm of possible disturbances of the motion.)
Finally, the stability of Couette motion is considered from the point of view of
the variational method noted above. The results here do not have the finality
of criterion (1), but they are nevertheless of interest.

The paper begins with a derivation of a fundamental identity for the rate of
change of energy of a perturbation motion. This formula is the basis for all that
follows. -

1. The Reynolds-Orr energy equation

We consider a basic fluid motion occupying a region ¥ =% (f) of space and
subject to a prescribed velocity distribution on the boundary % of #". In the
cases of greatest interest ¥~ is bounded by material walls and the boundary
conditions arise from the motion of these walls, as, for example, in the case of
Couette flow. Now suppose the velocity field of the basic flow is altered at
some initial instant ¢=0; it is natural to ask whether the subsequent motion,
subject to the same boundary conditions, will alter only slightly from what it
was, or whether it will change radically in character. To investigate this problem,
we shall consider the energy X" of the perturbation (difference) motion. If X
tends to zero as {— oo, then the basic motion is said to be stable, or, more
precisely, stable in the mean.

To be specific, suppose the region 7" is bounded, and let ¥ and @' denote,
respectively, the velocity vectors of the basic and altered motions. The velocity
u=v"—7v of the perturbation motion obviously satisfies

u=0 on &, (2)

and its kinetic energy is given by
H =% [u? (3)

(in writing integrals, we shall consistently omit the conventional volume infini-
tesimal; moreover, all integrals are understood to be extended over the entire
region ¥7). The rate of change of 2 is governed by the fundamental formula

%";:_f(u.D-u+vgradu:gradu) . (4)

essentially due to REyNoLDs and ORR. In this equation grad w denotes the
matrix with components (grad u);,=u; ; and D denotes the deformation matrix
‘of the basic motion, D,,=}(v; , +v; ;).

To prove (4), we begin with the observation that both » and v’ satisfy the
Navier-Stokes equation

Q(-ig—:’ + v-gradv) =of—gradp +ubV?v.
By subtraction there arises

—?‘f +u.gradv v« gradu =grad£l;7?lr+vl72u.
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Forming the scalar product of this equation with the vector u, and using the
incompressibility conditions div v =div »"=0, then leads to

8 (;uz) = — (usDeu +vgrad u: gradu) + div®, (5)

where ,
O s Y, -+ r grad (1 uz) — Loy
e 2 2

On the other hand, we have obviously

%th:—_ %(;—uz)—;é%uzv-n, (6)
the latter integral being taken over the entire boundary of ¥". The required
formula (4) now follows easily from (5), (6), the divergence theorem, and the
fact that u =& =0 on ¥.2

This derivation does not hold when the region . ¥” is unbounded, since both
formula (6) and the divergence theorem are applicable only to bounded regions.
Under suitable conditions on the asymptotic behavior of », ', however, the
above formal steps can still be justified (we shall omit the details). Another
justification of (4) for infinite regions is available whenever the flow geometry
is such that the disturbances can be assumed spatially periodic at each instant.
This will be the case, in particular, for the important Poiseuille and Couette
flows. The disturbance u being supposed periodic in the direction of the axis
of symmetry (what LiN calls sustained oscillations), the region ¥~ can then be
chosen to cover exactly one period. Then the boundary integrals at either end
of ¥°, neither of which vanishes separately, just cancel one another. Formula (4)
may therefore be assumed to hold in these two important situations.

2. Criteria for universal stability

In this section we shall use the method of energy to establish certain criteria
for the stability of arbitrary fluid motions. This method is based on the observa-
tion that if # tends to zcro, then & must likewise tend to zero almost everywhere.
Thus a basic flow will be stable (stable in the mean) provided the energy of any
disturbance tends to zero as { increases. To apply the method one considers
the right-hand side of (4): if it is negative for arbitrary non-vanishing vectors u
satisfying div u =0, then obviously d.¢7/d¢<0 and there is stability. Since the
second term on the right of (4) is always negative, it is seen that viscosity tends
to damp out any disturbance. On the other hand, a high rate of shear in the basic
flow can cause the first term to be highly positive, thus fostering the growth
of a disturbance. The relative importance of these two terms, then, determines
the stability of the flow (c/. also the discussion in [I4], § 4.5).

Another criterion of the same sort arises when the right-hand side of (4) is
written in slightly different form. Indeed, since div # =0, we have

u.D.u=div[(u-v)u] —u-gradu-.v,

2 Several alternate and occasionally useful forms of (4) arise from the simple
identity fgradu:gradu=f (curlu)t=2(D": D",
where D’ denotes the deformation matrix of the perturbation motion.

1*
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whence, by application of the divergence theorem, (4) can be written in the form

%=f(u-gradu.v'—vgradu:gradu). (7)

If the first term on the right of (7) is less than the second for all admissible
vectors u, then clearly the basic flow will be stable. But the size of the first
term is governed by the magnitude of ®, from which it follows that high speeds
in the basic flow, as well as high rates of shear, tend to cause instability. The
qualitative nature of these effects will be investigated in the next several para-
graphs.

It is important to note that the energy method cannot provide accurate
knowledge of the limits of stability, such as can be gained from the linearized
perturbation theory ([6], Part II; [14], Chap.1). The reason is that in the
energy method one establishes stability relative to arbitrary disturbances, while
in reality only those satisfying the hydrodynamical equations need be considered.
Nevertheless, because the energy method gives insight into the physical situation,
and because the results have the merit of simplicity and complete mathematical
rigor, the investigations based on it are both interesting and valuable.

With these preliminary remarks aside, we may now turn to the main result
of the paper.

Theorem 1. Let ¥ =¥ (¥) be a bounded region of space, which can be included
in some cube of edge length d. Lel, v be the velocity vector of any motion in ¥~
satisfying prescribed conditions at the boundary of ¥". Then the kinetic energy of
an arbitrary disturbance motion w=v"— satisfies the inequalities

‘x/‘g %GZ(m—av/d’)t) (8)
A= oAy W, ©)

Here Xy is the initial energy of the disturbance, —m is a lower bound for the
characteristic values of the deformation matrix of the basic flow over the time interval
0 to ¢, V is the maximum speed of the basic flow in the same time interval, and «
is a pure number,

x =3—+—2~V?3—n2g32.6. (10)

This theorem is a generalization and improvement of certain results of
T. Y. THoMASs and EBERHARD HopPr3. Before giving the proof of the theorem,
we note two important corollaries, which in a certain sense constitute the heart
of the paper. It is to be emphasized that these corollaries are absolutely rigorous,
and apply to all possible motions in ¥

Universal stability criterion I. If the dimensionless ‘‘Reynolds number”
md?y of a flow is less than 32.6, then X >0 as t— oo, and the motion is stable.

3 Tromas [8] proved that an arbitrary fluid motion is stable if its deformation
matrix is sufficiently small, but did not compute numerical values; the present
analysis is an extension of THomas” work. Similarly, HopF has shown (essentially)
that a fluid motion is stable if its maximum speed is small enough, again with no
discussion of numerical values.
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Universal stability criterion II. If the Reynolds number Vv of a flow is
less than 5.74, then X" —0 as t— oo, and the motion is stable. (Here V 1s the
maximum speed of the flow, and d is the maximum diameter of the flow region.)

Proof of Theorem 1. We begin with an auxiliary computation whose goal is
the inequality ad?fu< fgradu:gradu, (11)

where « is given by (10). Let h be an arbitrary continuously differentiable vector
field in #”. Then for any value of the constant ¢,

0= (P + ;5 + &y ) (0 hp 0y 4 €08y, )
= (1 482) thy 0050+ H2 002+ oy (02) 4 26 (s Py 24y ) ;-

(For convenience we use tensor rather than vector notation in carrying out this
and several subsequent calculations.) Some of the terms on the right-hand side
of (12) can be transformed as follows,

hy(u?) ;= (w? h)i —wrhg;
U Pyt = (u; By ) — hk,i“k
Wiy ;= (; g, i) ke

Here we have made use of the incompressibility condition u, ;=0. Making the
above changes in (12), integrating the result over ¥, and using the divergence
theorem, we obtain the inequality

f (i — M) uP+ 2eu by yu,] < (14 6% [u; 0058 (13)
Now the particular vector field #;=C tan C«; is differentiable in a cube of edge
length m/C centered at the origin. If we set C =n/d and suitably locate the
origin in ¥”, then this vector can be substituted into (13). An easy computation
then yields the inequality

(1+ )2 (3 +26) C* [ 1< [t 10
The left-hand side is maximized by choosing £=%(}/13 —3), and (11) is thereby
proved.
The term #+D - u in (4) satisfies the inequality

w.-D.uz= —mud (14)

(12)

during the entire time interval 0 to ¢. Therefore, from (4), (11) and (14)

I <m—avd?) [t =2(m—ard?) A
Writing this in the form

((Zi} {o em2im=avain < g

and integrating from 0 to ¢ leads at once to (8).
The proof of (9) is similar but requires in addition the inequality

14

u.gradu.vg»%- (vgradu:gradu—l— “a”s), (15)
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which follows at once from the identity
A:A—-2uAd-v+u?=A—uv):(4—-uv)=0
with A =»grad w. From (7) '(15) and (11) we obtain
ax -1 ye 272
dt § (V ar?d?) A,
and (9) then follows by integration as in the proof of (8).

3. Extensions and applications of Theorem 1

The preceding method can be applied equally well to flows which take place
in channels and pipes, and to plane flow problems, so long as the fundamental
formula (4) applies. To illustrate the method, consider for example a straight
pipe whose cross section has a maximum diameter 4. If the pipe is directed along
the z-axis, then the vector

h=C(itanCx +jtanCy), (C = mld),

can be used in (13). Choosing £==0, we get an inequality of the form (11) with
o =272 By using this result, the reader can easily obtain estimates for the rate
of change of ", and thus formulate analogues of Theorem 1 and the universal
stability criteria for flow in a pipe.

Other cases can be treated similarly and the results conveniently grouped
in the following table.

A. Straight channel, maximum width 4: o = 2.
B. Straight pipe, maximum diameter 4: o = 272
C. Plane flow in a bounded region, maximum diameter d,
i) ‘Three dimensional disturbances: o =22,
., i) Plane disturbances only: a=(1+}2) a2
DI Bpunded region, maximum diameter 4: o= 3+2V1—§ 2
b

(Note: It is only in cases C, ii} and D that we have been able to make use of the
1ncompre551b1h'fy condition div e =0.)

We conclude the section with two simple applications of Theorem 1. First,
suppose the boundaries of ¥~ consist of rigid fixed walls, so that any motion
initially present will presumably die out due to lack of an energy source. By
choosing »=0 for the basic motion, we see from (8) that the energy ¢ of an
arbitrary motion ©’ in ¥” must in fact tend to zero according to the law

H < Hye™ ¥, a=2326.

Similar estimates, but with smaller values for the coefficient «, have been obtained
by LERrAY (for plane flow) and Kampé pE FERIET* and BERKER (for spatial

¢ KaMPE DE FERIET obtained the value a = 3 #%, using a method semewhat similar
to the one presented here.
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flows), and RAVLEIGH in a much earlier paper [4] proved that £ —0 as {— oo,
though without estimating the rate of convergence. It remains an open question
whether the velocity itself. must tend to zero as {—+oco; certainly one would
expect this, but a strict proof seems to be a matter of more than ordinary diffi-
culty.

As a second application, we have the following uniqueness theorem concerning
steady motion in a fixed bounded region ¥".

Theorem 2. Let v and v’ be two steady flows in ¥, subject to a prescribed
velocity distribution on the boundary of ¥". Let —m be a lower bound for the
characteristic values of the deformation matrix of the motion v, lef V=max v, and
suppose that either

md?r<a or Vdpy<Va. (16)

Then the two flows are identical.

Proof. The kinetic energy of the difference motion »'—v must be constant,
since the flows are steady. On the other hand, it must satisfy both (8) and (9).
In view of (16) this can happen only if #" =0, which in turn implies v =v'.

This theorem depends strongly on the condition (16), but without some such
assumption it is extremely unlikely that the conclusion is true.

4. Variational techniques

The key step in the proof of Theorem 1 lay in .establishing inequality (11).
We are concerned, however, not only with the validity of (11), but also with the
determination of the largest possible coefficient «, for the size of a evidently
determines the numerical values in the various stability criteria. Now the method
of proof in Theorem 1 clearly gives no guarantee of providing the “‘best possible”
value for «; moreover, it is quite crude in its estimate of the term u<D.u.
For these reasons, it is of great interest to consider an alternate approach which
not only supplies a theoretical procedure for determining the best possible «,
but in addition gives a way to avoid the estimate (14).

Stated in precise terms, our problem is twofold. First, we must determine
the greatest coefficient « such that the inequality

«d?fur< [gradu:gradu
holds for arbitrary vector fields u satisfying
divu=0, u=0o0n. (17)
Second, we must determine the least coefficient » such that the inequality
J(uDeu-+3gradu:gradu) =0

holds, again for arbitrary u satisfying (17). In this case it is clear that the basic
flow will be stable provided simply that » > %. The two problems above can be
consolidated into the single variational problem:

- fuw+D+u = Maximum, (18)
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where the vector field ¥ must satisfy the side conditions
fgradu:gradu =1, divu=0, u=0on . (19)

The first problem occurs when D is the negative of the identity matrix.

The variational problem (18) —(19) can be reformulated as a partial differential
equation for the extremal function %, according to well known procedures of the
calculus of variations. Thus, through introduction of Lagrange multipliers »*
and A=A4(x, ¥, 2, ¢), the problem becomes

6[(usDeu+v*gradu:gradu — 24divu) = 0. (20)
The Euler-Lagrange equation corresponding to (20) is easily found to be
ueD=—grad A+ r*V?2u, (21)

and this is to be solved subject to the side conditions (19). The reader may
cbserve the remarkable similarity between the eigenvalue equation (21) and the
equations of hydrodynamics. The equations corresponding to the case D= —1
are of sufficient importance to be noted separately, namely

v*Viu+4u=gradd, divu=0. (22)

In spite of the relative simplicity of (22), we have been unable to determine its
solution, and in what follows can only offer some general remarks-concerning the
system (19), (21).

Now for any solution of equation {21) we have

—fu+sDou=[(u-grad l —v*u+V2u) =v* [ grad w: grad u =»*,

where use has been made of the divergence theorem and the conditions (19).
On the other hand, any vector # which provides the integral (18) with its maximum
value must be a solution of (21). It follows that the eigenvalue % associated with
a maximizing vector is precisely the maximum value of the integral (18). Moreover,
no eigenvalue #* can be larger than », for if this were the case then the cor-
responding eigenvector u* would give to the integral {18) a value larger than .
This proves the following theorem.

Theorem 3. Suppose there exists a vecior u which solves the variational problem
(18) —(19). Then the eigenvalue problem (19), (21) has a greatest eigenvalue %, and
the basic motion will be stable provided that v> .

The difficulty with Theorem 3 is, of course, that there is no direct way of
verifying its hypothesis. In circumstances such as these the best that can be
hoped for is to determine all the eigenvalues (by Theorem 1 they constitute a
bounded set), and to assume that the least upper bound of these eigenvalues is
the required maximum of the integral (18). If the eigenvectors are complete in
the set of admissible vectors, then this gives another method for proving that
the least upper bound of the eigenvalues is the maximum of (18); unfortunately,
this appears at least as difficult to verify as the hypothesis of Theorem 3.
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5. Example, Couette flow
We consider the well known circulatory flow between rotating concentric
cylinders. If the inner and.outer cylinders, respectively, have radii R, and R,,
and rotate with angular speeds 2, and 2, (£,>0), then the velocity field is given
by

where

vg=Ar+ Brl, v,=v,=0,

RiQ—RIQ, p_ _ (R1R2) (£2—21)

= B =

One finds easily that the scalar vorticity w has the constant value 24, while

i lar coordinate
in po inates . 010
(4

00O

The characteristic values of D are =+ B/r%, whence

u-Dou=— £
¥

St (23)
The special form of inequality (23) suggests that the stability estimates of § 2
can be considerably improved. In particular, in place of the inequality (11) we
shall look for an estimate of the form

ﬂf%;gfgradu:gradu. {24)
To this end, let us seek a vector field A such that
divh — h2=C%r?, R,<r<R,. (25)

A radially symmetric solution of (25) is readily found, namely
h= % tan(Clog? + D)1,, (26)

where the constants C and D are given by

_ n _ n log(R R,)
 log(Ry/Ry)’ 2 Jog(RyfRy)

Substituting (26) into (13) and setting ¢ =0 then yields an inequality of the form
(24), with 2
=Ct=]__Z "
A { log (RyfRy) }
Combining (23) and (24) with the fundamental energy equation (4) yields
d.)f
d t —-— IBl 'V) f e e

and from this it follows that Couette flow is stable rvelative to arbitrary disturbances

whenever
2*—:—‘3!_] < (R2—RY {___’2“__}’ (27)

Ry Ry log (Ry/Ry)

The reader should notice that this stability is in the “‘strong’ sense, % —0 as
t—> 00,
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Previously, SYNGE [13] has proved stability relative to infinitesimal disturb-
ances whenever 4 has the same sign as £2,, which in the present case (£,>>0)
gives the stability conditions w =24 =0, or equivalently, £2,= (R,{R;)2, 5.
The relative zones of stability are shown in Fig. 1. For the celebrated pair of
radii R,;=13.55, R,=4.03, inequality (27) reduces to

l -Qs_’-Ql
v

<10.92. (28)

In Fig. 2 we have indicated the stability zones based on (28), on SYNGE § criterion,
and on the calculations and experiments of G. I. TavLoR. If we suppose TAYLOR’S

2

. x¥(RE-R?)
[RiRz log(R,/Ry) ]2

|
- 7 e Q2
Fig. 1. Stability zones for Couette flow. The zone w20 lies below the line w =0

experimental data to be an accurate representétion of the mathematical situation,
it is seen that the right-hand side of (28) cannot possibly be greater than about 50,
for otherwise there is an observed secondary motion. Our value is certainly not

Taylor

3 : 92/T

Fig. 2. Stability zones for Couette flow, R,= 3.53 and R,=4.03

very near 50, but considering the difficulty of the problem and the fact that (28)
applies to arbitrary disturbances, one does feel that 10.92 is a quite respectable
value.

6. Couette flow (continued)
In the previous section we studied the stability of Couette flow using the
methods of § 2. In this section the same problem will be treated by the variational
techniques of §4. The end result will be seen to have a somewhat tentative

5 In this conncction we may recall some earlier work of RAvLEIGH and SYNGE,
in which the same criterion is established for inviscid fluids; ¢f. reference [14], § 4.2.
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character, in line with the remarks at the close of § 4, though it still has con-
siderable interest. For Couette flow the differential equation (21) and the side
condition div # =0 take the following form (in polar coordinates)

)
0=——2—z}1+v"‘dw, @9
Ll St

where

il

1 8 ( oy 1 o @
A= 5ol 5)+ s vo o

and #, v, w denote, respectively, the 7, ¢ and z components of the perturbation
velocity u. Equations (29), as they stand, are too difficult to solve in full
generality. We shall therefore seek a particular solution of the form

uw=ti(r)coskz, v=1D(r)coskz, w=1w()sinkz. (30)

Eliminating 4 and @ from the system (29), we get

~ BkR? §
(L — k%24 = e ;vz ,
L-mi=-21 o
(L — )v“‘“v‘*;g.

where L denotes the differential operator

1 d d 1
varlra)
(The derivation of (31) is most simply carried out as follows. From the last

equation of (29) we have

1. d , - L
Ay (r#) + k@ =0,

whence u can be written in the form u =curl ¥, where
L - ; (03, —dbip) sinkz.

Substituting # =curl ¥ directly into (21) and taking the curl of that equation
yields )
B curl (vjr?, ufr?, 0) = »* curlt ¥, (32)

where the identity curl curl =grad div — "2 has been used. The first equation
of (31) is now obtained as the #-component of equation (32). Finally, the unkown
A must necessarily be independent of #, so that the second equation of (29)
reduces immediately to the second equation of (31).)
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Equations (31) are formally similar to the classical first order equations for
small disturbance in Couette flow. The solution of (31) is a difficult task unless
the cylinders are close together, in which case we can suppose (31) to be suf-
ficiently well approximated by the simpler equations

(D? — 22 = A 29

(D2 — k%) 0 = — A4, G3)
where D =djdr, A=B/y*R?, and R is some appropriate mean radius, say
R=)R,R;. The boundary conditions associated with (33) are

. . du

u——.v:«diz————o at =R, R,. (34)
According to the calculations of JEFFREYS and others (cf. [14], §2.3) the critical
value of 4 is 41.2 (R,— R;)™ (that is, this is the smallest value of A for which
a non-trivial solution of (33), (34) exists). We are thus led to the following
stability criterion,
Q,—9

R +R
SN2 pip e (35)

For the pair of radii 3.55, 4.03 this gives, in particular,
92—91
v

= 45.5. (36)

(36} is certainly a real improvement over the earlier estimate (28), and, moreover,
the right-hand side comes very close to the “‘best value” 50. It must be borne
in mind, however, that (35) and (36) are not yet rigorously established, since it
remains to be shown that we have really found the greatest eigenvalue of the
system (29). There is some reason to believe that this is so, since hydrodynamical
experiments have shown indisputably that the secondary motion occurring in
Couette flow is approximately of the form (30), but barring a proof of this fact,
we must accept (35)—(36) as only tentatively established, in contrast with the
absolute certainty of (27)—(28).

Note: The above research was supported by the United States Air Force Office of
Scientific Research under Contract No. AF 49(638)-262.
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