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Abstract

Under suitable hypotheses we obtain various theorems concerning the existence of
positive solutions of the equation

Au—u+Qx)u? =0

in R”, where p > 1 and Q(x) is a given potential. If Q is radially symmetric, our result
is particularly simple and general. We also study symmetries of solutions of the above
equation in a ball with the boundary condition « = 0.

§ 1. Introduction

The semilinear elliptic equation in R”
(1.1 Au—u+ |ufftu=0,

p > 1, arises in various branches of applied mathematics (see e.g. [B, L] and
references therein) and has been studied extensively in recent years ([N], [S],
[B], [St], [B, L]). A typical existence theorem states that equation (1.1) with
1 < p < (n + 2)/(n — 2) has infinitely many solutions which tend to 0 at infinity
and one of them is positive. However, all these known solutions are radial and
indeed, any positive solutions which are small at infinity are necessarily radial
([G, N, Nl]). Whether equation (1.1) has a non-radial solution which is small at
infinity remains an open problem. The difficulty in treating equation (1.1) arises
because the domain R"is unbounded and therefore we lack compact embedding theo-
rems of Sobolev type. However, if we restrict attention to the class of radial func-
tions, ‘“‘compactness’” of such a kind is regained and ‘‘standard” variational
approaches work (see [N], [S], [B, L]). Naturally, this method does not seem to
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apply to the more general equation
(1.2) Au—u+ Q) |ulf'u=0

where Q(x) is a non-radial “potential”. It should be remarked that if Q(x) —> 0
at infinity, once again some “compactness’ exists and standard variational argu-
ments deliver existence theorems (see [St]).

In this paper we consider equation (1.2) (and its generalization (2.1)) where the
potential Q(x) (orf(x, u) in (2.1), respectively) is neither radial nor necessarily small
at infinity. We shall consider positive solutions only (the so-called “ground states™).
The method we use may be described roughly as follows. First, using the Moun-
tain-Pass Lemma, we solve, for each k, the Dirichlet problem

Au — P =0
L2 : u—u—+Q(x)u

u>0 inB, and u=0 on éB;

where B, is the ball of radius k centered at the origin. We then establish some upper
bounds, independent of k, of the solutions of (1.2), we have obtained; this will
ensure that a subsequence of solutions {u,} converges as k — oo. The major step
in this approach is that we then have to show that the limit of this convergent sub-
sequence is positive. We present three different approaches to reach this property
under different assumptions on Q; this is done in § 3. In § 2 we derive the above-
mentioned uniform upper bounds and some preliminaries. In § 4 we consider
radial Q. A corollary of our main result in § 4 reads as follows: if 1 < p < (n + 2)/
(n—2) and 0 Z Q@) < C(1 + r') where r = |x|, C is a positive constant and
0slI<(n— 1) (p— 12, for all r=>0, then equation (1.2) has a positive radial
solution which tends to zero at oo. This conclusion seems to contain all preceding
theorems in the radial case (as far as existence is concerned) and seems to be opti-
mal. We also include in § 5 some discussions of the classical approach to (1.2)
and (1.2), through maximization, which does not seem to apply to the more general
equation (2.1).

We mention that some of the ideas and methods developed in this paper also
apply to the more delicate equation

(1.3) Au + K(x) d#+20=2 — 0,

# >0 in R", n = 3, which arises in the problem of finding conformal metrics
with prescribed scalar curvatures in Riemannian geometry (see [Ni]). Equation
(1.3) with K bounded between two positive constants is treated in [D, NJ.

While preparing this paper, we were informed that D. ZHANG [Z] had also
obtained some results concerning equation (1.2). After this paper was written, we
were informed kindly by P.-L. Lions that he had some related results {L].

The major conclusions reported in this paper were obtained in 1983 while
the DING was visiting Minnesota. He acknowledges the warm hospitality he
received from the School of Mathematics at the University of Minnesota. He is
especially grateful to JAMES SERRIN, to whom this paper is dedicated, for inviting
him to Minneapolis.
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§ 2. Preliminaries and uniform upper estimates

We consider the following equation in R”:
@1 Au — a(x) u + flx,u) = 0,

which generalizes (1.2). Let E, denote HY(B,), i.e. E, is the closure of smooth
functions with supports contained in B; in the norm

1/2
ol = [ [(Vul? + uZ)]
Rn

Let 4,4 be the first eigenvalue of —4 - a(x) on B, with Dirichlet boundary data.

Assume that a(x) = 0 is locally Hélder continuous and that there isa 1 >0
such that

(2.2) Ap=A forall k=1.
It is easy to see that (2.2) is satisfied if there is an a; > 0 such that
2.2y a(x) = a, forall |[x|=7r, for some r>0.

Let E be the closure of smooth functions with compact support in the norm
172
@3 full = [ JQVul? + a)
Rn

It is easy to verify that under (2.2) E is a Hilbert space and \ / E, is dense in E.
Note the obvious inclusions kx1

E CE,C...CE.
For f(x, u), we assume that f is locally Hoélder continuous and that

(a) hmf(x “)

Sm = 0 uniformly in x€R", and there is an open set

U C R” such that lim &%)
u

U—>ro

= oo uniformly in x € U.

(2.9 (6) 0= f(x,u) < C(1 + ) for all xcR", uc R*, where C>0isa
2
constant and 1 < p << —_{——5
(c) there is a number 0 << § << 4 and a function
0= A(x)e L'(RH N C@®R") such that for all x€éR”, u >0

we have  A(x) + Ouf(x, u) = F(x, u) = fuf(x, t) dr.
(4]
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Hypotheses (2.2). and (2.4) (a), (b), (¢) shall be maintained throughout § 2 and § 3.
It is clear that the variational functional

Jw) = f(IVu]"‘ + a’) — [Flx,u) =% |u> = [F(x,u)
R® R”

is well defined and is continuously differentiable on E. Let J; denote the restriction
of J to the subspace E;.

Since we seek only positive solutions of (2.1), it is convenient to define f(x, u)=0
for u =<0 and x€R"”. Then by the strong maximum principle, any nontrivial

critical point u;, of J, is necessarily a positive solution of
@1 Au — a(x)u + f(x,u) =0 in B,
N
§ u=0 on 0B

Likewise, any nontrivial critical point # = 0 of J is necessarily a positive solution
of (2.1).

Lemma 2.5. Assume that (2.2) and (2.4) hold. Let u,. be a critical point of J;. and let
u;, converge weakly to u in E. Then u is a critical point of J.

The proof of this lemma is somewhat standard (assumption (2.4) (b) is used
here) and is thus omitted. (See e.g. the arguments used in the proof of Lemma 2.19,
p. 161, in [R]).

Now we shall solve (2.1); and derive a umform upper bound for the solutions
we obtain. From (2.4) (2), (b), we see that for any &> 0, there is a constant
C. > 0 such that

0 < F(x,u) < eu? + Cu®=2  for all xcR", u>0.

Choosing & <C 1/4 (Z appears in (2.2)), we have, for u¢c E,

J(u) = Jk(u) > f(]Vulz —+ auZ) _{__ fu _ f(b‘ll + C ]uIZn/(n 2))

, nf(n—2)
Hulf — € ( f |Vu12)
By

= Liul® — Ciujtie?

v

where the constant C, is independent of k. Since \ / E; is dense in E,
k=1

J@) =} |ulf — C.|u|==? for all uc E.
Therefore, there are positive constants ¢ and x such that

2.6) Juyza>0 on |u|=46 in E.

On the other hand, (2.4) (a) implies that (with no loss of generality, we may as-
sume that UN B, is not empty) there isan e € E, such that e=0, suppeC U
N By, |le| > & and J(te) < 0 for all ¢t > 1. Now define I'(1}) as the set of all
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continuous paths in E(E, respectively) connecting 0 and e, and let

2.7) o= ;glf max J(u)
and
(2.8) g = VIEI}!’; rgg/x J(u).

Since I, C I,y < I, we have
2.9) =y =oa=a>0 forall k=1.

Moreover, it is not hard to prove that «, -« as k— oo since \ / E; is dense
k=1

in E. By the well known Mountain-Pass Lemma [A, R], &, is a critical value of J,.

Let u, € E; be a critical point of J, corresponding to oy, i.e. Ji(u) = o, and

Ji(u) = 0. We have, in particular

(2-10) T wp = uel* — [ wef(x, ) =0
):;

and *

(2.11) Ju) = 4wl — fF(x, Up) = O
By

(2.10) and (2.4) (c) together imply
O luell> = [ Ouf(x,u) = [F(x,u)— [A).
By By By

Combining with (2.11) and (2.9), we obtain
G-0ulP=0+A4=x + 4

where 4= [ A(x). Thus
R"

2.12) e <2t 4

—G-0
Passing to a subsequence of {i;} if necessary, we may assume that u, converges to
u weakly in E. Lemma 2.5 then implies that u is a critical point of J; thus # =0
is a classical solution of (2.1) by standard theorems on elliptic regularity. Showing
that % == 0 under various circumstances is the major theme of our next section.
Summing up, we have the following

Theorem 2.13. Assume (2.2) and (2.4) hold. For each k, the Dirichlet problem (2.1),
possesses a positive solution w, with Jw) = o, and o — o = & >0, in which
% and « are given by (2.7) and (2.8). Moreover, {u,} is uniformly bounded in E and
50 it contains a subsequence that converges weakly to u =0 in E.

A natural question arises: is J(#) = «? and, is » achieved by a path containing
u in I"? An obvious necessary condition is u == 0 (since & > 0). The following
proposition gives a sufficient condition. It will be useful in § 3 and such a result
seems to be of interest in its own right.
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Proposition 2.14. In addition to (2.2) and (2.4), assume that

(2.15) Yuf(x,u) = F(x,u) forall xcR", u=0, and

Sfx, w)
u

(2.16) is nondecreasing in u > 0, for each x € R”.

Then, if the weak limit u of {u} is nontrivial, there is a path y € I' with
ucy such that

217 Jw) = m?_x Ju) = «.

Proof. Since J'W)u =0, ie.
(2.18) Ja =[x, )

Rn
we conclude that

(2.19) J) = f [$ uf(x, u) — F(x, w)}.
Similarly
(2.20) J(w) = f [} wf(x, w) — F(x, w)] = Ok »

Now, the integrands in (2.19) and (2.20) are nonnegative by (2.15). Since u, — u
a.e. in R", we conclude by Fatou’s‘Lemma that

(2.21) J@) < lim inf J(u)) = lim o = .

Set, for ¢+ =0,
g(y= J(tw) = 3 2 |u|?* — [ F(x, tu).

Differentiating with respect to ¢, we have

&) = tull* = f uf(x, tu)
= [ [1uf(x, u) - ﬁf(x, tz?)]
- [f(); uw  flx, @] ’

tu

where the second equality follows from (2.18). Now, (2.16) implies that g'(z) = 0
if 1€(0,1) and g'(z) = 0 if £ = 1. Thus: g(1) = J(w) is the (absolute) maximum
on the-half-line /= {m|¢=0}.

Let V* be the set {au +'be|a=0,b =0} and let V be the 2-dimensional
subspace of E spanned by u and e. Let .S be a circle on ¥ with radius R so large that
JF=0 on SN V+ (this follows from (2.4) (a).and a standard compactness argu-
ment on ¥+) and % and e lie inside S. Suppose / and /; = {re’| # = 0} ‘intersect
S at v and v, respectively. Then, let ¥ be the path that consists of the segment on
I with endpoints 0 and v, the arc S/ V* (connecting v and v,), and the segment
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on [, with endpoints v, and e. It is clear that u€y and y¢€ I' and
J(u) = max J(u).
u€y

Thus, J(#) = « by the definition of «. This, together with (2.21), gives J(u) = o.
Q.ed.

§ 3. Main existence theorems

In this section we shall prove several existence theorems concerning positive
solutions (in E) of equation (2.1). By Theorem 2.13 we have only to show that
u =0 (where u is given by Theorem 2.13). The methods we use to achieve this
are diverse, and so we divide this section into several subsections, in each of which
we present one method.

§§ 3.1. In this subsection we shall prove some existence theorems by using
comparison arguments and the variational approach of § 2.

Let A(x,u) =0, ==0 (therefore with no loss of generality we assume that
h(x,u) >0 for some (x,u)€ B;xR+) and that it is Hélder continuous and
satisfies the following conditions:

3.D uh(x,y = + & h(x,u) =0 for xeR", u>0,

n+ 2
(3.2) Ax, ) S CA +uP),1<p< p— for xeR", u>0,
where £ >0, C > 0 are constants independent of x ¢ R”. Again, we set
h(x,u)=0 for x€R", u=<0 for convenience. Set

Iw) =} ul®* — [ H(x, u)
where N

H(x, u) = fuh(x, fdt.
P

We choose e == 0 in E, (defined in § 2) so that J(te) << 0 and I(te) << O for all
t > 1. Observe that this change does not alter the value «. (See the last paragraph
in the proof of Proposition 2.14.) Let

= iof mex 10

My = {ue E\N{O} | ul? = [ufx, u)}
and ¥

M, = lue E\ (0} Jul” = [ whs. u)}.
. Rn

From (3.1) we see that A(x, u)fu is strictly increasing in » >0 if A(x, u) > 0;
in fact, h(x, u)/u'** is nondecreasing. Thus it is easy to verify that if {xcR"|
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h(x, u(x)) > 0} is not empty, then the half-line /, = {ru |z =0} intersects M,
at exactly one point fu. Moreover, I(fu) > 0 is the (absolute) maximum of [
on /,. Using the arguments in the last paragraph of the proof of Proposition 2.14,
we conclude that

(3.3) | B = B*,

* - .
where f *ué?}; I(t). Similarly, we define « *uler}‘g J(u).

Theorem 3.4. Suppose (2.2), (2.4) and (2.16) hold. Suppose in addition that there
is an R >0 such that

3.5) SO, w) < h(x,u) for all x€R"\ Bg,u>0.

Then u=0 implies that « = B*, where u, x are given in § 2.

Theorem 3.6. Under the hypotheses of Theorem 3.4, if « < f* then 0 <<uckE
is' a solution of (2.1).

Theorem 3.6 follows immediately from Theorem 3.4. We shall give some use-
ful corollaries and examples to illustrate Theorem 3.6 later. :

Proof of Theorem 3.4.

Since # =0, {u} converges to 0 weakly in E. Thus as k — oo, (a subsequence
of) u;— 0 uniformly on compact sets by elliptic regularity estimates. Hence

0= ee= [ uef(x, u)—>0.
5z

(Note that R is fixed.) It was observed earlier that for each k, there is a unique
t, > 0 such that fu € M,; ie.

fe lwel® = [ tanh(x, tuan).
R”

On the other hand, by (3.5),
luel> = [uefCe m) = e+ [ wfCx,u)
R"

IxI1>R
S+ [ wh(x,u).
|x|>R
Therefore, if t, = 1, then

ke, + 17 [ wh(x, w)
|x|>R

= f tanh(x, tan)
|x|>R

= [ it uh(x, u);
Ix|>R
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the last inequality comes from the fact that
h(x, tu) = ' h(x, u)
for all xeR", +=1 and u =0, which is a consequence of (3.1). Hence

feee = (167" — 1) [ weh(x, w)
|x{>R

=G =) [ wfxw)
xI>R

= (" — 1) (e )* — &0
= a(tfT* —12), for large k,
since g —>0 as k->o0 and |u|®> = 2J,(u) = 254, = 2x. Thus,
&g = oty — 1),

and #,— 1 as k—oo. In particular, {#,} is a bounded sequence. Consequently,
{tyu} converges to 0 weakly in E. Next, observe that J(i) is the maximum of J
restricted to I, (by (2.16), see the proof of Proposition 2.14), and then

o = J(up) = J(tithi)

=3tilml* — [ FCx, tan) — [ F(x, )
x> R Br

=1 |wm)* — [ Hlx, tan) — nf F(x, tuy)
’ R

x| >R

= I(tau) — [ Fx, tawy)
Br

= ﬂ* - fF(X, tkuk)
Br

by (3.3) and the fact that f.u, € M,. As before, the integral

[ F(x, ) >0
BR

as k— oo since tu; converges weakly to 0 in E. Letting k— oo, we obtain
o = B*.
Q.ed.

In practical situations, the quantities «*, 8* are often much easier to compute
than «, 8 thus it seems desirable to have the following

Corollary 3.7. Under the hypotheses of Theorem 3.6, suppose in addition that f
satisfies (3.1) also. If o* << B*, then (2.1) has a positive solution u in E.
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Proof. Since under the additional hypothesis uf,(x, ¥) = (1 + &) f(x,u) = 0 for
x€R"”, u>0, we also have & < a* (see the arguments which lead to (3.3)).
Thus «* < f* implies & < f* and then Theorem 3.6 applies.

Q.ed.
Now we come back to the equation
(3.8) Au—u+ 0w =0, u>0,

in R”, assuming that Q(x) =0 and =0, 1 < p < (n+ 2)/(n — 2). For pur-
poses of comparison we also consider

3.9 Au—u+ KxX)uw»=0, u>0
inR”, where K(x) = 0. That is, we set f(x, ) = Q(x) v®, and A(x, u) = K(x) «*,

both Q and X are bounded functions on R?, and Q(x) =< K(x) for ali |x| = R,
for some R > 0. Thus all the hypotheses of Corollary 3.7 are satisfied, and

Iw) = 3 |Ju]? “;T [ Kzt

J) =t ulff ——— fQ TAR

My = {ue E\{0}] ful? = fQu%’ﬁ'}

R#

M, = {uE E\N{0}| Ju|*= fKu”“}

where
lull> = [(Vu|* +u?), wu(x) = max {u(x), 0},
RII

and E = HY{R™. Now, for any uc E, there is at most one 7> 0 such that
tu€ My. This number ¢ may be calculated explicitly as follows

(3.10) {= [Lullz_];l—,

fQui-H
R

Therefore

= j — p+1

A 1) J o

ie.
(3.11) w* — (%__1_) inf [l : 2D

p + 1] 4eE\9) (fQ”ﬂ“)m

\
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Similarly,
2p-+1)
p* = (_%_._i_) elz;no __l_lul_.l_ p—1

R

(3.12)

Thus we have

Corollary 3.13. Suppose that Q(x) = 0, K(x) =0 in R" with Q(x) < K(x) for
|x| > R, R being some positive constant. Then (3.8) possesses a positive solution
in HyR") if

(3.14) inf 4l gy ]

1 [
O#uGH(l)(R") ( fQuﬂ_‘*‘l) p+1 O*"EH(I)(R") ( fKuﬁ_-i_‘)P-f-l
R® R?

Coroallary 3.15. Given Q(x) = 0 inR", equation (3.8) possesses a positive solution
in Hy(R") if
(3.16) inf .—”“”_-,—<- lim | inf ]

1 L wucH] LU
0+u€HYR™ ( fQuﬂ.H)P“ R Lo-+ucH{R™ ( f Qu,_,l-ﬂ)pﬂ
R7 Ix}>R

Q0(x) if [x| >R,
Proof. Take K(x) = { .
if |x] < R;

the result follows from the preceding corollary.
Q.ed.

It is clear that the following corollary is another reformulation of Corollary 3.15.

Corollary 3.17. Given Q(x) =0 in R”*, equation (3.8) has a positive solution in

HyR" if

(3.18) sup [Qu%!' > lim [sup f Qu’_’,_“].
]lu[l=lR" R—>00 | |1y1=1 IxI>R

We should remark that the case Q=1 1is not included in (3.18), but
}1Ii_131m Q(x) = 0 is obviously included. Also, if Q(x) = ao >0 for |x| < R,
and Q(x) < a, for |x| > R, where a, > a,, then (3.18) holds and equation
(3.8) can be solved.

Corollary 3.19. If

(3.20) lim 0() = inf 09,

|x{—>o0

then (3.8) has a positive solution in H)R").
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Proof. Set
m= lim Q(x) = inf Q(x).
XERA

jx|—>00
If Q == constant, then it is clear that

= sup [Quit'>oa,=sup [mui!
=1 pon lull=1 g

since «,, is attained by some positive function. On the other hand, given any
&£ >0, there is an r large enough that

b=sup [QuS<(m+e) sup [ unt
llall=1 |xl>r [l =1 |x|>r

m-¢

thus
m-+ ¢

lim o, < x.
7o m

Since &> 0 is arbitrary and «,, << &, (3.18) holds.
If Q = constant, the result is well known (see Theorems 3.23, 4.8).

Q.ed.
Let
Q =limsupQ(x), Q, =minQ,
1|00 xisr
v=limr, 7, = sup AR

i gyl a,y=1 B,

Corollary 3.21. If Q,7, > Ot for some r >0, then (3.18) holds and (3.8) has a
positive solution in H)(R").

The proof is straightforward since

&= 01> 0r=lima,.
r—>oo

Remark. Observe that in (3.11), (3.12), (3.14), (3.16), (3.18) and the definitions of
&, Opmy Ty -.. €tC., One can replace u, by |u| without altering any of those numbers
since u and |u| have the same H'-norm.

§ 3.2. In this subsection we use the well known technique of the “moving
parallel plane” to obtain a uniform positive lower bound on wu, in Theorem 2.13
and therefore we have u > 0. This technique goes back to A. D. ALEXANDROV,
and has been used by various authors; see, e.g. [Se], [G, N, N1] and [G, N, N2].

We start with a few definitions. Let £2 be a convex domain in R” which is sym-
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metric with respect to the hyperplanes X =={x = (x,...,x,) €R"|x; =0},
i=1,...,n Let ¢ denote the unit vector pointing along the positive x;-axis. Let
0 =0 be a real number. Define E(p, £2) to be the set of all functions u on Q
satisfying u(y + te) S u(y + 24 —t)e) forall t=21=p or t < —A < —p,
yeXI,NQ, 1 <i<n, provided y + te; and y -+ (21 — 1) ¢;€ 2. The follow-
ing lemma is an easy consequence of Theorem 2.1" in [G, N, N2].

Lemma 3.22. Let Q2 be a bounded convex domain in R™ which is symmetric with
respect to X, for all 1 < i< n, and let g be a continuous function which is locally

Lipschitz in u. Let ue C}(Q)N C(2) be a solution of Au + g(x,u) =0 with
u>0in2and u=0 onoQ If g(,s)€ E(p, 2) forall s>0 and g(x,0) =0
for all xc 2R, then uc E(p, £2). In particular, u attains its maximum in the cube
Co,={x=(x1, .., XJER"| |x;| Zp, 1 = i< n}.

Theorem 3.23. Let (2.2) and (2.4) hold, and let f(x, u) be locally Lipschitz-continuous
in u. Assume that there is a 9 =0 such that

(3.29) —a(x)€ E@,R"Y and f(x,s)€ E(@g,R") for all s> 0.

Then equation (2.1) has a positive solution u¢€ EN E(g, R").

Proof. Let u; be a solution of (2.1), obtained in Theorem 2.13. By (3.24) and thus
Lemma 3.22, we have u, € E(p, B;) and M, = max u, is attained in the cube C,,
say, at P,. We claim that there is a positive constant & such that M, = 6 for all k.
Indeed, from Jy(u) uxy = 0 we conclude that

[ f e u) = > = 2 [ ud.
Thus

f uk(f(x’ uk) - zuk) 2 0.
Now our assertion follows from (2.4) (a).

Suppose that C, C B; for some k. By standard arguments on regularity (and

(2.4) (b)), we conclude that there is a constant M, depending only on p, ¢ and k,
such that
””k”cln’(ce) =M

for all k = k. Thus, some subsequence {ukj} converges in C'(C,) to u* € C'(C)).
Since Upe, = u weakly in E by Theorem 2.13, e, —> u almost everywhere, and

u* = y. It is obvious that #¢ E(p,R") and is a classical solution of (2.1) with
max u = 6.
Q.ed.

In particular, this theorem covers the well-known special case @ =1 in equa-
tion (3.8).

§8 3.3. The ‘“‘geometrical” theorem in §§ 3.2 is somewhat “rigid”; we shall
extend it in this subsection.
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Theorem 3.25. Let (2.2), (2.4) and (2.16) hold. Suppose a,(x) and f,(x, u) satisfy

(2.15), (2.16) and the hypotheses of Theorem 3.23. If there are functions b,(x) and
b,(x) such that

(3.26) a(x) — by(x) = a(x) = a,(x)

(3.27) Si0x, u) = fx, w) < filx, u) + ba(x) (u + o)
for all x€R”, u>0, where b(x)e C(R") with

(3.28) bi(x) >0 as |x| >o0, =12,

then equation (2.1) has a positive solution in E.

Proof. The basic idea is to compare functionals J(u) (defined in §2) and

Jiw)=1% f([Vu[2 + a,u®) — fFl(X, u)
R" R"
where

Fl(x’ ll) = 0[ fl(xa S) ds.
Note that the induced norm

full, = [f(IVuP + aluz)]%

R’l
is equivalent to the norm | u| defined by (2.3) in view of (3.26) and (3.28). Choose
e=0 in E, (as in § 2) so that J(te) << 0 and J,(re) << 0 forall r > 1. Observe
once again that this new choice of e does not change the value « defined in (2.7)

(although I and I are changed, and we shall denote also the new ones by I
and 1), This is clear by the last paragraph in the proof of Proposition 2.14. Let

= inf max J,
ABk VIEI}T[C pra l(u)9

= jpfmax 10

By Theorem 3.23 and Proposition 2.14, we see that § is a critical value of J,
and there is a y, € I" such that

(3.29) p= max Ji(w).

It is clear that J(u) = Jy(u) for all uc E; thus a = f.
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Casel. x = .
Then

a=maxJu)=maxJ W) ==«
u€y, ucy,
ie.
o = max J(u),
u€yy

that is, also « is achieved in y, € I'. Next we assert that there is a u, €y, such
that J'(u,) =0 and J(u,) = «. Suppose this is not so. Then, we can find an
e>0 and a 4 >0 such that |J' )| =6 on y, =y, N J o —e, o+ €]
Thus || J'(#}]] = 3/2 on some neighborhood U, of y,. Consider the deformation
7(t, x) defined by the “gradient flow”

N = —vm) J'MNJI()| and

(3.30)
70, x)=x for all x¢ E,

where y is a cut-off function so chosen that y is positive in U, and vanishes iden-
tically outside U,. Now, on the deformed path #(1,y,), we have J < «; thus
max J(u) < x,
u€n(l,71)
a contradiction. This proves our assertion.

A few remarks are in order. First, our argument concerning the deformation
(3.30) is rather sketchy since such a deformation is somewhat standard; see, for
example, the proof of Theorem 1.9 in [R], pp. 148-153. Also observe that some
“compactness” conditions, such as the well-known “Palais-Smale condition™,
are usually assumed in treating this kind of deformation. In our case, the functional
J does not enjoy compactness of that kind in E. However, we get around this
difficulty by constructing an explicit path y, which achieves « and is naturally
compact.

From our assertion above, we see that « is a critical value of J and u, is a non-
trivial critical point of J. Furthermore, the construction of ¥, (as in the proof of
Proposition 2.14) makes #; nonnegative in R”; thus, by the maximum principle,
u, must be positive in R”.

Case 2. o << f3. Let uy, oz and u be as in Theorem 2.13. It suffices to show that
u 3 0 in E. Suppose the contrary, # = 0; i.e., suppose that u, converges to 0
weakly in E. From (3.26) and (3.27) we deduce

2 u? Iul”“
J@) =1 [(Vul* +aw) — [ F(x,u)— % [bu? — [ b, (7+,,+ 1)

(3.31)
= Ji(w) — [ b’ + |ul?*)
where b= b, + b,—> 0 at oo.
Let I, = {tu, | t = 0}. Since fsatisfies (2.16), we see from the proof of Propo-
sition 2.14 that

(3.32) J(u) = max J(u).
u€ly,
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Suppose J,|, attains its maximum at 4u,. We claim that the sequence 1, >0
is bounded. Set g(t) = J(tw), t = 0. Using (2.4) (c¢) for f;, we have

(3.33) 1) = t |l — [ wefilx, )

1 1
= tlulf — tTlf Fy(x, ) +?b:fAl(x)
— (__1_ 1 2 1 J L
= — (g5 = 1) 1l + 7 i) + 5 f A9
= —Ct ! ] A
=-C+ {Gigk(t) +‘,—9—1f 1(x)

1
where C = (2—0— — 1) C’ and C’ >0 is a uniform lower bound for |u|, for
1

all k,ie. |u]] = C" > 0 for all k since J(u;) = &, = « > 0. On the other hand
by (2.16) applied to f;, when ¢#=1 we have

B39 GO =1lwli — 1 [ uflx w)
= tllmll? + [ bpl — [ ufCx, ) + [ bouf + uf™)]
=+ Dt f b(ui + uf*)
since u, = 0 and
[ |* = f U f (x, ug).
Next, we claim that
(3.35) g = [ blui + uf*H)—>0 as k—oo.

We postpone the proof of (3.35) till the end of this subsection. From (3.34) and
(3.35) we observe that if =1,

g&)= g(l) + (p + 1) g2>.
By (3.31),
&) = Ji(w) = J(u) + e = o + &
Now, (3.33) gives, if r=1

g = — (C—(—’iell—)ﬂ)wré

where the constant C is given in (3.33) and C is some constant. By (3.35) we can
find ko =1, T> 1 such that gi(t) <0 for k = ko, t = T, and T is indepen-
dent of k= k,. Since gi(t) =0, t, =T for all k =k, This proves our
assertion.
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In view of (3.31), (3.32) and (3.35), we see that
it < J(w) + T [ b(ug + uf*)
= X + BkTp+l.
Since «, converges to «, which is smaller than f§, we have
max J (W)= B — ¢
ukly
for k sufficiently large, where & << 8 is some positive constant. Now we can con-
struct a path y,¢€ I, based on [/, such that
max J,(u) < 8 —&.
ucyy
The construction of such a path y, is similar to the arguments in the last paragraph
of the proof of Proposition 2.14 and is therefore omitted here. By the definition
of B, we then have f, < f — ¢ for all k sufficiently large. Letting k — oo,
we see that § =< 8 — ¢, a contradiction. To finish the proof, it remains to show

(3.35) (assuming u = 0). Indeed, given any ¢ > 0, thereisan R > 0 such that
b(x) < ¢/2C, for |x] = R where C >0 is a constant such that

J@+ugth=c

for all k= 1. (The existence of such a constant follows from (2.12) and the
following well known Sobolev-type inequality

Nul pi1 = CliVulzs® Julf.  for all ue CF(R",
where

a=1—(%—-—;:l[—_—-l—)n.)

& — ( f +
x| =R |

Then
J ) et + ey
|<R

<—+4 [ blui+ufth).
PARMES

Since u; converges to zero weakly in E, the second integral over the domain
x] = R converges to zero as k— oo by the Sobolev compact embedding theo-
rem. This completes the proof.

Q.ed.

§ 4. The radial case

We consider the following equation
@.1) Au — a(r)u + f(r,u) =0

inR” where r = |x|. We still need to assume that a(r) and f(r, «) are locally Hol-
der continuous and (2.2) holds. Instead of working in E, we shall deal with the
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subspace E, of E which consists in all radial functions in E. For f, we assume that
Sir,u)=0 if u=<0 and

(a) f€ C(RxR*) and f(r,u) is locally Lipschitz-continuous in u,
and f=£0,
(b) there is a p such that 1 < p << (n+ 2)/(n — 2) and
O0=f(rnw) = C(r)(1 + uP)
for all »r =0, u >0, where C,{(r) =0 is continuous,

(c) there are constants ¢ > 1, 6 > 1 such that
Slrsu) = Cy(r)u?
_ for all r =0, u€ (0, d), where C,(r) is continuous and satisfies
“42) 0< Ca(r) < C(1 + )
for all r = 0, where C is a positive constant and
0=/<i(n—1@-0,
(d) there area 6€(0,3) and a continuous A(r) = 0 such that

[eo]

A= [ r"71A(r) dr < oo
6

and
A(r) + Buf(r, ) = F(r, u)
forall r=0, u>0.

Note that there is no restriction on the growth of C,(r). An example of a non-
linearity satisfying (4.2) is

fro)=00 +r)?, 0SI<i(n—1D((p—1.
Therefore it is not clear that the variational functional

Jwy =1 [[{Vul* + alxD ] — [F(x|, )
R" R®

where, as before
Fllxl, )= [ f(x], 5) ds,

is well defined on E,. However, J is well defined on each subspace E;,, where E,
is the subspace of E; which consists of all radial functions in E;. (The spaces E,
and F are defined in §2.) Let

Jk = JIEk,.;

then the analysis (in § 2) in deriving (2.12) and in proving Theorem 2.13 carries
over. That is, the sequence {||u.|]}, u, being a critical point of J; obtained by use
of the Mountain-Pass Lemma (as in § 2), is still uniformly bounded. Thus, by
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passing to a subsequence if necessary, we may assume that u; converges weakly
to u in E,. Let B be a (fixed) ball in R". Using (4.2) (b) and standard interior L?-
estimates and Schauder estimates for solutions u,, we conclude that (passing to

a subsequence again if necessary) u, converges to « in the space C2(B). Therefore
u is a nonnegative classical solution of (4.1) in B. Since B is arbitrary, u =0
is a solution of (4.1) in R".

The remaining task is to show that # =0, for then the strong maximum
principle will guarantee that ¥ > 0 in R"” and u will be a desired solution of (4.2).
Condition (4.2) (c) will be used in establishing this fact. We shall also need the
following estimates due to WALTER STRAUSS (see e.g. [S]).

Radial Lemma. For any radial function u in H'R"), n= 2,
()| < Cllulym r*~™*  for rz=1,
in which C depends only on n.
Note that under (2.2), E is continuously embedded into H'(R"). Since {||u|}
is bounded above,
(4.3) u(r) < Crit—m2

for r =1 and for all k. On the other hand, we observe, just as in the proof of
Theorem 3.23, that

k

[ u(r) U (r, wi(r)) — Aug(r)] dr > 0.
0

Thus, there is an r, € [0, k) such that f(rs, w(r)) > Qu(ry).
Let S = {k| ury) << 6}. Then, by (4.2) (c), we have, for k€S,
M (re) < Colri) la(r)T?

< 1 + rd) [mlr)l;
ie., for k€S,

Y 1
4.9) w(r) = _1_]:;?
=1ca +r)
If Fiej = 0O, k;€ S, then by the range of /, we deduce from (4.4) that

n—1 n—1 !
rkj2 ukj(rkj) = constant - r,Ej 2 'I—l) —>o00 as kj—>oo,

contradicting (4.3). Thus there is an R >0 such that r, < R for all k¢ S.
This, together with (4.4), implies that there is a positive uniform lower bound 8
for w(r,), kK€ S, i.e.

(4.5) u(r)=p>0 forall ke S.

Next, we wish to obtain similar bounds for r.’s and u(r,)’s for k¢ S. We
proceed as follows. For &k ¢ .S, we have u(r;) = 4. It follows from (4.3) immedi-
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ately that there is an R > 0 such that r, = R for all k ¢ S. Therefore, there is
a constant R such that r, < R for all k and u(r;) = min {g, 6} > 0 for all k.
By the compactness of By, there is a subsequence I that converges to r < R
and

ukj(" )~ u(r)

as j— oo since u, converges to u uniformly on Bg. Thus, u(r) = min {8, 6} > 0
and % =£0. We have thus proved the following

Theorem 4.6. Suppose (2.2) and (4.2) hold. Then equation (4.1) has a positive radial
solution in E,.

We now return to our model equation

2
(4.7) Au —u+ Q(r)u? =0, l<p<s;_l_—§.

From Theorem 4.6, we have

Corollary 4.8. If Q =0 in [0, c0) and satisfies the growth condition
4.9 oY= C(l 4-ry for r= 0,

C > 0 being some constant and 1< (n — 1) (p — 1)/2, then equation (4.7) has
a positive radial solution in H{(R").

The solutions obtained in Corollary 4.8 must tend to zero exponentially fast
at infinity. This standard fact follows from the Radial Lemma and a well known
result of T. Kato [K].

§ 5. Maximization

For equation (3.8) a natural approach exploits the classical method by maximi-
zation (or, equivalently, minimization). That is, let

(5.1) M= sup [O@)]|ul?*!

bl cmy = B
and try to show that M is attained by some element in H'(R"), which would then be
a solution of (3.8). For equation (4.7), the same idea applies, except we now re-
strict attention to the class of radial functions, letting

(5.2) M, = sup  [Q(x])|ulr*!
lled) B ~1gn

where H}(R”) is the set of all radial functions in H'(R").

We first look at the radial case. For equation (4.7), we assume that (as in Corol-
lary 4.8) Q could actually grow at infinity. Thus it is not clear that M,, given by
(5.2), is finite. Even if M, is finite, it is not at all clear that M, is always assumed.
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Corollary 4.8 follows from Theorem 4.6 directly; however, the approach
we have been using in this paper employs the Mountain-Pass Lemma, which is
quite general and therefore is good for obtaining general theorems of existence.
We shall sketch a second proof for Corollary 4.8 by use of the maximization me-
thod which is simpler although the exact homogeneity of the term u” is used (to
eliminiate a Lagrange multiplier). Furthermore, this second proof also has several
by-products and one of them is the finiteness of (5.2) under the growth condition
(4.9) on Q.

A sketch of the proof of Corollary 4.8 by maximization

Define

(53 My = swp  [Q0)[ul".
”“llH(;’r(Bk)zl Bk

It is not hard to see that

(i) M, <oo and M,, is assumed by an element u, >0 in H{(B;) with
2! L @) = 1, where Hj,(B,) is the set of all radial functions in H{(By).
(ii) u, is a solution of
, Au—u+ AQu? =0 in B,
(4.7) .
u>0 in B, and wu=0 on dB,

where the Lagrange multiplier 2 = 1/M,,. Thus

1\
(5.4 Wy = (Mk,r)”“' u

solves

Au—u -+ Quw =0 in By,

4.7)
.7 u>0 inB, wu=0 on 9B.

(i) M, , increases monotonically with k and thus

— e
(5.5 1Well g3 cum (Mk,,) - (M l,r) ’

i.e. {wy} is uniformly bounded (above) in H;(R"). Standard elliptic estimates
guarantee that (by passing to a subsequence which we still denote by {wy})
the sequence {w,} converges to a limit w in H)(R") and the convergence is
uniform in C%(£2) for any compact subset £2 in R, and w=0 is a solution
of (4.7).

(iv) It remains to show that w == 0. To this end, set

A = {x€ B, | 0(x) wp™'(x) > 1}.
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Clearly, A is not empty. For x¢€ A,, we have

I\ ¢
(5.6) wilx) = (Q(x)) e

for |x| = 1, by (4.9). On the other hand, by (5.5) and the Radial Lemma, we

have

;.7 wi(x) = —q:—.
|x| 2

[

| x]P=t

for |x| = 1. Combining (5.6), (5.7) and the condition on /, we see immediately
that A4, is contained in a fixed ball of radius s. Thus

(Vo
lwlem(Bs) = IVII;:n (6)11 >0
for all k. Thus w =0 and the proof is complete.

As a consequence, we have the following

Proposition 5.8. Ler Q=0 in [0,00) with Q(r) < C(1 +r') for r =0 where
I<<(n— 1 (p — 1)/2. Then the number M, defined by (5.2) is finite.

Proof. Since M;, (defined in (5.3),) tends monotonically to M, as k— oo, it
suffices to show that M, is bounded above. Otherwise M, ,—oc as k— oo,
Then, by (5.4)

I wk”Hrl(R")_> 0 as k—oo.

Since w; converges to w in C*(2) (£ is a compact set), we see that

= i < i ==
” w“Hrl(-Q) kILn; ” wk“H’!(g) == lim “ wk”H:(R") 03

ie., w=0 on £. Since 2 is arbitrary, w=0 on R", a contradiction.

Q.ed.

A natural question arises: does the conclusion of Proposition 5.8 still hold
if I>(n—1)(p—1)2? The answer is negative as the following example
shows.

Example 5.9. For each integer m > 0, define

1

_1 L eemn
E e s r=m,

) 1
um(r)=< ;.Tn-——l)—/_f’ m=r<m-+1,

1

—_ . pmt1=r)2 ~ 1
— e r=m+ 1.
(m 4 1)n—ni2 ’
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It is routine to verify that u, € H'(R") and that there is a uniform upper bound
for ||l yugm However, if Q(r) = (1 + r'),

m+1

n—-2
[O) [un?*tdx = | AT DT
R" K.

m+1
— f plma—D-012 g,
m

m+1
gm’_("‘l)“’_l)’zf dr—>oco as m—>oo;
m

thus M, = co. Incidentally, this example also shows that the Radial Lemma is
sharp.
Our second consequence of the above proof of Corollary 4.8 is the following

Proposition 5.10. Suppose that Q =0 in [0,00), Q—0c0 as r—oco with
onsca+rhy forr=o,

where | << (n — 1)(p — 1)/2. Then for every large k the problem (4.7), has a
positive solution which is not radially symmetric.

Proof. Define

M= sup  [Q(x)|uf*!.
IIuHHé(Bk)—l By,

It is clear that M, -—>o0c as k->oo since Q(r)—oo as r—>oo. Thus, for
large k, with M, given by (5.3),, M, = M,. Since both M, , and M, are assumed
(this is a rather standard fact whose proof we omit here), say; by v, and u; re-
spectively, we see that uf can not be radially symmetric. Rescaling, we have

1\ 1\
o= (i) e v = ()

and so for large k there are two positive solutions of (4.7),, one of which is radial
while the other is not. (The fact that both u, and uf are positive in B, is also stan-
dard.)

Q.ed.

Remark 5.11. The procedure (i)-(iii) in the above proof of Corollary 4.8 does not
have to be restricted to the class of radial functions. Everything carries over with-
out change if we simply drop the restriction to radial functions.

Finally, we take up the question whether (5.1) is assumed for bounded Q’s.
As an easy example, we state that if Q(x) is bounded, radial and monotonically
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increasing, then M in (5.1) is not realized. This is essentially a special case of the
following result, which is not restricted to radial functions.

Proposition 5.12. Suppose there is an Ry > 0 such that

(5.13) () = Max 0(+)

2RS]x[S4R ¥ <R
Jor all R= Ry. If Q == constant, then the number
M= sup [Q(x)|uf*!dx
I“[H,(R,,)=1 R”7

is not attained.

Remark 5.14. Condition (5.13) may be replaced by the following slightly more
general one:
There are two sequences R, }oo, S, fo0o such that

=
Ry— SksIXISRkTSk Ox ) = Max QO(x) for all k.

In fact, one can easily formulate various weaker assumptions from the sufficient
but not necessary ones used in the proof.

Proof of Proposition 5.12. Suppose M is attained by u. Define uz(x) = u(x — xz),
i.e., g is a translation of u by xg, where xz = (3R, 0, ..., 0). Then ug also has
H'-norm one and for R = R,,

(5.15) [ |urPT = [ Qlugl?*!
R” Bpixp)
g[MinQ]- PSS
Brixp) 1 Bglxp)

= MinQ - [ jul?*!
2REIxI 4R BR(O)

=MaxQ- [ |uf*!
BrO)  BgR(®)

= [ 0() ulr* + &(R),

BR©

in which 6(R) is defined by the last equality. It is clear that

MR = [ [Max 0~ Q(x)] lufrtt =0

BRO | BrO
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is nondecreasing in R and d =0 since @ == constant. Let
&(o0) = R]T; o(R);
then there is an R, = R, such that d(R) >4 (c0) and

[ Qlulf™ > M — §é(c0)
BR(©O)

for R = R;. By (5.15), we see that

fQ |uglP™' > M,
Rn
a contradiction.

Q.ed.
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