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Abstract

The problem of minimizing a possibly non-convex and non-coercive functional
is studied. Either necessary or sufficient conditions for the existence of solutions
are given, involving a generalized recession functional, whose properties are dis-
cussed thoroughly. The abstract results are applied to find existence of equili-
brium configurations of a deformable body subject to a system of applied forces
and partially constrained to lie inside a possibly unbounded region.
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1. Introduction

Many problems in Mathematical Physics can be formulated in terms of
minimum problems: an integral functional describing the total energy associated
to a configuration has to be minimized over the set of all admissible configura-
tions.

Particularly interesting is the study of the equilibrium configurations of a
body £ subject to a system of applied forces and constrained to lie inside a given,
possibly unbounded, region. If we denote by « a vector valued function which
describes the configuration of the system, then the corresponding energy may be
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expressed in the form
Fi (u) - <L, u> s

where F(u) is the stored energy functional, depending on the nature of the body,
and the linear form (L, u) describes the action of the applied forces. The physical
constraints and the regularity properties of the admissible configurations are taken
into account by imposing that u varies in a suitable subset K of a Banach space X.
In this way, the minimization problem we deal with is

min {F(u) — (L, u)>: ucK}. (1.D
By introducing the indicator function of K

_{ 0 if xek,
WX =14 oo if x4 K,

we see that problem (1.1) is a particular case of the abstract minimization problem
min {G(u): u € X}, 1.2)

when G(u) = F(u) — <{L, uy + yg(v). The simplest case in which existence theo-
rems for problem (1.2) are well known occurs when the functional G is weak *
lower semicontinuous and coercive, in the sense that G(u) goes to + oo as |[u]|
goes to -+ oo (TONELLI’S Direct Method [Tol], [To2]). Unfortunately, in many
applications coerciveness is too restrictive. A first instance is the case of the Signo-
rini problem in linear elasticity: « is the displacement of the body and the stored
energy functional takes the form

Fu)= [ ¥ am(x) &;(w) euu) dx,
2 ijhk

where &(u) is the linearized strain tensor and a;; are the components of the
elasticity tensor. Existence theorems for this case have been given by FICHERA in
[F1}].

When dealing with problem (1.1) in the framework of non-linear elasticity,
the model proposed by BALL (see [Ba]) for the stored energy functional of a hyper-
elastic material is the following:

Fu) = fW(x, u, Vu) dx,

where u denotes the deformed configuration and the integrand W is assumed to
be polyconvex. In this framework, the unilateral problem was studied for the
first time by CIARLET & NEgcas in [CN1], [CN2].

Another mechanical situation leading to a minimum problem of the form
(1.1) is the class of masonry-like problems in which the body is supposed not to
react to traction but to behave elastically under compression. These problems
have been recently studied by several authors (see, for instance, GAIQUINTA &
GiusTi [GG], ANZELLOTTI [A], ANZELLOTTI, BuTTAZZO & DAL Maso [ABD)),
without unilateral constraints.

Thus, in several interesting cases we cannot expect the functional G in (1.2)
to be coercive. On the other hand, pure elimination of coerciveness may cause
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problem (1.2) to have, in general, no solution. Therefore some supplementary
hypotheses have to be added in order to get an existence theorem. For instance,
existence of a solution of problem (1.1) has been established when F'is a quadratic,
non-coercive functional, under suitable compatibility conditions involving F, L, K
(see, for instance, FicHERA [F1] and [F2], LiONs & STAMPACCHIA [LS], SCHATZ-
MANN [Sc], BaioccHi, GASTALDI & TOMARELLI [BGT2]).

In this paper, we give conditions (weaker than coerciveness) on the be-
havior at infinity of the functional G in (1.2). If G is convex, these conditions
are based on the notion of recession functional G* associated with G (see ROCKA-
FELLER [R]); in the general case, we introduce the new notion of fopological
recession functional G, associated with G and with a suitable topology ¢ on X
(usually, the weak * topology).

In Section 2 we give the definition and the general properties of the functional
G . In Section 3 we consider problem (1.2) in a quite general framework and
we derive a necessary condition for its solvability in terms of G, Again by
means of the topological recession functional, we give a general existence theorem
based on some assumptions of semicontinuity, compactness and compatibility
(see Theorems 3.4 and 3.9). We also treat in detail some particular cases (for in-
stance, when G is convex) in which these assumptions simplify.

Sections 4, 5, 6 are devoted to the applications of the abstract existence
theorems for the above-mentioned unilateral problems in linear elasticity, non-
linear elasticity and masonry-like materials, respectively. In each of these theories
our method enables us to consider the equilibrium of a body constrained to lie
inside a non-convex region, possibly containing entire directions.

Special attention is devoted to the set K of admissible configurations: in
particular, in Sections 4 and 5 we allow the constraint to be imposed only on a
part E of the elastic body (usually, a subset of its boundary). This requires us to
work “up to subsets of zero capacity”: hence we introduce a capacitary essential
representative E,; of E (which coincides with E when this is the closure of an
open set or a smooth manifold of codimension 1). The properties of the set E,q,
along with a capacitary version of Korn’s inequality, are proved in the Appendix.

2. Preliminaries and notations

In this section we introduce the tools we will need in what follows, along with
their main properties.
Consider a
Hausdorff topological vector space (X, o)

and a functional G: X — ]— oo, + o0]. As usual, set
dom G = {x€ X: G(x) < + oo}:

if dom G ==, the functional G is said to be proper.

If G is proper, convex and ¢ lower semi-continuous (abbreviated g-l.s.c.),
then its behavior at infinity can be described in terms of what is called the recession
Junction, defined as follows.
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Definition 2.1. Let G: X — |— oo, -+oo] be proper, convex and o-l.s.c. The
recession function G* of G is defined by

. 1
G=(x) = l_yinw T G(xo + Ax), 2.1)
where x, is any element of dom G.

We remark that the limit in (2.1) exists and that the definition above is in-
dependent of x,. Moreover, the value of G* at any x of X can be expressed by
(see [R], Theorem 8.5 for the finite dimensional case; see [Bou] for arbitrary
topological vector spaces)

G®(x) = A_l)thrno° —i— [G(xo + Ax) — G(xo)] = sup {G(z + x) — G(2): z€ dom G}

1
= sup — [G(x, + Ax) — G(xp)],
>0 A

where x, is any element of dom G.
The functional G turns out to be proper, convex, o-1.s.c. and positively homo-
geneous of degree 1, say

G¥(Ax) = AG®(x), VA=0, VxcX.

The definition we have recalled is not suitable for general functionals; the one
we are going to give requires neither convexity nor semi-continuity ; rather it depends
on the topology of X.

Definition 2.2. Let G: X — ]|— oo, + oo] be any functional; we call topological
recession function of G the function G, defined by
1

Gooo(x) = I'(0) lzim +inf T G(x, + Ax), x€X,

where x, is any element of X and the I'-limit is defined by
1 1
I'~(6)lim inf — G(x, + Ax) = sup lim inf inf— G(x, + 1)

A>+ o0 A E€Ny(x) A>+00 y€EE A
(N,(x) denotes the family of neighborhoods of x in the topology o).
For the definition and properties of I" limits, see for instance [D], [DF], [Bul.

Here we just give an explicit representation of G, as follows. For a fixed x of X,
introduced the set of nets

S(x) = {(Ae, Xe)scz: As — + 00, Xz = x},

where = denotes an arbitrary direct set. Then

1
Gooox) = inf {lir‘gle inf o G(xo + Aexe) : (Ae, Xz € S(x)} . .2
E
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Remark 2.3. The functional G, is o-l.s.c. and positively homogeneous of
degree 1. Moreover, it is not difficult to see that the definition of G, does
not depend on the choice of x,€ X (for this reason, we often choose x, = 0).

Throughout this paper we use the following notation:
Ker Gop = {X € X: Goo o(x) = 0}.
Note that Ker G, is not a subspace of X, in general. Anyway, due to the homo-

geneity of degree 1, it is a set of semi-directions.

Remark 2.4. 1t is possible to prove (see the references quoted above) that in
(2.2) the infimum is actually a minimum, that is, for all x, x, of X there exists
an element (4:, Xe)ecz € S(x) such that

1
GooolX) = Hr?g inf - Glxo + Aexs).

The recession function may be compared with the topological recession function
only for convex functionals. In this case, they actually coincide, as the following
proposition shows.

Proposition 2.5. Let G: X — ]— oo, + oo] be proper convex and o-Ls.c. Then
GU(x) = G o(x), VXEX.

Proof. Fix an element x€ X and x, € dom G. Take an element (4;, Xc)ecz of

Xo

S(x) with x; = x + 7 by (2.2), we get

B
£
S

1 1
Gon o) < lim inf o G(Asxs) = lim inf— G(xo + Aex) — G=(x).
’ {34 }.5 ez }.5

Let us prove the opposite inequality. Consider an element (4, X:):cz of S(x).
Due to the convexity and o-ls.c. of G, for all 1 >0 we get

A A
G(xo + Ax) < liminf G [(1 — —) Xo + _l§x5:|
1391 }.5 1.5

A Y
<limi _— —G
< hl?e énf [(1 ls) G(x,) -+ 7 (lgxg)]
1
= G(x,) + Alim inf— G(Aexs).
1534 15
Since this inequality holds for all elements of S(x),
1 1
5 G(xo + Ax) = T G(xg) + GooolX).

Taking the limit as 42— 4 oo, we get G¥(x) = Gu4(x) and the proof is com-
plete. [
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Besides functionals defined on X, we will be interested in subsets of X and
particularly in their behavior at infinity. Again, the simplest possibility is provided
by a convex subset; the following definition is well known.

Definition 2.6. Let K be a non-empty, convex, o-closed subset of X. We call reces-
sion cone of K the set (o-closed, convex cone)

1
K™= N\ — (K — ko),

A>0

where ko is any element of K and K — k, denotes the set {k — kq: k€ K}.

Remark 2.7. The asymptotic behavior of a convex, o-closed subset K of X
can also be described in terms of the recession function of the indicator of K, say

the function
0 if xeK

7x(0) :{+ oo if x4K.
Indeed, it is easy to see that

K* = dom (yx)~, say gy~ = (xg)*-

For the general case we give the following definition.

Definition 2.8. Let K be a subset of X. We call the set of topologically unbounded

K _—
directions of K the Kuratowski upper limit (as A — + oo) of the family —( 2 *o) >

say

Kes =y ol [U K —x9)]

1
u>0 A>u }-

where x, is any point of X and cl, denotes the topological closure with respect to o.

As in the case of the functional G ,, the definition of the set K, does not
depend on the choice of x,€ X; moreover, as for convex K the unbounded
directions of a subset K of X may be characterized in terms of the recession
function of its indicator. Indeed the following lemma holds.
Lemma 2.9. Let K be a subset of X. Then
Koo,ﬂ = dom [(XK)oo,a], say xKoo,o' = (ZK)oo,a;

or equivalently

Koo,o‘ == {x € X: 3().5, xE);:gE € S(x) with Xo + ;u§x§ € K, VE S E} (2.3)
for any x,€ X.

Proof. The result is trivial if K = @; hence we prove it only for a non-empty K.
Let x be an element of K, , and let E be a neighborhood of x in the topology o.
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1
Then, for every u > O thereisa A > u such that EN [—1— K — xo)} is not empty.

By Definition 2.2, this implies that (yg)w.(x) = 0; hence K., C dom [(xk)co,0]-
Conversely, let x be an element of dom [(yx)« ). Then there is a net {4, x.} €
S(x) with x¢ 4+ A:x:€K, for all §€X5. Thus, for every o-neighborhood E
of x and for every x>0 we can find £§€ 5 such that 4. >u and x:€E.

1

Hence EN [T (K — xo)] is not empty and this proves that x€ K., Thus
&

Ky, = dom [(¥x)w0]. By (2.2), this is equivalent to (2.3). [

Remiark 2.10. The set K, is a o-closed cone (not convex, in general), i.e.
Ax €Ky, for all 4 =0, whenever x¢€ Kg.

Further properties of K., are the following.

Lemma 2.11. Let X be a non-empty subset of X. Then
(@) if K is convex and o-closed, then K* = Ky ,;
(1)) Kooy = (K — Dos g = (K T, for all bounded subset T of X, T + 0;
(iii) if K is bounded, then K, = {0}.

Proof. Property (i) follows from Lemma 2.9, Remark 2.7 and Proposition 2.5. The
proof of (if), (iii) follows from the definition of K., and of boundedness in a
topological vector space. []

The following lemma lists some properties of the functional G ;.

Lemma 2.12. Let G, H be functionals defined on X with values in ]— oo, 4 oc].
Then
(1) dom G,y C (d0M G)us;
(i) (G + H)op = Gy + Huoo}
(iii) if H is positively homogeneous of degree 1 and o-continuous, then
(G+H)oo,a = Goo,a' + H5
(iv) if G is non-negative, positively homogeneous of degree greater than 1 and
o-l.s.c., then
+oo fG(x)=+0
Goo,o(X) ’{ 0 if G(x) = 0.

Proof. The proof follows very easily from Definitions 2.2 and 2.8. []

Remark 2.13. From Lemma 2.12() and Lemma 2.11(ii) it follows that, if
dom G is bounded, then

Guo(X) =+ 00 Vx€EX,x=0.

The inequality in Lemma 2.12(ii) may be strict; this we will show in the example
below. On the other hand, in some cases the inequality becomes an equality, as
shown in case (iii). Another interesting case is considered in the following propo-
sition.
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Proposition 2.14. Let J: X — 1— oo, + oo] be proper, convex and o-ls.c.; let K
be a non-empty convex o-closed set. Then

(J + xK)ooe = (J + 20 = J* + ()™ = J™ + xx.

Proof. The proof is an easy consequence of Proposition 2.5, of Remark 2.7 and
of Definition 2.1. [

Example 2.15. Let X = H'(0, 7) be the usual Sobolev space of the (classes of)
functions which are square integrable over the interval ]0, z[ along with their
first derivative. Take as K the following set:

K = {v€ X: v(x) = n + sin nx for some n€ N}

and consider the functional G = J - yx, where

J(@v) = Ofn |[v'(x)|? dx.

Then, denoting by ¢ the weak topology of X, we obtain the function v, = 1
belongs to Ko, and J*(vy) = J(v5) = 0, while Gu4(v0) = + co. This shows
at once that both the inclusion in Lemma 2.12(7) and the inequality in Lemma 2.12
(#) may be strict even if J is convex. []

Finally, we give an example of integral functionals for which the evaluation of
the recession functional reduces to evaluating the recession function of the inte-
grand.

Example 2.16. Let N, M be positive integers; let 2 be an open subset of RV and
let [WYP(Q)1M, p > 1, be the Sobolev space of the (classes of) vector valued
functions which belong to L?(£2) along with their first derivatives. Finally, let
f: QxB¥ [0, + co] be a Borel function.

For all u€ [W'P(Q)IM set

F@) = [f(x, Vu(x)) dx.
(7]

Assume that:
(a) for almost all x of 2 the map “g— f(x, g)” is convex and Ls.c. on RV
(b) there is a uy € [WYP(DIM such that F(uy) < -+ oo.
It is well known that under these assumptions the functional F turns out to be
proper, convex and L.s.c. with respect to the weak topology of [W'?(2)]™. More-
over,

Fo) = [f>(x,Vu(x)) dx, ue WM,

where f*(x, -) is the recession function of f(x, -).
In fact, because of the convexity of f, for all u,, u € [W'2(Q)]M the function

1
8(x, 2) = == [f (%, Vto(x) + 2 Vu(x)) — f(x, Vuio(x))]
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is non-decreasing with respect to 4, for almost all x ¢ 2. Therefore, the Beppo
Levi theorem gives

1 .
Fo@) = lim —-[Fuo + ) — Fuo)) = lim [ g(x,2) dx

= [f>(x, Vu(x)) dx. O
2

Remark 2.17. When working with sequences instead of nets, we can define a
sequential recession functional GX% of a given functional G: X — ]— oo, 4 o0}:

1 (2
G%o(x) = inf {1}}9 +1£1°f — Gxg + A%, : 4, — + o0, x, > x} x, X0 € X,
where {A,}x, {X,}x are sequences.
The inequality
Goo,c(x) = Gig?a(x), XeEX
is immediate. Moreover, the functional G&Y is positively homogeneous of degree 1.
By analogous proofs, we may obtain for G results similar to those given in
Proposition 2.5 and Lemma 2.12 for Gu 4.

Let K be a non-empty subset of X: we call set of sequentially unbounded direc-
tions of K the set

Ko = dom [(yx)x%]-

It is easy to see that
K3 ={xeX: 3 I{x}y, with 1,— + oo, X, X
and x4, %, €K, VneN},

for any x,€ X; moreover, a statement analogous to Lemma 2.11 still holds.

3. The abstract existence theorems

In this section we give some necessary or sufficient conditions for the existence
of solutions of quite general minimum problems.

Let (X, o) be a topological vector space and let G: X — ]— oo, + o] be a
functional. Consider the following problem:

find y € X such that G(y) = min {G(x): x € X}. 3.1

We begin by stating some necessary conditions for Problem (3.1) to have a solu-
tion. More precisely, the conditions we are going to give are necessary for G to
have a lower bound. In general, they do not suffice to guarantee either that
Problem (3.1) has a solution or that G is bounded from below, as we will show.
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Proposition 3.1. Assume that inf {G(x): x€ X} > — oco. Then
Guoo¥) =0 VXeX. (3.2)

Proof. For all x of X and for all nets (4, xg)scz € S(x) we have
1 1
N ~ Yo inf | _
hr?e]snf R G(Aexe) = ]lngEIEnf [ 7 gl; G(z)] 0.
Taking the infimum over all nets of S(x) and recalling (2.2) we get (3.2). [J

Remark 3.2. In view of Lemma 2.12(i), condition (3.2) imposes restrictions upon
the behavior of G only at the elements of (dom G)«; elsewhere the inequality
(3.2) is automatically satisfied. Furthermore, if G = J - yg, where J is a proper,
convex and o-L.s.c. functional, the condition (3.2), is satisfied if

JP(x)=0 for all x€Kuy;

this follows from Lemma 2.12(ii) and from Proposition 2.5. Note that this condi-
tion may be easier to verify than (3.2).

The following example shows that the functional G may be unbounded from
below, even if it satisfies condition (3.2).

Example 3.3. Consider the functional

—logx ifx>0
G(x):{—l—oo if x<0

defined on the space X = R, endowed with the usual Euclidean topology e.
Clearly
0 fx=0

Gooo(x) = G(x) = { +oo if x<0.

but G is not bounded from below. []

A sufficient condition is obtained by adding to the necessary one further re-
.quirements on the functional G, namely semicontinuity, compactness and com-
patibility, in a sense which we will specify.

We begin by stating an existence theorem in quite an abstract framework.
We point out that the hypotheses and the steps of the proof generalize the
.arguments used in the literature to prove several existence theorems under con-
vexity assumptions (see, for instance, [F1], [F2], [LS], [Sc], [BGTI1}, [BGT2}],
[GT).

Theorem 3.4. Let (X, ||']|) be a normed space (denote by 7 the topology associated
with the norm). Let ¢ be another linear (Hausdorff) topology on X, coarser than 7,
such that for every R >0 the ball {x¢ X : |x| = R} is o-compact. Let G:
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X — ]— oo, 4 oo] be a proper functional. Finally, assume

semicontinuity: G is o-L.s.c. on all T-bounded sets; 3.3)
Sor all nets {A}z with As — + oo and all
compactness: | T-bounded nets {x:}z with x; > x, 3.4

if G(Aex:) is bounded from above, then x: > x;
() Goop(x) =0 for all x€ X;
compatibility: { (if) for all z¢ Ker G, there exists u = u(z) >0 (3.5)
such that G(x — pz) < G(x) for all xe X.

Then Problem (3.1) has at least one solution.

Proof. We divide the proof into several steps.
Step 1. For every R > 0, consider the problem
(Pr) to find xg € By such that G(xz) = min {G(x): x € Bg},

where Bp = {x€ X:|x|| = R}. In view of the semicontinuity hypothesis (3.3),
(Pg) has a solution xg. Furthermore, again by (3.3), we can choose xj such that

[xgll = min {| y&|: y& solves (Pg)}. (3.6)

Step 2. We distinguish two cases, that in which {xz}z is bounded (in norm)
and that in which it is not. In Step 3 we will prove that only the former case may
occur; we claim that in this case there is a solution of (3.1). For, if {xz}y is -
bounded, then there is a subnet of {xg}y (Which we still denote by {xz}g), o-con-
verging to some z€ X. Due to the o-ls.c. of G,

G(z) = lim inf G(rg) = inf {G(x): x € X};

hence z solves (3.1).
Step 3. It remains to show that the case {xz}p unbounded cannot occur.
For contradiction, assume that (a subsequence of) |l xz| tends to infinity. In

this case, the normalized vectors yp = ” ” are bounded; hence there exists a
subnet of {yg}p (which we still denote by {yz}g), o-converging to some y¢ X.

We will get a contradiction with the compactness and compatibility assumptions.
First, we note that

yeEKer G o 3.7
In fact, since

G(xg,) = G(xg,) for all R,, R, with R, = R, (3.8)

we see that G(xz) is bounded from above; hence

Goo() = hm inf — ! | G(|xz|l yr) = ]1m 1nf G(xg) =< 0.

t
o || xg] o || xg]
Recalling the necessary condition (3.5)(7), we get (3.7).
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Step 4. Let us exploit the compactness assumption. We have ||xz| — + oo,
yr >y, and G(|xz| yr) = G(xg) is bounded from above (again, by (3.8)).
Thus, by assumption (3.4), we conclude that the convergence of yg to y is actually
strong, say |yr — y||— 0. This prevents y from being zero, because ||yz| = 1
for all R.

Step 5. From (3.7) and (3.5)(ii) we get that there exists u = u(y) > 0 such
that

G(xg — py) = G(xp). (3.9)

By using the strong convergence of yg to y and the unboundedness of {xz}p, we
obtain

Xe (1 ——”—) + e — 7) “

xg — pyll =
x =l Tl

0
= (1= ) el e = 21 = el + v — 31 = D).
The right hand side of the last equality is eventually strictly less than [[x,| and
this is impossible because of (3.6), of (3.9) and because y == 0. The proof of the
theorem is now complete. []

Remark 3.5. In view of Proposition 3.1, the condition (3.5)({) is necessary
for the inferior boundedness of G.

The compactness hypothesis (3.4) is used only in Step 4. As shown in Step 3,
the condition (3.5)(i) makes the normalized net g-converge to an element of Ker
Gw; it follows that we may impose the compactness hypothesis only for nets
o-converging to elements of Ker G, In Step 5 we might use weaker forms of
the compatibility condition (3.5)(if); for instance

Sfor all z€ Ker G, there is a ¢ = o(z) > 0 such that for all x € X, with || x| = o,
there is a u = p(x, z) > 0 such that G(x — pz) < G(x) and p < |x|.
Remark 3.6. Theorem 3.4 includes the classical results of Tonelli’s type, which
provide a solution of problem (3.1) under the following assumptions:

(@) G is g-Ls.c. on all v-bounded and proper sets,
(b) there are « >0, bR, such that G{(x) = « ||x|| + b for all x€ X.

In fact, (b) implies that
Ae— F o0, x:>x, GAx)=<C=|x;|—0 and x=0.

Thus the compactness hypothesis (3.4) is satisfied. On the other hand, it is
Goo(X) = o || x| for all x€ X, and so Ker G, = {0} and the compatibility
conditions (3.5) hold trivially.

In particular, (b) holds if dom G is bounded. More generally, assume (@) and

(¢) for some BER, Gy ={x€ X:G(x) = B} is non-empty and bounded,
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in this case, the minimum problem may be handled in the same way, since
min {G(x): x € X} = min {G(x): x € Gg}.
Remark 3.7. By using sequences instead of nets, we obtain a necessary condi-
tion weaker than (3.2):
if  inf{G(x): x€ X} > — oo, then GZL(x) =0 VxcX.
Analogously, we may give a sequential version of Theorem 3.4, by requiring that

(i) the v-bounded subsets of X are sequentially o-relatively compact;
(i) G is sequentially o-1.s.c. on all T-bounded sets;
(iii) the compactness hypothesis (3.4) holds for sequences;
(iv) the compatibility hypothesis (3.5) is given on Gl instead of G .

Remark 3.8. In some applications (see Sections 4 and 5), X is the dual of a
normed space V, T is the strong topology of X and ¢ is the weak * topology of
X. In this case, by Theorem 3.4 and by Remark 3.7, we get the following theorem.

Theorem 3.9. Let the following assumptions hold:

either X is reflexive or X = V', with V separable
(denote by o the weak * topology of X); (3.10)
semicontinuity: G is sequentially o-l.s.c. and proper; (3.11)
compactness: for all sequences {4}y with A, — -~ oo and all sequences

{xbw with x, = x, if G(A,x,) is bounded from above, then (3.12)

X, 2> X3
compatibility: (i) GSL(x) =0 for all xc X;
(ii) for all z € Ker G%% there is a u = u(z) > 0 such that
G(x — uz) = G(x) for all x€ X. (3.13)

Then problem (3.1) has at least one solution. []

An immediate consequences of Theorem 3.4 is the following corollary, which
gives a “‘condition of Lions-Stampacchia type” [LS]: more precisely, when this
corollary applies, the set of solutions of (3.1) is bounded.

Corollary 3.10. Let X, 7, o, and G be as in Theorem 3.4. Assume (3.3), (3.4) and
GuoX) >0 for all xc X, x % 0. 3.19

Then problem (3.1) has at least one solution. []

Again, we state the corresponding sequential version as follows.
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Corollary 3.11. Let X, 7, o, and G be as in Theorem 3.9. Assume (3.11), (3.12) and
GXL(x)>0  for all x€ X,x =0, (3.15)

Then problem (3.1) has at least one solution. []

Convexity assumptions on G allow us to give sufficient conditions for the existence
of minima, easier to verify than (3.5)(i).

Theorem 3.12. Let G: X — ]— oo, + oo] be a proper, convex, o-1.s.c. (respectively,
sequentially o-l.s.c.) functional. The condition (3.5)(ii) (respectively, (3.13)(ii)) is
satisfied if we assume that

Ker G*® is a subspace of X. (3.16)

Proof. We shali prove that (3.5)(i7) holds with x =1, say
G(x — 2= G(x) for all xcX, for all z¢ Ker G*®.

Fix xo€dom G, z€ Ker G*, x¢€ X. By (3.16) we conclude that —z belongs to
Ker G*; hence

o1
z_lfinoo 5 G(xp — A2) = 0.

Since G is convex and o-l.s.c., we find that
1 1
. <1limi  — R _
Gx—2)= liging [(1 7 )x + 7 (xo /'Lz)]
<liminf||1 1)G ! G )| = G
= lim inf [( — ) GO + 5 Glxo — Z)] = G(x).

The sequential statement works in the same way. []

If G is not convex, condition (3.16) does not make sense. Its natural substitute
would be:
if v€ Ker G, then —v € Ker Gy .

However, this property may hold even if G has no minimum, as the following
example shows.

Example 3.13. Let X = R? with 7 = ¢ = Euclidean topology;let G = J - yx,
with

1
)=y and K=[@wneRiyz—o).
The function G satisfies (3.3) and (3.4); moreover,
Ker G = {(x, ) €R2: y = 0}

is a subspace of X. Nevertheless, G has no minimum in X. [J
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From now on, we consider a situation which arises for instance, in elasticity
problems (see Sections 4, 5 and 6). Precisely, we suppose that the space X satisfies
hypothesis (3.10) and that the functional G is given by

G(x) = F(x) — <L, x> + yx(x), x€X, (3.17)
where

F: X — [0, 4+-o0] is a proper, sequentially o-l.s.c. functional,
L: X—>R is a linear, o-continuous functional, (3.18)
KCX is non-empty and sequentially o-closed.
Then Problem (3.1) takes the following form:
to find yc X such that F(y) — {L,y> < F(x) — (L, x> for all x€ K. (3.19)
When F and X are convex, the abstract compatibility assumption (3.13) becomes

a “Fichera type condition” (see [F1], [F2]), as shown in the following theorem.

Theorem 3.14. Assume (3.17) and (3.18), with both F and X convex. Let the com-
pactness hypothesis (3.12) hold for the functional G defined in (3.17). Finally, assume
that

FPx)= L, x> VxcK=; (3.20)

Ker (F* — LYNK®™ is a subspace. (3.21)

Then Problem (3.19) has at least one solution.

Proof. We use Theorem 3.9: we just have to verify that (3.13) holds. Since
GRL(x) = F*(x) — <L, x> + yx(x) (see Lemma 2.12(iii) and Proposition 2.15),
(3.20) implies (3.13)(¢) and (3.21) implies (3.16) and hence (3.13)@@). O

Remark 3.15. Theorem 3.14 contains in particular the case of quadratic func-
tionals studied by BAloCCHI, GASTALDI & TOMARELLI in [BGT1] and [BGT2],
that is

F(x) = %a(x,x), x€X,

where a(:, -} is a bilinear, continuous, non-negative form defined on X x X. In
this case, the positive homogeneity of degree 2 of F implies that

Ker (F* — L) = Ker FN\ ker L.
Note that this equality also holds when F is positively homogeneous of degree
strictly greater than one.
Theorem 3.16. Assume (3.17), (3.18) and the following growth condition for F:
there exist x€R, a seminorm P:X— [0, 4 oo] and a

convex, ls.c. function @:[0, 4 oo — [0, + oco] such that (3.22)

)
l_l)lgle =+ oo and F(x)= o + @[P(x)].
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Let the compactness hypothesis (3.12) hold for the functional G defined in (3.17).
Finally, assume that

L, x>=0 for all xc Ker PNKFL; (3.23)
Sfor all z€ Ker PN\ Ker LNKEY there exists p = u(z) >0
such that, for all x€ K, F(x — uz) < F(x) and x — uze K. (3.24)
Then Problem (3.19) has at least one solution.

Proof. As in the previous proof, we use Theorem 3.9 and we just have to verify
(3.13). Recalling Proposition 2.5 and Lemma 2.12, by (3.22) we have

GH(xX) = FS3(x) — <L, x) + yxeea (%) = [P -P]™ (x) — <L, x) + yxa(x)
= —(L,xy if xe Ker PNKEY and + oo otherwise. (3.25)

In particular, (3.23) implies (3.13)(i). Finally, (3.13)(#) follows from (3.24) because
(3.25) yields Ker G2, C Ker PAKer LNKL,. [

4. Applications to unilateral problems in linear elasticity

In this section we apply the abstract results of the previous one to unilateral
problems in linear elasticity.

Let 2 be a non-empty bounded connected open subset of R¥, with a Lipschitz
boundary 8Q. Let X = [H!(2)]¥ be the usual Sobolev space of the real vector-
valued distributions which belong to L2(£2) along with their first derivatives; let ¢
denote the weak topology of X.

Consider a fourth order tensor {a;(x)} (i, j, h,k=1,..., N) of real valued
functions @, € L™(2) with

Ape(X) = @l X) = Apgii(X)

for all x in 2. Assume that the following ellipticity condition is satisfied (here
and in the following the summation convention over repeated indices is adopted):
there is strictly positive « such that

Aa(X) b = o |2 Vxe Q2 4.1

and for all NxX N symmetric matrices &.
As usual, for every v€ X we denote by v;; the derivative of »; with respect
to the variable x; and by &(u), o(«) the linearized strain and stress tensors given by

g(®) = i+ v, 05(0) = (). (4.2)
The elastic energy is then given by the functional

Fo)=1% [040) &) dx =} [ aym(x) &;(v) em(v) dx. (4.3)
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Before introducing the set of constraints, for every subset E of RN we define the
capacity of E by (see for instance [DaLl])

cap E = inf {Juljgm : uc HI(RY), wuislsc, u(x)=1 VxcE}

We remark that this definition of capacity is slightly different from the usual
one (see, for instance, [LeS], [FZ]), although both definitions provide the same
class of Borel sets of zero capacity.

We say that a property P(x) holds quasi-everywhere (in short, g.e.) if the set
{x € RN: P(x) is faise} has zero capacity. It is well known (see for instance [DaL])
that for every u€ X the limit

, |
W) = A B ,,m{(x) u(y) dy

exists for q.e. x€ Q. The function u* is called the quasi-continuous representative
of u.

Now consider two subsets @, E of RV such that Q is closed, cap E > 0 and

ECR2CQ.
The set of constraints is then defined by
K(Q,E) ={ve X: x + v*(x)€ Q, for g.e. x€ E}. “.4

In the following, we will render the dependence of K upon Q and FE explicit only
when necessary, otherwise we will write K. We note that K(Q, E) is not empty;
in particular

0€K(Q, E). 4.5

Let L be an element of X’ (the dual space of X). Throughout this chapter we
consider the functional

G(v) = F(v) — <L, v> + xx(),

where F is given by (4.3). G is called the fotal energy functional, and we shall
study the following minimization problem:

to find u€ X such that  G(u) = min {G(v): v € X}. 4.6)

We will refer to Problem (4.6) as Generalized Signorini-like Problem in Linear
Elasticity, or GSP. The physical interpretation is the following:

(a) Q2 is the reference (initial) configuration of an elastic body whose part E
is constrained to lie inside the box Q. We assume that the reference configu-
ration is a natural state, there being no stress in absence of deformation.

(b) u(x) = (uy(x), ..., uy(x)) is the displacement of the particle x € 2 (that is,
after deformation x becomes x + u(x)) and &(u), o(u) are the linearized strain
and stress tensors respectively. In the framework of the linear approximation,
&(u) and o(u) are given by (4.2).

(c) F(u) is the elastic energy corresponding to the displacement u; note that
F(0) = 0, according to the assumption made on the reference configuration.
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(d) L is a vector field of dead forces, a field of applied forces acting on the body,
whose direction does not depend on the deformation but only on the initial
coordinates. For instance, we assume that L = f 4 g, where f¢€ [L2(Q)Y
are the body forces and g€ [H}(2Q2)]Y are the surface stresses.

Remark 4.1. 1n the literature (see [Sil, [F1], [F2], [DL], [K1]), the set of ad-
missible displacements in the actual Signorini problem is given by

{ue X: u(x)-»(x) =0 on E},

where E (the potential contact area) is a subset of 982 and » is the outward unit
vector, normal to d£2: this set is always convex. In our approach we use a different
geometric condition expressed through the set K defined in (4.4): in particular,
we note that K is convex if and only if Q is convex (a particular case, the “box
condition”, was considered by KINDERLEHRER in [K2], where Q is a half space and
E = 98). Our approach will be adopted also in the next sections, devoted to
unilateral problems of non-linear type. As a matter of fact, from the mechanical
point of view, condition (4.4) suits non-linear elasticity better than linearized elas-
ticity. Nevertheless, from the mathematical point of view, GSP has an interest in
itself and the sufficient conditions for the existence of solutions may be easily
interpreted in terms of physically meaningful quantities (see below). At the end of
this section a conjecture concerning a statement of non-existence is reported.

Let us come to the question of existence of solutions for GSP. The difficulty
is due to the failure of the functional F to be coercive; indeed, this provides in-
formation only upon the L? norm of the strain tensor s(u). However, in some
special cases existence is very easy to prove, notwithstanding the non-coerciveness.
For instance, if L = 0 then the null deformation is obviously a minimizer of the
total energy G.

Remark 4.2. A direct argument gives existence for any L when E = 2 and Q
is bounded. For this provides an a priori estimate on the L™ norm (hence, on
the L? norm) of a minimizing sequence. Hence we get a uniform bound for the
H! norm of the sequence (and the weak limit turns out to be a solution of GSP),
by using the fundamental Korn inequality (see [Te], p. 20):

I ollwt.pcayn™ =, p) [“U”[LP(Q)]N + HE(U)“[LP(Q)]NXN] @.n

valid for all pe]l, 4 oo[ and all ve [WLP(Q)I.
A refinement of this argument suffices to prove that GSP is solvable for
all systems of applied forces L if Q is bounded. In the Appendix (see Proposition A.5)
the proof of this assertion is derived by means of the “capacitary Korn’s inequality”
in H!:
loll* < C{F@) + 13},
valid for all » of X, where the “capacitary essential supremum” [-]z is a seminorm

defined as
[vlg = inf{i: [v*(x)| =4, for qe. x€E}.
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In what follows particular attention will be paid to the set
RBM = {ve X: F(v) = 0}
= {v€ X:v/(x) = ayx; + b;, ay, b; constant with a; = —a;;}.

RBM is usually called the space of the rigid body motions, though it is actually
the finite version of the space of the infinitesimal rigid displacements. Indeed,
also large displacements belong to RBM. We remark that an element v € RBM
corresponds to a rigid displacement of the body if and only if it is a translation,
i.e. v is a constant.

If N =3, we may equivalently represent RBM as follows:

RBM = {ve X:v(x) = axx + B, %, € R}, 4.9

To unify the notations, we still represent RBM by (4.8) also for N = 2. In this
case, § is a 2-dimensional vector, while &« may be interpreted as a vector ortho-
gonal to R?, when embedded into R>.

Now we are going to state two existence theorems for GSP: the first requires
the convexity of the box Q and permits the presence of entire directions in Q;
the second applies to possibly non-convex boxes, provided they have no entire
directions. We note that a unified, more general treatment could be effected, which
applies, in particular, if the box is non-convex and has some bilateral recession
directions, provided an invariance condition along these directions is satisfied.
This approach will be adopted in the following sections.

In our framework, the constrained region E is a general subset of £ with
positive capacity. In view of the existence theorems, it is convenient to introduce
a canonical representative of E, which coincides with E whenever itis, say, a smooth
closed manifold of 82 or the closure of an open subset of Q.

Definition 4.3. For every subset E of BY we set

E., =N{C:C is closed and cap (E\ C) = 0}.

Proposition 4.4, The set E, satisfies the following properties:

(i) E., is a closed subset of E;
(”) cap (E\ Eess) =0;
(iii) the three following statements are equivalent: cap E = 0, E, = 0,
cap Eess = 0;
(iv) cap (E A E,) = 0, whenever E is closed,;
(v) for all closed sets M CRYN and all continuous functions v:RN —RN it

is v(x)e M for ge. xc E if and only if v(x)e M for all x€ E,;
(vi) for all continuous functions v:RY — RN

v(x) = 0 for q.e. xc E if and only if v(x) = 0 for all x€ E_.

Proof. See the Appendix. []
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Now we are able to state our first existence theorem for GSP which we prove
by applying the results of Section 3; actually, the same procedure could be used
starting from the results of [BGTZ]. By co 4 and ri 4 we denote respectively the
convex hull of a subset 4 of RY (say, the intersection of the convex sets containing
A) and its relative interior, that is, the interior of 4 with respect to the affine hull
of A (see [R]).

Theorem 4.5. Assume N = 2,3. Furthermore, assume that
Q is a closed convex set, 4.9)

there exists a point P € ti (co E,) such that {L,oux(x — P)) = 0, forallx ¢ R3;
4.10)
(<L =0 VBeQ®,
@ ifpeQ@® and <L,f> =0, then —peQ. 4.11)
Then GSP has a solution. [

We point out that ri (co E) is not empty because E has positive capacity
(see Proposition 4.4(iii)).

Let us state an essentially new existence theorem for the case of a non-convex
box Q. By Q. we denote the set of topologically unbounded directions of Q
(see Definition 2.8; e denotes the Euclidean topology in RY).

Theorem 4.6. Assume N = 2,3, Furthermore, assume (4.10) and

L B> <0 VYB€Qx. B=+0. (4.12)
Then GSP has a solution. [

Remark 4.7. The condition (4.12) is equivalent to the existence of a point ¢,
of RY and of a cone C of RY such that

QCc+C and <L,e><0 VeeC,ec=+0,

In particular, if ¢ belongs to C and does not vanish, then —c¢ cannot lie in C.

Let us provide a mechanical interpretation of the assumptions on the system
of forces we made in the two existence theorems 4.5 and 4.6.

Let us call resultant of the system L the vecior R€RY such that R, = (L, e,
that the angle between all recession directions of @ and a non-vanishing resultant
R is obtuse, allowing it to be a right angle only if the recession direction is entire.
Actually, Theorem 4.5 applies to systems of forces with zero resultant only if
the recession cone of the box Q is itself a subspace of R". On the other hand, for
non-convex boxes the case R =0 can be studied in Theorem 4.6 when Q is bounded
and hence Q.. = {0}.
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Assume that R == 0; then the central axis of the system is defined as the line
parallel to R such that the momentum of the system L with respect to each point
of it is constant and has the smallest possible modulus. Thus condition (4.10)
states that the resultant momentum with respect to the central axis vanishes and
there is no couple effect; moreover, it prescribes that the central axis intersects
the relative interior of the closed convex hull of E,. In [F2] it is shown that this
intersection condition is necessary for GSP to have a solution when Q is a half
space and E is a subset of ¢Q.

The proof of Theorem 4.5 (respectively 4.6) will be carried out in several
steps, showing that under its assumptions Theorem 3.14 (respectively Corollary 3.11)
may be applied.

We begin by considering the set of constraints. The study of the properties of
that set can be carried out in a more general scheme, say, substituting K(Q, E)
with the set

K={peX:x+ ov*x)cQ(x) for qe. x€E}, (4.13)
where, for every x¢ E, Q(x) is a given closed subset of R". Obviously,
K(Q, E) = K by choosing Q(x) = Q.
Proposition 4.8. The set K given by (4.13) is sequentially weakly closed in X.
Proof. See the Appendix. []

Proposition 4.9. The set K given by (4.13) satisfies
K33 C{v€ X: v¥(X) € Qo o(x) for gq.e. X€ E}.
Proof. By definition we know that v belongs to K% if and only if there are {4}y
and {v,ly such that 2, 4 oo, v,— v and Ay, €K for all n€N, that is,
x + A0 e Q(x) for qe. x€ E and for all n€N. 4.19)

By Lemma A.l, for g.e. x¢€ E there is a subsequence {v,,k}kEN, such that v,,:(x)
converges to v*(x). This, together with (4.14), implies that 2*(x) € Qs (), for
qge. xcE. [

Proposition 4.10. Assume that, for q.e. x € E, the set Q(x) is convex. Then K is
convex, closed and

K* ={ve X: v¥(x) € Q®(x) for q.e. xc E}.
Proof. By Propositions 2.5, 4.8, and 4.9 we have only to prove that
v¥*(x)€ Q%(x) for qe. x€ E = veE K™,
Let v be such that v*(x)€ Q¥(x) for q.e. x¢ E; it follows that
x + w*x)€Q(x) for q.e. x€ E and for all 2> 0.

Taking a sequence A, — + oo, we find that A,v€ K forall n€ N; hence v¢ K™,
S (|
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Lemma 4.11. The compactness assumption (3.12) holds.

Proof. Let {4,}x, {x,}x and x be such that 4, — + oo, x, > x and G(4,x,) =< ¢
for some constant ¢; we claim that x,— x strongly in [H!(£)]". In fact

= G(Z'nxn) = F(ann) - <L’ lnxn> .

Because F is positively homogeneous of degree 2, sequentially o-l.s.c. and non-
negative, we conclude that

1
0 =< F(x) < lim +inf F(x,) = 1im+sup F(x,) = lim+sup = F(A,x,)

1
= lim+sup7 [e + <L, 4,x,0} = 0.

Hence x€ RBM and F(x, — x) = F(x,) > 0. On the other hand, since x,-—> x
weakly in [H'()]Y, then |[|x, — X[V — 0. Using Korn’s inequality (4.7),
we conclude that

1% — X{faany = (@) {1 %, — *lfaa + Flx, — x)} >0
and the proof is complete. []

Remark 4.12. Let us briefly summarize some properties of rigid body motions
we will need in the following.

(i) If v belongs to RBM, then v(x) = xxXx + 8, with «, 8 constant vectors
(see (4.8)).

(@if) If v belongs to RBM NKEY, then o(x)€Qx,, forall xcE,, (see
Propositions 4.9 and 4.4(v)); since v is linear, this implies that o(x)€
€0Qx,., for all x€coE.

(iii) Assume that there exists a point P€R" such that (L, X (x — P)) =0,
for all xRN, If v(x) =axx -+ belongs to RBM, then <{L,v) =
(L, x P + B>. Notice that <{L,xx(x — P)> =0, for all x€R?, if
and only if Lx(x — P) is the null element of X’.

(iv) Let v belong to RBM and satisfy v(x) =0 for all x€co E,,. Then v
vanishes identically because cap E > 0, and hence cap E, > 0 (Pro-
position 4.4(iii)); thus the affine space spanned by FE. has at least
N — 1 dimensions.

Lemma 4.13. Assume that
there exists a point P¢€ co E,q such that
Lyax(x — P> =0 for al «cRY; (4.15)

LBy <0 VbeQe,. (4.16)
Then .
Loy =0 Vo€ RBMNKE. .17
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Proof. Let v belong to RBM N K%, In view of Remark 4.12(i) and (i),
aXx 4+ € coQu, forall x€coE,, Thanks to (4.15), we may take x = P,
whence xX P + f8€ coQq,, and (4.16) implies (L, xxX P + > < 0. Recalling
Remark 4.12(iii), we obtain (4.17). [

Proof of Theorem 4.5. By a translation it is not restrictive to assume P =0 in
hypothesis (4.10). Let us show that the abstract result of Theorem 3.14 applies.
(a) X is reflexive and F is convex and sequentially l.s.c. with respect to the weak
topology; all we have to verify is the convexity and closedness of K. This follows
from Proposition 4.10.
(b) The compactness assumption (3.12) is a consequence of Lemma 4.11.
(c) Necessary condition (3.20). We have to prove that F>(v) = <L, v, for
all v€ K*™. Since F is positively homogeneous of degree 2 (see Lemma 2.12),

F* _{ 0 if F(v) =0,
O=\4t oo if F)=0.

Thus, all we have to verify is that
Lyvy =0 VYvec RBMNK™.

According to Lemma (4.13), this follows from (4.10) and from (4.11)(i).
(d) Condition (3.21). In view of Remark 3.15, recalling that K™ is a cone, this
condition is equivalent to the following:

v€E RBMNKer LNK® = —pc K=,
Let v belong to RBM N Ker LN K™, Because of Remark 4.12(i), (ii),
aXx + Pf€coQu, =0 forall x€cok,. (4.18)

Thanks to (4.10), we may take x = 0, whence € Q. Now, since v belongs to
Ker L, Remark 4.12(iii) entails that (L, > = 0; hence (4.11)(ii) implies that

—peQ™. 4.19)
To complete the proof, it is enough to show that
—axx€e Q% for all x¢€co E,. (4.20)

Indeed, since Q% is a cone, (4.19) and (4.20) imply that —axx — € Q%, for
all x€coE,,; hence —vcK™. ;
Let us prove (4.20). From (4.18) and (4.19) it follows that

axx€@® for all x€co E. 4.21)

Let y belong to co E.. Due to (4.10) there is a # = u(y) >0 such that —uy
lies in co E; hence (4.21) gives uo X (—y) € Q. Because @ is a cone, it follows
that —axy€ Q. This holds for all y € co E,; hence (4.20) is true. The proof
is thus complete. []

Proof of Theorem 4.6. Again, we may assume P = 0 in hypothesis (4.10). Let
us show that we may apply Corollary 3.11.
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Semicontinuity and compactness hold as in the proof of Theorem 4.5. Let
us prove (3.15), say G¥L(v) > 0, forall ve X, with v == 0. To this end, we no-
tice (see Lemma 2.12) that

Goo = (F + xwl — L.
On the other hand, using the 2-homogeneity of F, we easily find
(F+ )&% (0) = -+ oo if either v4 K, or  F(») =0.

Hence
G () = + oo if vd RBM NKES,,

GEi(v) = —(L,v> if v€ RBMNKSY,,
From Lemma 4.13 we know that under our assumptions
Gi() = —(L,vy =0 Voec RBMNKZ,.

It remains to show that <{L, v) == 0 whenever v& RBM N K¥Y, does not vanish.
Taking such a v and recalling Remark 4.12(ii), we see that

v(x) =axXx+ fe€coQuy, YXEcoE,. (4.22)

Taking x = 0, wesee that §€ co Qu,. Since <L, v) =<L, 8> (Remark 4.12(iii))
the desired result follows by (4.12) if we show that § == 0. By contradiction,
assume f# = 0; this implies that & == 0, for otherwise v = 0. By Remark 4.12 (iv),
there is an x,€co E,, such that «xx, &=0. From (4.22), we find that
%X X, €00, s0 that (4.12) implies that (L, xxx,> < 0. Finally, we use
(4.10) to find a u > 0 such that —ux, € co E.,. The preceding argument may
be repeated to conclude that —{L, x X x,> < 0, which yields the contradiction.
Thus £ %0 and the proof is complete. []

Let us end this section with some curious results. Consider a heavy, homo-
geneous, isotropic elastic ball in R? and two different boxes: the half space

Q1 = {(x1, X2, X3): x5 = 0}

and a cone with vertex at the origin, lying on the plane {(x,, x,, x3): x5 = 0},
for instance, the cone

07 = {(X1, X3, X3): X3 = 0, X3 = 0, X5x3 = x7}.
With this choice, let the reference configuration of the ball be
(G %2, x93 + (g — 22 + (s — D2 < 1}

and consider the unilateral condition with E = 8£.
The following alternative holds:

(XM

(i) either the solutions of the equilibrium problem for the half space are “ir-
regular” in the sense that a large subset of 0£2 is mapped into a segment,

(ii) or the equilibrium problem for the cone cannot have solutions (this we con-
jecture to happen).
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To prove this alternative, let (GSP), , denote the equilibrium problem with ad-
missible set K;,, corresponding to the box Q;,, respectively. A theorem of
KINDERLEHRER [K2] states that, if u solves (GSP),, then the corresponding ““‘con-
tact region” I' = {x € 82: x5 + us(x) = 0} has positive capacity. In particular,
if the “final contact region” {x + u(x), x¢€ I'} is part of a straight line, then (i)
must occur. Thus the alternative follows as soon as we prove that, if (GSP), is
solvable, then (GSP), has solutions whose final contact region (in the above sense)
lies on a straight line. Obviously, to prove this it is enough to show that

every solution of (GSP), must solve (GSP),. (4.23)

As a matter of fact, if u solves (GSP),, then u€K,. Let weK, N C(.Q_);
clearly, for all 4 > 0 thereisa A > 0 such that v = uu + w + (0, 4, 0) belongs
to K,. Since <L, (0,4,0)> =0,

F(u) — <L, u) < F(v) — <L, vy = F(w) — <L, w> + p*F(u)
+u f Qi (X) £;(u) (W) dx — plL, uy.
02

Letting 4 — 0, we find that
Fu) — L, uy) < F(w) — (L, w), for all weK; N\ C(D).

By a density argument this implies that u solves (GSP),; hence (4.23) is proved
and the alternative follows.

5. Applications to unilateral problems in non-linear elasticity

In this section, we consider a unilateral problem of the same kind as in the
preceding one, apart from the elastic energy functional. Instead of (4.3), we will
consider integral functionals of the form

Fu) = [ f(x, Vu(x)) dx,

where f need not be quadratic in Vu. We refer to [Ba)], [C] for the discussion of
the physical motivations of the model.

Let 2 be a non-empty, bounded connected open subset of RV with a Lip-
schitz boundary 00. (2 represents a hyperelastic body, a particle of which is la-
beled by x; let u(x) be the displacement of the particle x and let p(x) = x + u(x)
be its final position.

We denote by X the usual Sobolev space [W'?(2)]Y, by X’ its dual and by o
the weak topology of X. In this section we assume

p>1.

In the following, g.e. will stand for quasi-everywhere with respect to the p-
capacity cap, defined as follows

cap, (E) = inf {||ullwtogny: u€ WHP(RY), u is ls.c, u(x) =1 Vxc E}.
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Let Q, E be subsets of RV such that Q is closed, E has positive p-capacity and

ECR2CQ.
Define the set of constraints in the following way:
K={pecX:p*(x)eQ for qe. x€E} 5.1

where y* is the quasi-continuous representative of .
Finally, consider the elastic energy

Fiy)= [W(x, Vy(x)) dx.

We point out that the stored energy W depends on the gradient of the final posi-
tion instead of on the gradient of the displacement. On the functional F we assume
that

F is sequentially o-l.s.c. on X; (5.2)

there exist « > 0 and b € L'(£2) such that
W(x,s) = o |s|P —b(x), forallscRN¥*N ae. xe¢ Q. (5.3)

Let L€ X’ be a system of applied forces acting on the body. The total energy is
then given by
G(y) = F(y) — <L, v> + xx(¥)-
The problem we are interested in is the following:
to find ¢ € X such that G(p) = min {G(p): y € X}. (5.9

We will refer to Problem (5.4) as the Nonlinear Signorini-type Problem in Elas-
ticity, briefly NSP.

Remark 5.1. If one imposes the additional constraint ¢ = g, on a subset I
of 60Q with positive p-capacity (that is, the mixed displacement-traction problem)
then the energy functional turns out to be coercive and existence for NSP follows
directly from (5.2) and (5.3). This result has been proved in [Ba] for the model
of non-linear elasticity with polyconvex stored energy. Here we are interested
in the non-coercive situation; that is, we consider Signorini or Neumann condi-
tions.

Remark 5.2. In the framework of BALL’s model, problem (5.4) has been con-
sidered recently by CIARLET & NECAS in [CN1] and [CN2] for a non-bilateral
box. In particular, in [CN2] the question of the global invertibility of solutions
of NSP is studied.

Let us discuss sufficient conditions for the solvability of NSP. As usual, some
compatibility conditions on the data Q and L are needed. A comparison with the
preceding section suggests imposing a condition of the following type:

DKL, B =0 VBECQuw,; (5.5)
(ll) if ﬂE Qoo,e and <L9 ﬂ> = 0’ then _ﬂE Qco,e'
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As we are going to see, (5.5) actually implies existence of a solution for NSP, at
least when Q is convex. But, if we admit complete arbitrariness on Q, (5.5) is no
longer sufficient, as shown in the following example.
Example 5.3. Let N=3, p>3, L=(0,0,—1) and

1
={x = Xy 2 ——— R} .
Q {x (xl) X2, x3) X3 = 1 + x% + x% ’ X1» x2€ }

Assume that NSP has a solution, say ¢. We claim that, for some y > 0 large
enough and some ¢>>0 small enough, it is

G(p + B) < G(g),

where § = (y, 0, —¢). Note that this inequality contradicts the fact that ¢ is a
solution. Since

Glp + B) = Gp) + 2x(p + P — <L, B

and <L, ) = emeas (£2) > 0, then the inequality G(p + B) < G(g) follows
as soon as we prove that yg(p + 8) =0, say ¢ + (5,0, —e) € K. The existence
of y, & such as to render this condition satisfied follows from the fact that ¢, has

a strictly positive minimum (indeed, ¢ is continuous on 2, because of the Sobolev
embeddings). Thus a contradiction is reached, hence NSP has no solution. []

Thus we add some geometric restrictions on Q. Specifically, we assume that

if $€Qx, and —f€ O, , then g + € Q, for all g€ Q. (5.6)
This condition is obviously satisfied either if Q is convex or if Q. contains no
entire directions or, more generally, if Q is invariant along its entire directions
of recession. We just note that (5.6) is not satisfied in Example 5.3.
Remark 5.4. The pair of assumptions (5.5) and (5.6) is equivalent to
OLH =0 YBEQw,
(i) if B€ Qo and <(L,B> =0, then g+ ABc Q for all g€ Q and all AcR.
.7

The following existence theorem holds.

Theorem 5.5. Assume (5.2), (5.3), (5.7). If G is proper, then NSP has at least one
solution.

Proof. It is obvious that NSP has a solution if and only if the following problem
is solvable:

w—> min ‘F(tp) + Qf b(x) dx — <L, w> + yx(y) : p€ X: .
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Then in (5.3) we may assume b = 0. In order to apply Theorem 3.16, we have to
show that conditions (3.12), (3.18), (3.22)—(3.24) are satisfied. Indeed, (3.22) follows
from (5.3), if we take P(y) = |Vy|Lre and D(A) = A?. Furthermore, the
semicontinuity assumption (3.18) is guaranteed by (5.2) and by Proposition 4.8
(adapted to the case X = [W'(Q)IY, p > 1).

Let us prove the compactness assumption (3.12). Let {4}y, {@.}x be two

sequences such that 1, — + oo, @, — ¢ and G(4,@,) < ¢, for some constant c.
Due to the compact embedding of [W'?(2)]" in [L?(Q)]¥, we know that

®n — @ ooy —> 0. (5.8)
Recalling (5.3), we also conclude that
o [ Ve ()P dx = 2,7XL, ¢ + A, %c.
2
From this inequality, taking (5.8) into account and recalling that p > 1, we find
that ¢ is constant and that the convergence of ¢, to ¢ is strong in X.
It remains to verify the compatibility assumptions (3.23), (3.24). First, we
note that ¢ Ker P if and only if y is a constant. Due to Proposition 4.9 (again,
adapted to the case X = [W'"P(Q)IY, p > 1), if yis constant, and belongs to K%,

then it lies in Q.. Thus (3.23) follows from (5.7)(@).
Finally, let € Ker PN Ker LNKEL. As before, we conclude that the

constant v belongs to Qu.; hence (by (5.7)(ii)),
g—weQ forall geQ. (5.9)

Let v K; from (5.9) it follows that v*(x) — y € Q, for g.e. x € E; hence
v — € K. Since F(v — ) = F(v), we find that (3.24) holds with u = 1 and the

proof is complete. []

Remark 5.6. The assumption (5.7)(if) is motivated by the abstract assumption
of Theorem 3.16. In particular, we may weaken it by requiring that
Sforall BE Quoe, with (L,B> =0, there exists u = u(z) >0 suchthat q — upecQ,
Jor all g€ Q.

The following corollary deals with a special case.
Corollary 5.7. Let Q be given by
Q= {xeRM:xy=0}. (5.10)
Let G be proper and assume (5.2), (5.3). If
(L, y» << 0 for all constants v with yy >0, (5.11)
then NSP has a solution.

Proof. The proof is very easy and hence it is omitted. []
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Remark 5.8. Suppose that @ and L satisfy the following condition:
L,B><<0 for all € Qq, with § 50. (5.12)
We see at once that (5.7) is satisfied, and so we have the following conclusion.

Let G be proper; if (5.2), (5.3) and (5.12) hold, then NSP has a solution.

This is essentially the theorem given in [CN1]. Note that (5.12) is equivalent to
the existence of a point ¢, of RY and of a convex cone C containing no entire
directions such that Q C ¢ -+ C.

Some discussion about hypothesis (5.2) is necessary. The sequential o-1.s.c.
of functionals of the form f W(x,Vy(x)) dx has been widely studied in the liter-
Q

ature. When W is finite-valued (and satisfies some growth conditions depending
on p), a necessary and sufficient condition for (5.2) to occur is called quasiconvexity
(see, for instance, [M1], [M2], [AF]) of the function W(x, z) with respect to z,
that is

[ W(x, z + VE(y)) dy = meas (D) W(x, 2)

D

for almost all xe€RY, for all ze R¥*¥, for all bounded open sets D C RV
and for all ¢ [CP(D)I.

In non-linear elasticity the energy functional cannot be finite-valued; as a
matter of fact, this would prevent any singular behavior of W(x, z) when det z
tends to zero (compressible materials), or when detz =1 (incompressible
materials).

To overcome these difficulties, in [Ba] the notion of polyconvexity is intro-
duced. For instance, in the case N = 3, the function W(x, z) is said to be poly-
convex with respect to z if

W(x, z) = O(x, z, adj z, det z)  for all x€R3, zcR?,

where @(x, z, a, d) is convex in (z, a, ); by adj z we denote the adjugate matrix
of z, i.e. the transpose of the matrix of cofactors of z. We recall that, when W is
finite-valued, polyconvexity is a particular case of quasiconvexity (see [Bal).

More precisely, the three dimensional non-linear elasticity model proposed
in [Ba] for the energy integral is the following:

Fy) = [ D(x, Vy(x), Adj Vip(x), Det Vy(x)) dx, (5.13)
g

where Adj Vy and Det Vy are the adjugate and the determinant of Vy in the
sense of distributions (see [Ba]); the function @: Q2 xR°xR®xR — [0, 4 oc]
satisfies the following properties:

(@) D(x, z, a, d) is a Carathéodory function (i.e. measurable in x and continuous
in (z, a, 9));

(b) D(x,z,a,0) =+ oo if § =0 and D(x, z, a, §) > -+ oo as z— z,, @~ &g,
60— 0F, for all x, zq, og;

(¢) (polyconvexity) for all x ¢ 2, the function @(x, -, -, -) is convex on its domain
(which is not necessarily convex; thus convexity has to be understood in the
sense of BUSEMANN, EwWALD & SHEPARD [BES));
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(d) (growth condition)

D(x, z, a,0) = (| z|? + |a|? + &) — b(x),

1 1
for some «>0, bELY(Q), p>3, ¢>1, r>1 with ;—+?<%.

Under these assumptions, the functional (5.13) is sequentially o-1.s.c. on [W!P(£)]3
(see [Ba]); hence our theorem of existence for NSP applies.

Remark 5.9. Let y be such that F(y) << + co (in particular, this is true if G
is proper and y solves NSP). By (d), the distributions Adj Vy and Det Vy are
actually in [LY(£2)]° and L"(L) respectively (and Det Vi > 0 a.e. in 2); however,
whether they coincide with the functions adj Vy and det Vy defined pointwise is
not known.

1 1
Remark 5.10. If in assumption (d) we have p = 2 and; + 7 = 1, then the

sequential o-1.s.c. result still holds for the functional (5.13) if Adj V¢ and Det Vy
are replaced respectively by adj Vg and det Vy defined pointwise (see [Ba],
Lemma 6.1 and Theorem 7.7).

Remark 5.11. Theorem (5.5) applies also to incompressible materials; for
them assumption (b) must be substituted by

(b)) D(x, z,a, 8) = + oo if 0 =+ 1.

6. A non-reflexive example: masonry-like materials

Our aim in this section is to minimize, under some unilateral constraints,
the stored energy functional of masonry-like materials (see, for instance, [GG],
[A], [ABD]). These materials have the characteristic feature of not resisting to
traction though they behave elastically under compression.

In this section we use the following symbols (here and in the following the
summation convention over repeated indices is adopted):

A:B=A;B; denotes the scalar product of the Nx N matrices A, B;

sym A denotes the symmetrized matrix of A: (sym A); =% (4;;,+ 4;);
u-v=uw, denotes the scalar product of the vectors u, v€RY;
TR denotes the tensor product of the vectors u, v€RN:

(u ® v)y= u;

uOv=symu ® v denotes the symmetrized tensor product of the vectors
u, v €RN: (u O v)y = ¥ (ww; + upy);

P+ denotes the Euclidean norm either in RY or in R¥*V;

h) denotes the set of symmetric N x N matrices;

A denotes the cone of negative semidefinite symmetric Nx N
matrices;
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S, denotes the cone of positive semidefinite symmetric Nx N ma-
trices; .S, coincides with the polar cone of S_, say the set of
all matrices A€ S such that A:B <0 for all B¢ S_;

) is the orthogonal projection onto S_ and satisfies |P(A)|? =
|dist (A, S1)[2;

2 is a non-empty, bounded, connected open subset of RV with a
Lipschitz boundary 0£2;

co A is the convex hull of A, A C RV;

Hy_; denotes the (N — 1)-dimensional Hausdorff measure on 02;

M is the space of (N x N matrix valued) measures on £ with bounded
total variation;

[ 1] denotes the total variation of the measure u¢ M on £2;

Q

e(u) is the linearized strain tensor, with components ;() = % (;; -+ %;,).

Consider the Banach space
X = BD(Q) = {uc [LY(DI: e(w) € M},
endowed with the norm
lllsocay = Nl lpLrcany + Qf le()].

In the following we denote by o the strong [L!(2)]" topology on BD(£2). We recall
that

gf |e(u)| = sup {% Df [ug, + up;ldx @ pe [C(EV*N;9 =0 on 82, [p| = 1}-

We also mention the following properties of X = BD(£2) (see, for instance,
[Te).
N
(a) Sobolev embedding: X C [LP()1Y, Vpe [I,N———l] , with compact injec-
N _
N—1
(b) Trace theorem: there is a linear, continuous, surjective operator y,: X —
[L1(@D]N such that

tion if p <C

yo(t) = ulsq for all ue X N [CO@D)I.

(c) Korn type inequality: there is a linear continuous operator r from BD({2)
into RBM (notation of Section 4) and a constant ¢(£2) depending only on 2
such that

lu — r@)lspey < () [ 1e)].
2
As a consequence of this property,

| #llzpeay ~ gf le(u)| + p(u),

where p is an arbitrary semi-norm, which is a norm on RBM. By the way,
we recall that [CP(2)]Y is not dense in BD(2) with the strong topology.
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(d) Green formula: for all ve BD(2) and all He [CHQ)P*V
[H:e() = — [v-divymH)dx + [H: [y4(0) O v]dHy_y, (6.1)
2 2 a5

where v denotes the outward unit vector orthogonal to 9£2.
The model proposed in [A] and [GG] for the stored energy functional of masonry-

like materials is
[ 1P(e@) |,
0

where, for u¢ BD(£2), the correct definition of the integral is in the sense of
convex function of a measure (see, for instance, [Te], [A], [ABD]).

For completeness, we briefly recall this definition. Letting f: R* — [0, 4 oo]
be a convex, L.s.c. function and letting ¢ be a k-vector valued measure on £2, we
set

d Y
[ = [5Gy dx+ [ 5 (;,—“m (x)) a1 ()

where u = p%(x) dx + p° is the Lebesgue decomposition of u in terms of the

absolutely continuous part u* and of the singular part u*, | 4*| is the total variation
S

7)
of i, _d-l% is the Radon-Nikodym derivative of u° with respect to |u’| and f*®

is the recession function of f.
Let Q be a closed subset of RN such that 2 C Q. Consider the set

K={ucX:x+ux)cQ for ae. xcQ},

where a.e. stands for almost everywhere in the sense of the Lebesgue measure
in RY, Thus we are led to the following minimization problem

min{f]P(e(u))lz-— [h-udx — [H:e() : ueK:, (6.2)

where he [LMQ)]Y and He [C(@2)V*Y. Note that, by Green’s formula (6.1),
for the load term we have the equality

[h-udx + [H:e(w)= [(h—div(symH)) -udx+ [H:[ys®)Ov]dHy_y;
0 2 o oQ

in this form (4 — div (sym H)) and H represent respectively the body forces and
the surface stresses. Note that the following analysis applies when the body forces
are derivatives of continuous functions and the surface stresses are continuous.
Setting

Fo)= [[P(e(@)]* — QfH: &(v),

Q
L,v) = [h-vdx,
2
G(U) = F(U) - <L’ U> + XK(U):
we see that problem (6.2) becomes the following:
find u € X such that G(¢) = min {G(v): v € X}. (6.3)
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We will refer to Problem (6.3) as the Signorini-type Problem for Masonry-like
Materials, briefly MSP.

In order to apply the abstract existence theorems of Section 3 to MSP, we
make the following assumption:

There are p > 0 and b€ L'(2) such that for all [€ S

P2 —H: L=y |l — b(x) for ae. x€ Q. (6.4
It is not difficult to see that condition (6.4) requires that
symH(x)¢ S_. for all x¢ 2.
Conversely, (6.4) is satisfied if

sup max 4,(x) < 0,
x€Q i

where 4,(x), i = 1, 2, 3, are the eigenvalues of the matrix sym H(x). Thus a
necessary condition for the validity of (6.4) is that the matrix sym H(x) is negative
semidefinite for all x ¢ £2, and a sufficient condition is that it is negative definite,
uniformly in x¢€ £ (in other words, the load H is safe, in the sense of [GG]
and [A]). A refinement of condition (6.4) is given in [ABD] by use of the notion
of demicoercivity.

Theorem 6.1. Let N = 2, 3. Assume that condition (6.4) holds and that

there is a point P ¢ co £ such that {L,xx(x — P)> =0 for all xcR3; (6.5)
h(x)-B =0 for a.e. x€ 2 and for all $€ Qu; (6.6)

if B€Qu, and (L,B> =0, then q+ A€ Q, forall g€ Q andall LeR. (6.7)

Then MSP has at least one solution.

Proof. A translation enables us, with no loss in generality, to assume P = 0 in
hypothesis (6.5). Our aim is to apply the abstract result of Theorem 3.4. Let us
verify the hypotheses.

(a) By the Sobolev embedding theorem, every bounded subset of X is o-relatively
compact.

(b) The lower semicontinuity assumption (3.3) follows from [A], [ABD], [Te]
and from (6.1).

(c) Compactness assumption (3.4). Let {A,}x, {v,}x and v be such that 1, — 4 oo,
v, > v and G(A,p,) is bounded from above. Then Av,€K and by (6.4)

By [1e@)] — A [H) - n() dx — [b()dr <,

with ¢ constant. Hence #(x)€ Q,., for ae. x€ 2 and

ng|8(l’)| —gfh(x)-v(x) dx < 0.
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By (6.6), we find that v¢&€ RBM. Moreover,

i supy [ 1460)] S limsup y [ 1,0)] = 109 o(x)d
= timsup [y [ el — [409- 1) ]

1
< lim sup — [c + [ b(x) dx] =0,
n—>—+o }.n 0

and so »,—> v strongly in BD(£).

(d) Necessary condition (3.5)(f). For all we X we have Go (W) = F7(w) —
(L, wy + xx,, ,(W) (see Lemma 2.12(ii) and Proposition 2.5); hence it is
enough to show that F¥(w) = (L,w) for all we€K,, Let w€Ky,;
then w(x)€ Q. for a.e. x¢€ 2 and, by (6.4),

1
Fo) 2 lim 7 [ lew)] — [ b0 x|
=y [leW)| = 0= [h(x) wx)dx = {L,w). (6.8)
Q Q2

(e) Condition (3.5)(if). From step (d), if w¢& Ker Gy,,, then wéK., and
F*(w) = {L, w>. Hence by (6.8) we conclude that we& RBM and (L, w)>=0,
so that, by (6.6)

Ker Gy C RBMN{0€ X: 0(x) € Q. and A(x)-v(x) = 0 for a.e. x€ 2}.
(6.9)

We will prove (3.5)(i) with g = 1, thatis G(v — w) = G(v) forall v€ X and all
w € Ker Go . The inequality being trivialif v ¢ K, weletv€ K and w ¢ Ker Goo .
By (6.9) we obtain w(x) = axx -+ f and G — w) = G@) + yx(v — w). Thus
we have only to prove that v — we K, say

x+o(x)—(xxx+pecQ for ae x¢€ 2. (6.10)
Since x + v{x)e @ for ae. x& £, (6.10) follows if we show that
g—(exx+peQ forae xc and all g€ Q. 6.11)

We will use the following result, proof of which is given below.

Lemma 6.2. (6.6) and (6.7) hold if and only if the following conditions are satis-
fied:

h(x) b <0 for ae. x€ Q2 and for all b€ co Qu; (6.12)
if band —b € coQu,, then q +AbEQ, for all g€ Q and all AcR; (6.13)
if b€ coQu, and {L,by =0, then —b€coQx,. (6.14)
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By (6.9), it is axXx 4 € Qu, for all x€ 2, thus, use of (6.13) shows
that (6.11) is a consequence of

—{xXx 4+ B)€ 0 Qu,, for all xc Q. (6.15)

Since co Q.. is a convex cone, (6.15) follows from

(1) —BecoQu,.;
(2) —axx€coQs, for all xe .

(1) By linearity, it is axx 4 € c0 Qu,, for all x€co 2, so (6.5) (with
P =0 and x = 0) implies that f€ coQu,. Since <{L,> =0, by (6.14) we
get that —f € co Q-

(2) Forevery Xcco £ itis aXX€ coQu,: infact,itis o XX + €0 Qu,
and, by (1), —f€coQs,; finally, co Q.. is a convex cone. Let x¢€ 2: by
(6.5), there exists 1 >0 such that —Ax€co 2, hence aX{—Ax)€coQu,.
This implies that —a X x € co QO ., hence (2). The proof of the theorem is then
complete. []

Proof of Lemma 6.2. The equivalence between (6.6) and (6.12) is trivial. (6.13)
and (6.14) imply (6.7). In fact, let f€ O, be such that <L,> = 0. By (6.14)
we get —f€coQy, and, by (6.13), g + A€ Q, forall g€ Q and all 1€R.

To complete the proof, assume (6.6) and (6.7). First, we show that
if b€coQu, and (L,b) =0, then g — bc Q for all g€ Q. (6.16)

In fact, if b€ coQq,, thenthereare 2, =0 and b,€ Qo i=1,..., N+ 1,
N+1

suchthat >, 4 =1 and b = Ab,. By (6.6) we find that <L, b> =0, forall i
i=1

hence, if <(L,b> =0, then (L, b;> =0, for all i. Thus (6.7) implies that g —
Ab;eQ forall g€ Q and all i. Hence, ¢ — bc Q, for all g€ Q, and (6.16) is
proved.

(6.6) and (6.7) imply (6.13). Let b be such that +b€ co Q.. By (6.6)
{L,b> = 0; thus from the fact that co QO is a set of directions, (6.16) gives
g+ AbcQ, forall g Q and all 2¢R.

(6.6) and (6.7) imply (6.14). Let b€ coQy, be such that (L, b) = 0. By

(6.16) we find that ¢ — nb€ Q, forall g€ Q and all n¢ N. Setting b, = —Z— — b,
we conclude that —b = lim b, and #nb,€Q, so that —b€ Q... [

n—>+oo

Remark 6.3. Roughly speaking, assumption (6.4) means that the system of
applied forces does not allow mutual separation between portions of the body.
Note that the term H does not affect the resultant force nor the resultant momentum:
both of them depend only upon A. In particular, assumptions (6.6) and (6.7)
assert that, at every point, the resultant must be orthogonal to the bilateral reces-
sion directions of @ and it must be strictly opposite to the non-bilateral ones.
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Remark 6.4. We claim that (6.6) is necessary for the existence of minima (still
better, for boundedness of G below), at least when Q is convex and H=0.
Indeed, assume that there is a f¢€ Q® = Q.. and a set B = {xc Q:
h(x) - > 0} with finite perimeter and positive measure. Let v be in K; the
function

v in Q\ B B ;
”’—{UH.,S in B = v+ By
belongs to BD(Q) for all 4 = 0. Since <L, fBxp> > 0, we conclude that
;lil_P G(v;) = — oo whenever B+ A NL2\B=0 Vi>0

Appendix

This Appendix is devoted to the study of some properties of the capacity.
The notations are those of Section 4.

We begin by giving the following result, convenient in the proof of the pro-
perties of the set of constraints K defined in (4.13).

Lemma A.1. Let {v,}x be a sequence in [H'(Q)", weakly converging to some v.
Then
lim+inf|v:,"(x) —v*x)| =0 for ge xc Q.

Proof. Set y, = |v} — v*|. The sequence {y,}x converges weakly to zero in
K

. 1
H'(R) and so there is a subsequence {y,, }y such that w, = v > Vn, CONVErges to
=1
0 strongly in H'(£) (Banach-Saks theorem). By [DaL] (Proposition 1.6), there is
a subsequence {wy}y such that

.lir+n wkj(x) =0 for qe x€Q.

J

Thus for g.e. x€ 2 we have
< Tim < i < T i _
0= 1'1’r_1)1 +1101of Va(x) = I}T Jrlgf y,,kj(x) = I}T +1£1<)f wkj(x) 0,
and the proof is complete. [

We just note that an analogous result holds if we replace [H!(2)]V by
[WEP ()Y, p>1; this is used in Section 5.

Proof of Proposition 4.8. Let {r,}x be a sequence in [H'(2)]¥ which converges
weakly to some v¢€ [H'(D)]Y. Assume that for all n€ N, x + v}(x) belongs
to Q(x), for g.e. x¢ E; we must show that x - v*(x) belongs to Q(x) for q.e.
xX€E.
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Since Q(x) is a closed subset of RY, it is enough to prove that for g.e.
x€ E there is a subsequence {1, Jyey such that vy (X) converges to v*(x), say

1im+inf|v,’f(x) —v*(x)| =0 for qe. x€E.
This follows from Lemma A.1. []

Let us come to the set E,, and to its properties.

Proof of Proposition 4.4. (i) E. is intersection of closed sets; moreover, in Defi-

nition 4.3 we may take C = E, hence E,, C E.
(i) To shorten notations, for all 4 CRN set 4° =R\ 4. Then

E\ E=EN[N{C:C is closed and cap (E\ C) = 0}]°
= EN[V{C° C is closed and cap (E\ C) = 0}].

By the Lindelsf theorem, the union between brackets may be effected over a
countable family, say {C,}x, such that

+ o0
E\E.,=EN [\Zjl {(C,): C, is closed and cap(E\ C,) = O}]

+ oo
=\J {E\ C,: C, is closed and cap (E\ C,) = 0}.
n=1

Since capacity is countably subadditive, we get (ii).

(iii) Let E have zero capacity. In Definition 4.3 we may take C = #; thus,
E., = 0 and hence cap E,, = 0. Conversely, by (i7) it follows that if cap E, = 0,
then cap E < cap [E\ E.] + cap [E./\ E]=0. Thus, all equivalences are
proved.

(iv) Since E is closed, by (i) we have E. C E and hence cap (E,, \ E) = 0.
Recalling (ii), we find that

ca’p (E A Eess) = cap [(E\ ECSS) U (ECSS \ E)] é cap (E \ ECSS) + ca‘p (EBSS \ E) = 0'

(v) The if part follows immediately from (if). Conversely, let » be continuous
and assume by contradiction that v(y)¢ C for some y of E.,. Since v is con-
tinnous and C is closed, v(x)4 C for all x of an open neighborhood B(y) of y.
Since, by hypothesis, v(z)€ C for all z of E\ N with cap N=10, we get
B(y) C(E\ N). Hence E\NC[B()), say cap{E\ [B(»)]}=capN =0.
Since [B(»)]° is closed, in Definition 4.3 we may take C = [B(»)]; hence E, C
[B(»)]¢. This is impossible, because y belongs to E., N B(»).

(vi) follows immediately from (v), taking C = {0}. [J

If E is not closed, then E. may be considerably different from E or from
(E).s- For instance, let £ R be the set of all rational points in [0, 1]; then all
closed sets C such that cap (E\ C) =0 must contain E; hence E, = (F)e

= [0, 11. Clearly, (EA E_) = (E. \ E) is the set of irrational points in [0, 1]
and it has positive capacity.
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On the other hand, the set EC R? of points in [O 11x [0, 1] with rational

coordinates has zero capacity; hence E., = 9, while (E)ess — E= [0, 11x [0, 1]
has positive capacity.

Finally, let us detail the argument mentioned in Remark 4.2 in order to show
that GSP is solvable for all L when Q is bounded and E is any subset of £2 with
positive capacity.

As already noted, we need a capacitary version of Korn’s inequality; this
requires in turn the definition of a “capacitary essential supremum™ along with
a technical lemma, as follows.

Definition A.2. Let u belong to [HY()N and let u* be its quasi-continuous repre-
sentative. Set

[ule = inf{fA€R: |u*(x)| = A for g.e. x€ E}.

Lemma A.3. Assume cap E > 0. Let {w,}y be a sequence in [H*()1, such that

(@) {w,In comverges strongly in [H (I to some w,
(b) [w,]g converges to zero.

Then w*(x) =0 for g.e. x€ E. If in addition w is continuous in Q, then
w(x) =0 for all x€ E,. (A.1)
In particular, if w belongs to RBM, then it vanishes identically in 0.

Proof. By (a) and by [Dal] (Proposition 1.6), there is a subsequence, which
we still denote by {w,}x, such that w}(x) - w*(x), for q.e. x¢ E. On the other
hand, from (b) we easily conclude that w}(x) — 0, for q.e. x ¢ E, sothat w*(x)=0
for q.e. x€ E. Furthermore, if w is continuous in £, then w* = w and (A.1)
follows from Proposition 4.4(vi). The last assertion follows from Remark 4.12(iv).

O

The following lemma gives the capacity version of the Korn inequality suitable
for our purposes.

Lemma A.4. Suppose cap E > 0. Then there is a C > 0 such that for all v of
H' (D

ol = C{lle@)IEae) + [V1E- (A2)
Proof. For contradiction, assume that for all n€ N there exists v, [H' ()Y
with

10,17 > n{l|e@a)[Eace) + 15
Setting w, —m we find that:
(1) |w,ll = 1, hence (without relabeling subsequences) there is a w such that

w,— w weakly in [H'()]";
) lle(w,) (e — 0, hence w is a rigid body motion;
3 w,lg—~0.
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By (1), (2) and by the Korn inequality, we have w, > w strongly in [H'(Q)]".
Using (3) and recalling Lemma A.3, we find that w vanishes identically. This is
impossible, because the strong convergence and (1) imply |[w||=1. [

Thus we are able to prove the theorem we stated.

Proposition A.5. Assume cap E > 0. If Q is bounded, then GSP is solvable for all
systems of applied forces L.

Proof. Let § be any positive number. Then G; = {v € [H(QD": G(v) < p} +~ 0.
We claim that G is bounded. Indeed, G; is obviously a subset of K, so that for all
vE Gy it is G(v) = F(v) — (L, v); hence

F) = B+ [<L,v)|. (A.3)

On the other hand, boundedness of Q implies existence of a number M such that,
for all veK, |v*(x)| < M for q.e. x€ E; hence [v]z < M. Thus, recalling
(A.3) and Lemma A.4, we find that, for all v€ G,,

lo? < C{F@) + [} = C{f + M*+ KL, b [} < €y + G lo],

with C;, C, constant. Therefore, G4 is bounded and Remark 3.6 gives immediately
the existence of a minimizer of G. []

By means of analogous proofs, we can give similar results for the Signorini-
like problem in non-linear elasticity NSP (the notations are those of Section 5).

Lemma A.6. Assume that p > 1 and cap, E > 0. Then there isa C >0 such
that for all v of [W'P(Q)IY

IolP = C{{VollEna + 013} O

Proposition A.7. Assume cap, E > 0 and G proper. If Q is bounded then NSP is
solvable for all system of applied forces L. O
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