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1. Introduction

The status of material frame-indifference (material objectivity) as a basic
principle of continuum mechanics was challenged by MULLER (1972) who exhibited,
within the framework of the kinetic theory of gases, approximative expressions
for the stress and heat flux in a gas composed of identical Maxwellian molecules.
These expressions, valid for general frames of reference, are frame-dependent in
the sense of involving the spin § of the given frame relative to an (and hence any)
inertial frame. The generally-accepted conclusion has been that if these relations
are regarded as constitutive equations then material frame-indifference is violated.
WANG (1975) could find no basis for such violation within the fundamental tenets
of kinetic theory, while TRUESDELL (1976) denied the relevance of kinetic theory
(as currently understood) to considerations of material objectivity, arguing that
approximative relations derived therefrom cannot be regarded as constitutive
relations in the sense of continuum mechanics. EDELEN & McCLENNAN (1973),
SODERHOLM (1976), and Woobs (1981) have also presented relations, based upon
the work of BURNETT (1935), which are claimed to be incompatible with material
frame-indifference. However, these authors lack the general approach of MULLER
in that their relations are associated with inertial frames. SeeziaLe (1981) has
claimed that the incompatibility with material objectivity of all such relations must
derive from the (MAXWELL & CHAPMAN-ENSKOG) approximation procedures em-
ployed.

Here MULLER’s relations are shown actually to be frame-indifferent while the
others, inherently valid only for inertial frames, are rendered objective by the
addition of terms which vanish in inertial frames. It follows that criticisms of
material objectivity based upon these relations are without foundation. The rela-
tions in question involve dependence upon intrinsic spin' (W -+ §). The ad-
missibility of this parameter as a constitutive variable is used to clarify a possible

1 Here W denctes the spin field associated with the body, so that (W .- S) represents
the spin of a material element relative to aninertial frame. This kinematic parameter is
objective and hence intrinsic.
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ambiguity in the interpretation of the postulate of invariance of material proper-
ties under superposed rigid motions, and demonstrates its equivalence to material
frame-indifference. It is also indicated how considerations of intrinsic spin may
possibly obviate difficulties in the constitutive theory of superfluids.

In Section 2 is presented a somewhat more observer-oriented statement of
material frame-indifference than is customary (¢f. TRUESDELL & NoLL (1965)
and TRUESDELL (1977)), while in Section 3 the expressions for stress and heat
flux involved in the controversy are exhibited and analysed. Those of MULLER
are shown to be properly indifferent. The relations for stress and heat flux derived
from BURNETT’S work are modified by the addition of scalar multiples of (SD — DS)
and Sg respectively in such a way as to render these expressions objective. (Here
D and g denote respectively the stretching and temperature gradient fields asso-
ciated with the body.) Since S = 0 in inertial frames, the modified relations
coincide therein with their original versions. Remarks are made in Section 4 on
the admissibility and use of intrinsic spin in constitutive relations. Attention is
drawn to the possible resolution of a constitutive difficuity encountered in the
modelling of Helium II. Further, two possible interpretations of the principle
of invariance of material properties under superposed rigid motions are discussed,
one being essentially an alternative statement of material objectivity and the other
implying the impossibility of material sensitivity to (W -+ §). The latter inter-
pretation is thus at variance with the requirements of material frame-indifference.
The objective natures of (W -+ §) and certain other parameters used in this work
are established, within the framework of Notri’s neo-classical space-time, in an
Appendix.

2. Material Objectivity

The principle of material frame-indifference (¢f. Noit (1958) and TRUESDELL
& NotL (1965)) is a fundamental postulate of continuum mechanics which holds
that the propertics which characterise any given material (continuous body)
should be independent of observer.? In application it is usually couched in terms
of constitutive relations and cquivalent processes, a formulation more in keeping
with considerations of invariance under superposed rigid motions than of ob-
server independence.? [t is instructive to note that there are in essence fwo basic
assumptions involved:

Assumption [ The physical quantities which characterise the behaviour of
a given material are intrinsic
and

Assumption 2: Al observers agree upon the nature of any given material.

2 That is, these propertics should be intrinsic, or objective.

3 The principles of material frame-indifference and of invariance of material proper-
ties under superposed rigid motions have been shown to be equivalent in so far as the
rostrictions they impose upon response functions. Further, these restrictions essentially
involve only proper orthogonal tensors (¢f. MURDOCH (1982)). See also Remark 4.4.
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As a consequence of the first assumption, for example, both the stress tensor T
and heat flux vector ¢ take objective values. That is (employing standard nota-
tion)

T* = QTQ" and ¢* = Qq,

where (T, q) and (T*, g*) denote these quantities as they appear to two obser-
vers, and Q denotes the orthogonal tensor associated with the (instantaneous)
isometry which relates points in space as perceived by these observers. (This matter
is treated comprehensively by NoLL (1973). See also the Appendix.) In respect
of the second assumption, if p = p(I) is the constitutive relation by which ob-
server O describes a physical parameter p which helps to characterise a given
material (I being a list of independent physical parameters and p a relevant
response function), then the corresponding relation appropriate to another ob-
server O* will take the form p* = p*(I*). Here I* is the list of parameters for
O* which is the counterpart of I for O, and p* an appropriate response function.

Taken together, Assumptions | and 2 mandate the usual restriction(s) of
material frame-indifference upon the response function(s) pertaining to any single
observer in respect of any given material. These restrictions are not, however,
trivial deductions, and in MURDOCH (1983) the case of an elastic material was
discussed to indicate the basic ideas involved. In particular, the response functions
employed by different observers are to be regarded as distinct* and the foregoing
assumptions then used to obtain restrictions upon the response function(s) appro-
priate to any one observer.

1f material objectivity is to fail as a principle then one or both of the assump-
tions must fail. The kinetic theory of gases is consistent with the first assumption,
as also is the more general discrete approach of MurpocH (1982) (modulo agree-
ment by observers upon which quantities are subject to fluctuation or, equivalently,
Q as it appears in this section must not vary significantly on a microscopic time
scale). It would thus seem likely that if the principle is to fail then there must be
a material about whose basic nature there is no consensus. Specifically, the beha-
viour of some characteristic parameter (such as stress) will be modelled by one
observer O as p — p(I) and by at least one other observer O* as p* = p*(m¥)
where I* == m*. In such a case the basic nature of the material is clearly frame-
dependent.

In the next section are discussed two situations in which frame-dependence
is apparently encountered and which have been used to cast doubt upon material
objectivity. Tn these cases I includes the spin § of the frame of the observer relative
to an inertial frame and/or the spin W of the body. In fact, as will be shown, in
both cases the dependence is really upon the spin of the body relative to an inertial
frame, naniely (W - ). In this combination material objectivity is not violated;
indeed, it is the only such combination as is observed in Section 4.

4 For example, in situations requiring reference configurations (as in the case for
clastic solids) it is clearly unsatisfactory to assume that different observers will select
the same reference configuration, and hence the response functions must be regarded
as distinct.
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While the foregoing presupposes all observers to be cognizant of inertial frames
it is to be noted that this assumption is implicit in classical physics, being necessary
to establish the concept of force.

3. Results from the Kinetic Theory of Gases

Within the framework of kinetic theory it is possible to derive approximative
expressions for the stress tensor T and heat flux vector ¢ in a simple gas. In parti-
cular, using the CHAPMAN-ENSKOG procedure BURNETT (1935) derived the third
approximation to the velocity distribution function which yields (according to
CHAPMAN & COWLING (1970))

T = —pl + 2uD + (x,442/p) (tr D) D + (5,142 /p) {5 — (@D + BL)}

+ (v3u2fo8) Vg + (xap?20p9) \Vp ® 8 + € @ Vp)

+ (vsp2f00?) E @ € - (wou/p) DD 1)
and

q = —Ag + (B2 le0) (tr D) g + (B.u*/o0) {g — L7g}

+ (Bsu2/op) D Vp - (Baps?fo) div D -+ (3fsp2/o8) Dg. ()

Here «y,...,%s ff1,...,3s denote dimensionless quantities, p (= —tr T/3)
denotes the pressure, p density, u viscosity, A thermal conductivity, 0 temperature,
g temperature gradient, L velocity gradient® with symmetric part D, and, for any
tensor A,

_ 1
A=A — (A,

where tr A signifies the trace of A. A superposed dot denotes a material time deri-
vative.

The appearance in the foregoing (or similar) relations of L and hence of its
skew part, the spin W, has led a number of authors® to conclude that these, regard-
ed as constitutive equations, violate the principle of material frame-indifference.
However, the above cquations pertain to the stress and heat flux only in inertial
frames. This becomes clear when comparison is made with the analysis of MULLER
(1972), who derived approximative expressions for T and q in a general frame.
Usingan iterative scheme due to MAXWELL and developed by IKENBERRY & TRUES-
DELL (1956), MULLER obtained relations comparable with (1) and (2) in respect of
Maxwellian molecules in which the spin S of the frame relative to any inertial frame”’

5 CHAPMAN & COWLING (1970) term L7 the velocity gradient.

¢ Cf. EpsLen & McCLENNAN (1973), S6pErRHOLM (1976), and Woops (1981).

7 The spin tensor Wj, defined by MULLER (1972, equation (1.3)) is —S in our nota-
tion. This is discussed in the Appendix.
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is present. These relations take the forms

T = —p1 + 2uD — Qulp) (uD) + (4u*/3p) (B - D) 1
— (u3/p){(tr D) D + 2DD + WD — DW)}

— (3u/200) {V (ug) + V(ug)"} — (4u*/p) (SD — DS) (€))

and
q = —opug + Gopf2p) (u@) + (:2/2p) {5 (tr D) g + 3Lg + 8Dg)
+ (ufo) div (uD) — (3u?/op) D Vp + (45u/400) V(u0p/p)
— (751/400) V(ubofe) + (2u/Tp) div (u*D?/o)

+ (u/Tp) V(u*D - Do) + (62fop) div (uD) + (Bos’/p) SE. (4

Here oy denotes the thermal conductivity. The expression for the stress differs
slightly from that in the original paper and is taken from a recent (1982) research
note of MULLER.

Now suppose that relations (1)-(4) are regarded as constitutive equations with
Py s %15 ... s, and A (= au) frame-indifferent scalar quantities. It will be
shown that relations (3) and (4) are entirely consistent with the principle of ma-
terial frame-indifference, while terms can be added to relations (1) and (2) which
render them frame-indifferent and which vanish in inertial frames.

The only terms which are not immediately seen to be individually objective
in (3) are

—Qu*/p) {D + WD — DW -+ 28D — 2DS)}
and in (4) are

(Gou(2p) (& - Lg 1 25g).

These may be written in the forms

—Qu2/p) (D — WD 4 DW) -+ AW | S) D — 2D(W -+ S)}
and
Grp?2p) (8 - S8) - (W - 8) g + Dg}

respectively. However, as is shown in the Appendix, the expressions

(D — WD |- DW), (W --S) and (¢ + Sg) are objective, from which it follows
that (3) and (4) arc compatible with material objectivity.
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In respect of relations (1) and (2) the only terms not clearly individually ob-
jective are

(%212/p) {D — (L'D + DL)}
and
(Bap*/08) {& — L'g}

respectively. Noting
e — 2 —
(L'D + DL) = 2DD — WD + DW —?(tr (DD)) 1,

we may write these expressions as

(x20%/p) (D — WD -+ DW) + 2(W -+ 8) D — 2D(W + S)

_ 2 _
— 2DD + = (tr (DD)) 1}

and

(B24*100) (& + S8) + (W + 8) g — Dgj

respectively, with S = 0. The objectivity of (D — WD -+ DW), (W + S),
and (g + Sg) render these expressions objective, so enabling (1) and (2) to be
written in frame-indifferent form by the addition of terms

(2woi?fp) (SD — DS)  and  (2f,p%/o0) Sg

respectively.

4. Intrinsic Spin as a Constitutive Variable

4.1 If constitutive relations involve a functional dependence upon the velocity
gradient L but not the spin S of the observer frame relative to an inertial frame,
then a standard argument (¢f. TRUESDELL (1977, § IV.4)) shows that material
objectivity implies this dependence can only be upon the symmetric part D of L.
However, if § is also included as an independent variable, and it is noted that a
dependence upon L and § is equivalent to one upon D, (W — ), and (W 4 S),
then the same argument rules out dependence upon W — S. Further, the response
functions must also be isotropic in the arguments D and (W + §).

4.2 An apparent conflict of constitutive relations with material objectivity
as a consequence of a dependence upon the spin W in inertial frames is encountered
in studics of Helium (¢f. ROBERTS & DONNELLY (1974, § 3(e) and HiLLs & ROBERTS
(1977)). Reinterpretation of spin as intrinsic spin in constitutive equations relating
to the superfluid component would seem to offer a possible resolution of this
problem.
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4.3 The admissibility of (W + S) as a constitutive variable clarifies the inter-
pretation of the principle of invariance of material properties under superposed
rigid motions. Roughly speaking, this principle requires that, for a given
observer, two motions perceived to be rigidly related must give rise to material
responses that differ only in so far as being appropriately rotated versions of
each other. If this is taken to mean that the observer and the material universe
without the body are to remain unchanged, but that only the motion of the body
is to be rigidly affected, then clearly the spin relative to inertial frames would
change. Accordingly, the principle would be violated by the existence of materials
whose response depends upon (W -+ S). However, this principle may be inter-
preted in terms of a superposed rigid motion of the entire material universe with
respect to the given observer, in which case (W + S) will merely change in an
appropriately rotated manner. Of course, this second interpretation is equivalent
to having a second observer whose frame moves rigidly relative to that of the
original observer, and is thus seen to be an alternative statement of the principle
of material frame-indifference. It would seem that those who wish to retain the
first of the above interpretations must address the physical arguments which
motivate the possible sensitivity of material response to (W -+ 8) (¢f. MULLER
(1972, § 4), SODERHOLM (1976, § 3-5), Woobs (1981, § 1), and ROBERTS & Don-
NELLY (1974, § 3(e))).

Appendix

According to NoLL (1973), the totality of events (or, loosely speaking,
points in space-time) occurring at any given instant is, for any given observer O,
taken to be in bijective correspondence with a copy of three-dimensional Euclidean
space, &. The point space & is regarded as ‘space’ as perceived by O or as the frame
of reference of 0. Thus if O* is another observer with an associated copy &* of
three-dimensional Euclidean space, at each instant ¢ is induced a bijective
correspondence

x 8= &*,

If ¥€& then x* (= x,(x)) denotes the point associated by O* with that event
deemed by O to have occurred at the point &« at the instant 7.

We assume that observers agree upon distance between simultaneous cvents;
then &, is an isometry and hence (c¢f. NoLL (1973), p. 64) there exists an orthogonal
tensor Q, (= Va,) such that for all ,yc &

YE— &% = 0(y) — a,(5) = Oy — %),

Here y — & denotes the displacement from % to y in § and so is an element
of the translation space ¥~ of &. Similarly, y* — x* ¢ ¥7*, the translation space
of &*, and Q, is orthog,onal as a linear map from ¥ onto ¥ *.

Now suppose O is an inertial observer with frame & and that i, and i} arc
the isometries at instant ¢ which link & with & and &* respectively. In particular

e .
iF = a1,
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It follows from the chain rule that

R:k = Oth (1)
where

R, := Vi, and R} := ViF¥,

If u* is a fixed displacement in &* then this will be perceived by O at instant
t as u,:= QTu* and its time rate of change in frame & will be given by

u, = OzT Qu,.
For this reason the spin of frame &* relative to &, €, say, is defined to be®
2,:= Qfo,. @

We denote the spins of frame & and &* with respect to é by A, and AF
respectively; then from (1) and (2)

AF = (RHTR* — (Q,R, + Q,R)T O,R,
— RTQR, + A,. (3)

That is, the spin of &* relative to & is the sum of the spin of &* relative to &
and the spin of & relative to &, since R]€2,R, is merely the spin of &* relative to
& as perceived by 0.

If u is an objective vector field associated with a continuous body as observed
by O then this appears to O* as

u* = Q,u.
Its material time derivative is accordingly given by
u* = Qi+ Qu = Q1 — Q,u). @
It follows from (1), (3) and (4) that
(@ + R AR u)* = u* + RFA¥RH) u*
= Qu — Qu + R{RTQR, + A} R]Q]Qu)
= Q1 + R,A,R'u).
That is, u 4 Su is an objective vector field, where
S := R,ART
is the spin of frame & with respect to & as perceived by O.

8 QTQ, is a skew tensor defined 0n ¥ and so has an axial vector w, in terms of
which

u, = w,xXu,.

Of course, @, is the angular velocity of &* relative to .
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In a similar manner to the derivation of (4), if A denotes an objective tensor
field associated with a continuous body; so that

A* = Q,AQ],
then

A* = QA — Q,A + AQ) OT. (5)

If & denotes the location of a material point in & and #,€ & is a fixed point
then

¥* 1= afx) = a(x0) + Q¥ — %)
whence

v* = 5(%) + Q% — %)) + Qu
and -

L* = (Ot -+ OtL) OtT

Here v and L denote the velocity and velocity gradient fields in & respectively,
v* and L* their counterparts in &*. The spin of the body, namely the skew part
W of the velocity gradient L, thus transforms as

w* = Q07 + QWO = Q(—£, + W) OT. (6
From (1), (2), (3) and (6),
(W + 8)* = W* 4 RFAFRYT
= Q(— 2,4+ W) O] + QR(RT2R, + A) RTQT
= Q(W + R,A,R,T) Qo = QW +9) or.

That is, the spin of a body relative to an inertial frame is objective.
Using (5), (6) and the objective nature of A, we have

(A — WA | AW)* — A* — W*A* L A*W*
= QA — QA 1+ AR) QT — Q(— 2, + W) 07Q,AQT
+ QAQ[Q(—2, + W) Q]
— Q(A — WA + AW) Q.

That is, A— WA -I- AW is an objective tensor field. This is, of course, the so-
called co-rotational time derivative of A (¢f. TRUESDELL & NOLL, equation (36.13)).

Finally it is to be noted that the spin employed by MULLER (1972) in equations
(3.9) and (3.10) is given by (1.3), which in the notation herz cmployed is R,RT.
However,

RR] = R(R[R) R] = R(RTR)" R} = R(—A) R] = —S.

This explains the apparent discrepancy in sign when these equations arc written
in direct notation (equations (3) and (4) of Section 3).
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