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1. Introduction

This is the first of two papers concerned with the exterior problem for the
Boltzmann equation. In that problem the gas has prescribed constant velocity
¢ at infinity and passes by an obstacle 0. It is shown that if ¢ is small, then steady
solutions exist and are stable in time. The existence theorem is presented in this
paper while stability will be discussed in the companion paper [16], hereafter
referred to as Part I1. The assumption imposed on @, the intermolecular potential
and the law of reflection for gas molecules at the wall 00 of @ are physically
plausible ones, stated after equation (1.12) of this section.

Until now, the exterior problem has been studied only for the Euler and
Navier-Stokes equations. There is an extensive literature on existence and stability
of flows of incompressible fluids, but little for compressible gases. We should
mention the papers [3], [12] in which the Euler equation for compressible fluids
is solved for small ¢ for two-dimensional isentropic, irrotational steady flows,
the stability of which remains an open question. We mention also [11], which
solves over an infinite interval of time the Navier-Stokes equation for compressible
fluids at rest at infinity.

In [1] and [14] we solved the Boltzmann equation for flows such that ¢ = 0;
steady solutions are then trivially given by Maxwellians (see (1.9) below). The
aim of this paper is to deal with flows such that ¢ == 0, and so nontrivial steady
solutions appear.

We discuss gas flow in n-dimensional Euclidean space R". Thus let @ be a
domain in R” and denote its exterior R\ @ by Q. Then we have the following
initial-boundary value problem:

(1.12) %’; = —&-V.f+ 0I5 Sf] (& x & ER, x QxR
(1.1b) yf = My*f, (t x, &) €R xS,
(1.1¢) f—>gd® (x| >o0), (1,&€cRxR",

(1.1d) flimo = fo (x, H € 2xR".
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The notations are to be explained. The unknown is the (probability) density
f=/1(, x,& of gas molecules having the position x¢ Q and velocity £€R”
at time te]ﬁ+ = [0, c0). Equation (1.1a) is the Boltzmann equation, in which
V. stands for the gradient with respect to x and - for the inner product in R,
while Q is a quadratic operator, called the collision operator, given by

(1.2) oULfl=  f lq(v, 0) {fn) f(n') — A& fE} dE do,

R xS"—
where f) =f(t, x,m), v=[E—¢&| weS, cosl=(—&) o
n=¢&— (vecosB)w and ' = & + (v cos §) w. g(v, 6) in (1.2) is a non-negative
function of v and 6, called the collision cross-section and determined by the
intermolecular potential. The two classical examples are the gas of hard balls,
for which

(1.3) q(v, 0) = ov [cos O] (o > 0, constant),

and the gas of molecules subject to an intermolecular potential varying ocr™F,
s > 1, which gives rise to

1.4 9@, 0) =v7 go(0), ¥ =(s—ds.

See [4] for the derivation of (1.1a) and [7] for discussion of ¢(v, 6).
Equation (1.1b) expresses the boundary condition on 02 = 90. Let n(x)
be the unit outward normal to 202 (inward to é0) at x¢€ 082, and define

S* = {(x, §) € 02 XR" | n(x) - £ = 0} (same signs).
Then p* are trace operators on S* defined by
Vif =f [si

(for the precise definition, see §4), and M is an operator which maps functions
on S+ onto functions on S—. y*fis the density of gas molecules incident upon the
wall 8Q, 9~ f is the density of molecules reflected by the wall. Hence M is deter-
mined by the law of reflection of the gas molecules at the wall. For example,
if the reflection at x € 2 induces the deterministic change from the molecular
velocity & = m(x, &) to &, then we are given a map S~>(x, §) = (x, m(x, §))€ S+,
and

(1.5) Myf = £(t, x, m(x, 8)).
The specular reflection

(1.6) ‘ m(x, &) = & — 2(n(x) - &) n(x)
and the reverse reflection

1.7 m(x, §) = —§

are well-known; see [9]. Nondeterministic laws of reflection are also possible.
In [6], the diffuse reflection

1.8) My'f= [ mx§&)f(t,xE)d

n(x)-&>0
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is treated, in which m(x, £, &) is the probability that the reflection at x¢ 68
changes the velocity from & to &
The boundary condition at infinity is (1.1¢), in which

(1.9) g(8) = exp{— [§ — ¢|*/2}

is a Maxwellian (Gaussian) density with appropriately normalized physical
constants, which represents a gas in equilibrium, moving with the mean velocity
c€R”. Thus the gas is assumed to be in equilibrium at infinity.

The initial-boundary value problem (1.1) is the subject of Part IT; here we discuss
the steady problem

[ =6 Vo +OUAS1=0, (x§e xR,
(1.10) | yf— Myt f=0, (x,&¢cs,
1 f—28 (x|—>o0), EcR",

where the unknown is f= f(x, &).
It is well known [4] that

Olgc, 81=0

holds for any ccR”. Thus g(£) is a steady solution of (1.1a), but in general is
not a solution of (1.10) unless ¢ = 0, for otherwise the boundary condition is
violated, as seen from (1.6) and (1.7); the gas flow is disturbed by the obstacle @.
In this paper, assuming that the disturbance is small, we shall seek solutions of

(1.10) in the form f= g, + g(l?u, where g, = g._o.
Define

(1.11) Lu=2gy %Q[gc, géu],

Soreby o
-I—'O[u’ U] = 8o 2Q[g0u’ gOU]s

where Qf, ] is the bilinear symmetric operator induced by the quadratic operator
Q of (1.2). Put

+ ~ "B Mt (od
Moy™u = (y"g %) My™(g5u),
Mo = Moyt — vy,
1

he= ("8 %) (y"g. — My*g.).

Then (1.10) reduces to
_E'qu+Lcu+ FO[ua u]:09 (x’ §)EQX]R,”,

(1.12) Mou = h, (x, &€ S,

u—0 (|x]|—>o00), EeR”.
The precise definition of the solution u = u(x, &) of (1.12) will be stated in § 4,
after we have established a trace theorem.

Now we shall state the assumptions under which (1.12) is to be solved. For the

domain @, we assume

[0] O is a bounded convex domain of R" with a piecewise smooth boundary 90 = 9%2.
The restrictive requirement of convexity will be removed in a future paper.
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The intermolecular potential employed here is the cutoff hard potential of
GRraD [7]:
[a] G) ¢q(v, 0) is a nonnegative continuous function of v > 0 and 0 € [0, x].
(ii) There are constants qy, q; > 0 and 6 € [0, 1) such that

4@, 0) = g1 |cos 6| @+ 07, [ q(v, 6) do = g0/(v + 1).
sn—1

It is clear that [q] is satisfied by (1.3) and by (1.4) if s = 4 and if go(6)/|cos 0|
is bounded and bounded away from zero (the assumption of an angular cutoff
[7).

As for the boundary condition on 2£2, different assumptions are required
according to the type of the operator M. When M is of the form (1.5), the function
m = m(x, §) is assumed to satisfy

M1, () m:S—R" is a piecewise smooth map such that (x, m(x, §))€ S+
whenever (x, &) ¢ S—.
(i) |m(x, 8| = |&]| for all (x, &€ S
(ii)) Let me = (0m;{0&;) denote the Jacobian matrix of m with respect
to & with x fixed. There is a constant my > 0 such that

() - £] = [n(x) - m(x, &) [det me(x, &),
]det m&(x’ 5) | 2 my,
Jor (x,8) € S
(iv) m(x, t&) = tm(x, &) for all (x,£)€ S~ and t > 0.

This statement called the regular reflection law (see [9]) includes the specular
reflection law (1.6) and the reverse law (1.7).

Let p, g€ [1,00] and € R. We define the space Y5%* of functions u(x, &)
on S* (same signs) by

plg
Yﬂp,q,ﬂ: 9”@ f ( f l(l —I—- |5])ﬂ u(x, E) ‘q Q(x, 5) df) dO'x<OO
82 \n(x)20

when p, g < oo, and with integrals replaced by the supremum when p = oo and/or
q = oo, Here do is the measure on 2£2 and

Q(x, 5) = In(x) * SI’
To simplify the notation, we put
Yé”i o Yﬂp,p,:i:, YPE — Yg,:t_

All of these spaces are Banach spaces with obvious norms. In the sequel, B(X, Y)
will denote the Banach space of all bounded linear operators from a Banach space
X into another Banach space Y. The assumption on M, for the case (1.8) is as
follows:

IM], () Moe B(Y>", Y>7) with the operator norm =< 1.
~ 1
(i) Mogg = 0. ‘
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(iii) Mo€ B(Ys>", Y5>7) for all BER.
(iv) M, € B(Ys*rt, Y5>7) for all B R with some (sufficiently large)
Do < 0o.

An example of a kernel m(x, &, &) satisfying [M], is found in [6]. Obviously
[M], covers a wider class of M’s than those given by (1.8). For example, it holds
for M given by
Mytu= [m(x,x', & &)Y u(x', &) do, dE'.
S+

Remark 1.1. Suppose M be given by (1.5), and suppose that [M]; (@) (ii)
(iii) be satisfied. Then it can be verified easily that M = M, and that M, satisfies
[M], (i) (i) (iii). However [M]; (iv) does not lead to [M], (iv). These two assump-
tions will not be used explicitly before § 7 of Part I (see the remark after Propo-
sition 7.5 of this paper).

Remark 1.2. A boundary condition satisfying [M], (i) is said to be dissipative.
If in addition [M], (ii) is satisfied, then the norm of M, is unity. Thus our boundary
condition is conservative. Note that (ii) gives Mytg, = y—g. for ¢ = 0, but not
for ¢=0.

Remark 1.3. For our purpose, [M], (iii) (iv) has to be satisfied only for
p=0 and B =pf, withsome f,>n-+ 1.

Remark 1.4. All the results below hold if M, is a convex linear combination
of My’s subject to [M], or [M],.

The plan of this paper is as follows. The notations and function spaces used
in the sequel are introduced in § 2, and properties of operators L, and I, defined
in (1.11) are summarized in § 3. In § 4 a trace theorem is established under which
»* make sense. The definition of “solution” of (1.12) is also stated. Sections 5,
6 and 7 are devoted to the study of the linear operator

(1.13) B =—-¢&- V. + L,

which arises from the linear part of (1.12) and is called the linearized Boltzmann
operator. Since x is a mere parameter in L, the operator B, can be defined for all
x€R as well as for x¢€ £2. In the former case, B, will be denoted by B;® and
will be studied in § 5 and 6; the latter case wiil be discussed in § 7 together with

the homogeneous boundary condition Jrlou =0 on S~. The main aim is to
study the resolvent of B, and, in particular, to prove the existence of the inverse
B!, Our proof relies on a method of perturbation in which the unperturbed
operator is BX. The perturbation by 0 is seen to be compact in a certain sense.
In § 8 we solve the linear inhomogeneous boundary-value problem

_E * vxd) + Lcd) = 05 (X, E)e ‘QXR”’
(1.14) Mob = h,, (x, &) € S,
¢—>0 (]x[—>oo), EeR”,
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which comes from (1.12) by ignoring the nonlinear term ['y[u, #]. Writing the
solution to (1.14) as ¢ = ¢, we see that (1.12) is equivalent to

(1.15) u = —B ' Tolu, u] + ¢..

This equation will be solved in § 9 by use of the classical contraction-mapping
principle.

The main results of our two papers were announced in [15]. However there
is a difference in the proofs presented here. The estimates of B; ' and ¢, used in
[15] were uniform in the parameter ¢, which permitted us to solve (1.15) when
n =4 by means of the contraction-mapping principle. At the same time, this
procedure required us to use the Nash-Moser-Nirenberg scheme for the physically
important case n =3, supplemented by decay estimates of ¢, for large |x|.
In this paper we derive non-uniform estimates which make it possible to avoid
the Nash-Moser-Nirenberg scheme (see Remark 9.4). Most of the techniques
employed here were developed in [1] and [14] for the special case ¢ = 0, but we
reproduce them here with emphasis on the role of c.

2. Notations and Function Spaces

Let X be a Banach Space. The norm of X will be denoted by | {[x. Let Y be
another Banach space. B(X, Y) will denote the space of bounded linear operators
from Xinto Y, and C(X, Y) will denote its subset consisting of compact operators.
They are Banach spaces with operator norm. We write B(X) = B(X, X), C(X) =
C(X, X). In what follows, we shall often encounter operators defined formally,
and we shall study their realizations in various spaces. To simplify notations,
therefore, any realization of a formal operator 4 will be denoted by the same
symbol A. Thus, in particular, the statement 4 € B(X, Y) will be understood to
mean that a formal operator 4 has a unique realization belonging to B(X, Y).

Let A be a (not necessarily bounded) linear operator defined in X with the
range also in X. D(4) will denote the domain of 4, while o(4) and o(4) will denote
the resolvent set and spectrum of 4. The essential spectrum (in the sense of [8],
p. 243) and discrete spectrum (the set of isolated eigenvalues of finite multiplicity)
will be expressed as o.(4) and o,(A4) respectively, and the resolvent (Al — A4)™!,
I being the identity, will be written simply as (A — A4)~'.

Let D be a domain in R*. L”(D; X) p€ [l,o0], will denote the space of L?-
functions defined on D with values in a Banach space X, and LR"; X), f€R,
the space of functions u(y), y € R”, such that (1 + | yl)’s u(y) € LP(R*; X). They
are Banach spaces with obvious norms. Let £°(D; X) denote the set of strongly
continuous functions on D with values in X, and write Z%D; X) = &°(D; X)N
L™(D; X). As usual, X will be suppressed in the above notations when X = C,
C being the set of complex numbers.

Let 2 be as in §1 and put Q = Q2,xR. We define the spaces

LPQ) = L#(Q,; LYRY),
LE9Q) = LYRE; L7(R,)),
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for p,ge[l,o0] and B€R, with § dropped in subscript when S = 0. Put
LKQ) = Lp™(Q).

Also put Q9% =RixR; and define L{Y(Q™), i,é’"’(Q”) and LE(Q*) similarly.

These are Banach spaces, and for both Q and Q%,

I8 —Lp» = L3”,
2.1) 3 ~
[peCips, IPCLy if p=q,

with continuous injection [2].

Given a function v = u(x, £), let u = £ u denote its Fourier transform with
respect to x;

ik, & = Sk, &) = 20) "2 [e**u(x, £ dx, keR", i=}—1.
Rn
Put 0° =R} xR} and define L{%Q™) and LF4Q%) as before. It is useful to

1 1
note that for all p€fl,2}, —+—=1, re[l,o0] and F€R, the following
relations hold: p q

22 O F.cBELEFAQ™), LEHC™),
(i) £.€BEE(Q), LF Q™).

In fact, the definition of #, makes (2.2) obvious when p = 1, and the Parseval
theorem shows that it is true for p = 2. Hence the case p¢€ (1, 2) follows by
interpolation [2]. Similarly, the inverse Fourier transformation #;! satisfies

23) () F:'eBIEAG™, LEHQ™),
(i) #;'e BILE(O%),LE(C™),

where p, g,r and 8 are the same as in (2.2).
Let o€ R and define the open half-planes

C.(6) ={AcC|[ReA=0} (associated signs)
of the complex plane C, and let éi(a) denote its closure. Let B[a] denote the
closed ball
Bla] = {yeR"| |y| = a}

in R}, y being &, k or ¢ in the sequel, and a > 0.
1(|/€] < @) will denote any smooth function such that

(] < a) =1 for &€ Bla], =0 for §€R"\ Bla + 1],

or the characteristic function for B[a]; again a > 0. In ecither case, y induces
multiplication operators in the function spaces on R”, Q, O and Q“ as well,
all of which will be denoted again by x(|&]<Ca). The symbols x(|&| > a),
7(|k| < a) and y(/k| > a) are to be understood similarly, but the latter two will
be used, in addition, to express the operators #;'y(|k|= a) 7,
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3. Collision Operators

The operator L, defined in (1.11) has been investigated thoroughly in [7]
for the case in which ¢ = 0. Using the results given there, we will deduce its
properties for ¢ == 0.

Let 7., ¢c€R”, denote translation in &; 7 w(§) = u(§ + ¢). By a simple change
of variables in (1.2), we see that the quadratic operator Q commutes with 7,;
t.Olf, f1= Qlr.f, t.f]. As a consequence, L, can be written formally as

(3.1) LC == GJILOOC,
where L, = L,_, and
0.u(8) = (e "u) (§).

Suppose [q] of § 1 be satisfied. Then it is known [7], [13] that L, has the de-
composition

Lou(€) = —v(&)u() + [ K¢, &) ulE)dE,

R?

where the functions (&) and K(£, &) have the following properties:
(3.2) (i) »(&) is real and continuous.
(i) vo = #(§) = »((1 + |&]) holds

with some positive constants v, and »,.
3.3) (i) For & =&, K(&, &) is real, continuous and symmetric.

(il) With some constants ko, =0 and ¢ [0, 1), there holds

|KE &) =
ko [(v + v % exp {—- -:11—(15 I+ & |2)} + @1+ 7" D) exp {—— —213—(112 + Cz)}]

where v = |& —&| and = (|£|2 — | [*)/v. This has been proven in [7]
when 7 =3 and in [13] when n = 4.
In view of (3.1), L, also has the form

Lou(€) = —viHu@) + [ KL &) u@) dE
R7

where v (§) =v(§ —c¢) and K (¢ 8)=K(E—c,& —c)exp{3(§—¢&)-ch
From (3.2) it follows that

3.9 v{&) enjoys (3.2) for each ccR" with the same constant
Vo = ir51f r.(&) = irElf »(§).

Furthermore », is continuous in both ¢ and &.



Kinetic Theory of Flows Past Obstacles. Part I 257

As for K (¢, &), we note the
Lemma3.1. Let n =3, 1 < p<nf(n—2), xR, R and ccR*. There
is a constant C = 0 such that for all £€R",

(3.5) (K& &P+ |EDPaE < Ce™ + |
Rn

Here the constant C is locally bounded as a function of ¢, and (3.5) is valid also

Jor K(&, ).

Proof. In (3.5), replace & by £ + ¢ and & by & + ¢, and note that
A+ e T+ ET=A+[EL )P =0+ A+ [ED
Then it suffices to show

(3.6) [IGE &P+ &) = ca + &),
R?

where G = K(§, E')exp{lcj |& — & —}——;—([E’] — [E\)}. For n=3, ¢=0 and

o« = 0, this statement has been proven in [7]. The proof given there makes use
only of the estimate (3.3) (ii) and remains valid whenn = 3 if p€ (0, n/(n — 2)).
Moreover, in that proof the factors + and % in (3.3) (ii) can be replaced by any
positive numbers. Note that for any ¢ > 0,

1 1
1§ — €] = ]E—E'I§8IE—§'IZ+Z€-§28(!§]2+ 1€+,

which shows that (3.3) (ii) is valid for G if the factors ko, 4 and 4 are modified.
Hence (3.6) and consequently (3.5) are true.
Define the integral operator K, by

Ku—= f K (& &)Y u(E) dE'.
Rll
Let L, be the space defined by

Li.5u®) © e u) € LYRY).

1 1
Lemma3.2. Let 1 < g=r =00 and «, fcR. Put y0=1~;——|—7. Then

1 1 2
Kc € B(Lq,m L}r?—l—y,zx) Zf 7 - T < 71- and Y —é Yo-

The operator norm is locally bounded in ccR"

Proof. The two special cases ¢ == 1 and r = co follow readily from (3.5)
with p = r and p = g/(qg — 1) respectively, by the aid of the Holder inequality.
Then the interpolation [2] leads to the general case.

Lemma 3.3. Under the same conditions assumed in Lemma 3.2,

K. € 6°(Be; B(Li s, Li1y,6)) SJor any v <yo.
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Proof. Lemma 3.2 indicates that if 6 > 0, then
(3.7 Ix(&] > @) K|, | Kex(|§] > )| = C(L + a)~°

holds in B(L}. Lj.,.) Wwith y <y, — 6. Put K'(§, &)= y(&|<a)x
2| < a)x(|é — &| < e) K& &) and let K’ be the integral operator induced
thereby. It can be easily seen from (3.3) (ii) that

|K'|—0as e—=0

in the norm of (3.7), locally uniformly for c. In view of this fact and (3.7), there-
fore, it suffices to prove the lemma for the integral operator K’ induced by the
kemnel K", &) = 7(|&| < )x(|&| < &) 71 — &' > &) K&, &), for each
a, e > 0. Such is the case since by (3.3) (i) K”(&, &) is continuous in ¢ as well as
in & and & and is of compact support in £ and &'.

The last argument implies that K" € C(L],, L%, ,) for each fixed a, ¢ > 0.
Therefore the above proof, together with [10], Theorem II1.4.7, proves the

Lemma 3.4. Under the assumptions of Lemma 3.3,

K. e C(L., LE,,,) for each ccR".

Since K, acts only on the variable &, it can be regarded as an operator also in
function spaces on Q and Q*. Then Lemmas 3.2 and 3.3 lead to the

1 1
Proposition 3.5. Let p,q,rc[l,00], g=r and fcR. Put yy=1— —+ —
and suppose 9 r
1 1 2
q r n

Then
@ K.€BIPUQ), LY Q) for each c€R" if y=yo.
(i) K € 6°(Re; BLRPUQ), LEL(Q)) if v <vo.

Here the space L can be replaced by L and Q by Q™.

Let us study the operator L.. First we define the multiplication operator
A, =vE)x.

In the sequel we write L} = L{(R?). The maximal domain of A4, in Lf is given
by

D(A) ={uc L} |v(O) u@® € Lf.
By (3.4) it follows that L7, C D(A,) and that
o(—A) = o—A) = {—v/8) | E€R"} C(— o0, —w,].

In particular o(—A,) is invariant in c.
Since K, € B(L§) by Lemma 3.2, L. can be defined in Lf as

L = _Ac + K., D(Lc - D(Ac),
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and by Lemma 3.4 and according to [10], Theorem 1V.3.35,
() 0uLe) = 0(—A) C(— o0, —70],
(i) (L) N e(—4;) = a(L.),

for each ¢. Thus a,(L,) is invariant in ¢. We prove also

3.8)

Proposition 3.6. o,(L,) is invariant in ¢ as well as in q, .

Proof. Let Acoy,(L,) in L} and let u€ D(L,) be a corresponding eigen-
function. Put A= h() =@A +»,(§)* and H = hK,. By (3.8), hc L™(Rj).
Since Au = L.u, then u = Hu. Put

H = y(|¢§|>a)H, H,=y(él<a)H.

By (3.7) it follows that for each fixed ¢ and if a > 0 is large enough,

|H| S5 in B,
and so the Neumann series converges and (/ — H;)"'€ B(L],) exists. Since
2| < a)eB(E L) for any x€R, so is H, by Lemma 3.2 and because
hec L(RY). Hence sois H; = (I — H,)'H,. Rewriting the equation u = Hu
as u = Hau, we then see that uc L(Lf,) for all « € R. Let 6, be that of (3.1).
Apparently

6., 0.1 € B(L ., L3, 1),

provided o« > |c|. Hence v = fu €Li,; CD(Ly), and in virtue of (3.1),
Av = Lyv holds. This means that A€ oy(L,) because obviously v ==0. The
converse can be proven similarly, and the invariance in ¢ follows. Let u be as be-
fore. Then by iteration we get u = H'u for any I€ N+. By repeated use of
Lemma 3.2 it follows that for any y =0, there is an /€ N, such that H'¢
B(Lg, L.,). Hence u€ Lg%, and in particular u€ LgS, ., C Ly, or ue D(L,)
in L}. This shows the invariance in ¢ and g.

It is well known cf. [4), that in the space L*= L3 = L*(R}), L, is nonpositive
and selfadjoint with 0€ o,(L,), the eigenspace of which is spanned by the func-
tions

(.9) bo=2gb, & =fel (A=j<n), ¢ = |8 s

On account of (3.8) and Proposition 3.6, therefore, o(L;) C (— o0, 0], o(L) N
(—0, 01 Co4(L,) and

0€ o (L, with multiplicity » - 2,

for any ccR”. Denote by P, the eigenprojection for 0¢€ g, (L, ([10], p. 180).
A significant feature of P, is the

Proposition 3.7. The null space of P, is invariant in c.
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Proof. Let {y;} (0 <j < n+ 1) be an orthonormal set in L? constructed by
the Schmidt orthogonalization procedure applied to (3.9) and denote by (., ')

the inner product in L? Then
n+t

Py = Z i v)
i=0

in L2. From (3.1) we see that P, = 671Py0. formally, and hence

n+1
(3.10) P = _Zo 0 ; (-, 0%y,

J
where 0% = exp (—&- ¢/2)7_, is an adjoint to 0. Denote by sp {¢;} the linear
span of the functions (3.9), and similarly for sp {0¥¢;}. It is not hard to see that
sp {0¥¢;} = sp {¢;}, and thereby sp{0¥y;} = sp{y;} and is invariant in c. Since
P.u =0 if and only if u is orthogonal to sp {0¥y;} due to (3.10), this proves the
proposition.
Because of the properties of the functions (3.9),
07 'y, 03y, € OBG LY, 0=j=n+1,

for any g€ [1,00] and p€R. Consequently (3.10) provides an exact expression
of P, in L} and proves the

Lemma 3.8. For any p, q, r€[l,00] and 8, y € R,
(i) P € 8°(Rz; B(LE, L)),
(i) P € 8%RE; BLEYQ), LI ().
In (ii) the space L can be replaced by L and Q by Q*.

Finally we state some properties of the bilinear symmetric operator I, defined
in (1.11).

Lemma 3.9. For any ceR”,
(i) P, I lu, vl = O for any u, v.

1 1 1
(ii) For any p, r, s€ [1,00] with ;}— :T+T and § =0,
147 o, o]l = € ulzgoe oy

where f,ﬁ’°° = Zf,?'”(Q) etc. The constant C = 0 is independent of u, v and locally
bounded in c.

Proof. (i) has been shown in [4] and [8] for the case in which ¢ = 0; hence
because of Proposition 3.7 (i) holds also if ¢ == 0. In [8], the estimate in (ii) has

been derived with Zg’m replaced by LF°(R;), ec. when ¢ = 0. Because of (3.4) the
proof given there remains valid if ¢ == 0. Repeat the proof, noting that I', acts
only on the variable & and that v v € L7(£2) whenever u€ L'(), v€ L(Q) with

1 1 1
T + - (Holder inequality). Then (ii) follows.
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4. Trace Theorem

Throughout this section 4 = A(€) is a function of £ alone and such that
he L (RE) and hy = irgf Re 2(&) > 0. The function spaces in which our trace

theorem is to be established are
WEEQ) = {(uc LXQ) | (¢ - V. £ h(&)) uc LX(Q)} (same signs),

where Q = 2, xR} asin §2, and £-V, is understood in the sense of distribu-
tions. Endowed with the norms

lullwet@ = llulirg + I - Vi £ 4(E) ullzrig),

these spaces are Banach spaces if 1 < p < oco. As usual, Cg°(Q™) denotes the
set of C™-functions on Q® = R} xR} with compact support. We put Cy°(Q) =
{ulp |luc C(Q™)} and recall the definition of Y= of § 1.

Theorem 4.1. Under the assumption [0l of § 1, if 1 = p << oo, there are unique
trace operators y* such that

@) y* € B(WE=(Q), Y7F), _
(ii) yru = ulg, whenever uc C3°(Q).

Proof. For each £€R”, define
025 = {Xc oQ |n(X)- £ =0},
QE) ={x€c Q|x= X F t& X 0Q*(§), t > O}.

Because of [0], 2%(8) C 2 and the maps 82*%(&)x(0,0) >(X, 1) >x =X F #&
€ Q%(§) are bijective with the Jacobian o(X, &) = |n(X)- &|, so

“.1)

©0

(4.2), [ wxydx = [ [ wX Fde(X, &) dtdoy

o%® PR EION

holds for we L', where doy is the measure on 282. Define

S* =\ 0¥ ®x{E, 0Ff =\ 2*Ox{E.
3

&

The definition of ST given here and that in § 1 are identical. From (4.2) we
deduce

4.3).. [ wx, & dxdé = [ [ w(X F 1€, &) o(X, £) dt doy dE.
: gt st 0

Let uc CX(Q) and put v* = (£-V, + A@)) u. Then

%(e""é”u (X T £, 8) = F e "Ovt(X F £, 8).
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Integration yields for each (X, & ¢ S%,

44, WX, 8 = T [ e OvEX T i, 8) dr.
1]

The Holder inequality with A, >> 0 shows that
[u(X, )17 < (gho)™™" [ [v*(X F £, &) dt,
0

1 1
where r3 + 7 = 1. Multiply both sides by g(X, &) and integrate over S*. Writing
y*u = ulg+ and using (4.3), we conclude for u¢c CS"(Q) that

A5 lyFullyns = (qho) (€ - Vo £ B(E) uliLro) = (ghe) ™ lullwp2g)-

Now we claim that C5°(Q) is dense in W[ (Q) for p ¢ [I, o0). This can be proved
by a classical procedure using mollifiers and the homothetic transformations
x-—>ax, o>0. The details are omitted. From (4.5) it then follows that y*
possess unique continuous extensions in B(WJ*(Q), Y**) if p¢c{l,00). The
extensions thus obtained and denoted again by y* are the desired trace operators.

Remark 4.2. Roughly speaking, (y*u)(X, &), X¢c00Q%(&), are the limits
of u(X F 1§, &) as ¢} 0.

Remark 4.3. Let uc W' (Q). Our theorem ensures the existence only of
y*u, not of y~—u. However y~u exists in the following sense. Since y(|£]| << a)
commutes with &V, for each a >0, and since 7€ L (RD, x(|&l < a)uc
Wp—(Q); by Theorem 4.1 it follows that y—(y(|&| < @)u)€ Y»~ exists. Since
7(|&| < a) commutes also with y~, and since a is arbitrary, this means that
vy u€ Yoo exists for we WPT(Q). Similarly, u¢€ W (Q) has the trace
yrue Yot

The above results remain valid if Q is replaced by Q. To be precise, define
the space W{+(Q*) similarly. If we Wp(Q™), then uly, € Wp*(Q), and so
Theorem 4.1 and Remark 4.3 apply to uly. To simplify notation, write y*u for
y=(ulg). A significant difference between Q and Q% is shown by the following
strengthened version of Remark 4.3.

Proposition 4.4. If uc WPH(Q%), then y~uc Y~ as well as ytuc YP+,
and similarly for u€ W—(Q%).

Proof. Put Q%(&) = Q=) U 0 (see (4.1)). As in (4.2),

o0

w(x) dx = f f w(X F &) o(X, &) dt doy.

0T °

(4.6) .

3

I
G
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Put Q% =Q* U (OxR". Let uc CX(Q®) and put v* = (£-V, L h)u
Proceed as in (4.4) to deduce for (X, §)¢€ S+,

@7, WX, &) =+ [ e MOVFX 4 1, B,
0

which is never possible if u¢ CS"(Q). Then instead of (4.5),
(4.8).. lyXullyes = (gho) ™" |07 Lo

The rest of the proof is similar to that of Theorem 4.1.
These traces y*u are the limits of u(X 4 ¢, &), (X, £)€ ST as ¢} 0 (compare
Remark 4.2). Another difference is the

Proposition 4.5. Assume Im h(&) € L*(R"). Then
Wit (@) = Wir (@) = {u€ LHQ™) | § XV, h(§) u€ LXQ™)}.

Proof. Since _#.(&- V. ) (k, &) = ik - Eu(k, &), then the Parseval relation
shows that

(€ - Vi &= B(E)) ullL2oooy = (i - & + B(E)) ]| gy

holds for u€ WA%(Q™). Since |ik- &+ h(&)|? = |Reh&) >+ |k-& +ImA®)|?,
Parseval’s relation indicates that Re #(&) v and (£ - V, 4+ Im A(&)) u are in L2(Q),
whence the proposition follows.

For later purposes, we state Green’s formula:
Lemma 4.6. Let uc W2H(Q) and suppose y~uc Y*>~ exists. Then

1
49 hollul® = Re (¢ Vi + AE)u u) + = {lyulZ — lyulil,

where || || and (,) denote the norm and the inner product of L*(Q) while || ||, the
norms of Y>%,

Proof. Let uc¢ C8°(§). Then by the divergence theorem or by integration
by parts, it readily follows that
2Re - Va,w) = lytull — |y ul2.

Since (&) uc L*(Q) if uc C{,’°@), this proves (4.9) for such u. Next, let uc W7 (Q)
and put u, = x(|&| < @) u. For any fixed a > 0, u,€ WF*(Q) with yTuc Y>*
by Remark 4.3, and since C°(Q) is dense in W2+(Q), there is a sequence {u"} C
Cf,’"(é) such that

u'— u, in WAE(Q), k(&) v*— h(&) u, in L*Q),

yEut — pFu, in Y¥E,



264 S. Ukal & K. AsaNo

strongly as n-—oco. Therefore (4.9) is valid with u, substituted for u. Finally
since u,—>u strongly in W?*(Q) as a— oo, then y*u,—y*u in Y>T due
to Theorem 4.1(i), and if in addition y~u€ Y>~ exists, then y~u,—>y~u in Y>~
strongly because yu, = y—u for &€ Bla] owing to Remark 4.3. The proof of
the lemma is complete.

All the results of this section will be applied in the sequel with 4(&) = 1 + v (&),
A€ C. We should assume A€ C,(—»,) in order that hy, >0, due to (3.4).
Then WPZ (Q) = Wi=(Q) with equivalent norms. Of course A =0 when (1.12)
is concerned. Let u¢€ W;’;+(Q). Then (—&-V,+ L)uclI?(Q) in view of
Proposition 3.5, and y*u€ Y»' and y~u¢ Y. exist. By an interpolation [2]
between [M]1,(i) and (iii) for 8 = 0 (see also Remark 1.1), M,< B(Y?~, Y?%)
for p = 2. Then y u€ Y»~ necessarily exists if  satisfies the boundary con-

dition Myu =0 or y~u = Myytu. Furthermore, if p< oo, then ucL?(Q)
can be said to satisfy the condition u— 0(|x| — o0) in a generalized sense. Thus
we arrive at the

Definition 4.7. Let p € [2,00). A function u = u(x, &) is said to satisfy (1.12)
in the LP-sense or to be an LP-solution to (1.12) if

@0 uc WrHQ),
(i)  I'o[u, ul€ LAQ) and (—¢ -V, + L) u = —Io[u, u] in LA(Q),
(i) yu€ Y~ with Mou =0 in Y».

L?-solutions ¢, to (1.14) can be defined similarly.

5. The Operator A’

In this section we study the operator B, of (1.13) for the simplest case: 2= R"
and K, =0. To avoid confusion, we write this operator as 4;

A= =6V, —vH)X, (x,eQ”.

First let us consider this operator in the space L?(Q*). Then its maximal
domain D(A4.°) is W,,zc”*(Q“), but by virtue of (3.4) and Proposition4.5 that
domain can be specified:

.1 D(AZ) = WEHQ™) = W2™(Q%)
= {uc L2Q%) | & Vo, v(8) ue LXQ™),
and for u€ D(AY),
(5.2 I AZulk, &) = —(ik - & + v/&) uk, £).
From this relation we readily see that
(i) A is maximally dissipative in L*(Q®),

(53) (i) 0(4>) = 0(AS) = [—ik-E—v (&) |k, E€ R} C C_(—wy),
o4 D C(—o),
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where vy, > 0 is the constant in (3.4). (5.3(i) implies that A generates a semi-
group F2(t) = exp tA” in L*Q™), and by (5.2),

() FFE@u=exp{—(ik &+ r)}ulk, b,
(i) I — A 'u= @A+ k- &+ v &) ulk, §).

Taking the inverse Fourier transform, we obtain

(5.4)

(5.5) () FE(O)u=exp{—v&) }u(x — 1, &),

i) (A— A2y 'u = fo exp {—@A + v (&)} u(x — 1, &) dr.

The main aim of this section is to study (5.5) in various spaces other than
L*(Q*). In other words, we shall regard (5.5) as formal definitions of F;°(¢) and
(A — A2)~! and investigate their realizations. To simplify the notation, we write

Lp* = I3%Q),  Lp = LpQ%).
All the results in this section are valid for any p, g€ [l,o0], B€R and ceR”

unless otherwise stated.

Lemma 5.1. For any t >0,
() NES@)=exp(—vo1) in BUEY,
1 1

(i) [|FF@I=t""exp(—wot) in B(LF?, L§) if ¢ = p, with « =7 7

Proof. Denote the right-hand member of (5.5)(i) by v = v(z, x, £). Then by
the change of variable x >y = x — #&,

(5.6) lot, -, Olleran = e [ul-, &)l

for each &€ R”, which on account of (3.4) proves (i). Another change of variable
E—>y=x—1tf leads to

lodt, X, Yleamp < ¢ ™"~ July, (v — /) lzanzy-

Write the last norm as w(¢, x). Put r = p/g and assume r = 1. Then

Ity Flleranm < [ 10, 7 — 2/ Pl dy-
Rll

Change the variable: x — & = (y — x)/t. Then the last integral is found to be
equal to 1" |u|%4s,. Combining these conclusions proves (ii).
Lemma 5.2. Let A€ C (—w).

() (d— A2 < (Re A +v)~! in BUEY),
(i) |k — A < I'y) (Re 2 + v5)™7 in BUL?, L9,
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1 1 1 1 1
, e 4 T L . ,
if 0= 7 7 < o where y =1 n( p p) and I is the gamma function.
Let B stand for either of the spaces mentioned in (i) and (ii).

(iii) (A — A2t is analytic in A€ C.(—v,) in B for each fixed c.

Let 8, ¢, >0 and define the set X of points (4, ¢) by

Xy = C(—»o + )X Blco].
@iv) For each a, §, c; > 0,
<A — A" = A — AZY " 2(|§| < D) € 223 B).

Proof. From (5.5)(ii), we have
(5.7 A —A)| = of e R FR(n)|) de.

Evaluate the last integral using Lemma 5.1 to get (i), (ii). The restriction on p, g
in (ii) serves to imply that y > 0. According to a theorem of Lebesgue, Lemma 5.1
permits us to differentiate the right-hand side of (5.5)(ii) with respect to 4 under the
integral sign and so to prove (iii). In view of (3.4), the function X, 3 (4, ¢) >
1| < a)exp{—(@A + »[(£) t} LR, xR} is continuous for each fixed
a >0, so the Lesbesgue dominated convergence theorem can be applied to
(5.5)(i1) in virtue of Lemma 5.1. Hence (iv) follows. B _

Define the multiplication operator A; = »(&)* <. By (3.4), A7 € B(L4,, Ly
for «c¢R. Therefore the following is a strengthened version of Lemma 5.2(i),
which is essentially due to GRAD [8].

Lemma 5.3. Write B = B(L29) and let )€ C(—v,), & < 1.
@) (A — A2 AZ s = 1o (Re A + 90)* ! where no = max (1, vg(Re A + v0) ™).
(i) Let X, be as in Lemma 5.2. For any a, 8, ¢, > 0,

2(E] < @) (A — AZ) 1A% € B°(Zo; B).
Proof. Let ||| denote the norm of L(R}). By (5.6), (5.7),
Of e Rekt lA%u(z, -, &) dt < (,[ e—(Rel+rc(5))t,pc(§)a dt |u(-, &)

The last integral is equal to v.(&)*/(Re 2 + (&), which is majorized by 7, if
o« = 1. Hence (i) readily follows, and (ii) can be proven in the same way as
Lemma 5.2(iv).

Lemma 5.2(ii), in which the space L cannot be replaced by the space f,, is
essential in the proof of

Lemma 54. Let p, r, s€ [1, 00) with p < r, and let 8 ¢ R. Then for any positive
0 and ¢ there is an 1€ N* such that

(2 — AK€ B°(Zo; B, L),
where [P = L(Q%).
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1 1 1
Proof. Let ¢=p be such that — — — < — and write 127 = P2, Then by
Proposition 3.5, p q9 =n

K. € B°(2y; B(L?, L) N B(L*?, L),
while by Lemma 5.2(ii) and for each & > 0,
(A — A (([§] < @) € B(Z,; BIL™, L*P) N B(LY)).

Put H =@ — AX)™! x([f[ < a) K.. Then er #B°(2y; B(L?, L7), and by
iteration
HY{ ¢ #°(Zy; B(L*, L))

for any r = p with some /’¢ N,. Similarly, by Proposition 3.5 for the space L
and Lemma 5.2(1) (iv),

H' € B°(Zo; BL™, Li=, 1)

with some /"€ N, depending on 8, but not on r = 1. Since L™ = L’ and since
~,’3'_;'_°7, C Ly is a continuous embedding if y > n/s, then Hi, I =1+ 1", satis-
fies the lemma for each fixed ¢ > 0. Now put H= (4 — A2) 1K,. Tt is easy
to see that the above proof applies also to H if the space #° is replaced by L.
Thus

H' € L¥(Zy; B(L?, L)),

and hence so is H’ — H{. Furthermore the same proof, combined with (3.7),
shows that H' — H} — 0 as a-—>oco in the norm of this space uniformly for
(4, ¢)€ X,. Then the lemma follows.

Let y* be the trace operators of §4. Owing to (5.1) and Proposition 4.4,
yEQA — Ay 1€ B(I2 Y2*) exist if A€0(4F). We need their realizations in
other spaces. To this end we shall introduce the space f’g"”i of functions u(X, &)
on S* satisfying

[a+ier( [ oraxsds) ) &<,

R 02= (@)
where 202%(§) was defined in (4.1). Compare with the space Y§#% of § 1. Let n,
be the constant of Lemma 5.3(i).

Lemma 5.5, Let A€ C (—»y) and « =< 1.

O Iy @ — A Aullyger = eV AP U]z,
(ii) For any a, 6, ¢y >0,

& < @ yEG — ADYAS € BO(Zo; BULEY, Y3o5)).

Proof. In (4.4), and (4.7)_, put A(§) = A 4 »(5) and replace u by w =
(A — A 1A%y = AXA — AZX) 'u. Then by the Holder inequality and by (4.2).,
4.6),

[ WX, O eX, &) doy = 787 | AZPu(-, &) ey
88+(&)
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for each £€R", and similarly with Q%+, £+ replaced by 92, O+, Here
(& -V, + h()) w = Azu was used. Then (i) readily follows, and (ii) can be proven
like Lemma 5.2(iv).

In the above, in contrast with Lemma 5.3(i) A2”u cannot be replaced by w.

Lemma 5.6. y=(A — A2 is analytic in 1€ C.(—vy) in ]B(I:f;”’, Y5o5),

Proof. Put R = (A — AX)!. As a property of the resolvent,
OR[oh = —R

holds for A€ g(4) in L3(Q). To conclude the lemma, apply Lemmas 5.2(i)
and 5.5(i) with & =0 to y*R? ={y*R} R"

6. The Operator B°

We continue the study of B, in 0%, now including K, == 0. We define the
operator B° as follows:

ch:_fvx_‘_Lc:*va—Ac‘[—Kc (x’E)EQoo'
Since K.< B(L*(Q™)) (Proposition 3.5), it can be defined in L*(Q™) by
6.1) BX = A7 + K, D(BY) = D(AY),

with D(A°) given by (5.1), and it generates a semigroup, denoted in Part II as
EZ(@), in L¥Q2), due to (5.3)(1) and [10] Theorem IX.2.1. Here we discuss the
resolvent of B .

Write L? = L*(R}) and introduce a family of operators Al(k), kcR” in
L? by
D(AR)) = {(u€ L? | k - fu,v(E) € L7},
Afk) = —(ik - & + v&) % .
This was suggested by (5.1), (5.2). We conclude statements similar to (5.3):

(6.2)

(@) A.(k) is maximally dissipative in L2.
63) (i) o(A(k)) = 0.(A(k)) = {—(ik - & + »(§) [ EER™} C T(—wy),
o(ALK)) D Cy(—y).
Next, noting that K, € B(L?), we define
(6.4) B(k) = Ak) + K.,  D(BAK)) = D(A (k)

(again ¢f. (6.1)). It generates a semigroup in L2. As for the spectrum, we observe
that for all ¢, k€ R”,

o(Bk)) = 0,(ALk)) C C(—wo),

(6.5) - - -
o(B:(k)) N e(ALk)) C 0u(B.(K)),
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since K€ C(L?*) (Lemma 3.3) and by [10], Theorem 1V.5.35. Further, following
the argument in the proof of Lemma 3.6, this time with A(&) = (A + ik - £ + v (&)1,
and noting that 6;'(k-&) 6, = k-& — k- ¢ where 0, is defined in (3.1), we can
claim that

(6.6) if A€ C(—wp), then A€o, (BJk)) if and only if A — ik - c€ o (Bo(k)),

for all k, ccR".
Now we state two theorems, keys to later developments, which concern

a part of ad(ﬁc(k)) near the imaginary axis. They have been proven for the special
case ¢ = 0 in [5] (see also [1], [14]) and hence can be concluded readily for ¢ &= 0
by the aid of (6.5) and (6.6).

Theorem 6.1. For any = >0, there is a positive number o, = o,(%) such
that o <<wv,, and

o(B.(k)) C C(—01(9)
Jor all k€R”, |k| > %, and for all ceR"

Here o,(x¢) -0 as »— 0, as seen from

Theorem 6.2. There are positive numbers %1, 6, (0, << ¥,), @ positive integer m
(m = n + 2) and scalar functions A(x), j =1,2,..., m defined on the interval
[—2y, 2;] such that the following hold for any k¢ Blx,] and ccR”,

() Put pgk,c) = A(|k]) + ik - c. Then
04(BLk)) N Cy(—a) = {ulk, O}, .
(i) 4(¢) is @ C™function of %€ [y, %] with
6o = iope — Bp® + O(|x[*) (|2t - 0)

where o;€R and B;> 0 are constants.
(iii) Denote by Pfk, c) the eigenprojection corresponding to the eigenvalue

ik, ) € ad(f?c(k)) (see [10], p. 180). Let P, be the projection in Lemma 3.8. Then

Z I’](O, C) = Pc-
j—0

Moreover,
Pk, ¢) = P(0, ) + |k| Pj(k, o)

with some Pj(k, c¢) € B(L?).
(iv) For A€ C,(—o03), the Laurent expansion

m

(A — BY™ = X (A — ik, ) Pk, ©) + SG, K, ¢)

j=0
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holds, where

S(, k, €) = (A — Bk))™

o

1— 3 P, c)) € B(L?)
j=o
is analytic in 2, and SP;=P;S=0, 1 <j<m.

For our purpose it is further necessary that the operators appearing above be
continuous in the parameters A, k and c. Define for each %, ¢, > 0,

2y = Cy(—01(9) X (R"\ B[x]) x Blco],
2y = Blx,]X Blcol,
2y = C(—0,)XZ,.
In the sequel, X2, and X, will be considered as sets of points (4, k, ¢} and 2, as
a set of points (k, ¢).
Proposition 6.3. For any x, ¢y, a > 0, the following hold.

M) (— By eL™Z;BELY); (A — B 2(|€| < a)€ BZ,; B(LY).
(i) Pk, o), Pi(k, &) (I — P) € B(Z,; BUL LY), 1 < j = m,

Jor all ref2,00] and BER, where Li = LyRY).

(i) S(, k, €) € L*(Z5; B(LY); S, k, ) 2(|&| < a) € B(Z5; B(LY)).

We relegate the proof to the end of this section, and we return to the study of
the operator B of (6.1). Choose #, > 0 (¢, = %,) so small that there are positive
numbers $ and & such that

6.6) Red(x) = —f %%, |ImA(e)| < 6 ||

for 1=j=<m and |x]|=x, That is possible by virtue of Theorem 6.2(ii).
Let ¢, > 0 and put

0o = min (‘71("0)3 0'2)9
ap = P40 + co + D} 2.
Define a closed set X(a,, 0,) in C by

6.7)

(6.8) (a0, 70) = (A€ Cy(—0p) | —Re A = a, |Im 4|3},

By virtue of Theorems 6.1 and 6.2(i) (ii), it then follows that
o(B(Kk)) C X(a, 0,) for all keR"\ Bx,],

€ 1k, ©) € Z(ao, 00) for all k€ Blxo]\ {0}, 1 < j =< m,

for any c¢€ B[c,]. Obviously £ — By 'u=(4— lfc(k))—lﬁ, so (6.9)
suggests

(6.10) o(B) C Z(ao, 0 \ {0}, 0€a(BY),
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and Theorem 6.2(iv) suggests the decomposition of the resolvent

@.11) G- B = 3 Uk o),
i=0

Uo(h, &) = F {1 k| > #0) (A — BLE)™ + 3(|k| < %0) S(, k, O} F,,
U, o) = F7 (k] < ) (2 — pytk, O ' Pk, ) Foy 1=j=m.

This is an orthogonal decomposition, U,U, = 0 (j== k) in L?> = L*(Q).
Define the sets of points (4. ¢),

Zy = Cy(—00) X Bleo],
Zs = Z(ap, o) X Bleg) C 24, X5 ={(h, € Zs | |A] = ro}.

In what follows, all results are valid for any fixed ¢,, 7o > 0. The following gives
a justification of (6.10) and (6.11).

Proposition 6.4. Write B = B(L*(Q™)) and let a > 0.

() Ud 9€L™Zy;B),  Us(R, o) (] < a) € #%Zy; B).
() U e#°(Zs;B), 1=j=m

Proof. In view of the Parseval relation, (i) follows from Proposition 6.3(i) (iii)
while (ii) follows from Proposition 6.3(i)) because |1 — uik,c¢)|=¢ for
(4, )€ X5, k€ B[x,] with some & > 0 depending only on r, > 0 (cf. (6.9)(ii)).

To study the case r, = 0, we first introduce the integrals I = I(4, ¢, /, &)
and J=J@A, 1, ¢, ¢, 1, &) by

I= max [ |A—pk, o) |k[* dk,

1=I=7 Bio)

J= max [ | —pk, ) — ¥ — pylk, )7 k[ dk,
ST2M Blxol

Lemma 6.5. ¥/ >0, Yoo >0, Y6€[0,1], 3C =0, V(4,¢), (A, e s,
@ I=<Cle|™?|Im a0,
G IS C(le| P+ ™A=V +e— D) if y =6 >0,
where y =n—+ o + 0 — 2L

The proof of this technical lemma will be given in the Appendix. The follow-
ing is a substitute of Proposition 6.4(ii) for r, = 0, which is a key to the sequel.
With § dropped if § =0, write

Ipe=12%Q>), L&=1Ip".
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Proposition 6.6. Let 1 < g=2=<p, r=co, 20, 6€[0,1), /=0 and
&=0,1. Puty= % — %,and ¥ =(n+0)y -+ o — 2L Write B=B(L*? L5").
The following hold for all j,1 =<j = m.
(i) There is a constant C = 0 and for any (4, c) € 2,
10, &) (I — P s = C |e|7% Im 2[00,

where P, is the projection occurring in Proposition 3.7.
(i) Let X5 = X(aq, 60) X (Blcol \ {O)). If y > (2 — «)/(n + 0), then

UI(}" C) (I - Pc){x € QO(E;'; B)
If 6 =0, X can be replaced by X.

Proof. Let u€ L% and put v = UfA, ¢)'u. By definition (6.11),
ok, &) = (A — ik, )~ Pk, ¢) ik, &), k€ Blol,
and = O for k€ R"\ Bfx,]. Therefore
- 1 1
Iolzzr = Clollzgrg (7 + =1 by (2.3))
< Cldlye= (by 1)

1/s
=C ( [ 12 — uitk, )|~ a(k, -)||22(Rg,dk) (by Proposition 6.3(ii))
Blxo)

1 1
= CIQ, ¢, Iy, O ||u||pr2@goo) (T - i 1, by Hoélder inequality) .

By (2.1) and (2.2)

llleea@ee < lilzrape) = Cllulien.
Consequently, one gets
(6.12) lolzgr = CIG, ¢, Ify, OF |jujza2.

This and Lemma 6.5(1) yield a desired estimate in (i) for « = 0. Note from
Theorem 6.2(iii) that P(k,c)(I — P,) = |k| Pj(k,o)(I— P). If Pu=0,
therefore, (6.12) holds with I(4, c, /[y, 1/y) instead of with I(4, ¢, I/y, 0) (see Propo-
sition 6.3(ii)). This proves (i) for « = 1. To prove (ii), one has only to put
v = (Uf4, ¢) — U, ¢')) u and repeat the proof of (6.12) with the aid of Lem-
ma 6.5(ii).

Combining above two propositions, we can now deduce the main result of
this section. Recall A; = v (§)*X.

Theorem 6.7. Let 1=q=2=<p, r=oco, =20, x€[0,1], 6€][0,1)

1 1
and m=0,1. Put y = 77 and suppose y > (2 — m)/(n + 0).
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(i) There is a constant C =0 and for all (A, c)€ X,
(6.13) || — BO) (I — Py" Adullipr < C(lullzgr + || Agullx + ||~ || Azulz02).

(ii) Let X5’ be that of Proposition 6.6(ii) and put

X =I3"NI*N 2,
Then for any a >0,
@ — BX)Y I — P)" A3(1&| < a) € BO(EY s B(X, L7)).

If 06=0, X may be replaced by Xs.

Proof. To simplify the notation, put

R=@A—B)', R=0A—A4A")!, G=(A—AD)'K.

Then the second resolvent equation of (6.1) can be written as R = R’ + GR.
ITterate this to obtain

-1
(6.14) R=3 G'"R +GR, IcN,.
h=0

The proof of Lemma 5.4 shows that

(6.15) G'c B%(Zs; B(IB"), heN,,
while by (3.4) and Lemma 3.8(ii),

(6.16) P A% € B(Zs, BULE"),

both of which are valid for all p, r€[1,00] and f€R. Combine (6.15), (6.16)
with Lemma 5.3(i) to evaluate the sum for 0 = A <17 — 1 of (6.14) multiplied
by (I — P)" A;. This gives the first term on the right side of (6.13). Decompose
the last term G'R of (6.14) according to the decomposition (6.11), and take / of
Lemma 5.4 for p = 2. Then G'Uy(4, ¢) can be evaluated by Proposition 6.4,
and G'Uf(A4,¢), 1 <j<m by (6.15) and Proposition 6.6, from which follow
the second and last terms of the right side of (6.13), respectively. This argument
completes the proof of (i) of the theorem. Assertion (ii) can be concluded from
this proof if the statements of continuity in the propositions and lemmas used are
taken into account.

Remark 6.8. (6.13) provides no estimates when ¢ = 0 wunless also 6 = 0.

1 1
The argument in {15] relies only on (6.13) with 0 = 0, for which y = 7 — -;)—

should take a larger value than for 6 == 0. See also Remark 9.4.
We shall discuss also the operators y(A — B®)~! which exist in the sense
stated for y*(A — AZ)"! in §5.
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Theorem 6.9. Ler 1 < g<2<p, r<oo, §=0, 6€[0,1), x€[0,1] and
m=20,1. Suppose ljq > (2 — m)/(n+ 0).
(i) There is a constant C =0 such that for all (4, ¢c)€ X,

(6.17) |ly*(A — BIy (I — PY" Acullpprx
= C(“A?/pullig" A+ | AZulzs + e % || AZul02).
(i) Let 25 and X be as in Theorem 6.7(ii). For any a > 0,
(0 — BXYNI — PY" Ai((€] < @) € 8°(Z5 s BX, ¥5"5)).
Proof. Write G’ = K,R’, E = (I — Py)" A2, and deduce from (6.14)
(6.18) yERE = y*R’ ;ilo (G'Y'E + y=G'RE.

Evaluate the sum for 0 =< /2 =/ — 1 by the aid of Lemma 5.5 and (6.16), noting
that (6.15) remains valid if G is replaced by G’. Then the first term on the right
side of (6.17) follows. Since o(X, &) < |&|,

ly=ellzgss = Cllolg,

1
with >0 4+ - + —’sz— Put v = G'Uy(A, ¢) Su and take/ large enough for Lem-

ma 5.4 to hold with p =2, r = 5 = oo. Then the last term of (6.18) can be
evaluated by means of Propositions 6.4(i) and 6.6 if (6.11), (6.15) and (6.16) are
taken into account, giving the remaining terms in the right side of (6.17).
(ii) can be proven like Theorem 6.7(ii).

It remains to prove Proposition 6.3. First, note from (6.2) that the adjoint
ALK)* to ALk) is given as
AR = (ik - & —v&)X, D(Ak)*) = D(A,(K)).
Hence A,(k)* = A(—Fk). This implies that B.k)* = A (—k) + K*. Since
K¥ = K, is selfadjoint in L? = L*(RY) (see § 3), we then have

Propesition 6.10. B (k)* enjoys all the conclusions of Theorems 6.1 and 6.2
with obvious modifications.

Furthermore, it should be mentioned that the eigenprojection Pj(k, c) for
the eigenvalue w(k, ¢) € o,(B(k)*) is the adjoint to Pi(k, c¢) ([10], p .184).
In what follows, for simplicity, we put

R=@— BMO)y ™, R = (A — AR)™, G = (A — A(K))" K.
and we define for each 4, ¢, > 0,
s = C(—vo) xR" X Ble,],
X, = C(—vy + 8)xR"X Blco] C Zs,
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which are sets of points (4, k, ¢). Also we write L§ = L5(R}) and B = B(L?).
Again from (5.4) we note
e @ IR s < (Re & + %) in =,

) (i) Ry(&| < a)e B%Z;; B) for each a > 0.

Lemma 6.11. (i) V>0, Y¢, >0, 3C =0, |]é]|B S CRed+ )t in
. (i) Ge C(L?) in Xs. (iii) G is analyticin B in A€ C(—v,). (iv) Y p€[2, 0],
V=0, 31=0, V6>0, Vo >0,

G'c B°(Z;; B(L%, L)).
Here I=[81+1 if p=2.

Proof. In view of (6.19)(i), (i) follows from Lemma 3.2 and (ii) from Lemma 3.4.
(iii) is evident from (6.3)(ii). Put

é1:}C(|§|<a)é, ézzé—él_

Lemma 3.3 and (6.19)(ii) show that éle $°(2,;B) for each a > 0 while by
(3.7) and (6.19)(i),

(6.20) 1Gslls < C(1 + @)yt (Re A + wo)! in Zs

foreach a > 0. This proves (iv) for p = 2, = 0, and similarly for more general
cases since Lemma 5.4 is also valid for G with obvious modifications.
We shall need the asymptotic behavior of G for large A and large k.

Lemma6.12. V6 >0, V¢, >0, 3C=0, 3y >0, V(4 k,0)€ 2y, V>0,

@ IGle < Cu(l + [Im )™ if k€ Blx,
@) [Gls < CU1 + k).

Proof. By Lemma 3.2 and Hélder inequality,
|Gl = Tl Kealler = C ]
whenever 1= p = nf(n — 4), where
¥ 11
. —2
I=I(Z,k,c)=( [ A+ ik- &+ v &)™ d&) ,—+—=1.
Bla] p q
We can choose p > 1 so that g <<co. Write 4 = ¢ + it and define
S, ={€Bladl||r+k-&|=|kle), E,=Bla\E&,
with ¢ > 0. It is not hard to see that

mes 5, < Ca",mes 5, < Ca" e,
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with some constant C = 0 independent of &, a, v and &. Hence

Pr= [ = [+ [SCa{(kl)™ + a &l + %)}

Blal &
Choose & = (1 + |k[)~%/%+D to get
[Gylg < CI < Ca¥a(1 + |k|~1@a+Dy,

Choose a = (1 + |k|)~1@a+D@+D ip the above and in (6.20) to prove (ii).
Suppose k€ Blx] and |7|= 2ax. Then |v+ k-&| = |7|/2 for £€ Bla], so
I < Ca" |v|-'. Choose a = |7[*/®+™ %=1 here and in (6.20) to get (i) for
7| = 2ax or |r| =22

If 6>0 and ¢, = 0, Lemmas 6.11(i)) and 6.12 deliver positive numbers r,
and x, such that

- 1
|Gl = Tfor all (4, k, 0)e Xy
where
Ty =2 \{Lk, o)X, ||A| = ro, k€ Blx,]}.

Then the Neumann series converges and [(I — G)'|lg < 2. Moreover, in
view of [10, Theorem IV.1.6] and Lemma 6.11(iv),

6.21) (I— é)—l is continuous in B in a neighborhood of a point (4, k, ¢) if
1€ 0(G(A, k, ¢)).

Thus we have proven

Lemma6.13. V6 >0, V¢, >0, 3r, >0, 3%, >0,
(i) 1€0(G) in X,
() (I — G)y'e Bs, B).

~ ~

lfl:uuf of Proposition 6.3(1). Write the second resolvent equation R = R’
+ GR as
(6.22) R=(I—-G 'R
and conclude that if A€ g(Al(k)), then
(6.23) A€ o(BLK)) if and only if 1€ o(G(A, k, ¢)).
Apply (6.19) and Lemma 6.13 to (6.22). Then
(6.24) ReL™CZg;B), Ry(|€] < a)c B°(Z,; B).

Combine (6.21) and (6.23) with Theorem 6.1. Then (I — é)—‘ €8°2;B), so
that (I — G)~1 € %X, \ Zg; B) since X, \ 2 is compact. Consequently (6.24)
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is also valid if 2 is replaced by X, \ X5, which, together with (6.24), completes
the proof.

Proof of Proposition 6.3(ii). Let j, 1 = j =< m, be arbitrarily fixed and let
P = P(k, ¢) denote either Py(k, ¢) or Pj(k, ¢) (I — P.). Put H = G(u/(k, ¢), k, c).

By Theorem 6.2, (u;(k, c) — 1§c(k)) P =0, or equivalently P = HP, so
P = H'P by iteration. In view of Lemma 6.11(iv), therefore, Proposition 6.3(ii)
will follow if

(6.25) Pk, c) € #°(X,; B).
The proof of (6.6) implies
P(k,c) = 6. Pk, 0) 0.,

where 0, is that of (3.1). Let L}, = L7 (R?) be as in Lemma 3.2. Obviously, 6°
and 0! are continuous in ¢ € B[c,] in the strong topologies of both ]B(L%,a, »
and B(Z2, L} _,)if & > c,. Consequently, (6.25) will follow ([10], Lemma I11.3.9)
if

(6.26) P(k, 0) € B°(Blxo); CULE o, I3,)), &> co.

This has been proven for « =0 in [4]. Note that P is of finite rank (Theorem 6.2(iii)
and so it is compact if bounded. Repeat the proof of Lemma 3.6 with H; =
%(|&| > @ H and H, = H — H,, and combine (6.26) for &« =0 to see that

P(k, 0) ¢ B°(Blwol; C(L2, L3 )

holds for any «¢R. This is also true for P*(k, ¢) (Proposition 6.10), so that
passing to the adjoint and noting the remark after Proposition 6.10, we see that

 P(k, 0) € B°(Blxo]; O —or L)
for any «€R. Now (6.26) follows by interpolation [2].

Proof of Proposition 6.3(iii). By virtue of (6.24) and Proposition 6.3(ii),
S=R (I -2 Pj) also satisfies (6.24), and so it is sufficient for S to be continuous
Jj
in any compact set Xy of X;. Recall the integral formula ([10], p. 179)

1 ~
S(As k’ C) = El- I_[ R(Cs k5 c) (C - 2‘)_1 dCs

where I' is any simple closed rectifiable curve in 6+(—o-2) enclosing points 4
and gk, ¢), 1 = j = m, but not other points of U(E’c(k)). In view of Theorem 6.2,
I can be chosen independently of A, k, ¢ as far as (4, k,¢)€X,. Since I'C
g(éc(k)), fi(l, k, ¢) enjoys (6.24) with I'xZ, substituted for 2'3. Now we arrive
at the desired result, evaluating the integral in the above.
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7. The Operator B,

In this section the operator B, of (1.13) is discussed in Q = £, X R" under
the boundary condition y—u = Myy*u. The main aim is to study the behavior
of its resolvent near 4 = 0. As in [1] and [14], the essential point is to derive its
explicit expression. First of all, we need to introduce the solution operator R.(2)
of the boundary value problem

(ﬂ-+§'v»+vc(5))u:0 in Qa
yu=nh on S

(7.1)

Proposition 7.1. For each (4, ¢)€ C(—vo)xR" and he& Y*~, (1.1) possesses
a unique solution u = u(x, &) € W>*(Q). The operator R(%) defined by u = R, (A) h
is in B(Y>™, W>¥(Q)) and satisfies

@ RMe B( Y>>, Lz(Q)) with the norm = {2 (Rel + vo)}_%,
(i) y*RMA) =0, yRMA) =1

Proof. We begin with uniqueness. Let u¢ ng*(Q) be a solution to (7.1).

By (4.5), with A(§) = 4 + »(&€) and by the first equation of (7.1), it follows that
ytu = 0. Then (4.9) gives

1
(7.2) ho llullg) = —- 1AIY>~

where %, = inf A(§) = Re 4 4 v, > 0, proving uniqueness. Note that this also
proves (i) and (ii) if R.(A) exists. In order to prove existence, define for each

(x, €0,
t(x,8) = inf{t =0 [ x — t&c ag},

and note that
(7.3) O X &=0if (X,HcS,
(i) x—t(x,8Ec o) for all (x,&5)ecQ,
(i) (x4 5,8 =t (x,&) + t for all =0, (x,5) €0,

(V) 1(x, &) = 1(x, B)/|&], € = &/|¢].
Define u = u(x, &) by

(7.9 u(x, §) = e @D gy (x, £) &, £)

for (x,&¢ é“ and u =0 for (x,&)cQ\ Q—. By (7.3)(1), u = h on S—, while
by (7.3)(iii),

0
(E " qu) (x + t(f, g) = 'a_tu(x -+ t‘S’ E) = _'{(] + ’V,_.(E)) u} (x -+ t&, 5)
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for all +=0 and (x,&) € Q, which, when ¢ =0, is just the same as the first
equation of (7.1). Hence this u satisfies (7.1), though formally. We shall prove that
ue W;26’+(Q). Put w = |u|?> in (4.3)_ and use (7.3)(i)(ii)(iii) to obtain

(7.5) ”uHIZJ(Q) — f f e~ UReAr (O [h(X, &) |2 dt doy d&,
§- 0

which leads again to (7.2). Hence if A€ Y>~, then wu€ L?*Q) and so is
(&-V, +v(5)u= —Au by the first equation of (7.1). This completes the proof
of the proposition.

The operator R(A) will be used in various spaces. In what follows we write

Lyt = [34Q).  Lf = L§"(Q).

The subscript § will be supressed when g = 0. Also we recall the definitions of
the spaces Y5* of §1 and Y§%* of §4, and put

o = Ci(—vy + 6) X Blco].
The following results will be valid for all §, ¢, > 0.
Lemma7.2. Let | Sr=<p=<oo, 1=s=Zg=o0, fcR and y=0. Put

~ ~ 1 1 1 1
B = BT}y I5) and 7o = ——+n (- ——).

r p s q
D Ify>vo y=yo when q=y),
R(M) € L¥(Zp; B),
2(§] < a) R(D) = R 1(|£| < a) € B°(Z,; B),
for any a > 0.
@ Fy>yo—1,
K.R(2) € Z°(Zo; B).

(iii) For v of (1), R(R) is analytic in A€ C,(—w,) in B for each fixed c.

Proof. Let u be given by (7.4) and put w = |u|" in (4.2)_. Proceeding as in
(7.5) yields

(-, O prgm, = (r(Re 2 + »o))~ f( . |4(X, O)[ o(X. &) dox
x 82-(H

for each £¢R”, whence follows readily the first assertion of (i) for the special
case p=r, q=ys, ¥ = 0. The general case is a direct consequence of this and
of the fact that since o(X, &) < |£| and by Holder,

(7.6) f’g;‘_’;,‘ C f/,;”’" is a continuous embedding

for ¥ specified in (i). Then the second assertion of (i) can be proven like Lemma
5.2(iv) by appeal to the continuity of the function

Zo3@, 0> 1(|&] < @) exp {—(A + v(&)) 1 (x, H)} € L¥(Q).
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In view of (i) and Proposition 3.5, it is clear that K x(|&| < a) R(4) enjoys (ii)
of the lemma for each fixed a > 0, while by (3.7), K.x(|&| > a) R(A)—0 as
a—> 0 in the norm of B uniformly in X,. This proves (ii). Finally, differentiation
of (7.4) with respect to 4 gives rise to

U
=t R(M) A,

formally, where ¢~ = t~(x, §). Evaluate the norm of this right member just as
in the proof of (i). Then it is seen that t—R.(A) also enjoys (i). This verifies (iii).
- Recall (6.8) and define the set of points (4, ¢),

20 = 2(ay, 60) X Blcy] (=25 of §6).
We shall study the operator
T(3) = MG — BY)™' eK.RA2),
where M, = Myy* — v~ (see (1.11)) and e stands for the extension,
a7 eu=uin Q, eu=01in O™\ Q,

u being a function on Q.

1 1
Lemma 7.3. Let n =3, p¢€[2,00], ﬂgn(_z__.;.).

@ The B BTp)).
(i) T.(A) is analytic in B(Y>") in 1€ X(aq, 0o) \ {0}.

Proof. In (6.17), put u =eK.R(AMh andset p=r, g=1, 6 =0 =m =0,
for which 1/g =1 > 2/n is satisfied if » = 3. Then

T2 € L=(2°; B(YF ™)),
by Lemma 7.2(ii) used thricewith p=¢=r =5,y =0, with p=g¢q, r=5=2,
p =0 and with p=g¢q, r =1, s =2, = 0. This proof, combined with (3.7),
shows that Mo — BX)' ex(|6| > @) K.R(A)—>0 in B(YP™) as a—0
uniformly in 2, while Theorem 6.9(ii) and Lemma 7.2(ii) show that M4 — B>)~!

ex(|é| < @) K.R(%) satisfies (i) of the lemma. Hence (i) follows. From (6.18)
for /=1,

‘yi(}' - B:O = Vi(l - A?)HI{I_'“ Kc(l - Bcoo)—l}s

which is analytic in 4 due to Lemma 5.6 (p = ¢ = 2) and (6.10). Then Lemma
7.2(ii)) (p=¢q =r =5 =2) and [M],(i) ensure that (ii) holds.

Proposition 7.4. Under the assumptions of Lemma 7.3, there are constants
C=0 and y >0 (y being independent of p, B) such that for all (A, c)c 2X°,

O [T <=cd + [AD~"F in B(YS),

() |17.W’ = CU + [AD™ in B(Ys>").



Kinetic Theory of Flows Past Obstacles. Part I 281

This proposition plays an essential role in § 6 of Part II as well as in the follow-
ing proposition. Its lengthy proof will be effected in § 7 of PartII

Proposition 7.5. Replace a,, oo in (6.8) by a,, 6, and define
5 = 2(do, 00) X Bléo].
Under the assumptions of Lemma 7.3, there are constants ao, Go, o > 0 such that
@D 1€o(TA) in B(YZ™) for all (A, )€ z
@) (I~ T@)™ € B BOF).

(i) (I — T[A))* is analytic in B(Yz’_) in A€ 2(a,, 50) \ {0}. Of course,
dg, o, Co are independent of p and .

Proof. According to [1] and [14], there are constants a,, 6, > 0 such that the
proposition holds when ¢ = 0. On the other hand, Lemma 7.3(i) permits us to
restate (6.21) for T.(A) and, moreover, Lemma 7.3(ii) permits us to replace “con-
tinuous in (4, ¢)” in (6.21) by “analytic in B(Y*7) in A”. It then follows that for
any rg > 0, there is a constant ¢, > 0 such that the proposition is true if z

isreplaced by {(4, c)€ X' | |A| = ro}. Note that this ¢, can be chosen independently
of p, because in Lemma 7.3(i), 7(A) is equicontinuous with respect to p € [2, o0]
as seen by the interpolation between the cases p =2 and p = oo. Moreover,
it can be assumed without loss of generality that aq < 4o, 6o < 0,. By interpola-
tion between Proposition 7.4(i) for p = 2 and (ii) it is seen that Proposition 7.4(ii)
remains valid with Y}'~, p € [2,00] substituted for Y5> . Then there is an r, >0
such that

1
ITA| =< i B(¥;)

for all (4,¢)€2° |A|=r,. Then the Neumann series converges and
(I — T(A))™* € B(Y} ™) exists for (4, ¢) having norm =< 2. This and (6.21) modified
as before prove the proposition for such (4, ¢). Thus the proposition is proven.

The proof in [1] and [14] of the above proposition when ¢ = 0 is based on
the fact that T,(4) is compact on Y3~ for p € [2,00) and sois To(4)® for p = oo,
which is true also when c == 0. It is for the proofs of the compactness of T (2)*
for p = oo and of Proposition 7.4(ii) that the assumptions [M],(iv) and [M],(iv)
are required. All the results for p€ [2,00) are valid only under [M],(i)(ii)(iii)
(see also Remark 1.1).

Now we define the operator 4, in L?(Q) by

(7.8.) D(4)) = {uc W2H(Q) |y uc Y*~, Mou =0},
A= —E- -V, + v u..
Cf. Definition 4.7. Since C3°(Q) C D(A,), it is densely defined.

Proposition 7.6. The following hold for each ccR”.
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() A, is maximally dissipative in L* = L*(Q).

(i) o(4) C Cy(—ro).
(ili)y For each A€ C.(—w,),

(7.9) A =AY =r( — AZ) " e+ R(A) Mo(h — AZ) e,
where e is as in (1.7) and r is the restriction ru = uly to functions u on Q.

Proof. By (7.8), (4.9) can be applied to u€ D(4,) with A(&) = v(£). Sub-

stitute into it the boundary condition Myu =0 or y~u = Myytu. By [M],(@),
the last term 4+ {...} of (4.9) =<0, and so

Re (Aou, u) < —vo JJul|? in L2,

This inequality shows that A, is dissipative and, moreover, that 1 — 4. is one-
to-one in L? if 1€ C,(—v,). Denote the first and second terms on the right-hand
side of (7.9) by R,, R,, respectively, and put R = R, + R,. Let ¢ C(—).
By (5.1) and (5.3)(ii), R, ¢ B(L? ch’Jr(Q)), and by the remark given above
Lemma 5.5 and by Proposition 7.1 and [M],(i), so does R, with MyR, = — M,R,.
Hence R has a range in D(A4,.) and on account of (7.1), (A — 4)) R =1 on L2
Hence 1 — A, issurjective and (7.9) now holds. Since R € B(L?), we can conclude
that A — A, is a closed operator in L?. Now the proof of the proposition is
complete.

We are ready to study B,.. Since K¢ B(L?) (Proposition 3.5), B. can be
defined in L? as

(710) B, = A4, + K, D(Bc) = D(Ac)

In view of Proposition 7.6(i) and [10], Theorem IX.2.1, B, generates a semi-
group on L2, This semigroup, denoted by E.(¢), will be studied in Part II. An ex-

pression similar to (7.9) may be obtained for B,. Let X be as in Proposition 7.5
and put X' = X(a,, o) \ {0}.

Theorem 7.7. For all c€ Blc,], the following hold in L?:

@) o(B) C2",0€0(B).

(i) Put S{A) = RAA) + r(A — BX) ' eK.R(A). For any Ac X',
(T.11) (A — BY ™" =r(A— B "' e + S.(A) (I — TA)* My(h — By e.

Proof. Put X" = C,(—v, + | K,|) C 2", the norm being that of B(L?).
Let A€X”. By Proposition 7.6(ii), A€p(B.) and (A — B)'¢B(L?») exists
([10], Theorem IX.2.1). Put R, =r(A — B®)'e, R, = R (1) MyR, and R=
R, + R,. Proceeding as in the proof of Proposition 7.6(iii), we find that R¢ B(L?)
with a range in D(B,) and satisfies

(7.12) (A—B)R=TI—K.R, =1— UV,
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where U= K.R(A)eB(Y>", L% and V = MyR, € B(L? Y>7). Note that
(7.13) 0] UV {0} = o(VU)\ {0},

1
() (= U =+ U= VO D),

Vip— UVYyt = (u— VUV, peo(VU)\ {0}

The proof is easy and is omitted. Since VU = T,(4), (7.13)(i) and Proposition
7.5(i) state that (I — UV)~1 ¢ B(L?) exists. Then (7.12) yields

(A—By'=RI-UVy'=R(U—UV)"' + RMDVI—-UV)".

Rewrite the last member by the aid of (7.13)(ii)) with g =1 to deduce (7.11)
for A¢X”. By Proposition 7.5(ii) and by Lemma 7.3(ii) and its proof, the right
member of (7.11) exists for all 2¢ 2 and is analytic in 4, both in B(L?). Now the
proof of the theorem is complete.

Define 5’ = X(a,, 50) X (BICo] \ {0}), and
Xp =S, NLF,  Z0= LN L9,

The main result of this section is as follows.

Theorem 7.8. Let n =3, 1 < g<2=<p < oo, ﬁ>£, 6efo, 1), x€[0,1]
| 1
and m =0,1. Pury =1 —1——(1——;— and suppose

7.13 1 1>2—m 1 ) 2
13) q nt+ 6’ p< YA

(i) There is a constant C = 0 such that
|G — By (I — P Azulgpes < Cle|™ (lulyg + | 42ulz0)
for all (3, ) Z.
(ii) For each a >0,
(& < @) (= By (I — PY" A& < a) € B BOG N Z°, LF).
Here X' can be replaced by Zif 6=0.

Proof. (i) will follow if each term on the right-hand side of (7.11) is evaluated.
The first term was evaluated in Theorem 6.7(i), which delivers the first condition
of (7.13). Combine Theorem 6.7(i) for r =oc0, g=1 and m =& =0 with
Lemma 7.2(i) and (ii). Then if the second condition of (7.13) is satisfied,

I8 Allgs, = Cllkllyge- =+ le|™ I Ally2-),
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where ' =1 —p='. Put h= (I — T A)~' /. By Proposition 7.5 for p = oo
and p =2, and by (7.6),

Vv o0, — < 00, — < ’ 00, —
|l < C lhllyz = ClIK lygm
Iz < CI# 2.

Now put A = My — By eI — P)Y" A%y, and use Theorem 6.9(1) twice

for p=r=o00 and for p=r =2, § =0 to obtain estimates of / in Y5>~

and Y2~ respectively. The restriction for ¢ in Theorem 6.9 is absorbed in the first

of (7.13). Now we can conclude (i), and by taking into account the statements re-

garding continuity in theorems and assumptions, then we also conclude (ii).
As a corollary, we state the

Proposition 7.9. Let u = u(c) be a function of ¢ such that
u(c) € L=(Blcol; Xp) N B(Blcol; X5-o),  Alu(c) € B°(Blco); Z9).
Under the conditions of Theorem 7.8, suppose that 6 > 0y and put
vk, ¢) = |e|" (A — By (I — P)" Au(c),
Jor ¢ =0, and put v(A,0)=0. Then for any ¢ >0,
o0, O € L¥E; £85,) N BYE: 135, ).
Proof. Since 6 > 0y, Theorem 7.8(i) leads to
v, ) € L Lp5p),
v(A, ¢) — 0 (c — 0) strongly in I:ﬁf‘i i»» uniformly for A€ 2(a,, 0,).
The first of these shows that

121 > @ 0, Olizpes, = (1L + &[0k, Dlzps;, >0 (@ 00),

uniformly for (4, c)EZT‘. Similarly, if v'(4, ¢) denotes the function v(4, ¢) with
2(|&| > a) u(c) substituted for u(c), then Theorem 7.8(i) yields

10 Dlips, = CW + )~ |l + [ 421(E] > @) w(@)]z9),

whence v'(4, ¢)—> 0 (¢ —o0) in igv;";,,,_s uniformly in Y. Now Theorem 7.8(ii)
completes the proof of the proposition.

This proposition indicates that at the point 4 = 0¢€ o(B,) (see Theorem 7.7(i)),
B, enjoys what is called a limiting absorption principle, familiar in scattering theo-
ry. To be precise, put

v =@A—B)tu, wucl?.

In the sequel c€ Blc,] is fixed. In view of Theorem 7.7(i), v(%) is analytic and
hence continuous in L? in A€ X(ay, oo) \ {0}, but it is not at 1 =0. However,
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Proposition 7.9 with m =« = 0 states that if u€ XN\ Z9C L?, there is a
unique limit »(0) € L5}, such that

(1.14) o(A) — v(0) (A — 0, A€ Z(ay, 6o)) in L&, _,.
This fact ensures that B, has an inverse in the following sense. Define

D ={v0) |uc X3N Z4.

Proposition 7.10. Let p, q, f be as in Theorem 7.8 for m =« =0,
@) DC{re W2HQ) |y ve Y™, Mev =0}
(ii) The operator B, of (1.13) is bijective as a map
B;D—>X5NZ9,
with B;'e B(X3 N Z9, [5:%,).

Proof. Let X = X5\ Z? and let v(4) be as above with uc X. Put w(l) =
—A(A) + Ko +u. If A==0, then v(A)¢€ D(B,) and

(7.152) -V, + v8) v(A) = w() in Q,
(7.15b) yo(A) = Moyto(d) on S-

hold in the L?-sense. This is also the case in the L”-sense. For, since L§°),, C LF
for 8> (n+ 1)/p, then u€L? and also v(d)<€L? by Theorem 7.8(i). Conse-
quently so is w(4), and thereby (7.15a) implies that v(1) € ch'JF(Q) and is satis-
fied in L?. By Theorem 4.1, then, y*o(d) € Y+ exists and (7.15b) holds in ¥Y*~
since

MO € ]B(Yp’+’ Yp’_): p € [25 oo]

(interpolation between [M1,(i) and (iii), [2]). Thus ©(1) is a solution to (7.15) in
the L”-sense. Next, note from (7.14) that ©(4) — ©(0) in L? and thereby w(d) —
w(0) = —Kv(0) + u in L” as 2 — 0. Take the limit as A— 0 in (7.15). On
account of the completeness of ng*(Q) and of Theorem 4.1(i), statement (1)
of the theorem follows, and, moreover, it is found that B»(0) = —u holds in
the I”-sense. The latter means that the map B,; D— X is surjective. Suppose
u=0. Then v(A) = 0 for A =+=0, so v(0) =0 by (7.14), that is, B, is one-to-
one. Now the proof of (ii) is completed by Theorem 7.8.

8. Solutions of the Boundary-Value Problem (1.14)
Let ¢ = ¢, be a solution to (1.14) and put p; = R(0) A, ¥, = ¢. — ¥4,

where 4, is defined in (1.11). In view of (7.1) and Proposition 7.1(ii), (1.14) re-
duces to

8.1

(—va"‘_Lc)QpZ: — R Yy in Q’
Mo’ll)z =0on S .
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Formally, this can be written as By, = —K_y;, and so
(8.2) ¢. = R(0) h, — B 'K.R(0) &,

is expected to solve (1.14). To verify that it does, we need the

Lemma8.1. Vp, rc[l,o0], VBER,
he€ R Y2"7), |k = O(c]) (c—0).

Proof. Since Y;> C 175”" with continuous injection if y is large enough,
one has only to prove the lemma for p = r = co. In view of [M],(ii) and Re-

- - -1
mark 1.1, %, can be written as h, = —M,g,, where g, = g2%2g. — g&.
Observe that

YF8. € EORE; Y5o%), ly*hgll = O(le])  (c—0),

_1
the last of which is obtained using g.(&) =c- (£ — ) g 2 8w O<p <1,
(the mean-value theorem). This and [M],(iii) yield the lemma.

Theorem 8.2. Let ¢, be given by (8.2). Let n=3, pc[2,00], =0 and
0c[0,1). Put v=2— l/p and suppose
8.3 ! 1 2
(8.3) J/ <1=3 + 8"

Let co >0 be that of Proposition 7.5.
@ b BB L), 4] = O(e]'~™.

(i) For each c¢€ Blcy), ¢, is in W,’,’C’“L(Q) with y=¢.€ Y~ and solves (1.14)
uniquely in the LP-sense.

Proof. (i) will follow if (i) is true for y;, j = 1, 2. For j = 1, one has only to
combine lemmas 7.2(ii), 8.1 with]the fact that x(|&| > a)y, — 0 (a— c0)
in f,,’,?"” locally uniformly in ¢€R” (c¢f. the proof of Proposition 7.9). Note that
p and f can be arbitrary here. Put u(c) = K.y,. Clearly, it satisfies the first condi-
tion for u(c) of Proposition 7.9 for any p, B, and thereby also the second, because
L2> C I[P if B> (n+ 1)/2 and because AZ € BULEL,, LE") by (3.4). One can
choose g = 1. Then Proposition 7.9 proves (i) for y,, in which (7.13) becomes
identical with (8.3). Now, one can note from Proposition 7.10 that y, is a unique
L?-solution to (8.1), and proceeding as in the proof of Proposition 7.10, that v,
is a unique LP-solution to (7.1) with /1 = h,, whence (ii) follows.

9. Construction of Steady Solutions

First we shall show that the suitable space in which (1.15) is to be solved is

X3 = LQ) N LE%5(Q),
which was introduced in § 7.
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Proposition9.1. Let n=3 and let ¢, be as in Theorem7.8. Suppose that
p€E2,4] and 0€[0,1) be such that

n-+ 6

(CA)Y) -1

<p<n-+0,

and let >—;——|— 1. Then there is a constant C =0, independent of c, u, v,
such that for all c¢€ Blc,),

9.2) | B ' Tolu, tlxg = C [¢| =727 lullep [v]1xp

Proof. Put w = A;'I,[u, v] and note that for any r = s/2,

” u||,:‘29r,oe é ” u”gﬂgo-*s)&r ” u“i‘g,gc )

Then Lemma 3.9(ii) for r = s and (3.4) yield for g€ [1, 2],
©3) [wler = Clulxelolxr

0.4 | Acwlize < CIwlzz= + [[wllza=) = Clu]x2e [|vllx2,

n
with o > 5 4 1. Recall Lemma 3.9(1) and use Theorem 7.8 for w with m =
o« = 1. In virtue of (9.3) and (9.4), one then gets

—1 =500 < —6(1+1/g)
©.5) 1B ' Aw|gp==< C|c| Qulxz, |, 1oz, + llulx2el2llx29).

Put g = p/2. Then (7.13) turns to (9.1) with pe[2,4]. Use (9.5) twice with
p=oco, a =y =240, and with p=p, « =, y=F§~— 1/p, to deduce 9.2).

If 00, (9.2) becomes meaningless as ¢—>0. Nevertheless, it can be
used to solve (1.15). Choose an « such that

(9.6) 9(1—|—%)<zx<1—6(2—%),

which is possible for all p =2 if 6¢ [0, 2/7]. Put u = |¢[*v in (1.15) and note
that I'y is bilinear. Then v should solve

9.7 v=|c|™ ¢, — |c|* By Iy[v, v]

when c¢ =k 0. Write this right-hand side as H(v, ¢) and put H(v,0) = 0. If
v=1uv(c) is a function of ¢, so is H(¥(c), ¢). Define the nonlinear mapI;V by

HIv] (¢) = H(v(c), ¢). Let ||| denote the norm of X%, and for each a,c,&>0,
define the space ¥V = F(a,c, s, p, ) by

v = (€ LD X N BB -0 | suplloo)] = a,
lel=e

which is a complete metric space with the natural metric

d(u, v) = sup [u(c) — ().

lel<e
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Lemma 9.2, Under the assumptions of Proposition 9.1, suppose 6 € [0, 2[7).

Then there are positive constants a and ¢ such that for any ¢ >0, the map H,;
V— V is a contraction.

1 2
Proof. Put o — 1 —0(2 -——p—) — X, T =& — 0(1 +7) By virtue of
Theorem 8.2(1) and Proposition 9.1, there are constants C,, C, = 0 such that

H@, o)ff < Cy jel” + C; jel™|[v)f?,
(9.8)
| H(v, ¢) — HW', o)[| £ Cy fef"lo + V|| v — ).

for all c€ B[cy]. Since o,7>0 by (9.6), we can choose a ¢ such that
0 < ¢ < min (Co, (4C,C)MC*D). Put p—1— (1 —4C,C,°' )t and a=
#/2C,c7). It now follows from (9.8) that if v, v'€ ¥V and if c€ B{c], then

[H[v] ()| < C,&" + Cyc'a® = a,
1H[p) (¢) — HY'] (©)l] = p [[9(c) — V(o).

Note that u € (0, 1). Moreover, it can easily be checked by the aid of (9.3) and
(9.4) that Proposition 7.9 applies to u(c) == A, ' Ty[v(c), v(c)]. Combining these
conclusions yields the lemma.

This lemma indicates that H has a unique fixed point » = v(c) in V. Obviously
this v(c) solves (9.7), so u(c) = |¢|* v(c) is a solution of (1.15). Note that u(c) =
|e[* H(v(c), ¢) and use Proposition 7.10 and Theorem 8.2(ii) to see that u(c) €
W,’.’;*(Q) with y~u(c) ¢ Y7~ and that u(c) satisfies (1.12) in the LP-sense. Thus
we have proven the main result of this paper stated as

Theorem 9.3. Suppose [0}, {q], [M] of § 1 be satisfied. Let n =3, 0¢ [0, 2/7)
and § > % ~ 1, and choose a p € [2, 4] satisfying (9.1) and an x satisfying (9.6).

Then there is a positive number ¢ such that for each c¢¢ Bfc), (1.12) admits a unique
LP-solution u(c) satisfying

u(c) € B(Blc); X5),  |u()] = OCcl).

Remark 9.4. If nz 4, we may take 8 — 0 in (9.1), and Theorem 9.3 is
valid for p€(2,4) if n=4 and pc{2,4] if n=5 When n= 3, however,
(9.1) becomes vacuous for @ = 0 and hence H cannot be shown to be a contrac-
tion. In [15] we were able to derive only for 8 = 0 the estimates obtained so far,
including (9.2), and so the physically important case »# =3 was handled by
use of Nash’s implicit function theorem supplemented by decay estimates for
¢. for large x. The estimates, non-uniform in ¢, which are derived in this paper
permit us to use a much simpler contraction mapping principle.
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Appendix

In this appendix we prove Lemma 6.5. Define the integral

Iy =14, a,b,l,m)= f |A — ibx + xz]—’x"‘ dx.

1]

Write A =o¢ + it and for each b, > 0, put
Zo={A€C| —o = |7]2/{2(bo + 1)}?}.

Lemma A.l. Let a,by,m=0,1=1,0¢€[0,1). Put y=m+1+0—2/
and suppose y == 0. There is a constant C =0 and for all b€ [—by, byl and
Ay,

Io =C Ibi—ﬂ ITImin(O,y).

Proof. Put » = ||y and { = ¢/|7|*>. Then

ajlz|
L2l [ (o]0 + 5+ 1= byD™y" dy.

Write the last integral as /; and split it into two:

I, = f+ lez'l"ls

F AR 4
With Jz = [0, bl]’ J3 = [bl‘ a/lT“, Where b1 = 1/(b0 + 1). If ye Jz, then
[l —by|=1—|b|b, = b, and hence
I, < cppri=o,

Let y€ J;. Then | + | = 2 — bj2 = y*/2 for A€ X,, and since (|7]y?/2
+ |1 — by = (] »2Y " 1 — by,

13 é C ]‘CI_I+B fym—Z(I—O) Il _ by]—f) dy
I3
Denote the last integral as I, and split it as follows:

1, = j+1f515+16.

I

where Js = J;N[2/3 b)), 2/|b|l, Js=Ja\Js. I aflt|<2/(3|b]), then
Js=¢ and I; = 0. If not, then

I, < C b=+~ [ |1 by|~*dy < C 5|7 < C|b[ " |2] 7,
Js
where 9" = max (0,y). Finally if y¢ Jg, then |1 — by| = |b|y/2, so
L=ClB~ [yt dy= C b~ [x|~
Ja

with the same 9’ as above. Combining all these estimates completes the proof of
the lemma. '
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Let u(k, c) denote any one of the u;(k, c) of Theorem 6.2(i), and «, 8 corre-
sponding «;, §; of Theorem 6.2(ii). Note that « € R, 5 > 0 and that & = 0 occurs
for some j’s (see [4]). Put

ok, ¢) = —fB |k1* + i |k| + ik - c.
Note from Theorem 6.2(ii) that
(A.D) ulk, © = polk, &) + Ok (1k|—0).
Let %, a,, 0, be as in (6.6) and (6.7), and define
2 = 2(ay, 64) X Blxo] X Blco].

LemmaA.2. V(L& )€Z, |A— putk,c)| =LA — uolk, o).

Proof. First we prove that
(A2) |2 — polk, c)| = o lklz
holds in X’ with some constant 7, > 0. Put 1 =0¢ +iz. When ¢=0, (A.2)
is obvious because § > 0. Thus we suppose ¢ << 0. If |o| < |k|?/2, then

lo 4+ B k|?| = B [k|?/2 and (A.2) follows. If not, then |7|= (|af/ao)%g Ny |k|
for A€ Z(ao, ao) with 5y = 4 ¢o + 1 (see (6.7)). Therefore |v — x|k |—k-c
= |t — (|&| + co) |k| = |k|*/#o in Z, since we may assume without loss of
generality that |x| < 6 in (6.6). This completes the proof of (A.2). In view of
(A.1) we may also assume that », is so chosen that |u(k, ¢) — uo(k, )| < 5, |k]?/2.
This and (A.2) then prove the lemma.

Proof of Lemma 6.5. Let 7= I(4,c,I,m) be the integral of Lemma 6.5(i).
By Lemma A.2,

127" [ 12— polk, ¢)|7° |k |" dk.
Bixo]
Denote the last integral by I,, and put » = Y |k|, t = k- ¢/(|k||c]). Then
! t
I, < Cp—(m+ni2 f I, ( l/ﬂ %O,tx + e ‘
-1

VB

Use Lemma A.1 and note that for 6¢ [0, 1),

Lm+n— 1) (1 — Be=32 gy,

x =0,
le]=% «=0.
Then Lemma 6.5(i) follows. Next, observe the inequality
(A3) lat — bt = |a—b]°(a] " + |[b| ),y =1+e¢,

for ,bCC and ¢6>0. Put a=1—puk,0), b=21 — uk,¢) and &= 8/,
and let J be the integral of Lemma 6.5(ii). Then by (A.3),

JE(A =X 4o le— D IA e, 1+ 8, m) + IH, ¢, 1 + 8, m}.

Combine this and Lemma 6.5(i) to conclude Lemma 6.5(ii).

[l lel 0 — Ao ar < o [
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