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1. Introduction

Various physical problems [3, 4, 18, 32] are governed by equations of the
form,

(1.1) Llu]=(A=Du,+Bu=0

for an unknown function u(x,, ..., X, t)=u(x, t), where

1.1) Au= Y A;;Dju, D;u=0°u/dx,0x;, u,=0u/ot,
i,j=1

1" Bu= Y b;D;u+ ) b;Dju—bu, Du=0u/dx,.
i, j=1 i=1

The real constant matrices (a;;) and (b;;) will be assumed to be symmetric and
positive definite, and the constant b will be assumed to be positive. Let A(4),
A(4), A(B) and A(B) be, respectively, the maximum and the minimum eigen-
values of the matrices (a;;) and (b;;). Then for every real vector {=(¢,, ..., £,),
we have

HAIEPS 3 4,485,
i, j=

ABIEPS 3 bybESAB)IEr.

A brief survey of equations similar to (1.1) was made in [30], where mixed
problems for pseudo-parabolic equations had been studied. We refer to the
references in [30] for earlier results on equations of this type. Much progress on
mixed problems in a cylindrical domain has recently been made [19, 27-31]. The
objective of this work is to study the solutions of (1.1) in the whole space R" x R
under the initial condition

(12 y(x, 0)=uo(x)
in an appropriate function space.

Because of the lack of L, and Schauder estimates for solutions of elliptic
equations in the whole space, we have restricted our attention to equations with
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real constant coefficients. On the other hand, the constancy of the coefficients
insures that the problem considered here is truly in the whole space R™.

By means of Fourier transforms, the solution can be informally expressed in
closed form; see equation (2.4). This formula is elegant and it furnishes a method
for numerical computations for problems of this type. The question is how to
insure that this formula will be valid under various initial conditions. In fact, it
is not even obvious that it defines a real-valued function for real u,(x) and ac-
cordingly it is necessary to demonstrate this fact. When the Cauchy data wu, is
rapidly decreasing, the justification can be carried out in an elementary manner;
see §2. When u,(x) belongs to a Sobolev space W* ?(R™), we have appealed to
the Fourier multiplier theorem for integrals; see §3. For pointwise solutions, we
use the principal fundamental solution; see §4. Although this involves some hard
analysis, nevertheless it gives the finest results; moreover, it is through the principal
fundamental solution that formula (2.4) is justified under the broadest possible
initial conditions; see §5. Under various initial conditions, we have established
the existence, uniqueness and asymptotic behavior of the solution, with particular
attention to the regularity question. In short, the solution is just as regular as its
initial data, but no more.

2. Rapidly Decreasing Solutions

Throughout this section we shall assume that the Cauchy data u,(x) is a real-
valued function in the space S of rapidly decreasing functions [36]. We wish to
construct a solution #(x, ¢) of the problem (1.1) and (1.2), which stays in the space
S for all time ¢ in R, R being the whole real line. To this end, we assume for the
moment that such a solution exists and that its time derivative also belongs to S
for all ¢ in R. By taking the Fourier transform of (1.1) and (1.2), we find that the
Fourier transform # (¢, ) of the solution u(x, t) satisfies the equations

Q.1 (1+A©)u & D=—(BE+b)+b)u(f, 1) in R"xR,
(2.2) a(E,0)=uy(8) in R™
where

A©)=@2n)? ilai,-fic,-, B(®)=(2n)? ilbi,-éié,-,

e e

Consequently, for all values of & and ¢, @ (¢, ¢) is explicitly given by the expression

.3 u(¢, t)=exp{—£(%%_—b—t} ug(O)=F (&, Dy (%)

Now define the function u(x, ¢) in R™x R by the formula

(2.4) u(x, )= | F(E, )iig(&) ™ & ¢
Rm
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where (&, x> denotes the inner product of the vectors £ and x. We proceed to
show that the function u(x, t) defined in (2.4), together with its time derivatives
of all orders, is in S for all ¢ in R and that it is the solution of the Cauchy problem
(1.1) and (1.2). To show this, we first consider the functions

@9 FGn=ep]- 20RO | e BOLOLD

Let o be an m-vector with non-negative integer components, and let
Dii=0%j0EY, D*=D7{'D3...Dy", |a|=a;+-+ap,
An application of induction shows that for all a, || =0,

P& D
[4(©)+1]*1
where P,(&, t) is a polynomial in € and ¢ whose degree in &,, ..., &, is less than

that of the denominator by at least |«]. Accordingly, for every o there is a constant
M,(t) depending on « and ¢ such that

(2.6) D*F(¢, 1)= F(¢,f) in R"xR,

(2.7 €1 D F (&, )| S M, (2)

uniformly in R™. Thus F(¢, t) is infinitely differentiable, and its derivatives in &
of order |a]| are of the order O(|£|71*) as | €] - c0.

Since the Fourier transform maps the space S onto itself continuously [35, 36],
it follows from the estimates in (2.7) that the function F(¢, t) i, (&) lies in S for
all ¢ in R and that the function u(x, t) defined in (2.4) belongs to S for all t in R,

Clearly, for all integers n>0, we have
O"u(x, jor"= [ [fOT'F(& D@ e* ™ > d¢
Rm

in R™"x R, by virtue of the absolute and uniform convergence of the integral.
Moreover, in analogy with (2.6) we have

’ . n 0,0 —
2.6 D FE D))=t F(E,1) in R™"XR
(2.6) [(fO) F(& D] (A0 +1]77™ ¢n
where @, ,(&, t) is a polynomial in ¢ and ¢ whose degree in £ is less than that of
the denominator by at least |a|. Thus, for all « and n, there is a constant M,
depending on », o and ¢ such that

@7) |E1* [DH(LFOT FE, )| S M,e()

uniformly in €. Hence the time derivatives of u(x, t) of all orders are in S for all ¢
in R.

Since all the derivatives of u(x, ¢) in (2.4) can be calculated by differentiation
under the integral sign, it follows from (2.4) that u(x, f) satisfies equation (1.1)
pointwise in R™x R. Moreover, by letting t -0 in (2.4), the Fourier inversion
theorem [37] insures that (1.2) is also pointwise satisfied in R™,
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Consider now the asymptotic behavior of the solution as t— oo. It follows
directly from (2.4) that

(28) lu(x, )| ssup |F (¢, t)lRJ:”Iflo(é)I d¢.

Moreover, the positivity of the quadratic forms A(¢) and B(¢) insures that, for
all tin R,

472 2(B) |E|*+b t}

|F(f, t)léexp{— 4712A(A)|6|2+1

Using the expression on the right-hand side of the above inequality, we conclude
that
exp{—bt} if A(B)<A(A)b,
<
(2.9) FE, t)={exp{—t/1(B)/A(A)} if 1(B)= A(4)b.

Thus we have from (2.8) and (2.9)
luCx, DIZexp{=kd} | l0(6)] 4

where k=0 or A(B)]A(A). That is, u(x, t) decays expontially in t as t - 0. Similar
reasoning shows that the time derivatives of u(x, t) of all orders also decay to zero
expontially in t as t - oo. We summarize the preceeding results in

Theorem 2.1. If u,(x) belongs to the space S of rapidly decreasing functions,
then the Cauchy problem (1.1) and (1.2) has a unique solution u(x, t) which, together
with its time derivatives of all orders, belongs to S for all t in R. Moreover, both
u(x, t) and its derivatives decay to zero expontially in t as t > .

Remark 2.2. As we shall see in §5, the proof of the uniqueness of the solution
in the space S (for all ¢ in R) is precisely the same as that given in [30].

Remark 2.3. Theorem 2.1 assures us that if u(x, ) is a pointwise solution of
(1.1) and if its restriction to any instant ¢ belongs to S, then it lies in S for all
times ¢,

Remark 2.4. It is not obvious that if the Cauchy data u,(x) is real-valued,
then so is the solution u(x, ¢). That this is so will be proved in §5.

3. Solutions in Sobolev Spaces

We have seen that if the Cauchy data u,(x)eS, then the solution u(x, t)isin .S
for all ¢ in R and is given explicitly by formula (2.4). We now wish to consider
whether the formula (2.4) still holds if the initial values u, (x) belong to W*:?(R™),
the Sobolev space of functions whose distribution derivatives up to and including
the order k, k=2, belong to L?(R™), 1<p<oo. To this end, we note that the
concepts of strong and weak (distribution) derivatives are identical. Also, for
1<p <2, the Fourier transform carries W* ?(R™) into W* 4(R™) with 1/p+1/g=1.
If u is in LP(R™), p>2, then its Fourier transform is in general a temperate distri-
bution.
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Lemma 3.1. If upe W2'?(R™), 1<p<oo, then the function u(x,t) defined by
(2.4) belongs to W*'2(R™) for all t in R. Moreover, the time derivative u, of u in
W?2:2(R™) also belongs to W*'P(R™) for all t in R, while the space derivatives of u
and u, up to and including the second order can be calculated by differentiating
under the integral sign.

Proof. We first check that u(x, t)e W2'P(R™) for all ¢ in R. In fact, the estimate
(2.7) for F(¢&, ¢) insures that F(&, ¢) is a Fourier multiplier for the Fourier multi-
plier theorem for Fourier integrals [7], [20]. According to this theorem, there is a
constant 4, ,, depending on p and m such that

(3.1 luCe, Ol 2, ,<MA, mlluoll2,
where
M=max{M,, |«|<m},

the M,’s being the constants appearing in (2.7), and where we have adopted the
usual norm on Sobolev spaces.

Next, we show that for all £ in R,

(3.2 Zruln )= | 2 F(E 0@ de

in W2?(R™. From the definition of u(x, t) in (2.4) and from the mean-value
theorem applied to F(&, t) in the variable 7, we see that u,(x, t) is the limit as
h—0in W??(R™) of the function

[fOFEOFE 0nua@)e™ ¢ ag,  0<f<1.
Rm™

Accordingly, to establish (3.2) it suffices to show that as A—0
(3.3) [FOFEOLFE 0 —1]0(8) ™4™ dE0  in WP,
Rm

To see this, we note that F(£, 0h)—1=0(|h|) as h— 0. Also, for vectors § with
non-negative integer components satisfying || =1, we have

DPIF(¢,0h)—1]= [l?f(’g]hz)ﬁ F(&0h)-0h

where Py(&, 0h) is a polynomial in ¢ and & of degree at most 3|f]| in &. Conse-
quently, Leibniz’s rule gives

D*[f()F(¢, ) (F(& 0m)—1)]

- Py, 0) Py(&,0h)
(et (1 +A() =74 [1+A@ P

where P,_4(¢, t) is a polynomial in ¢ and ¢ of degree at most 3ja—f]| in ¢&.
Hence there is a constant M,(¢) depending only on « and ¢ such that

34 I D LA@© F (& ) (F(E 0 —1)]| M, ().

F(&, F(¢0h)-0h
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Again the multiplier theorem for Fourier integrals assures us that

3.5 (fOFE )(FE 0m)—1)iag(©)) |2, , <M 7] Ay 4ol 2, ps

where (f)” stands for the inverse Fourier transform of f, M(t)=max{M,(t),
|«|<m}, M,(t) are the constants appearing in (3.4), and 4, , is a constant
depending only on p and m. The proof of (3.3) is now complete, and hence
formula (3.2) is established. Our proof shows moreover that u,(x, ) also stays in
W?2:P(R™) for all time ¢. Since all time derivatives of F(¢, t) are of class C® in £
and are also Fourier multipliers for Fourier integrals, the same reasoning as that
vsed in deriving (3.2) leads to the formula

n

6_ — i -~ 2mi(E, x)
(3.6) S U (o D= | < P& 0io(®) ™ dg

in the space W?%:?(R™), valid for all integers n.
For evaluation of the space derivatives of u(x, t), we first establish the formula,

(3.7 D;u(x, )= [ F(&,)(D;uo) ()’ ™™ d¢

in W?(R™ for all ¢ in R. To prove this, we note first that D;u, lies in W*:?(R™)
and that F(¢, ¢) is a Fourier multiplier. Hence the multiplier theorem for Fourier
integrals assures us that the integral in (3.7) defines a function u* (x, t) in W'-?(R™).
Consequently, to establish the validity of (3.7) it suffices to show that for all ¢
in R
(3.8) u(x+h, t)—u(x,1) _

7 -0 as h-0

1,p

u*(x, t)

where x-+h=(x, ..., Xj—1, X;+h, X4 1, ..., X,»). Now the expression inside the
norm sign in (3.8) is equal to

2midE, x> uo(y+h)—uo(y)  Ouog(M 1 -2xicewy 4.
69 [F&ne a [ ) o ]e dy:

thus the function F(¢, t) has been shown to be a Fourier multiplier for Fourier
integrals. It follows immediately that the |- | ;, ~-norm of the function in (3.9) is
less than or equal to

MA

oG +m)—uo(y)  due(y)
el h ay;

where M and A, ,, are the constants of (3.2). Formula (3.7) follows from this
fact and the assumption that u,e W2'P(R™). Moreover, since uoe W2'7(R™), a
repetition of these arguments shows that for teR

(3.10) Diju(x’ )= I F(& 0 (Dijuo)ﬂ(é) 2 mig x> d¢

1,p

in the space L?(R™). Since 0F (&, t)/0t is also a Fourier multiplier, it is now clear
from (3.2) that

@G.1) Dyt )= | Fi&, ) (Dyo) ()€ dg
Rm

in the space L?(R™) for all ¢ in R. The proof of Lemma 3.1 is now complete.
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By virtue of (3.10) and (3.11), we have for all in R

L[u(x, )] =ij LIF(&, O (&)™ <4 ®1d¢  in IP(R™),

where L is the differential operator in x and ¢ given in (1.1). Thus the function
u(x, t) defined in (2.4) obeys

(3.12) IL[u]llo,,=0 forall ¢ in R,

since L[F(&, t) exp{2ni{&, x)}1=0 identically in ¢ and ¢.

To show that u(x, t)=uy(x) in W2-?(R™) as t -0, we observe that the Fourier
inversion theorem holds in L?(R™); see [26]. Hence u,(x)= (@) (x) in W2 2(R™).
Consequently, we may write

u(x, t)—uo(x)=R_L F(ED—1]00(E) ™42 dE  in WHP(R™.

The reasoning used to derive (3.5) shows that

”u('3 t)_u0[|2,p§MAp,mt ”“0“2, p?
from which our contention follows.

It has been shown that the function u(x, r) defined in (2.4) satisfies (3.12)
and that it assumes the initial values u, (x) in W' ?(R™). To prove the uniqueness
of the solution in W*'?(R™) for all ¢ in R, let u, (x, t) and u,(x, t) be two such
solutions. Their difference v(x, ¢) is a solution in W?2'?(R™) for all ¢ in R which

takes on homogeneous initial data. Accordingly, the Fourier transform 3(¢, ¢)
of v(x, t) satisfies the equations

5(¢,0)=0 in W*P(R™)

(1+4(©) 8., D=—[BQ)+b(©)+b]5(, 1)

in W ?(R™ for all ¢ in R. As a consequence, v(&, t)=0 in W*?(R"™) for all ¢
in R. Thus we conclude from the uniqueness theorem for Fourier transforms that
v(x, t)=0in W P(R™).

Suppose now that uge W*P(R™) with k=2. For k=3, the reasoning used to
derive (3.7) and (3.8) leads to the conclusion that for all ¢ in R

Dy u(x, t)=RLF(§, £ (Do) (&) 2™ S d¢

in L?(R™). Since F(¢, t) is a Fourier multiplier, this shows that u(x, t)e W3:?(R™)
for all ¢ in R. Finally, by induction, we see that for all # in R and |a|=k

Ddu(x, t)=Rj:"F(é7 t) (Dauo)A(f)ezni<§'x>df

in LP(R™); hence u(x, t)e W*?(R™) for all ¢ in R provided u,e W*?(R™). This
proves that the solution u(x, t) of the Cauchy problem (1.1) and (1.2) is just as
regular as the initial data, but no more. Although we cannot assert that u(x, t) is
differentiable in x in the ordinary sense even if k is sufficiently large, nevertheless
much can still be said about the differentiability of the solution.
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If E(t) denotes the bounded linear operator (mapping W2 ?(R™) into itself) such
that u(x, t)=E(t) uy(x) solves the Cauchy problem, then for every ¢ in R the
operator E(t) leaves each of the subspaces W*P(R™), k=2, invariant.

For the asymptotic behavior of the solution u(x, ¢) as ¢t — oo, we turn to the
estimates in (3.1), (2.9), (2.7) and (2.6). It is clear that if u,e W2-P(R™), then for
allzin R

(3.13) luCe, Dl , <M’ €™ 4, lluollz,

where M’ is a constant, k is the constant in (2.9), and 4, ,, is the constant in
(3.1). We now observe that if uge W*?(R™ with k=2, then the estimates in
(3.13) still hold with |||, ,norm replaced by |||, ,-norm. We summarize the
preceeding results in

Theorem 3.2. If uy(x) belongs to W*?(R™), k=2, 1<p< o, then the Cauchy
problem (1.1) and (1.2) has a unique solution u(x, t) which, together with its time
derivatives of all orders, stays in W*P(R™) for all £ in R. Moreover, both u and its
derivatives decay to zero expontially in t as t - co.

4. Solutions in Banach Spaces

We introduce the Banach spaces C***(R™) consisting of functions whose
derivatives of order k are uniformly Holder continuous in R™ with exponent o,
0<a<1. More precisely, for every v(x) in C***(R™), the quantity

J _ni
|DYv(x) Dav(y)l; %,y in R™ [j|= k}
|x—y|

is supposed finite. The Holder norm on C***(R™) is defined by

H* (v)=sup {

lolsa=l0lit B (@)
k
lol= Y, sup{IDo()]; xeR™, 1j1=1}-

Evidently, C***(R™) is a Banach space under this norm.

Suppose that the Cauchy data u,(x) in (1.2) belongs to C***(R™). We wish
to construct the unique pointwise solution of (1.1) which (together with its time
derivatives of all orders) lies in C***(R™) for all ¢ in R. An essential step in this
construction is to derive an estimate for solutions of an elliptic equation with real
constant coefficients in the whole space.

Let A be the differential operator in (1.1),

Au= Z aUD,-ju.
i,j=1

The principal fundamental solution H(x—y), [8,9, 14, 15, 22], of the equation

Au—u=0in R™, m>1, is given explicitly by

1-m o m—3 m—3
4.1 H(x—y)=C tp 2 e ?[f 2 (1+3t;) T et gy
0
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where
m—~1
czzA*(zn)Tr(ﬁzll—), A=det(a,)
42) pi= 3 Ay(xi=y) Gy,

i,j=1

[

the matrix (4;;) being the inverse of (a;;). We note that C is only a normalizing
factor and that H(x—y) is a function of the vector x—y alone. Thus H(x—y) is
invariant under translation.

From the explicit expressions in (4.1) and (4.2) we see that H(x—y) is defined
and of class C® on R™x R™— D, where D stands for the diagonal of the Cartesian
product R™x R™. Using the explicit expression for H(x,y), we obtained (by
means of elementary estimates) the following useful results:

There exist positive constants a, R, such that for vectors a with 05|«|<S2,

(4.3)  |D:H(x—y)|Sconst.(exp{—a|x—y|}) forall [x—y|ZRo;
moreover
(44)  |DiH(x—y)|<const. |x—y|> " 1 (1+5, .80, o log | x=y[)

for 0=<|«x|=<2 in every neighborhood of D, where J, ., d,, are Kronecker
deltas.

The existence of the constants a and R, was proved by GIrRauD [14] for
principal fundamental solutions of elliptic equations with variable coefficients,
as was the singular behavior (4.4) near the diagonal D. For later applications,
we emphasize the crucial fact that the constants appearing in (4.3) and (4.4) are
independent of x and y. In other words, (4.3) and (4.4) hold when x varies in the
whole space R™.

Let L(x—y) be defined on R™ x R™— D by the formula

I'(m/2) 1 -
m m—2*
(4.5) Lx—y)=] 247" m=2) p
T AF log(1/p), m=2

where p(x—y) is given by (4.2) and A=det(a;;). Then near the diagonal D we
have for 0<|a|<2, 0<fB<]1,
(4.6) ID3(H L) (x~y)| Sconst. | x—y[> "7 ™%m 5o 1\ B

when x varies on the whole space R™. Such weakly singular behavior was proved
by GIRAUD [14] for equations with variable coefficients in every bounded subset
of R™x R™. The truth of (4.6) is then an obvious consequence of the fact that
H—L is a function of x—y alone.

Lemma 4.1. Let H(x—y) be defined by (4.1). Then for all v(x) in C°**(R™) and
for all x in R™, we have

(4T) Dy, { HG=1)00)dy= | Dype, Hx=1)00)dy = Ayo()

5 Arch. Rational Mech. Anal., Vol. 49
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where the integral on the right-hand side is taken in the principal value sense and
D,,,, denotes 8*/dx; 0x;.

Proof. The properties of H(x—y) in (4.3) and (4.4) assure us that

(48) Dxi j H(x_y)v(Y)dy= ij,H(x—}’)U(y)dy, xeRm9 l=15 ey m,
Rm Rm

To prove (4.7) we first put

“9) oW=JHG=o0dy, ad= [ D HE=))dy
where I(x, 6) is the ellipsoid centered at x and defined by p(x—y)<4d. From (4.8)
we see that ¢;(x; §) » D;@ (x) uniformly in x as é — 0. By virtue of (4.3) we have,
for every 6>0 and for all x in R™,

Dioi(x,0)= | Dy Hx—y)o(y)dy
Rm—(x,5)

— | D H(x—y)o(»)X;(»do,
oI(x, 8)

(4.10)

where 0I(x, 8) denotes the boundary of I(x, §) and X; the direction cosines of the
exterior normal to 8I(x, J).

The second integral in (4.10) can be written as a sum

| Dy L(x—y)o(X;(y)do,
oI (x, )

+aw§ N D, (H-L)(x=y)v(0 X;()do, =1, +1,.
It is not difficult to check [22] that 7, may be written as the sum of two integrals,
one of which goes to zero as § — 0 uniformly with respect to x while the other is
equal to —A,;v(x)/m for all x in R™. In the integral I, the function v(y) is bounded
while H— L satisfies (4.6). Hence the value of I, is bounded by cd, with the con-
stant ¢ independent of x and §. Thus I, — 0 uniformly with respect to x as 6 »0.

Since ¢;(x, ) >3 @ (x)/0x; uniformly, formula (4.7) will be established if we
can show that as é — 0 the first integral in (4.10) converges uniformly with respect
to x. To prove this, we write this integral as the sum

Li+L={ | + | Dy, Hx—yov()dy
RM=B(x, k) B(x, k)~I(x, d)

where B(x, k) is a ball with center at x and radius k. It suffices now to establish

the uniform convergence of I, as § —» 0. To this end, we write

L=ls+Is= § Dy, (H-L)(x—y)o(y)dy
B(x,k)—I(x,d)

+ § Dyw,Llx~y)o(»)dy.
B(x,k)—I(x,3)
From (4.6) we see that I5 converges uniformly in x as § —0. Since we may keep &
fixed, the uniform convergence of Iy as 6 —0 follows in a standard way; see,
e.g., [20, 22]. The lemma is thus established.
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Remark 4.2. The lemma just proved shows that if v C°**(R™), then p=Hxv
satisfies the equation 4 —¢@=v in R™, where “+” denotes convolution.

Lemma 4.3. Let H(x—y) be the principal fundamental solution given in (4.3).
Then, for every v in C°**(R™),

HS(RI D,,.,H(x—y)v(y)dy)<const. o],
where the integral is understood to be singular.

Proof. Write the given singular integral as the sum of three integrals

D, Hx=+ | Dm,(H L)y(x=»+ | Dx.ij(x nN}o(ydy

Rm—-B(x, k) B(x, k) B(x, k)

and call them f; (x), f5(x) and f;(x), respectively. Here B(x, k) is a ball with
center at x and radius k. The constant &£ will be chosen so large that (4.3) holds.
Since H(x—y) is a function of x—y alone, it can be checked that for all vectors A

i+ =fi@)]=] | Deu, Hx=p) (0(r+h)~v(»)dy|

R™-B(x, k)
<CLHXW) AP [t e ar,
where H? (v) is the Holder constant of v with exponent «, and C, is a constant
independent of » and x. Since the integral is convergent it is clear that
4.11) H(f)<const. H (v) forall v in C®**(R™).
For a fixed choice of &k, we note from (4.6) that
[0*(H~L) (x—y)[0x;0x,;| Lk /r™ " %= in B(x, k)

where the constant k, is independent of x. Since H—L is also a function of x—y
alone, we have for all vectors A

Ifz(x+h)—fz(X)|=|B(J'k) Dyx ) (H=L) (x=y) (v(y+h)—v(»))dy| S C, HJ(v) | h]*

where the constant C, is independent of v and x. Thus,
(4.12) HY(f,)ZconstH(v) forall v in C°**(R™).

To bound the Holder constant of f3(x) in R™, we write the kernel of the
integral defining f5 (x) in the form:

0> L(x—y) __F@®
0x;0x; [x—y|™

where @ varies over the surface of a unit sphere of dimension m—1. Here F(6)
is infinitely differentiable in 6 and has mean value zero, [ F(6) d0=0. For a detailed
justification of these statements, see for example [20, p. 59]. Now we show that
the function

F(6)

“413) fim= § —v(p)dy= §

BB [X—Yl BG K | X

“”lm (0G)—o())dy

5
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is uniformly Holder continuous in R™ and that its Holder constant is less than
or equal to a constant multiple of |jv]+,- A proof of this non-obvious fact is
carried out in detail for Theorem 1.6 in [20]. We make two observations. First,
we can choose k so large that Mikhlin’s proof gives

4.14) Ifs(e+B)—f5()[SC3H () [h|* forall |h|<1 <—2k—-

The constant Cj is independent of v. It is, moreover, independent of x because
the characteristic F() in (4.13) is independent of the pole x. Secondly, f5(x) is
bounded. In fact, (4.13) shows that

sup | f3(x)| < const. H (v).
Hence, we conclude that
[f3(x+m)—fs(x)|SC5 |v|o[h]* forall [h]>1.
Accordingly, for all vectors A,
lfs3(x+h)~f3()SCs [Ivllo+a | B
where the constant C, is independent of v and x. This means that
(4.15) HZ(f5)Sconst. [[0] g4
The lemma now follows directly from (4.11), (4.12) and (4.15).

Lemma 4.4. The principal fundamental solution given in (4.1) generates a
bounded convolution integral operator which maps C°**(R™) into C***(R™). That

is, if

(4.16) u(x)= [ Hx—y)v(»)dy, veC’**(R™,
Ko

then

4.17) lull2 4+, = const. [|vflg+q-

The same constant holds for all v in C°**(R™).
Proof. From the estimates in (4.3) and (4.4) for H(x—y) we see that
(4.18) |uloSconst. |v],.
Similarly, it follows from (4.8), (4.3) and (4.4) that
(4.19) [ul, Zconst. |v],.

The constants in these two inequalities are valid for all v.
From formula (4.7) we have, for |a|=2,

(4.20) lul,< Y sup| J DZH(x—y)v(y)dy|+const.|v].
Rm

la|]=2 x
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For each of these integrals (with |a|=2) we have
RI DiH(x-y)v(y)dy
={ | DiH(x-y+ [ DiH-L)(x—p+ I DSL(x— »io(y)dy

|x—y|Zzk [x—yl<k |x—y|<
= I 1 + I 2 + I 3.
By virtue of (4.3), |I,| is bounded by a constant multiple of |v|, if k is large
enough. By virtue of (4.4), |I,] is also bounded by a multiple of |v]y. Since the
characteristic of the kernel DZL(x—y), with |a|=2, has mean value zero, the

absolute value of the singular integral I, is less than const. H?(v), as is easily
seen from (4.13). Hence

4.21) IRI DiH(x—y)v(y)dy|<const. o], |a|=2,

for all v in C°**(R™). Thus we conclude from (4.20) and (4.21) that
(4.22) |ul,<const. |v]los, forall v in C°**(R™).

By combining the estimates in (4.18)-(4.22) and Lemma 4.3, we obtain the desired
estimate in (4.17).

Theorem 4.5. Let A and B be the second order differential operators in (1.1")
and (1.1""), respectively. Suppose that u,(x) is a given function in C***(R™). Then
the Cauchy problem

Llu]=(A-I)u,+Bu=0 in R"xR

u(x, 0)=uy(x) in R™

has a unique solution u(x, t) which, fogether with its time derivatives of all orders,
belongs to C***(R™) for all t in R. Moreover, it is analytic in t for all t.

(4.23)

Proof. Let H(x—y) be the principal fundamental solution of Au—u=0 in R™,
Then H(x—y) is given by the formula in (4.1). Define the linear operator
(A_I)—IB: C2+a(Rm)_) C2+a(an)
by the formula

(424 (A-I)"'Bu=-— [ H(x—y)Bu(y)dy forall u in C***(R™).
Rm

According to Lemma 4.4, the linear operator (4 41)"13 is bounded. By virtue
of the completeness of the space C2**(R™), the operator E(¢) defined for all ¢ in
R by

(4.25) E(®)=exp{—t(A-I)"'B}= ‘Z (—=t(A=D)"'B)n/n!

is also a bounded linear operator mapping C 2+e(R™) into itself. It follows in the
usual way (see, e.g., [30]) that

(@) {E(t), teR} is an analytic Abelian group such that E(¢, +t2) E(tl) E(,)
for all ¢, ¢, in R, and that E(Q)=1;
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(b) E(¢) is continuous in ¢ with respect to the uniform operator topology;
(c) E(¢) is differentiable in the uniform operator topology and

(4.26) E'()=—(A-D"*BE(t), teR.
Now for every given u,(x) in C2**(R™) we can define
“4.27) u(x,)=E(@)uy(x) forall ¢t in R,

Then u(x, )eC2+*(R™) for all ¢ in R. If follows from (4.26) that, for all # in R,
u,(x,)=—(A—-I)"*Bu(x,t) in C***(R™.

By applying the differential operator (4—1I) to both sides (from the left), we find
that, for all 7 in R,

(A-Du,(x, )+Bu(x,)=0 in C°**(R™).

Property (a) of E(z) insures that u(x, 0)=u, (x) in C*>**(R™). This shows that the
function u(x, t) defined in (4.27) solves the Cauchy problem (4.23).

Since the power series in (4.25) converges uniformly for ¢ in R with respect
to the uniform topology on % [C2**(R™)], it is clear that u(x, ¢) is analytic in ¢
for all x in R™. Verification of the uniqueness of the solution of (4.23) can be
carried out in the same way as in [30)]. The proof of the theorem is now complete.

In conclusion, we raise the question whether the solution u(x, ) will have
higher order differentiability if its initial data u,(x) does. The answer is given by

Theorem 4.6. If the initial data uqe C***(R™), k22, then the solution u(x, t)
belongs to C***(R™) for all t in R.

Proof. The properties listed in (4.3) and (4.4) for H(x—y) insure that for all v
inC 1+a ( Rm),

(4.28)

Now for (x, y)e R™ x R— D we have
v(y)

J

(4.29)

0
0x;
By virtue of (4.3) and (4.4), we have also

lim Lim —[H(x yo(»)ldy

R—+w £—0 es|x—-y|=R a

—tim | HG—»)o0)X0)do,

R—+w [x-y|=R

-lim [ H@E-y)v()X;()do,=0

e>0 [x—y|=e

where X;(y) stands for the direction cosines of the exterior normals to |x—y|=R
and |x—y|=e¢. Thus,

(4.30)

Rm
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Hence from (4.29) and (4.30) we obtain the useful identity

(431) S He=yo0)dy= | He—y) 50

l

provided ve C***(R™),

Suppose now that uy(x)eC3***(R™). Then Bu,eC'*% where B is the dif-
ferential operator defined in (1.1”"). As in the derivation of (4.28), we have

, 0
(4.30) 3%, o
By virtue of (4.31) and (4.30) we have
62
WRLH(X—)’)B%()’)@’
-7 ) H(x—y)Buo(y)d
- 6xi gm 0X; Y)BtlyIay
4.31)
a x RLH(x N5~ 3, Buo(y)dy
0H(x—y) 0
= 1o 5y Bl dy.
Using formula (4.31) and the proof of Lemma 4.3, we conclude that
62
x,0%;0%5 e § H(x—y)Buo(y)dy
) — [ He—p - Buo)dy
' gm 0%;0%; ay, °
1 i)
- Au 6 Buo(x)

We conclude now from formulas (4.30)-4.32) and Lemma 4.4 that the operator
(4—1)"! B defined by

(A—I)"BuoE—RIMH(x—y)Buo(y)dy
maps C3**(R™) into C***(R™) in such a way that
(4.33) a-n~! Bug |3+ const. [|ugll3 44

It now suffices to remark that, if u,e C3**(R™), then the solution u(x, t) defined
by
u(x, )=exp{—t(A—I)"'B} - uy(x)

belongs to C3**(R™) for all ¢ in R.
By induction on £, it follows that if u e C**, then

(A-1)~ ! Buglly+a=lluollx+a

for all integers k=2. The proof is now complete.
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5. Unification of Methods.
Hbolder Continuity of Weak Solutions

In §2 and §3, the Cauchy problem was solved by means of Fourier transforms.
The solutions so obtained are either infinitely differentiable or belong to certain
Sobolev spaces. In either case, they vanish at infinity. The fact that these solutions
are real-valued has not yet been confirmed. In §4, we constructed the solutions
by using the principal fundamental solution. These solutions are obviously real-
valued and solve the problem in the pointwise sense, though they need not vanish
at infinity. We wish to show that the results in §2 and §3 can also be obtained by
using the principal fundamental solution. In this way, we shall be able to derive
more information about the solutions.

Theorem 5.1, Suppose that, as functions of x, u(x,t) and u.(x, t) belong to
C2*%(R™) for all t in R and that u(x, t) is a pointwise solution of equation (1.1) in
R™x R. If the Cauchy data u(x, 0)=uy(x) belongs to the space S of rapidly de-
creasing functions, then, as a function of x, u(x, t)€S for all t in R.

Proof. Recall that the principal fundamental solution H(x—y) is of class C*
on R™x R™— D and possesses the properties listed in (4.3) and (4.4). Accordingly,
it is a rapidly decreasing distribution [10, 26], and hence a femperate distribution.
As a temperate distribution on R™, it satisfies the equation

5.1 AH—H=-}
where 6 is the Dirac measure. Forming the Fourier transform of (5.1), we get

(5.2) A =1/[A(®+1].

The fact that H is a rapidly decreasing distribution insures that, for every u, in
the space S, the extended convolution theorem for Fourier transforms is appli-
cable to H=* Bu,, where B is the differential operator in (1.1). Thus

5.3) (#+ Buy = A(Bug)” =~ 2D 5,

From the detailed analysis in §1, we see that the right-hand side in (5.3) is in S.
Hence for all u,€S,

(5.9 (H* Bug) (x)eS.
In the notation of (4.24), the relations (5.3) and (5.4) can be written

((A=-D" Bug) =2 EE 5.,

(5:5) § H(x—y) (Buo) (y) dyeS.
Rm

By induction on n, we conclude from (5.5) that for all integers n>0

56 (-0 BT oy @)= [ZELEZEOEE ['ay es,
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since the factor of #,(¢) on the right-hand side in (5.6) is a multiplier in S for all
n. It follows that, for all ¢ in R, the series

o 1 " B(é)+b(€)+b]"A 2micE x>

Lard v [P w@en e

defines a function in S. Since the order of summation and integration may be
interchanged, we have for all ¢ in R

exp{—t(A-I)'lB} . uo(x)=Rj:nexp{—%l_ t} i (8) 2H 14 g ¢,

which is what we set out to prove.

Theorem 5.2. Suppose that, as functions of x, u(x,t) and u,(x,t) belong to
C?**(R™) for all t in R and that u(x, t) is a pointwise solution of equation (1.1) in
R™x R. If the Cauchy data u(x, 0)=uy(x) is in C2**(R™n W*P(R™), then as a
Junction of x, u(x, t) stays there for all t in R.

Proof. Since H(x) is a temperate distribution, the Fourier transform is given
by the expression in (5.2). Since for u,e W*'?(R™), Bu, is certainly a temperate
distribution and since H(x) is actually a rapidly decreasing distribution, the con-
volution H(x—y)*Buy(y) is well-defined. Moreover, the convolution theorem
for Fourier transforms is applicable [10, 20). Hence formula (5.3) still holds in
the present case. Since the factor (B(£)+b(&)+b)/(A(£)+1) is a Fourier multi-
plier for integrals, we conclude from the multiplier theorem and (5.3) that

(5.7 [ H* Bug|l2, =M |, ,

where M is a constant depending only on p, m and the multiplier. Using the
notation introduced in (4.24), we can write (5.6) as

(5.8) I(A—D7" Buglla, ,< M lusll2,

»P=—
By induction on #, it follows that for all integers n>0

B()+b()+b

(5.9 [4-n" B]nuo(x)_—"R.[n[ AD+1

| ae@ermiema

in the space W?'P(R™). Moreover, by repeatedly applying the estimate in (5.8)
to the equation (5.9), we obtain the estimate

(5.10) IA=D)" BT uliz, ,<M" 1o, ,
where the constant M is the same as that in (5.8). Hence for all ¢
E(Hup=exp{—t(A—~I)"*B} u,

2 (=1 [BO+bO+b
=z B

- ool 2O o

(5.11) ] ao(é)eznia,’odé

n! Rm
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in W2 ?(R™). In fact, it follows from (5.10) and (5.11) that
IE@uoll2, ,<e™ ™ ugll,,, forall tin R.

The proof is now complete. It may be noted that the last inequality is a good
estimate for £<0.

For weak solutions of elliptic and parabolic partial differential equations, the
regularity theorem [23-25] asserts that weak solutions can be identified with
Holder continuous ones. We might suspect that similar results hold for weak
solutions of pseudo-parabolic differential equations. Simple examples show,
however, that solutions of pseudo-parabolic equations cannot be smoother than
their initial data. On the other hand, there is a big gap between the spaces W27
and C?* It is interesting to ask the question whether the solution u(x, ¢) belongs
to W22~ C%**(R™) for all ¢ if it is so at any fixed instant.

Theorem 5.3. Suppose, that, as a function of x, u(x, t) belongs to W2 ?(R™)
Jor all t in R and that u(x, t) is strongly differentiable in t and satisfies equation
(1.1) in L?(R™) for all £ in R. If uo(X)=u(x, 0) is in W2 ?(R™)n C°**(R™), then,
as a function of x, u(x, t) stays there for all t in R.

This result implies that all weak solutions are Hdolder continuous, if it is so
at any fixed instant. We expect the same is true for the solutions obtained in [30],
although we are unable to prove this at the present time.

Proof of Theorem 5.3, Since uy(x)e W?'?(R™), the existence of a unique
solution u(x, t) which belongs to W2:P(R™) for all ¢ in R has been established
in §3. We shall show that under the additional restriction u,(x)eC°**(R™), the
solution u(x, t) also belongs to C°**(R™) for all ¢ in R.

It was shown in §3 that the solution in W?2:?(R™) for all ¢ in R is given by the
formula

uGn 9= | exp{———-——B(a“(}l)’fi*b t} Bo() €2 EDdE,  teR

(the equality holding in W??(R™)). In the proof of Theorem 5.2 we have shown
that, for all integers n=>1,

[A-D7BT 0= ] [ia%ﬁilﬂ]"ﬁo(é)e““mdé

in W2 ?(R™). Hence
u(, )= i (—t(A_'I)-lB),.
n=0 n:

(5.12) =u0(x)+tR;an(x—y)Buo(y)dy

Uo

t2
+o7 J Hx—y1)dy, -BRI H(y,—y)Buody+--
OR"I m

where B stands for the differential operator in (1.1'"), and the equality holds in
W?2:P(R™).
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To simplify the notation, we write
(5.13) u,(x)= [ Hx—y)Bu,_;(»)dy, n=1,2,....
Rm™

Then (5.12) can be written

(5.14) u(x, D=uo(x)+ i%'—u,,(x) in W*?(R™, teR.
n=1 1"~

‘We wish to show that each u,(x) is Holder continuous with exponent «, and that
its Holder constant does not exceed a constant multiple of |#g)¢+,-

By virtue of the properties of H(x—y) listed in (4.3) and (4.4),

“1(x)ER_LH(x")’)B“o(J’)dy

(5.15) =_§=b jf)x H(x-y)—

1 Rm™ .l

us(»)dy

+ 3 b [ o H= o) dy—b | Hx=3)us0)dy,

i=1 Rm™ i
that is, we can shift one differentiation from u, to H under the integral sign. For
uoeC®** N W??, we have

2 — —_

in the sense of distributions. Moreover, using (4.3) and (4.4), we get

tm [ HE-)u0)]dy

p=0 Rm—I(x,p) ay.l

(5.17) =lim

p=0 2I(x,p) (7

1
=T m Aijuo(x)

where I(x, p) is the ellipsoid defined by Z4;;(x;—y)(x;—y)<p? X;(p) are
direction consines of the exterior normals to dI(x, p), and (4,))=(a;;)"'. Conse-
quently, we have from (5.16) and (5.17)

SH(x—y) duo(y) , . *H(x—y) 1 .
(5.18) R.!" axi ay dy—R_L—a;Ci—a)zj—uo(y)dy——;n—Aijuo(x),

in fact, the existence of the singular integral on the right-hand side has been
proved in Lemma 4.1. By combining (5.15) and (5.18), we obtain the useful
formula

uy(x)= | H(x—y)Buo(y)dy

(5.19) R

— J (BHG=p)uo()dy— % bydy, 2
Rm L7=1 m
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With the help of the notations introduced in §4 for Holder norms, it follows
from (5.18) and Lemma 4.3 that

H(u)=H2(H* Buy) < H2 (BH* ugy)+const. H (u,)

20
(5-20) <const. [t g+, +const. H (1) < const. [|ugl o+ 4
Moreover, (5.18) and (4.21) imply

|uglo=1H*Buglo<|[BH*ugy|o+const. |uglo

5.21
(5:21) < const. |ugllg.«-+cONst. [ollose

Thus, (5.20) and (5.21) imply that

(5.22) llugllo+o=const. uglio+q

Clearly, we can choose the constants in (5.20)~(5.22) to be the same. Calling this
constant C, and using (5.22) and (5.20), we find by induction on » that

Hg(“n)§cn luollo+a

It follows from this and (5.14) that

n
C
Hg (un) = l1ugllo+4e° .

[t]
n!

(5.23) H)(u(x, D)SH (o) + Y.
n=1
This proves that the solution u(x, 7), given by (5.12), is Holder continuous with

exponent o.
Remark 5.4. It follows from (5.21) and (5.23) that

luCes Dlloras ltollorae® !,  uoeCOF*(R™.
This is a good estimate for <0.

Remark 5.5. Since for real-valued functions u#,(x), the function

RImH(x—y)Buo(y)aly

is also real-valued, Theorems 5.1 and 5.2 insure that the solutions obtained in §2
and §3 are all real-valued.

Remark 5.6. The arguments used in the proof of Theorem 5.3 show also that
if u(x, t) is a solution in W?2:?(R™) for all time ¢, then u belongs to C***(R™),
k=0, for all time ¢ if its restriction to any fixed ¢ belongs to C***(R™).

Remark 5.7. By Lemma 4.1, the right-hand side of (5.18) is equal to D;;(H *u,).
Consequently, (5.19) can be written (4—I)"'B-uy=B(A—I)"'-u, for u, in
W2P(R™), or in C2**(R™), or in C°**(R™)n W*?(R™). In other words, the
operators (4—1I)"! and B commute in these spaces (of course, this will not be
the case for differential operators with variable coefficients).

This work was partially supported by National Science Foundation Grant GP-33174X.
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