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1. Introduction 

The Navier-Stokes theory of incompressible fluids has undergone theoretical 
studies unmatched in breadth and depth by any other single theory of liquids. 
While it is easy to point to the successes of this theory in describing the behavior 
of certain real fluids, it is equally easy to exhibit its failures in modeling the 
responses of others. Thus, in the last quarter century many new theories have been 
proposed and studied in an attempt to understand the phenomena loosely named 
"non-Newtonian".  One such proposal that has gained support from both ex- 
perimenters and theorists is the Rivlin-Ericksen theory of differential type. In 
this model not only the stretching tensor but also certain other kinematic ten- 
s o r s - t h e  Rivlin-Ericksen t ensors -a re  identified as important in characterizing 
the stress response of a deforming fluid body. 

A well-known special example of a Rivlin-Ericksen fluid is an incompressible 
fluid of second grade, for which the stress Tis given by 

T= - p l  + #Al +~l A2 +~t2 A2. (A) 

Here, the spherical stress - p l  is due to incompressibility, AI and A 2 are the 
first two Rivlin-Ericksen tensors, and the viscosity/~ and the two normal stress 
moduli ~1 and a2 may depend on temperature. While this model has been applied 
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in numerous articles to describe certain non-Newtonian behavior there has been 
no apparent attempt to understand it fully as an exact model in its own right.* 
This is, perhaps, due solely to the prejudice that ~1 is nega t ive-a  prejudice that 
is supported by seemingly plausible arguments and which, if accepted, then 
enables one to show that so natural a flow as simple shearing between parallel 
plates not only lacks stability but, for certain plate separations, does not even 
exist. On such grounds, (A) seems to have been almost completely rejected as an 
exact model for any real fluid. 

However, we are now convinced that the reasons for which (A) has been 
discredited are insubstantial and that (A) has, therefore, been prematurely dis- 
counted. Indeed, a somewhat surprising thermodynamic development in this 
regard indicates that the modulus ~1 in (A) should be taken non-negative, and, 
moreover, that if (A) is also compatible** with thermodynamics, then the second 
grade fluid model has general and pleasant boundedness, stability, and exponential 
decay properties well known within the classical Navier-Stokes theory. On the 
other hand, if our thermodynamic basis for non-negative ~1 is set aside and ~ is 
taken negative, then we shall show that in quite arbitrary flows instability and 
unboundedness are unavoidable. 

In order to expose the nature of our results more fully we first briefly review 
certain details in the history of (A): 

It was eleven years ago that (A) was first applied, by LANGEOIS [1], to a specific 
problem; namely, to study the slow motion of a "slightly" viscoelastic liquid. 
While its use in this application was motivated mainly as an approximation within 
the general class of Rivlin-Ericksen fluids, it also had the desirable feature of 
avoiding both the ill-fated Weissenberg assertion and the too restrictive Reiner- 
Rivlin relation. Three years before LANGEOIS' work was published COLEMAN 8~ 
NOEL [2] had already shown that by retarding the flow of any simple fluid with 
fading memory the response was approximated by (A) to within second order in 
the retardation parameter. At that time they also pointed out that for several 
special but interesting problems the equations of motion for a fluid of second 
grade are linear and solvable using standard mathematical analysis. 

Subsequently, some of these problems were solved by TING [3] and COLEMAN 
& MARKOVITZ [4, 5]. While TING gave mathematical motivation for basing his 
work on the assumption t ha t / t  and ~ should be taken positive, COLEMAN 
MARKOVITZ quoted experimental evidence and gave a physical justification of 
their own which argued for positive # and negative ~1 -  at least when (A) arises 
out of the time-scale expansion of finite second-order viscoelasticity theory. 
Shortly thereafter, TRUESDEEL [8] also gave an argument in support of negative 
~ by directly relating it to the response time of a fluid of convected elasticity 
and then observing that this time should be such that only the past, and not 
future, configurations affect the present value of the stress. Almost coincidentally, 
COLEMAN, DUFFIN & MIZEE [6] and COLEMAN (~ MIZEE [7] demonstrated the 
instability, non-existence, and breakdown of pure shearing motions for second 

* However, motivation for expecting (A) to model the general flow behavior of fluids with 
sufficiently small natural time has been offered by TRtrmDELL [40]. 

** See Section 3. 
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grade fluids with cq <0,  thereby casting grave doubts upon the appropriateness 
of a second grade fluid as a model of any real fluid. 

However, the issue concerning the sign of ct I is not as straightforward as the 
above very brief review might indicate. Specifically, the argument of TRtmSDELL [8], 
which uses purely mechanical concepts, is not compelling as a restriction on the 
class of second grade fluids. Indeed, we shall show at the end o f  Section 5 that 
when fluids of convected elasticity are examined within the larger context of thermo- 
dynamics they may experience only spherical states of stress - a situation that does not 
provide adequate structure for relating the response time to ~1, as his argument re- 
quires. Moreover, while TRUESDELL proves that in viscometric flows a fluid of second 
grade is indistinguishable from a particular fluid of convected elasticity with 
response time t *=  -2~1//~, we can find no basis for his subsequent interpretation 
of this numerical equality as a statement of conceptual identity.* As a numerical 
equality his work shows only that the viscometric response of a second grade 
fluid with ~1>0 cannot be mimed within the class of reasonable (i.e., t*>O) 
fluids of convected elasticity. That an unreasonable (i.e., t * < 0) fluid of convected 
elasticity might nevertheless duplicate, in a very special class of flows, the response 
of a second grade fluid with cq >0,  argues neither for nor against ~1 >0.  

Further, the result of COLEMAN t~ MARKOVlTZ [4] to the effect that for a 
retarded history the expansion of the stress functional appropriate to finite second 
order viscoelasticity produces a term proportional to A 2 for which the constant 
of proportionality is expected to be negative gives, clearly, no guidance at all for 
the sign of ~ in any real second grade fluid. 

A similar confusion pervades the interpretation of much experimental data: 
data purporting to find ~ of (A) negative, when coupled with the results of [6], 
[7], and, more generally, Section 7 of the present paper, only establishes that a 
second grade fluid has not been entrapped within the experimenter's devices. 

It is these and related issues that we address and resolve here. After a brief 
review in Section 2 of the basic equations of thermomechanics, we introduce in 
Section 3 incompressible fluids of complexity 2, of which second grade fluids 
are a special sub-class. In a way now standard, [10J, [19], [21], we find 
necessary and sufficient conditions that its constitutive assumptions be compatible 
with the Clausius-Duhem inequality and material frame indifference. One of the 
more interesting results obtained in Section 3 is that the Clausius-Duhem in- 
equality requires the free energy to have a stationary point in equilibrium. The 
character of this stationary point is, however, governed by the particular con- 
stitutive choice one makes for the stress (cf  (3.12)2). The crucial nature of this 
equilibrium point begins to emerge in Section 4 where, by assuming the free 
energy is a minimum in equilibrium and that the specific heat is positive, we are 
able to apply some ideas of GURTIN [11], COLEMAN & GREENBERG [12], and 
COLEMAN [13, 14] to obtain certain theorems of uniqueness and boundedness for 
any fluid of complexity 2 which is both mechanically isolated and immersed in a 
thermally passive environment. 

* The  condi t ion  " t  * =  --20Cl//t" does no t  assert  tha t  a second grade fluid possesses  a pas t -  
(or  future-)or iented " r e s p o n s e  t i m e " ;  it does  no t  even assert  tha t  a second grade fluid ha s  any  
response time at all in the sense of [8]. Indeed, by (A), only the present values of kinematic 
variables affect the stress. 

14" 
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Our boundedness theorems are of the character that if one computes a certain 
number, w(t '),  at any instant t ' ,  then, for all later times, this number, and pos- 
sibly the mass of the fluid, provide an upper bound for such quantities as the 
kinetic energy, the averaged stretching, the departure from an equilibrium entropy, 
etc., within the fluid. 

Second grade fluids are special fluids of complexity 2. In Section 5 we begin 
our study of them by further refining the thermodynamic analysis of Section 3 to 
the specific constitutive assumption (A). In addition to the expected result p > 0, 
we find, and these are the keys to all subsequent analyses, that (i) e2= - e l ,  and 
(ii) the free energy must be a quadratic function of  A1 (cf. Theorem 6). An im- 
mediate conclusion from (ii) is that the free energy of any second grade fluid will 
be a minimum in equilibrium if and only if el >0.  In the remainder of Section 5 
we show that when fluids of convected elasticity are examined within the context 
of thermodynamics then the Clausius-Duhem inequality permits these fluids to 
experience only spherical states of s t r e s s * - a  result which we feel counteracts 
TRUESDELL'S argument connecting t * and ~1 and, afortiori, his argument in favor 
of a l < 0 .  

In the remaining four sections of our work we set aside any thermodynamic 
motivation for the sign of ~1, and proceed to give a fairly detailed analysis of the 
two complementary situations corresponding to al > 0  and al < 0  for the special 
case when both a~ and p are constant with # = 0. This analysis begins in Section 6 
for ~ >0.  Here we introduce a positive definite functional of the velocity field, 
which corresponds, essentially, to the sum of the kinetic energy and the averaged 
stretching in the fluid, and show that if the fluid body is mechanically isolated 
after some initial instant then this functional is monotone decreasing in time and 
bounded below by a decreasing exponential. We then show that for two very 
general types of mechanical isolation this functional is also bounded above by a 
decreasing exponential. In the special case of flow inside a fixed, rigid container 
these results are then used to reach estimates on Ilvll2(t) and Ilgradvll2(t) of the 
form 

0 <  IlvH2(0<Bx e -al ' ,  B2 e -a2t< ]]gradvll2(t)<B3 e -a3t, 

for positive constants B~, fl~ (cf. Corollary 2 of Theorem 9). 
Section 6 continues with the derivation of a maximum principle for the energy 

equation for a broad class of second grade fluids which are immersed in a thermally 
passive environment. We then go on to demonstrate that for two very natural 
types of immersion every Lp norm, 1 =<p<o~, of, essentially, the difference be- 
tween the (constant) environmental temperature and the temperature field of the 
body must approach zero exponentially in time. In none of these results do we 
find it necessary to assume a linear relation for either the heat f lux- tempera ture  
gradient or the energy densi ty-temperature.  

In Section 7 we begin our study of the case a~ < 0. Here, we extend the results 
obtained by COLEMAN, DtrrriN & MIZEL [6] for simple shearing flow to arbitrary 
flows inside fixed, rigid containers. In particular, we show that unless the initial 
data for the velocity field is severely restricted, any flow must evolve so as to have 
its averaged stretching go exponentially to infinity. Moreover, for " smal l "  

�9 Within a broader context, it thus follows that thermodynamics undercuts the status of 
this "convected" fluid model as an exemplar of a fluid with "intrinsic elasticity". 
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canisters we show that this restriction on the initial data can never be satisfied 
and, consequently, that within such a container every flow of a second grade 
fluid having ~1 < 0 eventually must generate an arbitrarily large averaged stretch- 
ing. In contrast, we find that for " l a rge"  containers decaying flows are possible, 
though rare and atypical; for them we determine order estimates for the rate of 
decay of both II 1PILE(~ and [Igrad 10H2('). The remainder of Section 7 contains 
the formulation of an eigenvalue problem that serves not only to interpret these 
results but also to suggest certain questions which are studied in the next section. 

Section 8 begins with the derivation of a new and useful form of the equation 
of motion for any second grade fluid with constant ~ .  Using this and the eigen- 
value problem of Section 7 we obtain a functional-differential equation for the 
projection of the velocity field on the appropriate eigenvectors (cf (8.5)). When 
c~1<0 this functional-differential equation implies that for each member of a 
countable nested sequence of fixed containers no internal flow in which the fluid 
adheres to the boundary of the container is possible unless the initial data meets 
a stringent a priori orthogonality condition (cf. Theorem 21). In addition, this 
functional-differential equation yields the explicit solution to a certain special 
class of initial value flow problems more general than those studied by TING [3] 
and COLEMAN, DUFEIN & MIZEL [6]. A particular consequence of this result is 
that, for second grade fluids having ~1 <0,  the only decaying flows in this class 
are those composed of a finite linear combination of the eigenvectors introduced 
in Section 7. This considerably generalizes a similar result obtained for plane 
shearing flows between fixed parallel walls in [6]. 

For  our final results on second grade fluids we return, in Section 9, to the case 
~ >0.  Here, our main result is contained in Theorem 23 and generalizes to second 
grade fluids (c~ >0)  the stability theorems, now classic, obtained by SERRIN [15] 
for the Navier-Stokes theory (i.e., ~ -0 ) .  In particular, we show that if the stretch- 
ing and its diffusion are, for a given base flow, sufficiently small, or if the viscosity 
is sufficiently large, then the base flow is asympototically stable relative to all 
disturbances u that vanish on the boundary of the fluid domain. That is, we obtain 
precise sufficient conditions for the estimate 

I[ull2(t)+-~ - Hgradull2(t)< B4 e-p4t, 

where f14 and B 4 are positive constants. This estimate leads immediately to the 
generalization of two other results of SERmN [15] on the uniqueness of the initial- 
boundary value problem and on the uniqueness of sufficiently mild steady flows. 

Finally, in our Appendix, we present a very brief and elementary discussion 
of the Poincar6 and Korn inequalities, which are employed frequently from 
Section 6 onwards. 

The results of our study make it likely that the only second grade fluid to 
be found in nature is one with ~ > 0 .  Thus it is relevant to the discovery of 
such a fluid to note that it will (i) climb* up a rod which is rotating in an open 
vat [16, 17] and (ii) sustain a depression ** rather than a bulge in its free surface 
when flowing down an inclined open channel [18]. 

* Because for any simple fluid with normal stress viscometric functions (cf. [20]) trl(.) and 
~r2(.), climbing requires 3tr~'(0)§ and here o'1(/s 2=  --0-2(/s ). 

** Because a depression requires try'(0)> 0. 
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Final ly ,  we observe tha t  since ~ a + ~ 2 = 0  the const i tut ive assumpt ion  (A) is 
of the same fo rm as one p roposed  several  years  ago by  OLDROYD [24] for  the s tudy 
of col lo idal  suspensions,  p rov ided  his stress re laxat ion  t ime cons tan t  is set equal  to 
zero and  ~t is such tha t  ~ 1 > 0 .  However ,  in his work  OLDROYD focused on the 
effects of re laxa t ion  and  therefore  d id  not  expressly consider  the poss ibi l i ty  of a 
zero stress re laxat ion  t ime constant .  

2. Preliminary Notions 

As is convent ional ,  we ident i fy the mater ia l  par t ic les  of a con t inuous  medium,  
or  body, B with the pos i t ions  XEE a they occupy  in a fixed reference conf igura t ion  
[2 _~ E a.* The  motion of B may  then be descr ibed by a re la t ion of the fo rm x = X (X, t) 
where x ~ E  3 denotes  the po in t  occupied  by  the par t ic le  X at  the t ime t. The 
d o m a i n  of ~ is, of course,  I2 x IR and  if D is any  subset  of f2 we shall  denote  by  Dt 
the image  of D under  X- When  convenient ,  we shall  identify f2 o with f2.** 

The deformation gradient F(X, t) and  the velocity gradient L(x,  t)  associa ted 
with the mo t ion  X are  defined,  respectively,  by*** 

F =  VX, L = g r a d  ~. (2.1) 
I t  is easily p roven  tha t  

L=FF -1, (2.2) 

whenever  F is n o n - s i n g u l a r - a n  assumpt ion  we make  throughout .  

F o r  a given body  B, the fol lowing col lect ion of eight  funct ions  defined on 
g2 x R will be called a thermodynamic process if the ba lance  laws of m o m e n t u m  
and energy and the C laus ius -Duhem inequal i ty  are  satisfied: 

(1) The motion x = z ( X ,  t). 

(2) The  temperature 0 = 0 (X, t) which is assumed to be posi t ive,  0 >  0. 

(3) The specific internal energy e=e(X, t) per  unit  mass. 

(4) The specific entropy q = q (X, t) per  uni t  mass. 

(5) The symmetric stress tensor T= T(X, t). 

* For the most part we employ a standard notation. Thus, E 3 denotes three dimensional 
Euclidean point space while V denotes its associated vector space. A linear transformation of V 
into V shall be called a tensor and the set of all tensors we denote by T. The subspaces of T which 
are composed of all traceless tensors or all traceless, symmetric tensors we shall denote by T ~ 
and T~, respectively. With the exception of material particles of B in the reference configuration 
~2, boldface majiscules will denote tensors while the vectors of V and the points of E 3 shall be 
denoted by boldface miniscutes. Inner products, whether among elements of V or elements of T 
will be denoted by a dot " - " ,  e.g., a" b or, if " t r ( . ) "  denotes the usual trace operator, then 
A .B=tr(ABr). Vertical bars "11" denote the usual Euclidean norm, e.g., IA[=(A-A)�89 
Lastly, we employ R(IR +) to denote the set of real (positive) numbers. 

** For a function defined on either I2 • R or g2 t x ~. we use, respectively, V or grad to represent 

a partial derivative with respect to the points of g2 or g2 t, and ( ) or ( )t to indicate a partial 
derivative with respect to the scalars in IR. The divergence operators related to 17 and grad are 
denoted by V. and div, respectively. 

*** We assume X to be sufficiently smooth to make these definitions meaningful. We will, 
in general, abstain from explicit statements concerning the smoothness of the various functions 
introduced in this paper since the required smoothness will usually be clear from the context. 
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(6) The heat flux q = q (X, t). 
(7) The specific body force b= b(X, t) per unit mass. 

(8) The radiant heating r=r(X, t) per unit mass. 

While the symmetry of the stress tensor will guarantee the balance of angular 
momentum, we record here for future reference the balance of linear momentum 

d ~pYcdv= ~ Tnda+ ~pbdv, (2.3) 
d t Dt ~Dt Dt 

the balance of energy 

d ~p(~+�89 ~ (rn.~-q.n)da+ ~p(b.i+r)dv, (2.4) 
d t o, ~Ot O, 

and the Clausius-Duhem inequality 

ff-~ SP,d~ s q . n d a +  ~PodV,  
t~ D t  - -  ~D t  U Dt  

(2.5) 

all three of which are assumed to hold for every subdomain D_~ f2 and for all 
t ~ . .  The quantity p=p(X, t) denotes the local mass density which, by the con- 
servation of mass, satisfies 

po(X) 
p(X, t)= I detF(X, t) l '  (2.6) 

where Po is a positive function given once and for all along with the body B. 

When sufficient smoothness is assumed and (2.6) is taken into account it is 
easily shown that (2.3)-(2.5) are equivalent to the local equations 

ps T + pb, (2.7) 

p~= T. L-div  q + pr, (2.8) 

p ( ~ - 0 0 ) -  T. L +-~-g- < 0, (2.9) 

where we have set g = grad 0. 

Finally, if we introduce the Helmholtzfree energy ~k = ~(X, t) defined through 

r (2.10) 

we may write (2.9) in the alternate form 

p(~ + r/O)- T. L + - ~ _ _ < 0 ,  (2.11) 

which we shall call the dissipation inequality. 

3. Response Functions and Thermodynamic Compatibility 

Let Nx-~ ~ denote some neighborhood of the material particle X. An impor- 
tant class of materials in continuum mechanics is afforded by those in which 
knowledge of Z( ' ,  ") and 0(., .), alone, on N x x ( - o o ,  t] suffices to determine 
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the respective values e(X, t), q(X, t), T(X, t), and q(X, t) up to terms, i f  any, that 
reflect any a priori constraints on either g or 0. A particular example of such a 
material, and one which we study here, is provided by an incompressible, homo- 
geneousfluid o f  complexity 2.* It is characterized by the existence of four functions, 
~, ~, ~, ~ such that 

~=~(0, g, t., L), 

~l=q(O'g 'L 'L) '  (3.1) 

T = - p l + T ( O , g , L , L ) ,  

q=~(O,g,L,L), 
where we recall that g - g r a d  O(x, t). The four functions ~, ~, T, and ~ are called 
response functions, have IR + x Vx T ~ x T ~ as their common domain of definition, 
and are assumed to be continuously differentiable. The fact that L and L must 
lie in T ~ is a consequence of incompressibility, which requires 

d e t F = l  and t r L = 0 .  (3.2) 

The scalar field p = p ( x ,  t) appearing in (3.1)3 reflects the a priori constraint 
of incompressibility and is not, in general, determined by 0, g, L, and L at (x, t). 

If we select an arbitrary isochoric motion ~, an arbitrary temperature field 0, 
and an arbitrary "pressure"  ~, then (3.1) uniquely determines the fields ~, ~, T, 
and #. Thus, entering these fields along with ~ and 0 into (2.7) and (2.8), we arrive 
at definitions for ~(., .) and b ( . ,  .).** The resulting 8-tuple, ~ ,  0; ~, ~, T, #, ~, hi, 
will be said to have been induced by ~, 0, and ~. This 8-tuple will not generally 
be a thermodynamic process: while the balance of momentum (2.7) and the 
balance of energy (2.8) are trivially satisfied, the Clausius-Duhem inequality 
(2.9) will generally fail to hold if the functions ~, ~, T, and ~ are selected arbi- 
trarily.*** 

Following COLEMAN & NOLL [10], we seek restrictions on the response func- 
tions ~, ~, T, ~ such that every choice of an isochoric ~, a temperature field 0, and 
a "pressure"  field ~ will induce an 8-tuple that is also a thermodynamic process. 
In this regard we make the following definition: The response funetions (3.1) will 
be said to be eompatible with thermodynamics i f  and only i f  every choice of  (an 
isochorie) ~, -0 and -p leads to an induced 8-tuple that is a thermodynamic process. 
In applying this definition we observe that since tr E=  0, ~ will not appear in 
either of the equivalent inequalities (2.9) or (2.1 I), and thus (3.1) will be compatible 
with thermodynamics if and only if for every choice of an isochoric ~ and a 

* A material is said to be incompressible if the only motions it can undergo are isochoric, 
i.e., det F(X, t)= 1 for every motion. For a full explanation of homogeneous, for a justification 
of the name of fluid for (3.1), and for an explanation of the term complexity 2 see Sections 27, 
31, and 35, respectively, of [20]. For convenience we shall henceforth refer to these materials 
simply as fluids of complexity 2. 

** Since the material is incompressible and homogeneous, it is seen from (2.6) that P(=Po) 
is just a fixed number. 

*** To see this, it is only necessary to take for example, ~=const., O=eonst., T=0, and 
= grad 0. 
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tempera ture  field 0 the inequality 

p ( ~ + ~ - 0 ) -  ~.  I , +  q - g  < 0  (3.3) 
0 

is satisfied.* Here ,  by (2.10) and (3.1), ~ is the cont inuously differentiable funct ion 
given by 

g, L, L)= g, L, g, t ,  L), 

and we note, by the chain rule, that  for  any sufficiently smooth  g and 0 one has**  
.! 

r162 i + r  L +~i  " I,. (3.4) 

In  order  to find necessary and sufficient condit ions that  the response funct ions 
be compat ib le  with the rmodynamics  we first require the following 

Lemma.  Let a be an arbitrary positive number, and let a' be an arbitrary real 
number. Let a and a' be arbitrary vectors. Let A, A', A" be arbitrary tensors in 
T ~ Then there exists an isochoric motion Z* and a positive temperature field O* 
such that i f  Y is any fixed particle in f2, then 

L*(Y,O)=a, L*(r,o)=a', g*(Y,O)=a"; 
O*(Y,O)=a, 0*(Y, 0 ) =  a ' ;  (3.5) 

gradO*(Y,O)=a, gradO*(Y,O)=a'. 

Proof. Defining L(z) by 
L(x) = A + zA' + �89 z 2 A", 

we know f rom the theory of ordinary differential equat ions that  

d F*(z)=L(x)F*(z), 
dz 

F* (0) = 1, 

has a unique solution on F, and is such that  det F * ( T ) = I  for  all x e N .  We thus 
can define X*( ' ,  ") by  

I* (X,  t ) =  Y+ F* ( t ) [ X -  Y] 

and easily verify tha t  g* is isochoric and meets (3.5)1. 

* The symbolism f i s  equivalent to the value of f for the fields ~ and ft. 
** The subscripts here denote partial differentiation. Since ~, is defined on R + x VX T ~ x T ~ 

where T ~ is a linear manifold of T, we may regard T ~ as an inner product space in its own right 
and define and compute the derivatives ~L and ~ .  in the usual way: Let if(-) map L---~ R where 
L is any finite dimensional inner product space (here T~ Then ~(.) is said to be differentiable 
at u0eL if there exists an element q~(Uo)~L such that 

c~(uo+h)=r h + o ( i h l )  VheL.  

~ ( u  o) is called the derivative of ~(.) at a o. 
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Having found F*(-), we then define 0" ( . , - )  by 

O* (X, t )= a e c(a'~ +t*+t(a'-*(a'/am " F'(,)tx-r~)/a), 

and readily verify (3.5)2 and (3.5)3. A 

We now have the main result of the present section: 

Theorem 1. The response functions (3.1) are compatible with thermodynamics 
if  and only i f  

(i) the free energy is independent of g and L, 

~k = ~ (0, L), (3.6) 

(ii) the "entropy relation" holds, 

t/= - ~0(0, L), (3.7) 

(iii) the response functions ~( . ,  .) ~ ( . , . , . ,  .) and ~(., ., ., .) must be such that 
the reduced dissipation inequality, 

p~L(O,L).~_~(O,g,L,~.).L_F ~(O,g,L,l , ) .g <-0, (3.8) 
0 

holds in every thermodynamic process. 

Proof. Since, as previously remarked, the response functions (3.1) are compatible 
with thermodynamics if and only if (3.3) is satisfied for every choice of an isochoric 

and a temperature field 0, we may take ~=X* and 0 = 0 "  with ;(* and 0* as in 
the lemma. Noting that these functions are class C OO and that the chain rule 
(3.4) applies, we see that at the particle Y and at the instant t = 0  (3.3) becomes 

P {(~0 (F) + ~ (F)) a' + ~g (F).  a' + ~L (F).  A' + ~s (F).  A"} 

- T ( F ) .  A +  q(F) .  a <0,  (3.9) 
a 

where F--(a, a, A, A'). We observe that (3.9) must hold identically for all (a, a', 
a, a', A, A', A") provided only that a > 0  and A, A', and A" be traceless. Moreover, 
a', a', and A" appear only linearly; hence (3.9) is equivalent to 

(~0 (F) + ~ (F)) a' - ~ ,  (F).  a' ---- ~ (F).  A" - 0, (3.10) 

p~L(F). A ' -  T(F). A + ~(F). a <=0, (3.11) 
a 

which must hold for all (a, a', a, a', A, A', A") meeting a>0 ,  and t r A = t r A '  
= t r A " = 0 .  Thus (3.6) and (3.7) necessarily follow from (3.10), and with the ad- 
ditional aid of (3.1 l) we also reach (3.8). To see that these three conclusions are 
also sufficient for thermodynamic compatibility requires only substitution. A 

Theorem 1 has several immediate consequences the first two of which merit 
the status of corollaries. To set the context for the first of these, we note that 
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while ~ ( . ,  .) was only assumed to be class C 1 it is immeditate* that floe(', ") 
and SOL(', ") (and hence, also ~ 0 ( ' ,  ")) each exist and are continuous. Con- 
cerning ~LL(', "), we have not been able to show quite so much; however, utilizing 
the assumed C 1 smoothness of ~, we can prove 

Coronary 1. The free energy of a fluid of complexity 2 of necessity has a stationary 
point at equilibrium.** Moreover, the character of this stationary point (i.e., mini- 
mum, maximum, etc.) is completely determined by the function ~(.,  O, O, .). Speci- 
fically, ~ (0,.) is twice differentiable*** at zero and 

ffL(0, 0)=0,  P~LL(O,O).(A |  (3.12) 

for all traceless A. 

Proof. In (3.11), take A = a  = 0  and recall (3.6) to reach 

 L(0, 0). a'____ 0 

for all traceless A'. Clearly, only equality can hold and, since ~L is traceless, we 
have proven (3.12)1. 

To prove (3.12)ff***, we begin by showing that :F(0, 0, 0, .) �9 A is linear. To 
establish this, we return to (3.11), take a =0,  and use (3.6) to find 

P~L(O, A)" a' < T(O, O, A, A')" A 

for all traceless A, A'. Applying this inequality three times and adding, we arrive at 

7'(0, 0, A, - ffl B1 - f12 B2)" A a t- ]~l T(O, 0, A, B1).  A + if2 7"(0, 0, A, B2) . .4  ~ 0 

for all traceless A and B i and for all non-negative fl~. Replacing A with xA, x > 0 ,  
and dividing by x, one finds, upon letting x ~ 0, an inequality linear in A ; it thus 
must be an equality and so 

T(0, 0, 0, --]~1 g 1 -•2 B2)" A = -H1 T(0, 0, 0, g l ) .  A - # 2  7"(0, 0, 0, B2). A. 

By considering different choices for B~ it is straightforward to remove the restric- 
tion that /~  be non-negative and thereby establish the linearity of ~(0, 0, 0, -) �9 A. 

�9 Apply (3.7) and the assumed C 1 smoothness of ~. 
�9 * Our use of the term equilibrium here is delibrately vague. A more precise term (but one 

less suggestive of a later usage (cf., Section 4)) would be locally at rest. 
�9 ** Let 0 ( . )  and L be as in footnote ** on page 199 and suppose 0 ( . )  to be differentiable at 

uo~L. Then ~b(.) is said to be twice differentiable at u 0 if, in addition to Ou(uo)6L, there exists 
a symmetric element q~H(Uo)EL| L such that 

~b(uo+h)=~b(Uo)+C~.(uo). h+�89 (h @ h)+o(Ihl 2) YhEL.  

By symmetric we mean ~bu. (%)- (h ~ k ) =  ~b. u (u0)" (k | h) for all h, k~L. We also remark that  
~b u a(u0) may, equivalently, be viewed as a symmetric, bilinear form on L ~ L (HALMOS [39]) and 
in this case we would write O~w(Uo)(h, k) for On(Uo)" (h |  and call ~b.w(u0)(h , h) the quad- 
ratic form associated with ~bu(Uo). 
�9 *** If one assumes ~(0, .) is twice differentiable in a neighborhood of zero, then (3.12)2 may 
be very quickly established by replacing A with xA and taking a = 0  in (3.11) and then 
noting that  the resulting function of x is non-positive and vanishes at zero; thus its first derivative 
there is zero and (3.12)2 results. 
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Using (3.11) and (3.6) yet again, we easily see that 

p~L(O, sA). A'~= s ~'(0, O, sA, 8A'). A 

for all traceless A and A', any number s, and any positive number e. Therefore, 

_ s  ~(0, o, sA, -~A ' )  . A <=pr sA) . A' < s ~(0, O, sA, ,A ' )  . A. 

�9 d 
Taking A' =A,  we see that the middle term Is p ~ ~(0, sA) and thus we come to 

1 1 1 ^ 
- -  I s r ( o ,  o, sA, - , a )  . a ds<=p  (O, 0)<=• I  f(O, O, sA, . a 

80 g'O 

Now, we know that �89 0, 0, A') �9 A + T(0, 0, 0, A) �9 A') is a symmetric 
bilinear form in (A, A'). If we substract �89 of its associated quadratic form from 
our last result, we find 

! 

1 o~ s IT(0, 0, sA, - e A ) -  T(O, O, O, - 8A)].  A d s 
8 

<p$(O, A)-p$(O, 0)-�89 T(O, O, O, A). A 
1 

_<• I ~ [~(o, o, sA, ~a)- ~(0, O, O, ,a)]. A~, 

or, applying first the integral mean value theorem and then the differential mean 
value theorem, 

g2 TL( O, O, ~gA, -cA)I-A] �9 A <p~(O, A)-p~(O, O) -�89 T(O, O, O, A). A 

< s2 TL(O, O, r sA, ea)[A]. A, 

where g, ~, ~, and ~ all lie in (0, 1). Thus employing the Cauchy-Schwarz inequality 
and the fact that the linear operator ~r.(0, 0, A, A') [.] is bounded, we come to 

1 I~(o, o, ~A, - e a )  l < p~(O, A ) - p ~ ( O ,  0 ) - �89  T(O, O, O, A) .  a 
8 ] A ]  2 

< l  lT"t(O,O, rsa,  ea)l, 

and this is easily seen to imply 

p$(O, A ) = p $  (O, 0)+�89 ~(0, 0, 0, A).  A + o(IA 12), 

that is, ~(0, .) is twice differentiable at 0 and (3.12)2 holds. /x 

As we shall see in Section 5, the Clausius-Duhem inequality, alone, can 
provide no more specific information on the nature of the stationary point at 
(0, 0) than is indicated in (3.12)2. In particular, it cannot be used to prove that 
has a local minimum at (0, 0). However, it will soon become apparent that the 
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character of this stationary point is of signal import for the temporal evolution of 
the fluid. 

Let us now interpret the reduced dissipation inequality, (3.8). We see straight- 
way that in contrast to a Navier-Stokes fluid the stress power in a fluid of complex- 
ity 2 need not be positive even if  locally the heat f lux or temperature gradient 
vanishes. Indeed, when this happens one can only assert that the stress power is 
bounded below-never  being more negative (nor less positive)than the projection 
of p ~f  on L. In particular, the interaction of deformation with the free energy 
surface provides a possible mechanism for forcing, in certain flows, the stress 
power to be large and posi t ive-a  mechanism not present in the fluid of Navier 
and Stokes. 

Corollary 2. The response functions T and ~ must satisfy the "mechanical dissi- 
pation inequality" and the "heat conduction inequality", respectively. That is, 

T(O, O, A, 0). A > O, 

~(0, a, 0, A'). a<0, (3.13) 

for all traceless tensors A and A' and all vectors a. 

Proof. It is immediate from (3.11) and (3.12)1. A 

By replacing A with xA and a with xa in (3.13), then dividing by x and letting 
x ~ 0 ,  it is easily seen that ~(0, 0, 0, 0) can only be a multiple of the unit tensor 
while ~ (0, 0, 0, A') must vanish. Thus, at any point in the fluid where g = L= L = 0 
the stress system can only be hydrostatic while, if g = L=  0, the heat flux must be 
zero. This last is generalized through application of the principle of frame indiffer- 
ence at the end of this section. 

As a final direct consequence of Theorem 1 we note that not only must 
and 0 depend solely on 0 and L, but also so must ~. To see this, enter (2.10) with 
(3.6) and (3.7) to find 

~ = ~(0, g, L, L)=  t~ (0, L)-O~o(O , L). (3.14) 

We conclude this section by briefly considering the restrictions placed on the 
response functions by the principle of frame indifference [20]. It is well known that 
under a change of frame defined by a time dependent orthogonal tensor Q the 
scalars ~b, r/, t, and 0 are unaltered while T, q, g, L, and L transform according to 

T--* QTQ r, 

q~Qq, 

g ~ Q g ,  

L ~ ( ~ Q r  +QLQ r, 

L OQ + aaT(atQ + (QtQ + QLQ . 

The restrictions which frame indifference imposes on the response functions are 
readily solvable by use of standard arguments. Thus with the aid of (3.6), (3.7), and 
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(3.14) we obtain 

, =  A.). 

=~(0 ,  Ax)-  O(Oo(O, A O, (3.15) 

T= - p l +  ~'(O,g, Aa, A2) , 

q=~(O,g, al, a2), 

where the symmetric tensors A a and A2 represent the first two Rivlin-Ericksen 
tensors and are defined by 

Ax =L+Lr' (3.16) 

A2 =A1 + A1L+LrA1 �9 

In addition, the functions ~, 7", and ~ are defined in terms of ~, T, and ~, respec- 
tively, and must be isotropic functions, i.e., 

r A1)=~(O, QAIQr), 

T A T QT(O,g, A1, Az)Qr=T(O, Qg, QA1Q ,Q 2Q ), (3.17) 

Q ~(O, g, A~, A2)=~(O, Qg, QA1 Qr, QA2 QT). 
While general theorems exist for the specific representation of such isotropic 

functions (see e.g. [20] or the review article of SPENCER [22]), we do not gain any 
advantage by appealing to them in the present work. It is of interest, however, to 
observe that by taking g=AI=A2=O in (3.17)2 we reach QT(O, O, O, 0)QT= 
T(0, 0, 0,0), while (3.17)3 yields, for Q = - 1  and g=O, that if(0, 0, A1, A2)= 
- if(0,  0, A a, A2). Thus T(0, 0, 0, 0) is isotropic while if(0, 0, A1, A2) vanishes; 

T(0, 0, 0, 0) = �89 tr T(0, 0, 0, 0), 

~(O,O,A~,A2)=O" (3.18) 

In conjunction with (3.15)4, (3.18)~ shows that at a particle in local equilibrium 
the stress system is hydrostatic. On the other hand, (3.18)2 shows that, regardless 
of the temperature and the state of motion at a particle, if the temperature gradient 
vanishes there then so does the heat flux. 

4. Boundedness and Mild Uniqueness of Fluids of Complexity 2 

We saw in the preceding section that the Clausius-Duhem inequality, while 
forcing (0, 0) to be a stationary point for ~ ( . ,  .), gave no explicit guidance as to 
its character. This is in marked contrast to results obtained by COLEMAN [9], who 
proved, for a broad class of simple fluids with a certain type of fading memory, 
that the Clausius-Duhem inequality forces the free energy to have a minimum in 
equilibrium. 

While this minimal character of the free energy is trivially satisfied for perfect 
fluids and the linearly viscous fluids of classical hydrodynamics, it has, more 
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generally, long been a common belief in classical thermodynamics. A second 
commonly accepted belief in thermodynamics is that the specific heat should be 
positive. Thus, until further notice (cf Section 6) we make the following two major 

Assumptions. 
A 1) The free energy of  a fluid of complexity 2 is a minimum in equilibrium, 

~(O,O)<~(O,L) or ~(O,O)<~O(O, Aa). (4.1) 

A2) The specific heat c-So is positive, 

c= ~(0, L)-~0(0, L)= ~'~(0, A1)= ~(0, A1) > 0. (4.2) 

If equality holds in (4.1) only when L (or A 1) vanishes then the minimum will 
be said to be strict. With regard to (4.2), we note that by (3.14)1 and (3.15)i, it is 
equivalent to 

C=C(O, A1)=- - 0~oo(0 , A1)>0 .  (4.3) 

We shall say* that a body is mechanically isolated at the instant t if 

~. T n d a +  ~ pYc. bdv=O. (4.4) 
8g~t ~t 

In particular, (4.4) will be met if (i) b = 0  in O t and 00, is traction free and sta- 
tionary over complementary subsets; or, if (ii) b is conservative and dot is at 
rest. For simplicity, we shall often say that a process is mechanically isolated if 
(4.4) holds throughout it. 

We shall say* that a body is immersed in a thermally passive environment with 
(constant) temperature 0 ~ at time t if 

{0(x, t ) - 0  ~ q(x, t). n(x, t)>O VxsO0,,  

{0(x , t ) -0  ~  VxsO,;  (4.5)1 

and we shall say* that a process is consistent with a thermally passive environment 
with (constant) temperature 0 ~ if throughout it 

(1 1) (1 1) 
S - ~ - f f  q . n d a - S p - - W - - - O -  rdv>O. (4.5)2 

Clearly, (4.5)2 is implied by (4.5)1, whose physical content is evident: at time t 
heat is neither being conducted (radiated) into B at surface (interior) points 
having a temperature higher than 0 ~ nor is heat being conducted (radiated) out 
of B at surface (interior) points having a temperature lower than 0 ~ If the radiant 
heating vanishes, then (4.5)1 is satisfied trivially whenever one of the following 
three conditions prevail: (i) the boundary of B is insulated (i.e., q �9 n - 0 ) ,  (ii) the 
boundary of B is held at the constant temperature 0 ~ or (iii) the mixed condition 
that ( 0 - 0  ~ and q �9 n are required to vanish over complementary subsets of O0 t. 

* Cf. GtrgmN [11] and COLEMAN [13]. 
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Consider now the so-called canonical free energy function ~ ( . )  given by 

�9 ( t)= S P(e-O~189 :c" ~c)dv. (4.6) 
f2t 

From the balance of energy (2.4) it readily follows that ~( . )  satisfies 

ddt ~ ( t ) =  - 0  ~ {~ p~ dr+ co, ~ ~ d a -  ~,~ P---O r dv 1) 

+{ ~ Tn.:~da+ ~pb.:cdv} (4.7) 
dl2t f~t 

1 1 1 1 

in every process. In particular, we see that in any process that is mechanically 
isolated and also consistent with a thermally passive environment at temperature 
0 ~ the Clausius-Duhem inequality (2.5) yields 

d 
dt r (4.8) 

As noted by ERICKSEN [25] and GURTIN [ll], the term e-0~  appearing in 
(4.6) has the more convenient form 

~(0, A1)-O~ ~(O, A1)=~(0,  A1)-(O-O~ ~,o(O, A1) 

= t ~ ( 0  ~ A1)-�89 ~oo(O*, A1) (O-O~ 2, 
where we have used (3.7), (3.14), (3.15)1, and Taylor's formula. Here, 0", which 
depends on 0, 0 ~ A 1, and ~ (., .), lies in the interval (0, 0~ Recalling (4.3)2 and 
introducing K = / ( ( 0  ~ 0, A1)-~(0*,  Ai)/20* we thus obtain 

e - 0 ~  t /=5 (0  ~ A1)+ K(0 ~ 0, Ai)(O-O~ 2, (4.9) 
where, by (4.3)3, 

I( (O~ O, A ,) > O. (4.10) 

Hence, @(.) may be written in the equivalent form 

qo(t) = Sp[~(O~176 A1)(O--O~189 (4.11) 
~2t 

We now have the following result concerning the uniqueness of the rest state :* 

Theorem 2. Let a fluid of complexity 2 undergo a process both mechanically iso- 
lated and consistent with a thermally passive environment at the constant temper- 
ature 0 ~ Suppose further that 

i (X,  0)=0,  O(X,O)=O ~ (4.12) 
for all Xe I2. Then 

o(x,t)=o o, 

T(X, t )= -/31,  q(X, t )=0  (4.13) 

for all (X, t), where/3= p(X, t)=p(X, t)-�89 tr 7"(0, 0, 0, 0). 

�9 See GtJRTIt~ [11 ] who also gives an argument that would suffice for the proof of Theorem 2 
provided that (4.1) hold merely in a neighborhood of 0. 
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Proof. By hypotheses (4.8) holds, so that 

~(t)<#(O). 

Equivalently, by use of (4.12), (4.11) yields 

~p[K(O-O~189 Sp[~(O~176 (4.14) 
Dt no 

where we have used the conservation of mass and the inequality (4.1). But, s i n c e  

K>0, we immediately obtain (4.13)1, z which, when coupled with (2.1)1, (3.16), 
(3.17), and (3.18), gives (4.13)3,4. A 

We next note that the hypotheses of this theorem are considerably less general 
than they might seem. Specifically, we have the following 

Corollary 1. The only processes compatible with both the hypotheses and conclusions 
of  Theorem 2 are those in which the radiant heating vanishes and the body force is 
derivable from a potential, i.e., 

r(X, t)-O, pb(x, t)=gradp(x, t). 

Proof. This follows by entering (4.13) into (2.7) and (2.8). A 

In the remainder of this section we obtain certain boundedness theorems 
concerning any process that is mechanically isolated and consistent with a thermal- 
ly passive environment at a temperature 0 ~ As a first result of this type* we have 
the following 

T h e o r e m  3. Suppose a fluid of  complexity 2 is experiencing a thermodynamic 
process which is both mechanically isolated and consistent with a thermally passive 
environment at the constant temperature 0 ~ Let t' be any particular instant during 
this process and consider the positive number co (t') given by 

og(t')- ~ p[(~(0 ~ A,( t ' ) ) -~(O ~ O))+l((t')(O(t')-O~189 (4.15) 

Then, for all t > t' one has 

0< ~ p[~(0 ~ Al( t ) ) -~(O ~ O)]dv<to(t'), 
~t 

O< ~ pl((t)(O(t)--O~ 2 dv<w(t'),  (4.16) 
~t 

0<= ~ �89 [:~12(t)dv<to(t'), 
Dt 

where t( (z)=-K(O ~ O(x, z), A 1 (x, Z)), and where explicit dependence on x has been 
suppressed. 

* See GCmTIN [11] for a related theorem within a different context in which he emphasizes 
the notion of stability. 

15 Arch.  Rat .  Mc~h. Anal. ,  Vol. 56 
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Proof. Integration of (4.8) on [t', t], and use of (4.11), (4.15), and the conservation 
of mass results in 

~ 0  o p[ff(  , Al ( t ) ) -~ (O  ~ 0)] dv+ ~ p[(,(t)(O(t)-O~ 2 dv 
~t 19t 

+ ~ �89 lYcl2(t)dv<to(t'). 
Fit 

(4.17) 

Appealing to (4.1) and (4.10), we see that each of the three integrals on the left 
is non-negative and (4.16) then follows. A 

The bound (4.16)~ is empty for Navier-Stokes fluids and, indeed, for any fluid 
that has ff (0, A)= ~ (0, 0) for all A E T~.* Moreover, even for those fluids of com- 
plexity 2 for which the bound (4.16)1 is not empty its significance may not be 
particularly transparent since its structure is dependent upon ff (-, .). Thus, a more 
explicit bound than (4.16)~ would be desirable and, for some fluids of complexity 
2, we shall now show that such an improvement is, indeed, possible. 

Recall that by (4.1)2 we have ffAiAl(0, 0)" (A ~$)A)_->0 for all AeT~ That is, 
~(0, .) is convex at 0. Let us now suppose that ~k(0, .) is, in fact, everywhere 
convex, i.e., 

~A~a~(0, A1)- (A | A)>__O (4.18) 

for all A 1 and A in T~~ ** For this class of fluids of complexity 2 the following 
more explicit form of (4.16)1 is available: *** 

Corollary 1. Let the hypotheses o f  Theorem 3 hold, suppose 0 is a strict minimum 
for ~(0, .), and also assume (4.18). Define to(f) as in (4.15). Then for any 6 > 0  
there exists a positive number, N (t$), depending only on 6 and the structure of  ~ (., .), 
such that for all t > t' 

0 <  J p IA, I ( t ) d v ~ M 6 +  N(6)co( t ' ) ,  
fh 

O< S PI((t)(O(t)-O~ 2 < ' _ dv=o~(t ), (4.19) 
~t 

_ <_ , O~ ~ �89 [:~12(t)dv_co(t ), 
fit 

where M -  ~ pdv is the mass of  the fluid. 
Dt 

Proof. It is clear from (4.16) that we need establish only that (4.16)1 implies 
(4.19)1. To do this, consider the function f ( . ) - ~ ( 0  ~ . ) - ~ ( 0  ~ 0). By our hypo- 
theses, f ( . )  is convex and has f(A)>=O for all A e T  ~ with equality holding only 

* While we have not shown that this situation prevails for a Navier-Stokes fluid, it is an 
easy consequence of (3.11) if ~v is assumed independent of L. 

"~ We now assume ~(0, -) is twice continuously differentiable on all of T~. 
*** The footnote on page 207 also applies here. 
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if A =0.  Therefore, by a result essentially due to COLEMAN [13],* we have that 
given any 6 > 0 ,  there exists a ),(.) such that  

S p l A l [ ( X , t ) d v < ~ 4  1 S p f ( A l ( x , t ) ) d v  ' 
o o 

and replacing 6 with 2 M8 and using (4.16)1 we achieve (4.19)1 with N(~) - 1  ** 
(6)" A 

We remark that while (4.19)1 is more explicit than (4.16)1 it may, for a partic- 
ular fluid, be weaker than (4.16)1. Fluids of second grade provide an example of 
this as will be apparent f rom the form of ~ ( . ,  .) in Section 5. 

We now obtain a boundedness theorem for the internal energy and entropy 
functions based essentially on the conditions (4.3) and (4.18) which require, 
respectively, that ~ ( . ,  A) be concave on ]R + for each A ~ T  ~ and that ~(0, .) be 
convex on T ~ for each 0 s ~  +. First, however, applying (4.3) we observe that 
(3.15)2 has a smooth solution O=O(q, A O. Thus, 

q+ ~o(O(q, A1), A1)=0  (4.20) 

is an identity in (q, A1) and we may introduce the function ~(., .) given by 

~(q, AI)-~(O(q,  A1),A1)=~(O(q, A1),A1)+O(q, A1)tl, (4.21) 

where the last holds by (3.15) 2 and (3.15)3. 

Theorem 4. Suppose (4.3) holds. Then the function ~(., .) defined in (4.21) is a 
minimum in equilibrium, 

~(~, AO>~(~, 0), 

and the"  temperature relation" holds, 

~(~i, A O=O. 

In addition,/f(4.18) holds, then ~(., .) is convex on ~ + x TO. *** 

Proof. The conclusion that g is a minimum in equilibrium is apparent from 
entering (4.21)2 into (4.9) and using (4.1)2: 

~(~/, A i)-~(q, 0) - (0~ 0))v/= ~ (0 ~ A , ) - ~  (00/, 0), 0) + K ( 0 -  0~ 2. 

Thus by taking 0~ and using (4.1) and (4.10), we obtain the desired 
result. 

To establish the temperature relation we need only differentiate (4.21) 

~=~OoO, + qO~ + O=O, 

where the last holds by (4.20). 

* sr162 COL~t~N'S Lemmas A.1 and A.2. Either these lemmas may be modified so as to 
apply to the present situation where f( . )  is defined only on the subset T~ of T, or the function 
f( . )  may be extended to all of T so as to preserve its positive definiteness and convexity, for 
which the lemmas apply without modification. 

** It can be shown that ?(d)--* 0 as d--~ 0, so that N(J)-* oo as 6--*0. 
*** We adopt the usual convention v/> 0. 

15" 
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Finally, to show that g(., .) is convex, we first observe, using (4.20) and (4.21), 
that 

- ~0a, | tP0a, (4.22) _ - 1  _ ~ 0 a ,  ~aaa  = t~ .4aA ' 

Thus, for any (~, A)elR • T ~ the characteristic quadratic form, Q, for g is given by 

Q = g ~ 2 + 2 a ~ a  , �9 A+ga~a, "(A | A) 

= ( - ~ o o  ) (O~2 + 2~oa,"  A +~oa, | ~oa, "(A | A))+~a,a,'(A | A) 

=(--1/~oo) (=q-tpoA,. A)2 + t~A, A, �9 (A (~) A), 

and we see, by (4.3) and (4.18), that Q__>0, which is both necessary and sufficient 
for  the convexity of ~(. , .) .  A 

If we now return to (4.9) and use (3.15)2,3, (4.1), (4.10), and (4.202 we find 

g(r/, AO-e~176176 ~ AO-~(O ~ 0 ) + K ( 0  ~ 0, AI)(O-O~ 2 >0, (4.23) 

where we have defined q ~ 1 7 6  and e~176 Moreover, assuming 
(0 ~ 0) is a strict minimum for ~( . ,  .) it is dear  that equality holds in (4.23)2 if 
and only if AI=0 ,  0 = 0  ~ i.e., if and only if (r/, A0=(r/~ 0). Thus, if, for pur- 
poses of normalization, we let y - 0  ~ (r /-  r/o) and define 

)o f(y, Aa)-~ +r/~ A 1 --8 --y, 

then it follows that f (y ,  AO>_O for all (y, A0~( -0~176  ~ ) x  T~ ~ and equality 
holds only at (0, 0). Further, since f ( . ,  .) and g(., .) have essentially the same 
characteristic quadratic form, then by Theorem 4, f ( . ,  .) is convex. Finally, we 
see that, in addition to (4.16)3, (4.17) also implies 

S pf(y(x, t), A I (x, t)) d v < o~(t') (4.24) 
-Qt 

for all t>>_t'. Applying the results of COLEMAN mentioned earlier* we therefore 
find that for any g > 0, 

p [A, [(x, t) dv+O ~ ~ p [r/--r/~ [(x, t) dv<=M6+U(6)oo(t'). 
~t ~t 

Here, as before, M is the mass of the fluid and N(6) is a number depending only 
on 3 and the structure of g (and, hence, of ~). Thus we have 

Theorem 5.** Suppose a fluid of complexity 2 is experiencing a thermodynamic 
process which is both mechanically isolated and consistent with a thermally passive 
environment at the constant temperature 0 ~ Suppose also that ~.(., .) is convex and 

* See f o o t n o t e  * o n  p a g e  209. 
** This theorem is analogous to Theorem 3.2 of COLEMAN [13]. 
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has a strict minimum in equilibrium. Finally, let t' be any particular instant during 
this process and consider the positive number co (t') given by 

co(t') =- S P[~(r/(t'),Al(t'))-e~176176189 dr, 

where r/~ -~0(0 ~ 0) and ~~ (r/~ 0). Then for all t > t' and for any 6 > 0 one has 

0=< S p [e(x, t ) -e~  dv<=M6+(N(6)+l)co(t'), 
Ot 

0__<0 ~ j" p [r/(x, t)-r/~ 
Dt 

0__< ~ p IA, [(x, t)dv<M~+N(~)co(t'),  (4.25) 
~t 

0 <  ~ �89 t)dv<co(t'), 
Ot 

where M is the mass of the fluid and N(fi) is a positive number depending only on 6 
and the structure of ~ (. , .) .  

Proof. We have already proven (4.25)2 , 3,4- To prove (4.25)1, we first observe that 

_ o = f ( y ,  A 1) + 0~ (r/-  r/~ 

Thus by the triangle inequality and the fact that f >  0 we find 

[ ~ - : l _ < f + 0 ~  [r/-~/~ 

from which (4.25)~ is immediate upon using (4.24) and (4.25)2. A 
As was the case for the result (4.19)1 in Corollary 1 of Theorem 3, we note 

that the proof of (4.25)3 does not apply to a fluid that has ~(0, A)=~(O, 0). 
However, in this case the results (4.25)1 ' 2,4 will still hold. 

5. Fluids of Second Grade: Thermodynamic Compatibility 

An incompressible fluid of second grade is a specific example of a fluid of 
complexity 2. For it the response function T( . , . , - ,  .) of (3.15)4 is required to be 
of the special form 

T(0, g, A 1, A 2) = P(0) A 1 + ~1 (0) A2 + ~2 (0) A 

=~(O)(L +Lr)+~I(O)(L+Lr +L~ +LT2+ 2L~ L) 
+~2(O)(L2 + Lr2+ LLr + Lr L ) (5.1) 

= ~(0, g, L, L), 

where (3.16) has been applied. Thus, with some rearrangement of terms, the 
reduced dissipation inequality (3.8) requires 

P~L(a, A). a ' - ~ l ( a ) [ A '  + A'r] �9 A -p (a ) [ 'A  +AT]  �9 A 

- -  (~1 (a )  -[- ~2 (a ) )  EA 2 ..[_ A 2 T -[- 2AA T]. A -+ ~ (a, a, A, A'). a ~ 0 (5.2)  
a 
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for all (a, a, A, A') such that a > 0 and A, A'~ T ~ Taking a = 0, we reach an in- 
equality that must hold identically for all traceless A and A'. However, since A' 
appears linearly, the term involving it must vanish identically and we have 

~L(a, A). A ' -  ~l(a) [ A ' + A ' r ] .  A. (5.3) 
P 

Again, since the remaining inequality must hold identically for every traceless A, 
the terms cubic in A must vanish identically, and we obtain 

(~1 (a) + ~2 (a)) [A 2 + A 2T + 2AA r ] .  A = 0. (5.4) 

This leaves the residual inequality 

~(a) [A + Ar] . A >=0. (5.5) 

Finally, since (5.3) and (5.4) are identities, it follows that (5.2) has the general form 

~(a,a ,A,A ' ) .a  ~(a)[A+Ar].A<O" (5.6) 
a 

It is clear that (5.4) and (5.5) can hold for all traceless A if and only if 

~1(a )+~2(a )=0  and ~(a )>0 ,  (5.7) 

respectively. It is equally clear by the definition of ~z that (5.3) is equivalent to 

d ~(a,a+sA,)[,= ~ r ds = - - 7 -  [A' +A'r]. A 

and A'. Taking, in particular, A=rA'  and setting 2 = s + r ,  

d2d ~(a, 2 A , ) l x f = ~ [ A , + A , r ]  �9 A' r, 

which, when integrated over the interval (0, 1), gives 

t~ (a, A') = ff (a, 0) + ~ [A' + A'r]  �9 A', (5. 8) 

for all a > 0 and all traceless A'. 
Thus, we have established 

Theorem 6. The response functions ~, T, and ~ of a second grade fluid are compatible 
with thermodynamics if and only if 

(i) the viscosity is non-negative, 

~(0)>0,  (5.9) 

(ii) the normal stress coefficients are related by 

(5.10) 
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(iii) the free energy is quadratic in L and has the explicit form* 

if(0, L)= ~ ( 0 ) + ~  IL+Lr 12, (5.11) 

(iv) the response functions ~ and ~ must be such that the reduced dissipation 
inequality, 

~(0, g, L, L). g __<~(0)(L+LT). L, (5.12) 
0 

holds in every thermodynamic process. 

Proof. Necessity follows at once from (5.6), (5.7), and (5.8). Sufficiency is im- 
mediate. A 

In terms of (0, A 1) we see that (5.11) and (5.12) are equivalent to 

a 0 = 12, 
- v p  

(5.13) 
(0, g, A 1, A2) .g  <=1 

5(0)  i s , 
0 

respectively. Moreover, by substituting (5.10) into (5.1) we obtain 

T(0, g, a l ,  A2) =~(0) a l  + ~ (0) (a2 - a ~ )  

=~(O)(L+Lr)+~q(O)(L+ff + L r L - L L  r) (5.14) 

= g, L, L) 

as the only possible response function for the stress in a second grade fluid. 
We see from Theorem 6 that, beyond forcing ~2 ( . )= -~1 ( ' ) ,  the Clausius- 

Duhem inequality imposes no restrictions at all on the sign of ~ ( . ) .  However, 
from (5.13)1 we easily obtain the following 

Coronary 1. The free energy function ~ (., .) of  a second grade fluid has a minimum 
in equilibrium if  and only i f  

A (5.15) 

Exempting the trivial case when ~1 (0)=0, we see that this minimum will be 
strict, and that ~(0,-) is convex. Thus the results of Section 4 are all applicable. 
Indeed, in Sections 6 and 9 we shall obtain decay theorems far stronger than the 
boundedness results of Section 4 for the special case when ~1 ( . )= constant>0. 

On the other hand, if (5.15) does not hold, so that ~ (0)< 0, we are forced into 
the position that if(0, .) has a strict maximum (!)in equilibrium. In this circum- 
stance not only do none of the results of Section 4 hold but, indeed, unbounded- 
ness, non-uniqueness, and non-existence theorems can be demonstrated. Some of 
these are reported in Sections 7 and 8 for the special case ~ ( . )= const. < 0. 

* Here we set ~(0)~-~(0 ,  0). 
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O n  the  basis  of  the  a b o v e  r emarks ,  a n d  in an t i c i pa t i on  of  the  t h e o r e m s  to  be  

p re sen t ed  in the  r e m a i n d e r  of  this  paper ,  i t  seems r e a s o n a b l e  to  assert ,  then ,  t h a t  

a s econd  g rade  f lu id  m u s t  h a v e  ~>_-0, equa l i ty  c o r r e s p o n d i n g  to  the  case  of  

N a v i e r - S t o k e s  f luids.  

The concept of fluids of convected elasticity has been used by TRUESDELL [8] to support the 
inequality a l < 0 .  Inasmuch as this result is in disagreement with the above simple remarks, we 
now briefly discuss the thermodynamics of these materials and, in particular, show that for all 
non-spherical states of stress they are themselves in conflict with the Clausins-Duhem inequality. 

While TRUESDELL does not consider thermal effects, we may account for them by including 
in his stress response function a dependence on O(t) and g(t), and by introducing similar con- 
stitutive assumptions for ~, t/, and q. Thus an incompressible material of convected elasticity is 
characterized by the following constitutive assumptions: 

= ~ ( F ( t ) ,  F ( t -  t*), O(t), g(t)), 

/ / = ~ ( F ( t ) ,  F ( t - t * ) ,  O(t), g(t)), (1) 

T =  - p  1 + ~r(F (t), F ( t -  t*), O(t), g(t)), 

q = (F(t), F( t - t*) ,  0(0, g(O), 

where t* is some fixed, positive constant. 

Letting T + denote that subset of T consisting in all tensors with positive determinant, and 
defining T 1 as that subset of T + containing those tensors with unit determinant, we see from 
(3.2)1 that the natural, common domain of ~, ~, 7", and ~ is T 1X T 1X P-+ x V. However, since 
T 1 is not open in T we shall, for the purpose of partial differentiation, extend the domain of 
definition of these response functions to D x D x ~.+ x V, where D is an open subset of T such 
that TI___ D ~  T +. On this extended domain we assume that the response functions are con- 
tinuously differentiable. Of course, since such an extension is not unique the values of ~, ~, ~r, 
and ~ will be non-arbitrary only when evaluated on TI•  lR+x  V~_DxDx ]R+X V; 
likewise the only components of the partial derivatives of ~, ~, i', and ~ that will have intrinsic 
significance will be those that lie in the tangent manifold of T 1 x T 1 x R + • V. 

Since (2.11) must be satisfied in any thermodynamic process, then for those of sufficient 
smoothness we have 

(p~/r-TF-'~').i~+p~r..F*+p(~o+~l)O+p~,.~+ q "g <0, (2) 
0 = 

where (2.2) has been used, and where a quantity with a superposed star denotes that quantity 
evaluated at ( t--  t *). 

We now show that the stress system in a fluid of convected elasticity must be spherical. Once 
this is established, the equations (5), (7) and (10) of TRUESDELL [8] a re  rendered powerless* as 
a means of motivating a t < 0. 

Toward this end, let A and B be any two elements of T 1 and let A'  and B" be any two ele- 
ments of T. Then, since t * + 0 ,  we know that there exists a function G(-) : R --* T + such that** 

G(0)  = A ,  G(0)  = A ' ;  G ( - t * ) = B ,  G ( -  t * ) = B ' .  

It then follows that the function F* (.) R ~ T 1 given by 

F*  (z) --- G (z) 

* Of course, it is only within the larger context of thermodynamics that we have been able 
to do this. 

** Here we use the fact that T + is not only open but also arcwise connected; cf. DAY [381. 
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is well ddined and thus I*  (X, t ) - -  YA- F* (t) IX-- Y] is, for fixed Y, an isochodc motion. Having 
F*(.) ,  we now construct a temperature field 0"( . ,  -)exactly as in the lemma of Section 3 for any 
given a, a', a, and a" with a > 0 .  

Thus, entering I*  and 0* into (2) and evaluating at (X, t )= (Y,  0), we find, as a necessary 
condition for ~, ~, ~r, and ~ to be compatible with thermodynamics, that 

{o6,(r)- 7"(v) A -  1T} �9 {A'-�89 -'T. A')A}+ p~r.(F). {B ' - �89  - IT .  B')B} 

+ p(r + ~ (r)) a' + p ~ , ( r )  ~' + ~ (r) a <= o, a 

for all (a,a',a,a',A,A',B,B') with a > 0 ,  and A and B in T r Here F=_ (a, a, A, B). Now, 
since A', B', a', and a'  appear only linearly, we conclude 

{p ~, (F) - ~r(F) A -' T}. {A' -- �89 (A -I r. A') A } = 0, 

~b r .  ( F ) .  {B' - �89 (B - 1T. B ') B} = 0, (3) 

((~o(r)+~(rl)a'=o, 

~.(r). a' =0. 

Thus from (3) 3 and (3) 4 it follows, respectively, that the entropy relation holds and that ~ is 
independent of g. On the other hand, by removing ,4' from (3) l we find 

~(r)-- p~r(r) AT-~(p~. A -tr It) 1. (4) 

Hence the deviatoric part of T(.) is determined by that component of ~F(') which lies in the 
tangent plane at the point ,4 of the surface T 1__. T. 

To study the consequences of (3) 2 we first remove B" and find that 

~r,(A, B, a, a)--~ E~F,(A, B, a, a). B] B-IT. (5) 

dS(~) 
Now if S( . )  denotes any path on T 1, then S(~) -1T - -  ----0 and, with the aid of (5), the 
function ~b(~)_----~(,4, S(~), a, a) is seen to satisfy dT 

ddp = ~ r . ( A , S ( z ) , a , a ) .  d S = o  
dz d~ " 

That is, ~(,4, S(~), a, a) is unchanged for all paths on T 1, and we conclude that on T 1 ~ is in- 
del~ndent of F(t --  t *). Thus, noting (3) 4, we have 

= ~ (F( t ) ,  O(t)). (6) 

Now, by (4) and (63, we see that (1)3 reduces to 

T = - p 1 + p ~ r ( F ,  0) F r ,  (7) 

where p is an indeterminate pressure. 

If we now suppose that the material is a fluid in the sense of NOLL [36], then it follows that 
~( . ,  0) must meet 

(F, 0) = ~ ( F H ,  0) 

for all unimodular H. Thus, since F~T1, we take H=F -1 and find ~(F,O)=~(I, 0). Hence, 
~(- ,  0) is constant on T 1 and (7) becomes 

T= - p l .  

That is, the stress system in a fluid of convected elasticity is spherical, as was to be shown. 



216 J. E. DUNN & R. L. FOSDICK 

6. Asymptotic Mechanical and Thermodynamical Stability 
In the present and the following two sections we seek to describe the temporal 

evolution of the velocity and temperature fields in a second grade fluid which, 
having been shaken and heated in an arbitrary fashion during ( -  0% 0], is sud- 
denly at t = 0 and forever after mechanically isolated and immersed in a thermally 
passive environment with temperature 0 ~ While the boundedness results of 
Section 4 provide a partial description of this evolution when ~t (0)_> 0, we focus 
here on certain time dependent estimates and asymptotic analyses. 

In Corollary 1 of Theorem 6 the question of whether or not the free energy 
of a second grade fluid has a minimum in equilibrium was observed to be governed 
by the sign of ~1 (0). In the remainder of this paper we shall drop the assumption 
AI in Section 4 concerning the equilibrium minimal character of the free energy 
and will record in the statement of all results an explicit assumption concerning 
the sign of ~1 (0) whenever it is necessary to do so. Also, for the remainder of this 
paper, we shall suppose that ~(.)  and ~1( ' )are constants,/~ and ~, respectively. 
By (5.9), p must be non-negative, while c~ may be of any sign. However, for ease 
of proving theorems we shall usually have in mind the situation/z > 0 and ~ 4= 0.* 

With the above conventions, we may use (3.15)3,4, (5.13)1, and (5.14) to obtain 
the following expressions for the stress, the stress power, and the internal energy: 

T= - p l  +/zA 1 + ~(,'11 + A t  W -  WA1), 

T. L=�89 T. At =�89 lax 12 + �89 ~ [-~zx I ), (6.1) 

e= ~'(0, A 1)=,~(0)+ .-~z-IA 112, . - tp 

where 

~(o)-~(o)-o~o(o), W-�89 
It follows from the assumption A2 of Section 4 concerning the positivity of the 
specific heat, c = e'e (0, A t), that ~ (.) is a monotone increasing function, i.e., 

~0(0)>0 (6.2) 
for all 0. 

Entering (6.1)2,3 into the balance of energy (2.8), we find 

pg(0)--�89 [At 12 - d i v ~  +pr ,  (6.3) 

where ~ is as in (3.15)s. Thus except for a possible dependence of ~ on A 2, (6.3) is 
of exactly the same form as the energy equation for a Navier-Stokes fluid. Here, 
however, unless ~=0,  g(0) is not the rate of change of internal energy, nor is 
�89 [Ax [2 the stress power. 

Setting v = 2 we re-record the balance of momentum (2.7) in the form 

div T+ p b = p i,  (6.4) 
where Tis as in (6.1)t. 

* Nevertheless, since simple limiting forms of our conclusions will apply when ~ is zero we 
shall often allow the value ~=0 in the statement of our theorems. 
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Finally, to complete the system of field equations for incompressible fluids of 
the second grade, we record the condition that all possible motions must be iso- 

choric: div v = 0, (6.5) 

which is clearly equivalent to (3.2)2. 

We note that (6.3), (6.4), and (6.5), when coupled with the response function 
and the expression in (6.1)1 for T, form a set of 5 equations for the 5 unknowns 
r, 0, and p once b and r are specified. 

If f ( . )  and k( . )  map t2 t into V, we shall find it helpful to use the notation 

( f . k > -  S f . k d v ,  llfl]Z-<f.f>. 
Dt 

Likewise, if F and g map f2, into T, we shall write ( F -  K> and IIFll 2, the meaning 
here being clear. 

We now have 

Theorem 7. In any fluid of  grade 2 which is mechanically isolated for t >= O one has 

Proof. If we form the scalar product of (2.7) with r, integrate over Or, use the 
divergence theorem and the conservation of mass, we establish the familiar 
power theorem 

d S�89 [. T. Ldv= ~ r. Tnda+ ~pr .bdv .  

By the definition (4.4) of mechanical isolation, (6.1)2 and the fact that p is 
constant, we therefore find, for a second grade fluid, 

d ~ i r l 2 d v + ~  ~lA,12dv4 ~ d SIAll 2dr=O, 
dt n, P u, 2p dt ~, 

which is (6.6). A 

For the remainder of this section we assume ct>0. With this agreement, the 
quantity E(.) ,  given by 

E(t)= Ilrll2(t)+ 2-~ - I[A1 ll2(t), (6.7) 

will then be a positive definite functional of the velocity field r. We interpret E(t) 
as the sum of the averaged stretching and the kinetic energy in the fluid. In terms 
of E(.) ,  Theorem 7 has the following 

Corollary 1. Let the hypotheses of  Theorem 7 hold and, in addition, assume ~t ~_ O. 
Then E(.), given by (6.7), is a non-increasing function of  time, 

/~(t)<0, (6.8) 
and is bounded below according to 

--~-,  
E(O) e < E(t). (6.9) 
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Proof. To prove (6.8), we need merely appeal to (6.6), use the definition of E(.), 
2# 

and note that I1" II 2>0- The proof of (6.9) follows by adding T IIvll2 to (6.6) to 

obtain/~ + 2# E=  2# ilvl[z>0, which, by integration, yields (6.9). A 
~Z C~ 

We note in passing that the inequality (6,8) is strict if and only if B is deforming 
(i.e., when A l (., t ) ,0 ) .  The inequality (6.9) is strict if v(-, 0)r 

The inequalities (6.8) and (6.9) can be considerably augmented if we specify 
in finer detail the character of the mechanical isolation of B. Toward this end, we 
first introduce the position Xo (t) of the center of mass of B, 

Xo( t )=--~pg(X, t )dv=-- l  ~ pxdv. (6.10) 

Then (2.3) and (2.6) give 

M~o(t)= ~ Tnda+ ~pbdv, (6.11) 
&Qt ~t 

and with (2.7) and the symmetry of the stress tensor, we obtain 

d Sp(X_Xo)X(V_io)dv= ~(X_Xo)xTnda+Sp(x_Xo)•  (6.12) 

This is, of course, the expression of the balance of angular momentum with respect 
to the center of mass. The quantities appearing on the right hand side of (6.11) 
and (6.12) are called, respectively, the net load and the net moment about Xo which 
act on B. The vector 

ho(t) = ~ p(X-Xo) • (V-~o)dv (6.13) 
Ot 

is called the angular momentum relative to the center of mass. 
It is convenient to introduce the following particular decomposition of the 

velocity field, v(., .), by defining a vector field d(. ,  .) according to 

d (x, t) = r (x, t ) -  Xo ( t ) -  to (t) • ( x -  Xo), (6.14) 

where to(t) is the axial vector of the skew tensor 

~ ' ( t ) -  2 ~  ~t p[grad v-(grad v) r] dr. (6.15) 

To interpret d(., .) and to set down some of its properties for later use we have 
the following 
Lemma. The vector field d(., .), defined by (6.14) and (6.15), satisfies 

(i) grad d + (grad d) r = A 2, 

(ii) AI(' ,  t)-O if and only if d(., t)-O, 

(iii) ~ pddv=O, 
Ot 

(iv) ~ p[gradd-(gradd)  r ]dv=O.  
9t 

(6.16) 
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Proof. Use the definitions and the conservation of mass (2.6). A 

In words, (6.16) implies that the body can be moving rigidly at time t when and 
only when d( . ,  t) vanishes. Moreover, if d is viewed as a velocity field, then (iii) 
and (iv) of (6.16) state that both its averaged translation and its averaged rotation 
vanish. 

With the above prerequisites established, we have 

Theorem 8. Let B be any second grade f luid with ~ >_ O, and suppose B is mechanically 
isolated for  t >O. Further, suppose that the net load, net moment about Xo, and the 
initial angular momentum relative to the center o f  mass are all zero. Then there 
exists a positive domain dependent function x( t )=x(I2  0 such that, in addition to 
(6.8) and (6.9), one has 

t 2 # d s  

O<llv-~oll2(t)< px( t )  Eo(O) -o J ~+p~(~) 
= ot+px(t)  e 

2~d~ (6.17) 
_z~ t 2pEo(0) -i~+p~r 2P E~ e < IlAlll2(t)< e , 

~ + p x ( t )  
where 

Eo(0) = I I v - : ~ o l l ~ ( 0 ) + +  IIA, I1~(0). 

Proof. By (6.14) and the fact that p is constant, we have 

[Idi[ 2 :  llv-~o112 + lifo x ( x -  Xo)[[2- 2 o~ �9 S (X-Xo)  x (v-Yco) dv, 
fit 

= l[ V - -  XO [I 2 "Jr- [I O X (X - -  X0)[] 2 __ P O ( t ) "  ho (t), 

where we have also used (6.13). But since the net moment about Xo is required to 
vanish, then (6.12) yields ho(t)= ho(0), which vanishes by hypothesis. Thus we 
have 

Ildll 2 = II ~ -  ioll 2 + Ilco x ( x -  xo)ll 2 _>_ I1~- ioll 2. (6.18) 

Now since p=const .  ~0,  (iii) and (iv) of (6.16) are sufficient for the validity 
of both the Poincar6 inequality* and the Korn inequality* for d, so we may 
assert the existence of positive numbers ce (Qt) and cK (12t) such that 

[I dll 2 __< ce Iigrad d [[ 2 __< Ce cr I[ A 1112, (6.19) 

where we have also used (i) of (6.16). Combining (6.18) and (6.19) we readily reach 

and thus obtain 

where 

i l v -  YCo[[2 < cpcK llA l [I 2 

a ) [Iv--~o[[ 2 ~ E o ( t ) ~  (CeCK++)IIAlll 2 
2 p c e c r  

Eo(t) = -- IF~-~oll2(t)+-~-p ]]Ax]i2(t). 

* See (A.5),  (A.6)  a n d  (A.7) of  the  Append ix .  

(6.20) 
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I t 4  
Next, we observe from (6.10) that IlV-~oll2= [Ivll2--L~ - la~ol 2, and, since the 

net load is, by hypothesis, zero, we see from (6.11) that J~o = 0 so that [I v - x o  I[ 2 _  

I1~112. Thus upon entering into (6.6), using the definition of Eo(.),  and using the 
estimate (6.20)1, we obtain 

0 <  2# i iV_~oll2=/~o+_~_Eo~ 2___~_# pCl, C K Eo" 
-- ~ ~ ~+2pcec r 

Integrating each of these two differential inequalities, we find 
_ 2 #  t ~ 2 /~ds  

o ~+pr ( s )  
Eo(O)e ~ <=Eo(t)<=Eo(O)e (6.21) 

where we have set ~:(s)=2Ce(t2s)cr(t2s). But (6.21), (6.20), and the fact that 

2p Ilalll2<E~ yields (6.17). A 

Corollary 1. Under the hypotheses of  Theorem 8 the "'angular velocity tensor" 
W(t) of(6.15) meets 

O<ffT(t) f f ( t ) 'J ( t )  <p2x(t)  Eo(O)e ~ 2~a~ o ,+p~(s), (6.22) 

while its axial vector ta(t) satisfies 

I(t)ta(t)= ~ pd x (X-Xo) dv. (6.23) 
Fh 

Here, $ is Euler's tensor and I is the inertia tensor, i.e., 

$( t ) -  S p(X-Xo)|  l ( t ) - l  ~ plX-Xol2 dv -J ( t ) .  
Dt ~t 

Proof. By (6.18)1, (6.19), and the definition of x(t) we have 

r ( t )  
II o • ( x  - Xo)II 2 __< II A 1 II 2,  

which is clearly equivalent to 

Thus using (6.17), we obtain (6.22). 
To prove (6.23) we recall that ho(t)=O, and by (6.13) and (6.14) observe that 

this is equivalent to 
p(x -Xo) • (to • (X-Xo) + d) dv =0,  

n t  

which is (6.23). A 

Corollary 2. Under the hypotheses of  Theorem 8, irA 1 (., O) vanishes then Eo(0)=0 
and the velocity field is a pure translation for all future times, i.e. v(x, t )=~o( t  ) 
for all (x, t )ef2,  x [0, oo). 
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Proof. By (6.20), we see that IIAI[[2(0)=0 forces Eo(0)=0, and this, with (6.17), 
gives the result. A 

Considering now a rather different way in which B could be mechanically 
isolated, we have 

Theorem 9. Let B be any second grade fluid with a >= O, and suppose B is mechan- 
ically isolated for t>=O. Further, suppose there exists a subsurface S~_Sf2 of  non- 
zero area measure such that X e S=~ v(X, t ) = 0  u t>0 ,  i.e., S t = S  o and v(x, t )=0V 
(x, t )eS,  x [0, ~) .  Then, there exist two positive domain dependent functions 
x~(t)=xi(f2~), i= 1 or 2, such that, in addition to (6.8) and(6.9), one has 

- i  2/Lds 
O<l[t, ll2(t)__ < px~(t) E(O)e o~,+p,~,(s') + P ~:1 (t) , (6.24) 

0_< 2pE(0) e-~--%<[iAlll2(t)<41lgradvl[2(t)<4x2(t)[lAlll2(t ) 
- ~ + P xl (0 (6.25) 

t 2 1 a d s  

< 8Pr2(OE(O) -d ~+p,:,(s) 
.~.  e , 

where 

E(O)= Ilvl12(0)+ 2 ~  Ilaxlt2(0). 

Proof. Since ~(- ,  t) vanishes on S,=So, we may use both the Poincar6 and the 
Korn inequalities* to write 

II vii 2 __< Cp Ilgrad vii z <= cl, cx IIA all 2. (6.26) 

Thus, in view of the definition (6.7) of E(t), 

(1-~ 2 p c r c r )  ]},]12<E(t)<(cpcr+ .~P / iIA1112. (6.27) 

Turning to (6.6) and using (6.27)2 we have 

/ ~ = _ #  flAil/z< 
P 

which, upon integration, leads to 

E(0<~(0)e  
where xz (s) =2ce(f2s)cx(f2s). 

2# 
E, 

~+2pcectc 

2 ~ d s  

o ~ + p K j ( s )  
(6.28) 

Now (6.28), (6.27), and (6.9) give (6.24)2 and (6.25)2. In addition, recalling 
that one always has [[A x 112--< 4 Ilgrad vii and using (6.26)2, we reach (6.25)3.4, where 

tc 2 (s) = cr (f2s). Finally, (6.25)5 follows from (6.28) and the fact that -~o IIA 1 II 2 -< E(t). 
P - A 

Corollary 1. Under the hypotheses of  Theorem 9, i f  A 1 (', O) vanishes, then v(. ,  t) 
vanishes for all t >_O. 

* See (A.5) and (A.6) of the Appendix. 
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Proof .  Since AI( . ,  0 ) = 0  implies that  v ( . ,  0) must  be instantaneously rigid, and 
since v ( . ,  0) vanishes on So, then v( . ,  0 ) = 0 .  But this in turn yields E(O)=O, 
and we now apply (6.24) to complete  the proof .* A 

Corollary 2 . . 4 n y f l o w  of a second grade fluid having ct>O which takes place in a 
stationary rigid container under a conservative body force field meets the estimates 

2#t  

0<l lv [ lz ( t )<  px  E(O)e ~,+o,~ ~q_p/r 
- 2 .  t r J  2 # t  (6.29) pE(O) 

e ~ < [ I g r a d v l l 2 ( 0 < ~ - E ( 0 )  e 
~+pK 

~ + p r  

for a f ixed number ~ which does not exceed ~ V(~o) ~, where V(~o) 
is the volume of the container 0o. 

Proof .  Here  we assume the classical adherence condit ion:  v (x, t ) =  0 on ~ t  = 020. 
Therefore,  since the body  force field is conservat ive and div v = 0, we see that  B is 
mechanical ly isolated and that  Theorem 9 holds with S = 0 f L  We now observe 
that  since v = 0 on 0f~t and div v = 0, then 

Ilgradvll2=�89 2, 

which implies that  Korn ' s  constant  Cr of (6.26)2 may  be taken to be �89 We also 
note  that  the Poincar6 inequality of (6.26)~ m a y  be writ ten with a t ime independent  
constant ,  ce=ce(f23=Ce(f2o). Turning  now to (6.24) and (6.25) and setting 
r=Xl=2Ce  �9 �89 x2=�89 we m a y  explicitly evaluate the integrals in the ex- 
ponent ia l  terms and (6.29) then follows. The  fact  that  we have 

follows f rom (A.2) of the Appendix.  A 

We remark  that  Theorems  8 and 9 have in c o m m o n  the result tha t  no initial 
disturbance in any second grade fluid having ~ > 0 can ever decay away in a finite 
time. Tha t  is, A I ( . ,  0 ) ~ 0  implies A s ( . ,  t)=k0 for  all later time. This result has 
been shown (using entirely different methods)  for  Navier-Stokes  fluids (~t=0) by  
OGAWA [23] and DYER & EDMUNDS [26], bo th  of w h o m  give lower bound  for  
Ilv[12(t) bu t  only under  special regularity assumptions  on the flow.** In  our  

* It is interesting to note that the argument used here can be applied to (6.9) to prove that 
AI(., 0 ) ~ 0 ~ A I ( . ,  t)=k0 V t > 0  if v is merely required to vanish at three non-collinear points. 
For if AI(., t ) = 0  for some t>0 ,  then v(., t) would be instantaneously rigid, and being required 
to vanish at three points, it then must vanish everywhere. By (6.9) we would then have E(0)=0, 
contradicting At(., 0)~0. Thus, any second grade fluid with ~t>0 which is initially deforming 
and mechanically isolated will, if it has at least three fixed non-collinear points, never cease 
deforming in finite time. Of course, this simple argument does not yield the estimates of (6.24) 
and (6.25), though it is consistent with them. 

** OGAWA requires that sup lv(x, t)l~L2 [0, cx~) while DYER & EDMUNDS require that either 
x r  

sup I vt (x, t) I eLp [0,o0) or sup I grad v t (x, t)[ ~Lp [0, ~ )  for some pE [1, o0). For both, -Or = ~Oo 
X6~o X ~ O  
and v(., t) vanishes on ~ r  
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work such materials are specifically excluded and, in fact, the estimates (6.9), 
(6.17)2, (6.22), (6.25) and (6.29) are rendered either empty or trivial when ~=0. 
However, it is worth noting that one role possessed by viscosity in a Navier-Stokes 
fluid is also preserved in the theory of second grade fluids: The presence of  vis- 
cosity (i.e., /t:~0) is mandatory if  disturbances are ever to subside. Indeed, from 
(6.6), we see that p = 0  forces E(t)=E(O) for all t no matter what ~ may be. 

Turning now to the behavior of the temperature field, we may expect that 
the sharpness and, indeed, the very possibility of decay theorems for the tempera- 
ture field similar to those just obtained for v(., .) will be closely connected to the 
specific properties of ~ ( . , . , . ,  .), the response function for the heat flux vector. 
From (5.13), we recall that q must be such as at least to satisfy the reduced 
dissipation inequality 

q(O' g 'A l '  A2) " =<I#[A112' 

in order to be compatible with thermodynamics. 

With these remarks in mind we make the following two 

Definitions. (i) The heat f lux vector is strictly compatible with thermodynamics if  

q(a, a, A, A'). a<0,  (6.30) 

for all a>0,  a t  V, and A, A' eT~. 

(ii) The heat f lux vector is strongly conductive if  there exists a number 2>0  
such that 

q(a, a, A, A'). a <  - 2 a .  a, (6.31) 

for all a>0,  a~ V, and A, A' eT~. 

It is obvious that strongly conductive => strict compatibility with thermodynamics 
=~ satisfaction of the reduced dissipation inequality (since #>0).  

We now have 

Theorem 10. Let B be any second grade fluid whose heat f lux  vector is strictly 
compatible with thermodynamics. Further, suppose that, for t>O, B is immersed 
in a thermally passive environment with constant temperature 0 ~ Then for any 
t' > 0 and any t >- t' the following maximum principle holds: 

t 

max I~(0(X, t))-a~ <max [g(O(X, t ' ) ) - :  ] +-x-- j'max IA112(X, z)dz, (6.32) 
X'e.Q XeD Z p  t' X e ~  

where ~o _ ~ (0o). 

Proof. We begin by deriving an important inequality which is valid for any second 
grade fluid immersed in a thermally passive environment. To achieve it, let p be 
any positive integer and define 

Ip(t)-j p(~(O(X, t))-e~ dv. 

16 Arch. Rat. Mech. Anal., VoL 56 
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Using conservation of mass, the energy equation (6.3), and the divergence theorem 
we obtain 

I la112 
(~-  a, 

+ ( 2 n -  11 1 (~(0)-  e~ 2"-2 e0( 01 4" gay (6.33/ 
fit 

- I (~(o1-,~ q �9 ,,d,,+ I o(~(o)-,~ 2"-' ~d,,}. 
Oat at 

for positive integer n. Now since, by (4.5) 1, immersion in a thermally passive 
environment means (0-0~ �9 n > 0  and (O-O~ and since, by (6.2), g(.) is 
monotone increasing, then we have 

(~(o)-~~ (~(o)-~):"-~,-__<o 

for positive integer n. Therefore, by (6.33), we find 

12.(t)<=2n {-~-~ (~(0)-d) 2"-1 IAa 12 dv 

+ (2 n - 1)a,l (e (01 - ,~12, - 2 eo (01 q.  g d v} 
(6.34) 

whenever any second grade fluid is immersed in a thermally passive environment 
with constant temperature 0 ~ 

Now g0(.)>0, 2 n - 2  is even, and, by hypothesis q �9 g < 0 ,  so we obtain 

]2n(t)<~-~t P(~(O)--8~ [A1 [2 d/), 

which, upon applying HOlder's inequality, implies 

1 1 
i 2 . ( 0 < - ~ -  I12: -E-g(t)Q, p [A114" dr) -~-. (6.35) 

Let t'~_ 0 and t ~_ t' be given. In addition, we may suppose t > t' and 12 . ( t ) . 0 ,  
for otherwise there is nothing to prove. Let (t 1, t2) be the largest interval containing 
t and on which 12,( ') does not vanish. By continuity, this interval is not null, and 

"__1 
on it we may use the chain rule to compute 122. " (t). We then find, using (6.35), 
that 

1 -y~ 1 �9 -i-~g- 1 
I2n (t)=-~-~I2.(t)I2, 

1 
(,) _-< + (j .1. ,1" o) = ,  

and so, for any ~ ( t l ,  t), 

1 I t I 

IT f  (t) <_ G-~." (O+-~o I ( I p Ml la" dv) T~-dv. 
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Writing this last as an integral over t2 and letting n ~ oo we find* 

t 

max [ ~(O(X, t ) ) - e  ~ ] _-< max [ ~(O(X, D ) - e  ~ [ +-x ~-~ j'max [A1 [2(X, T) dz. (6.36) 
X ~  X ~  z~p ~. X ~  

Now, if t 'e( t l ,  t 2 )  , w e  merely take ~=t '  in (6.36) and the proof is completed. 
If t' is not in the interval (t 1, t 2 )  , then since I2n(tl) must vanish, we have 
O(X, t~) = 0 ~ V X e  t2. If we now let ? ~ t 1 in (6.36), then by continuity, 

t 

max [ 8(0 (X, t ) ) -  e ~ I < ~ ~ max I A~ [2 (X, z) d z, 
X e ~  - -  z p  t l  XE~ 

and, since we are supposing t '<t~, the right hand side here is certainly smaller 
than the right hand side of (6.32). A 

Corollary 1. Let the hypothesis o f  Theorem 10 hold and, in addition, suppose that 
the monotone increasing function ~(.) of(6.1)a is such that 

~(p)--. oo as p ~ ~ .  (6.37) 

Then the temperature at any particle Y and time t is bounded according to 

( ' ) O(Y,t)<e -~ max l~ (O(X , t ' ) ) - e~176  I s2 (x )d ,  , (6.38) 
\ X e Q  t" 

where t' is any given instant preceding t, and where 

s (~ ) -max  [A 1 I(X, z). (6.39) 
X~D 

In particular, i f  the motion is such that s ( . )  is square integrable on [t', oo) then 
0( . ,  .) is bounded on t2 x [t', oo). 

Proof. Writing ~(0(Y, t))=(~(O(Y, t ) ) - e ~  ~ using the triangle inequality and 
the definition (6.39), and applying Theorem 10, we find 

g(0(Y, t))=< I g(0(Y, t ) ) -  8~ + 18 ~ ] 

<max  [g(O(X, t ) ) -e~  +le~ 
X~D 

t 

< m a x l ~ ( O ( X ' t ' ) ) - " ~ 1 7 6  

Since (6.2) assures the existence of ~-~ (.), and since (6.37) implies that the term 
on the right hand side above is in its domain, we readily obtain (6.38). A 

Recalling that AI is twice the stretching tensor, we give (6.38) the following 
physical interpretation: The temperature field in any second grade fluid can, at an 

* H e r o  w e  u s e  t h e  f a c t  t h a t  if  h ( . )  is  a n y  c o n t i n u o u s  f u n c t i o n  d e f i n e d  o n  f2 t h e n  

1 

max [ h (X) [ = lira (S h (X) 2 n)T~-. 
XGs n--, ov 

A p r o o f  m a y  b e  f o u n d  i n  [35] .  

16.  
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instant t, be no larger than a number determined, jointly, by the temperature 
field at any prior instant t' and the maximum local stretching that took place 
during [t', t]. 

For a rigid heat conductor, A 1 =0 and Theorem 10 implies that if a state of 
uniform temperature 0 ~ is ever attained, then the conductor must remain in that 
state for all subsequent times. For a moving fluid the presence of A 1 in (6.32) as 
well as in the energy balance (6.3) serves to illustrate a "generative" mechanism 
which often rules out the possibility that the constant uniform temperature 0 ~ 
could ever be maintained after a finite time. For example, suppose we assume 
the conditions of either Theorem 8 or Theorem 9, and, in addition, neglect all 
radiant heating effects (i.e., r =0). Then at any instant t of uniform temperature 0 ~ 
we have g = grad 0~ 0 so that (3.18)2 yields q = 0 in f2 r Thus the energy balance 
(6.3) reduces to pgo(O~ in f2t, where, since [Ihall 2 is bounded away 
from zero at any finite time, we may conclude that the right hand side does not 
vanish at some point in f2 r At that point, since g0(.)>0, we obtain 0 > 0  which 
implies that the local temperature 0 ~ would not be maintained. 

For, say, steady motions we observe that s(.)  is not square integrable and, 
therefore, the bounds of (6.32) and (6.39) become increasingly poor as time goes 
on. However, if we require a bit more of the heat flux vector we then have 

Theorem 11. Let B be any second grade fluid whose heat f lux  vector is strongly con- 
ductive, and suppose that B is immersed in a thermally passive environment with 
temperature 0 ~ for t>_.O. Further, let there exist a subsurface Sc_af2 of  non-zero 
area measure such that XeS=~O(X, t ) = 0  ~ V t>O, i.e., O(x, t )=0  ~ V (x, t )~S t x 
[0, ~) .  Then there exists a domain dependent function x( t )=  x(f2t) such that 

2 ( 2 n - 1 )  1 1 
I F ( t ) +  n 2 p m (t) x(t) ,-~,"(t)<-~p (~ p[Al[*"dv) -~-g" , (6.40) 

for positive integer n and where re(t) is a mean value of  ~o(O(., t)). 

Proof. Recalling the fundamental inequality (6.34), using the definition (6.31) 
of strongly conductive, and observing that g0(-)>0 and 2 n - 2  is even, we may 
write 

i2,(t)  < 2n ~P--- S (e(0)-e~ lax 12 dv 
- I. 2 D, (6.41 a) 

- 2 ( 2 n -  1) ~ ~0(0)(~(0)-~~ 2"-2 g. gay, 

where 2 is a fixed number. Now, 

1 1 
g d v =  .-XT ~ -7-Igrad(e(O)-8~ "[2 dv 

f h  ~ J~t ~ 
1 (6.41b) 

= ~ ~  [grad (~ (0) -  e~ 12 d v,  

for some mean value re(t) of g0(0(., t)). But since, by hypothesis, the function 
(g(0(., t))-e~ vanishes on a subsurface S t of 0f2 t, we may apply the Poincar6 
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inequality* to find 

1 S (~(O)-e)2ndv 1 ~o(O)(g(O)-e~ ~, = ~  I2 n(t)' 
fit 

where x (t) -= cp (t2t). 
Applying this estimate to the second term on the right of (6.41 a) and using, 

again, H61der's inequality to estimate the first term on the right of (6.41 a), we find 

{ ,u 1-~,, ,4. --L-~ 2(2n--1)  } 
]2n(t)<=2n ~p  I2n (t)(~p]A, dv) 2 n -  I2n(t ) 

~, n2 p m l~ , 

which gives (6.40) whenever/2 n ( t )*  0. If 12 n (3)----0 for some 3, then (6.40) is trivial- 
1 1 1 

ly satisfied; i.e., I2n(~)=0=~I22~ (~)=0=~I22~ (~)=0 s ince/2 ,  (.) has a minimum 
a t L  A 

Before stating our next theorem, we first define a deformation as being sub- 
stantially decadent if there exist two positive numbers, B 1 and B2, such that 

[]AIII2(t)< BI e -B2'. (6.42) 

Thus, by Corollary 2 of Theorem 9, every deformation of a second grade fluid 
having ~ > 0 that takes place in a fixed, rigid container will be substantially deca- 
dent. Moreover, since we expect that many of the flows contained in the hypo- 
thesis of Theorems 8 and 9 will be such as to have bounded Korn and Poincar6 
coefficients, they too will correspond to substantially decadent deformations. 
For any such motion we have 

Theorem 12. Let B be any second grade fluid having ~ > 0 and possessing a strongly 
conductive heat f lux vector. Suppose, for t>_O, B is undergoing a substantially 
decadent deformation and is immersed in a thermally passive environment with 
temperature 0 ~ In addithm, let O(X,t)=O ~ for all (X, t)~S• [0, o o ) f o r  some 
subsurface of  non-zero area measure S~_~I2. Finally, suppose that the Poincar~ 
coefficient K (.) of  (6.40) is bounded** and that either 

(i) the temperature field is bounded, 
or 

(ii) the function ~(.) is such that 

for some M > 0 .  g0(p)<M Vp>0 ,  

Then, there exist positive constants mi, i= 1, 2, 3, such that for every positive 
integer n *** ml(2n- 1) 

- - t  

i~(0(.,t))_8ol2 <lg(O(.,O))_eol2~e ~2 
2 _ 1  

m2S "(t) (e -m3 t - e  m,t2~-l) ,, ,,2 ',~,) (6.43) -q 
2 n - I  m 3 (~ 

* See (A.I) of the Appendix. 
** This is always the ease if S.=O~. See (A.2) of the Appendix. 

m1(2n--1)~" m3 If this fails, then (6.43) is replaced by an *** Here, we have assumed n2 n " 

obvious limit formula which we do not record. 
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where 8~176 where I. Ip 
and where 

denotes the Lp norm on f2 relative to the mass measure, 

S(t) =- max s(x). (6.44) 
te[0,  t] 

Proof. Either (i) or (ii) of the hypotheses tell us that g0(0(x, t))<cx for some 
c t>0 .  Thus, re(t) of (6.40) meets m( t )<c  1, while, by hypothesis, x(t) of (6.40) 
satisfies r ( t )<  c2 for some c2. Thus, we may replace (6.40) by 

"1 1 I 
"Th-n P 4. /TY+ n -  1) I2,, < - w - ( j ' p l A ,  I dv) 

2n n2pcl C 2 Z p  ~t  

1 # 
-<- 2p pl.4~l 

1 1 # 2 - - -  
< 2p s " ( t ) ( ~ p l A x l 2 d v )  2" 

Dt 

1 1 2 - - -  ~----~2nt 
< # s " ( t ) ( p B O  2" e , 
= 2 p  

where we have used (6.39) and (6.42). Upon integration, we therefore obtain 

2_][ 1 
1 1 ~.(2"--1) t I~S "( t ) (pBO 2. _ s_~ t a(2.-x______2t 

122." ( t )  < I 2 - ~ f ( O )  e "z p c ,  c .  + ( e  " - e "z p c ,  c2 ), 
( 2 ( 2 n -  1) 

2 P ~ n 2 p c l c  2 B2)  
(6.45) 

2 ( 2 n - 1 )  * B 2 Finally, where we havea used definition (6.44) and assumed n2pc tc  2 n 

noting that 122." ( t )=l~(O( . , t ) ) -e~  we see that (6.45) is equivalent to 
(6.43). A 
Corollary 1. Let the hypothesis of  Theorem 12 hold and suppose S ( . )  of  (6.44) is 
such that S(t)=o(e~t) for every 6>0.  Then 

for every finite p >_ 1. I f  S ( . )  is bounded, the convergence is exponential. 

ProoL Since f2 is bounded, an easy application of H61der's inequality gives 
[. Io-<M(f2)l/~ [. [2, for p<2n .  If we now use (6.43), the corollary is 
proven. A 

When the boundary is insulated, i.e., q �9 n = 0  on af2 t, the situation is more 
complicated, principally because we require only that 4 ( ' ,  ", ", ") be strongly 
conductive. We begin by generalizing Theorem 11. 

Theorem 13. Let B be any second grade f luid whose heat f lux  vector is strongly 
conductive, and suppose that B is immersed in a thermally passive environment 
with temperature 0 ~ for t<=O. Then there exists a domain dependent function 
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r(t) = r(~,) such that 

{ } " i~.(t)~ ( 2 n - 1 )  . 2 ~  " . I~.(t)<2~2-Ila~l ~dv 
p nm(t)r.(t) 2a" ,- n, 

(6.46) 
+f  2 2 ( 2 n - 1 )  

2n 
where r = 2 n -  1' s = 2 n, m (t) is a mean value of eo(O (., t)), a > 0 is arbitrary, and n 

is a positive integer. 

Proof. We begin, as in the proof of Theorem 11, by noting that (6.41a, b) also 
apply here. In the present case, however, we do not know the boundary behavior 
of ~(0(., t ) ) -e  ~ and, thus, may only apply the Poincar6 inequality to (6.41b) 
in the form (A.1), Case (2),* to find 

~ ~.o(O)(~(O)_eo)2n_2 g.gdv>= 1 {~ n2m(t) cp(t) (e(O)-~~ 2n dv 
Dt 

1 _eO).dv)2} nl_~m~{1 ~ _  } (6.47) 
V(l,2t ) ( S (~(0) => 1 2 . ( 0 -  12(0 , 

Dt 

where we have set x ( t ) - ce ( f l , )  and used the earlier definition of I r 
To estimate the first term on the right in (6.41 a), we use Young's inequality in 

(+) the form AB< (Bay  for all non-negative A, B, and a, and for 

all r and s meeting r >  1 , 1 =  1 _ 1 .  Thus, for positive integer n we may write 
S r 

(g(0)-e~ 2" - '  [A, 12dv< ~ I~(0)-e~ 2"- t  IA x 12dv 
~t  -Qt 

< ( 2 n - l )  S (g(O)_eo)2,,dv+~_. ~ iA114.dv ' (6.48) 
= 2 n o  "r f2t A n  ~ ,  

< ( 2 n - l )  12 , (0+  d 
= 2npcr" -~n [Al[4ndv' 

2n 
where r =  2 n - 1 '  s=2n, and a is arbitrary. 

Finally, entering (6.47) and (6.48) into (6.41 a) we reach 

i2.(t)-~ (2n-1)  { 22 --~.-} 
p nm(t) x(t) 12.(0 

22(2 n -  1) < l~a" [. IA~l'*"dv-t- I2.(0, 
= 2 0, Mnm(t)x( t )  

which is equivalent to (6.46). A 

* In order to meet the condition (A.3) of the ApImndix we take w(.) to be the function 

1 
(~(0)-- e~ J" (g(O)--e~ dr. 

V(~,) a, 
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Before stating our next theorem we first introduce the following definition: 
Given a constant vector c, a deformation is substantially decadent with terminal 
velocity c if, in addition to (6.42), there exists a positive constant B a such that 

0 ~  IIv-cll 2(t)~B3 IIAlll 2(0- (6.49) 

Again, we remark that many of the flows covered by the hypothesis of Theo- 
rems 8 and 9 may be expected to be substantially decadent with the terminal 
velocity c ( =  i 0 for Theorem 8" and = 0 for Theorem 9). In any case, Corollary 2 
of Theorem 9 provides many such motions corresponding to the choice c---0. 

Now suppose that a body, isolated against any energy gain or loss, reaches 
a terminal velocity c having undergone a substantially decadent deformation. 
In this case the number 

�89 I p l v l 2 (  �9 ,O)dv+ I p~(O(. ,O),Ax(. ,O))dv-�89 2 
~o ~o 

would correspond to the amount of energy that would go toward heating the body, 
and, indeed, balance of energy (2.4) yields 

I p~'(O(., oo),O)dv= I p~(O(. ,O) ,A , ( .  ,O))dv 
~ ~0 

+�89 S P I v 1 2 (  �9 , O)dv-�89 2 (6.50)1 

assuming both mechanical isolation and ~.  n = r = 0. Thus, if the body reaches a 
uniform temperature at t= oo, we expect it to be the number 

~ - l ( - ~ p ~ ( O ( ' , o o ) , O ) d v ) ,  (6.50)2 

since ~(0, 0) = 6(0). 
The above remarks should serve to motivate 

Theorem 14. Let B be any second grade f luid with a > 0  which possesses a strongly 
conductive heat f lux  vector, and which satisfies 

g (p )~oo  as p ~ o o .  (6.51) 

Suppose, in addition, that for t>O B is (1) mechanically isolated, (2) undergoing 
a substantially decadent deformation with a terminal velocity c which is either zero, 
or equal to Y:o i f  xo is known to be constant, and (3), satisfies q �9 n =0 on dot  x [0, oo) 
and r = 0  in t2 t x [0, oo). Finally, suppose there exist constants cl, c2 such that 
0 < c  I <<_m(t)x(t) < c 2 with m( t )x ( t )  as in (6.46).** Then, i f  S ( . )  of  (6.44) is such that 
S(t)  = o (e~t) for every 6 > O, one has 

Ig(0(., t ) ) - 8  "~ [ p ~ 0  as t ~  oo, (6.52) 

* The hypothesis of zero net load in Theorem 8 is equivalent to ~0=eonst. 
** These hypotheses on m(-) and r( .)  are slightly stronger than those required in the state- 

ment of Theorem 12. 
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for every finite p> 1. I f  S(.) is bounded, then the convergence is exponential and, 
in particular, if p= 2, 

Ig,O(. , t ) ) - e  ~ I~ < Ig(O(., O)) -e  ~ 12 e -m'' + m2 S(t) le -"+'-  e-m'tl 
+m+le_2m3t_e_m, tl, (6.53) 

where ms, i=1 ,  2, 3, 4, are positive constants. Here e~ ~ and 0 ~ is the 
number of  (6.50)2. 

Proof. We shall establish (6.53), which then gives (6.52) when p = 2 .  The general 
case for arbitrary p will then follow by induction and by use of an estimate equi- 
valent to that used in the proof of Corollary 1 to Theorem 12. 

The hypotheses here are sufficient to guarantee the validity of Theorem 13. 
Thus using the fact that m(t)x(t) in (6.46) satisfies 0 < c  1 <m(t)x(t)<c2, we may, 
taking n = 1, replace (6.46) by 

12 ( t )+-~-{ 2;t c2 2#~a}12(t)<P-~-!+lAll+dV+~c~l~(t)' 

where a >  0 is an arbitrary number. So as to insure that the coefficient of Iz(t) 

is positive, we take a=I/--KS-. Thus, recalling the definition of s( . )  in (6.39), 
we may write 

'2(t)+~cz I2(t)<= # ~  s2(t)llAlll2(t)+~cl I~(t). (6.54) 

We now estimate I~ (.). To do this we note that, since q �9 n = 0  on aflt and r = 0  
in f2 t, the fluid is, trivially, immersed in a thermally passive environment with 
constant temperature O~ any number 0 ~ That is, (6.54) remains true independent 
of the value of 0 ~ We shall select this number so as to have 12(.) bounded above 
by a decreasing exponential. Toward this end, we turn to the energy equation 
(2.4) and observe that since B is mechanically isolated and q �9 n = r = 0, then use 
of (6.1)3 yields 

.flP ~(0)+4-~-IA11 +~-Ivl 2 dv 

(=/0+ 
Thus it follows that 

,,> 0,> 

" > 11  ,-�89 
= _ f f  ~ l . 1 2 d v +  z P . ,  (6.55) 

for either e = i o or e = 0. 
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Now, by (6.50)1 and (6.51) the number ~ given by 

,=--~-Jo p (g(0( . ,0) )+ 4-~--1All2( �9 , o ) + l l v l 2 ( . , O ) ) d v - l l c [ 2  (6.56)1 

is in the domain of g-x(.),  and so the number 

0 o_g-1 (0  (6.56)2 

is well defined and allows us to write (6.55) as 

II(t)= S P(g(O("t))-e(O~ P { 'le-cll2 a - +~-v I I A I I I 2 ~  " 

However, by hypothesis the deformation is substantially decadent with terminal 
velocity io or zero (i.e., c =const.), and thus, with the aid of (6.42) and (6.49), 
we reach 

for some B 4 > 0. This is the desired estimate for 12 (-). 

Entering (6.57) into (6.54) and again using the estimate (6.42), we find 

12(t)+( 2___~]i2(t)<[#2C2]s2(t)B1-B~t 22 e_2a~, ' \ ~ ]  e + ~ B ,  
\pc2 /  

and, upon integration, 

_ 2_.A__ t '_~ pc~BI# 2 S2(t){e-B2t_e pc2 } 
12(t)<I2(O)e Pc~ 42(2_pc2B2 ) 

22B4pc 2 {e_2n~t _ x._A._t 
+ Mcl(2_2pc2B2 ) - e  P*~ }, 

(6.58) 

where we have used (6.44), and have assumed without loss of generality that 
p c2 B2:1 = 2 4: 2p c 2 B 2. This establishes (6.53). 

Finally, to reach (6.52), we need only note that (6.46) is a family of differential 
inequalities which provides a bound on 14, in terms of 12, for positive integer n 
and, with (6.53), we have started the induction. The function S(.),  being monotone 
can always be brought out of any finite time integrals and thus only powers of it 
will multiply differences of exponentials. A 

It is worth noting that while the hypotheses of Theorems 12 and 14 included 
~> 0, such an assumption was at no time used in their proofs. Thus, these two 
theorems apply to any second grade fluid provided the remaining hypotheses are 
satisfied. In particular, they apply to a Navier-Stokes fluid if we know that the 
flows are substantially decadent (with terminal velocity io or 0). However, we 
emphasize that in the present work we have only been able to prove that sub- 
stantially decadent flows can occur in those second grade fluids having a > 0. 
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7. Unboundedness and Instability: ~ < 0 

In this section we give an analysis of the velocity fields that arise out of (6.4) 
and (6.5) when 0c<0. Although we shall deal first with quite general flows, our 
most concrete results will concern flows that take place in a fixed, rigid container 
and meet the usual adherence condition, i.e., I2t=f2o=f2 and v(.,  t)-=0 on 0f2; 
for the sake of brevity we call this canister flow. Thus, if we suppose B to be me- 
chanically isolated*, we shall be concerned with velocity fields v(.,  .) that, by 
Theorem 7, satisfy 

[ l~( t )+~ l[Alll2(t)-~p ll~ll (t)=O, (7.1)1 

where we have written - [ ~ l  for ~. In the following analysis it is convenient to 
introduce the number N(t) defined according to 

N(t)=~p IlA~lIZ(t)-ItvllZ(t), (7.2) 1 

and having the interpretation of the excess of the averaged stretching over the 
kinetic energy in the fluid. 

In the special ease of canister flow the equations (7.1)1 and (7.2)1 have the 
equivalent forms** 

II-~ll (t)+-~--I[grad vll2(t)-~-~ - [Igrad vll2(t)=0 (7.1)z 

and 

~ -  II g r a d  v 112 (t) - I[ vii 2 (t). (7.2)z N (t) 

The striking difference between fluids for which g < 0  and those for which 
0r > 0 can begin to be seen from 

Theorem 15. Let v(., .) be a velocity field satisfying (7.1)1 and let N(.) be as in 
(7.2)1. Then N(.) is a non-decreasing function of time, 

~r(t)>0, (7.3) 
bounded below according to 

N(t)> N(O)e -~-' (7.4) 

Proof. Using the definition (7.2)1, we may write (7.1)1 as 

~r (t) - ~ II a x II z (t) -- 0, (7.5) 

2# 
and so establish (7.3). If we now add - ~  Ilvll z to (7.5) and again use (7.2)1, we find 

bI(t)-~l  N(t)= ~ l  llvll2(t)>O, (7.6) 

which establishes (7.4). A 

* As observed earlier, if the fluid occupies a fixed, rigid container to the walls of which it 
adheres, then it will always be mechanically isolated if the body force is conservative. 

** To see this it suffices to note that 211grad vllZ= IIAxlt 2, which follows from the divergence 
theorem, the condition div v=O, and the fact that v(., t) vanishes on 0fL 
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Corollary 1. / f  N(0) > 0 or, indeed, i f  N(t ')  > 0 for any t', then both N(t)  and the 
averaged stretching, IlA 1112(t) m u s t  grow exponentially as t-~ oo. In particular, 
rot N(0)> 0, one has 

I~l 2/ t  t 2 ~  
2p I]Alll2(t)>llv[12(t)+N(0)el~l >N(O)e-17i-t. (7.7) 

Proof. The only item not a direct consequence of (7.4), (7.2)1, and the hypothesis 
is the observation concerning N(t ' );  this follows by integrating (7.6) from t '  
to t. A 

Actually, Corollary 1 can be strengthened slightly: 

Corollary 2. I f  N(O)>=O and v(. ,  0)~0  or, indeed, i f  N(t')>__O and v(. ,  t ' )~O, 
then both N( t )  and the averaged stretching ][Aa[[2(t) grow exponentially as t ~ co. 
In particular, for N(O) = 0 and v (. O) r~ 0 one has that for  any ~ > 0 there exists 
an N~ > 0 such that 

21~ t 

N(t)>N~e I-~ V t>6 .  (7.8) 

Proof. It suffices to prove (7.8). Thus, let t5 >0  be given and observe that since 
v(., 0 )~0  and N(0)=0 we have IIAl ]]2(0)>0 and so, by (7.5), N(0)> 0. Therefore, 
there exists a t]~(0, 6) such that N(~)>0. If we now integrate (7.6) from t] to t we 

have (7.8) with N ~ - N ( 6 ) e  m . A 

In words, Theorem 15 and its corollaries state that both the averaged stretching 
and its excess over the kinetic energy will increase without bound if either (i) 
the averaged stretching exceeds, by any amount whatsoever, the kinetic energy 
at an instant or, (ii) the averaged stretching merely equals the kinetic energy at an 
instant when there is any internal motion. 

Since the "unpleasant"  conclusions of Theorem 15 and its corollaries require 
that N(0)>-0, it might be hoped that one could show that N(0) must be negative. 
However, this is not generally true and, indeed, for certain canister flows it can 
never be true. In this regard, we have 

Theorem 16. Let v(. ,  .) be a velocity f ield satisfying (7.1)2 inside a f i xed  rigid 
container f2, let N ( . )  be as in (7.2)2, and let f2 be any container whose Poincard 

I~l coefficient, ~c(f2) --cp(I2) satisfies* r <  . Then, 
P 

(i) N(O)>O for every field v(. ,  0). 

f2 is such that K(f2)< ~ ,  then Moreover, if 
r "  

(ii) v(-, 0)~0=~N(0)>0.  

* Since cp(~)~ V(~)~ (see (A.2) of the Appendix) where V(~) is the 

volume of ~, the condition ~ I~l/p will always be satisfied for "small enough" containers 
(which may be quite large !). 
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Proof. The Poincar6 inequality asserts that x llgrad wll 2 _  II wll 2 ~ 0 for all smooth 

N ( t ) = ~  llgrad vii2 (t) - Ilvl[2(t), 

(7.9) 
= ( ~ - K )  Ilgrad vll2 (t) + x llgrad vll2(t)- llvll2 (t)>O, 

since x <  . Moreover, if x <  , it is clear that equality can hold only if 
P P 

v( . ,  t ) - 0 .  The proof is complete. A 

We remark that it is possible to generalize Theorem 16 so as to apply to general 
flows occurring under conditions of isolation but not necessarily in a fixed, rigid 
container. To do this we must restrict the initial size and shape of the fluid mass 
and subtract out the rigid motion which would now be permitted of the fluid. 
We omit carrying out the details of this generalization but observe that they are 
similar to those encountered in Theorems 8 and 9. 

We now consider another method of insuring that N(0) is non-negative, and 
so obtain an instability theorem relative to the rest state for any canister flow. 

Theorem 17. For any e > 0 there exists v o (.): f2 ~ V with I Vo (x) I < e for all x E f2 
and such that any velocity f ield v(. ,  .), possessing Vo(. ) as initial data and satis- 
fying (7.1)2 inside the fixed, rigid container t2, has N ( t ) and [Igradvll2(t) growing 
exponentially as t ~ oo.* 

Proof**. Theorem 15 and its corollaries tell us that we need only exhibit a 
Vo (.) satisfying both I Vo (x) I < e and 

N(0)-J-~ Ilgrad roll 2-  11%112>-0. 

Since I~1 > 0, it is easy to find a smooth ~ ( . )  which vanishes on dO and which 
P 

is such that*** I1~112 I~1 
< - -  

Ilgradffll 2 P 

Thus for given e>0 ,  we define % ( . )  through 

Vo(X)-- ~r 
max I ~l(x)  
x e O  

* We assume the existence of v( . ,  .) corresponding to the initial data v0(.). That  such 
solutions do exist, at least in the special case of flow between parallel plates, is exhibited in the 
work of COt~MAN, Dtrrrn~ & MIZEL [6]. See also our Theorem 21. 

** Of course, for canisters whose Poinear~ coefficient meets x(t2)< It el , we have already 
established the far stronger result of Theorem 16. P 

*** See equation (7.17) and the two paragraphs following it as to how this could he done. 
o . 

In the notation used there, we could in fact select for w(.)  any ftmctton in S n where n is such that  

I~l 
Xn< 

P 

vector fields w(.)  on f2 that vanish on 0f2. Thus, for any t > 0 ,  we have 
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and observe that I Vo (x) ] ~ e, and that 

IlvolL z I~1 
][gradvo[]2 < p 

Therefore, N(0) = in[ l[grad %112- Ilvo[12>0 and the theorem is proven. A 7 
We have shown in Theorems 15 and 16 that in a "small enough" canister 

(i.e., x(f2,< ~ - ) e v e r y  flow of a second grade fluid having ~x<0 will be such 
% r / 

that both its averaged stretching and the excess of its averaged stretching over its 
kinetic energy grow unbounded, at least exponentially, with time. The fact that 
this growth can be at most exponential is the content of 

Theorem 18. Let v( . ,  .) be a velocity f ield satisfying (7.1)2 inside a f ixed, rigid 
container 12. Let  N( . )  be as in (7.2)2, and let f2 be such that the Poincar$ coefficient 

r ([2) =- ce (12) satisfies x (f2) < .I o~ 1. Then 
P 

O<N(O)e '~' <N( t )<N(O)em-P~  , (7.10) 

2 #  t 
2 , P N(O)e  ~ , (7.11) 0<~[ N(O)e~[- <llgradvll2(t)< l ~ l - P r  

where equality holds in (7.10)1 and (7.11)1 only i f  v( . ,  0)=0. 

Proof. By the Poincar~ inequality we have 

(l~[-PX) Ilv[I z---px (~-~ Ilgrad vii z -  IlvllZ), 

and since ~: < I ~ I this yields 
P 

P----L-x N (0. IlvllZ(t)< I~ [ -px  
Thus (7.6) yields 

�9 ~ 2.  p~ N(O, N(O- N(O< I~1 I~I-P~ 
or, equivalently, 

[q(t) 2# N(t)<=O, 
I ~ l - p r  

which, by integration, establishes (7.10)3. To establish (7.11)a, we need merely 
note that, by (7.9), 

P N. Ilgradvlt2 < I ~ l - p x  

Finally, since for canister flow 2 Ilgrad all 2= IIA1 II 2, we see that (7.10),, 2 and 
(7.11)1 ' 2 are direct consequences of Theorem 15, its corollaries, and Theorem 16. 
A 
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As a result of the above work we know that when ~ < 0, canister flows that 

decay in time are to be found only in those canisters having x(I2)> [~[ and, in 
P 

such canisters, only among those flows that have initial data satisfying N(0)<  0. 
Indeed, by Corollary 1 of Theorem 15, we know a little more: any flows in these 
canisters that decay must not only have N ( 0 ) < 0  but also N(t)<O for all t with 
N ( t ' ) = 0  only for those times t '  when v(.,  t ' ) - 0 .  

However, it might appear that the flow need not decay even when x > -  
and N ( . ) < 0 ;  that this is impossible is established in P 

Theorem 19. Let v(., .) be a velocity fieM satisfying (7.1) inside a fixed, rigid 
container 12. Let N(.) be as in (7.2)2, and let f2 be such that its Poincar~coefficient 

I~1 satisfies x (t2)> . Then, N(.) is bounded below according to 
P 

-21~ 

N(t)>>_N(O)e ~ t (7.12) 

Proof. It is similar to Theorem 18. A 

Of course, Theorem 19 is superfluous if N(0)>  0 since then Theorem 15 gives 
a far stronger result. If N(0)<0 ,  however, Theorem 19 implies that any such 
solution must either (i) decay (i.e., inf I N ( t ) [ = 0 =  lim N(t), N( . )<0 ) ,  or (ii) 

t = [ 0 ,  oo) t - , ~  

become positive at some time and, as we know, then grow unbounded. When 
decaying solutions exist, their rate of decay is described by 

Theorem 20. Let v(., .) be a velocity fieM for which N(.) as given in (7.2)2 decays. 
Then 

ilvlle (t)=o(e (-p~-T:'~-) ), 
2~, ) t  (7.13) 

ilgradvll2(t)=o(e ( -p~-I~l ), 

for any ~ (0, 
/ 

p x - I = l ) "  

2/~ 

Proof. From (7.6) we have 

_ 2 / t  r ,~ t _ 2 t t  

N(t)e I~l =N(0)+I_~Z~:j" e -l'ff s [Iv[12(s)ds. (7.14) 
I~ o 

Recalling from (7.3) that N(.) is monotone, and using the assumption that N(.) 
decays, we may take the limit as t ~ oo to find 

co  2/~ s 

N ( 0 ) = -  2/~ j" e--l~-Ilvll2(s)ds. 
I~1o 

Thus (7.14) may be rewritten as 

211t ~o 2 / / .  s 21It 

N ( t ) = - ~ l e l - ~  !e  1-71-ilvlle(s)ds>N(O)e p~-T:7~-, 
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where the inequality follows from (7.12). Consequently, 

oo 2/ t  
2g [ I~1 s 

0>_ I~1 ~e Ilvll2(s)ds 
_ ~N(O)e -~t, 

( 2.) 
where we restrict ~ to be any number in the domain 0, P x -  I a I " It is seen that 

not only must the above quotient have the limit zero as t ~  oo, but also both its 
numerator and denominator must take on zero in this limit. Thus, L'Hospital 's 
rule yields 

[IrllZ(t) ~ 0  as t ~ o o ,  
2 #  "~t 

e(~- ~ ~---r 

which proves (7.13)1. To obtain (7.13)2, we recall that 

N(t)<_O=~ I~l ilgradvl[2(t)__<llvl[2(t), 
p 

and then apply (7.13) 1. A 

The last two theorems gave some of the properties which decaying velocity 
fields for canister flows will possess, provided they exist. In the work of COLEMAN, 
DUFFIN & MIZEL [6, w the complete structure of such a decaying velocity field 
is exhibited explicitly for the case of simple shearing flow between two fixed 
parallel plates.* The structure of their solution also serves to indicate that the 
results of (7.13) for arbitrary containers cannot, in general, be improved. In 
particular, one cannot set ~ = 0  in (7.13). 

We have seen that the initial condition N(0)__>0 is critical for flows of those 
second grade fluids which have ~ < 0. In the remainder of this section we give an 
interpretation of this condition using methods that will be essential in the analysis 
of Section 8. 

From (A.1) and (A.5) of the Appendix we know that x(f2)(-ce(t2))  may be 
defined by [[ w[I 2 

x ( t~) -  sup [[grad w[[ 2 ,  (7.15) 
w ~ S ~  

where Sa is the set of all smooth vector fields w(.):  ~ ~ V, vanishing on 0~2, not 
identically zero in t2, and having div w = 0 throughout ~. Using standard methods 
from the calculus of variations we obtain the following eigenvalue problem 
associated with (7.15): 

xlAwt+wl=grad21 in g2, (7.16) 

where we have written r l  for r(t2), and where w~(.)eSn, the solution of (7.16), 
maximizes the ratio appearing in (7.15) in the sense that 

Ilwll 2 llwlll ~ 
sup IIgrad w[I :~ = IIgrad w 1][2 = xl. 

* In our Theorem 22, we obtain the complete and explicit structure of decaying solutions 
for a problem class of sufficient generality to include the work of COLEMAN, DtW~N & MIZEL. 
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We assume, without loss of generality, that w 1 is normalized according to [1 w 111 = 1. 
The scalar field 21(.) is introduced by the divergence constraint, and A is the 
spatial Laplacian operator. 

Having so defined the pair (xl, wl), we may analogously and inductively 
define for every integer n the pair (x n, w") according to 

[Iw][ 2 IIw"ll 2 
K . -  w~s.SUp ]]grad w[] 2 - ][grad w"[] 2' 

K~ A w" + w n = grad ).~ in f2, w"e S,, (7.17) 

S,-{w(.)]w(.)~S~; (w. wi)=O for i = 1 , 2  . . . .  n - l } ,  

where w" is assumed to be normalized by IIw"[I = 1. We note that $I = Sa. 
It is well known and easily seen from (7.17)1,3 that K~+ 1 < x,. Further, by use 

of the min-max characterization [27] for x,, it follows that x,(f2')<x,(t2") for 
any two canisters (i.e., domains) f2' and I2" which satisfy t2' _~ f2".* 

Finally, we remark that the sequence {x~} can be shown to converge to zero as 
n ~ ~ ,  and that the set of functions w 1, w2... is complete and orthonormal on 
Sty; i.e., for any weSt~ one has 

w = Z (w. w i) w i. (7.18) 
i=1 

Turning to the interpretation of the sign of N(0), we let % (.)~S~ be the initial 
data for a canister flow v(-, .) and write 

N 

VO~ ~ ciwi~-P, 
i = 1  

where p~Ss+l, ci=(w ~" Vo), and where N is some, as yet arbitrary, positive 
integer. Thus, using (7.17) and the orthogonality of the set {w ~, p}, we obtain 

N (0) = ~-~ Ilgrad Vo II 2 _ I1Vo I[ 2, 

=~,(~c2]]gradwi]12-c~Hw'],2)+~llgradp[]2-HpH 2 (7.19) 
i = 1  

= ~ ( ,~l  1 1 ) c 2 + ~  -~ [,gradpll2- ,,pi[ 2. 
i = 1 P 1r 

But p~SN+I, so by (7.17)1 we have 

N(O)>= ~ 1 1 ( ~ - x , ) c 2 +  KI+------( (~--XN+,) 11pl/2. (7.20, 

Now, if we assume that X 1 < }~], then x j <  I~1 for all j ,  and we see from (7.20) 
= p P 

that N(0)<0,  a result also obtained earlier in Theorem 16. Next, suppose lq > ] ct---L- 
P 

since x , ~ 0  as n ~ o o ,  and since [~l >0,  it is clear that there exists an integer 
P 

* See also [16, w for a proof of this. 
17 Arch.  Rat .  Mech. Anal. ,  Vol. 56 



240 J. E. DImN & R. L. FOSDICK 

N_>_ 1 such that r~r 1 =< < rs.  In this case the summation on the right of (7.20) 
P 

will be non-positive while the term involving [ Ip l l  2 will be non-negative. Thus 
we have N(0)_>_0 provided the projection p of the initial data Vo on SN+ 1 is large 
in comparison to the projection of ~0 on $1 �9 $2 ~)"" ~)SN. In particular, if 
�9 0(~0) has no projection on any of the first N eigenvectors, i.e., if Vo=p(~0) ,  
then N(0)>__0, and, as we concluded earlier, both N( . )  and [Igradvll2(.) will 

I~l grow unbounded in time. Moreover, in this case, N(0)=0 only if K ~ + t = -  
and p = w N + 1. D 

We now observe that since any canister flow v(.,  .) may be written as 

N 

V= Z C|Wi+P ' 
i = 1  

where p(., t)eSN+l for all time, and ct(.)=(w i. e)(.), then, analogously to 
(7.19), it follows that 

N(t)< ~ ,~ 
i = 1  

Thus if r l  > l a~l, then the sum is always non-positive provided N is such that 
P 

lal 
~CN+I_< <tr 

P 

and we may conclude from Theorem 19 that if there exists a flow whose projection 
on S 1 ~ S 2 ~ . . .  ~ SN is, for all time, large in comparison to the gradient of its 
projection on SN+I, then that flow must decay. A related, but far stronger, 
result was established for simple shearing flow between fixed parallel plates by 

COLEMAN, DUFFIN & MIZEL [6]. For ~c1> I~1 and for N determined as above, 
P 

they proved that bounded simple shearing velocity fields were possible only if the 
initial data was a linear combination of the eigenfunctions w 1, w 2, ...w N. More- 
over, they showed that such initial data led to decaying solution fields that re- 
mained a (time-dependent) linear combination of the eigenfunctions w 1, w 2, ...w s. 
In other words, bounded solutions ~ p (., 0 ) - 0  => decaying solutions and p (.,  t) 
--0. In Theorem 22 of the present work we shall derive such a result within a 
more general context-here  we only note that these remarks concerning the sign 
of N(t) point toward such a possibility. 

8. Non-Existence and Projection Results 

In this section we develop a functional-differential equation for the projection 
(v .  wi)(.), of the velocity field v(.,  .) in canister flow onto the eigenvectors 
wi(.) of (7.17). Using this result, we then show that (i) for u < 0  and for a certain 
set of fluid domains the initial data Vo(-)=v(-, 0) must necessarily satisfy an 
a priori orthogonality condition if any flow (bounded or unbounded) is to exist; 
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and that (ii) regardless of the sign of ~t, for all other canisters and for certain 
types of flow problems the projections (v  �9 w~)(.) satisfy explicit growth or decay 
formulae. 

Toward these ends, we first obtain a reduced and particularly convenient 
form of the equation of motion (6.4) and (6.1)1. Indeed, by (6.1), (6.5) and the 
observations 

,41 =(A1)t+(gradAl)  v, divAl =Av,  
we find 

div T= -gradp+lzzJv+~Avt+ctd iv{(gradA1)v+A1 W -  WA1}. (8.1) 

But it follows by routine manipulation that 

div {(grad A 1) v + A 1 W -  WA 1 } = 2(A W) v + grad (v. A v) + �88 grad (IA 112), 

=A to x v+  grad ((v �9 A v)+�88 IA112), 

where to denotes curl v, the vorticity vector, that is, twice the axial vector of W. 
Whence (8.1) may be written as 

div T= - g r a d  p+/~A v +ct(d vt +A to x v)+~ grad (v. d v+  �88 IA 112), 

and by taking into account the well known representation 

v = vt+to x v+�89 grad [ r [ 2, 

we may write the equation of motion (6.4) as 

/tA v + (eta v -  p v) t + (~A to-- p to) x v = grad P, (8.2) 
where 

e - p - c t ( v  . A v+�88 IA112)+�89 p lvl z + pc~. (8.3) 

Here, we have assumed that b is conservative, that is, b = - g r a d  ~b for some 
scalar field ~b(., .) 

Now let (x,, w n) be an eigenvalue-eigenvector pair as defined in (7.17), 
and suppose that v(. ,  .) is a canister flow field inside I2; i.e., t2 is a fixed, rigid 
container in which v(. ,  .) satisfies (8.2), (8.3), (6.5), and vanishes on ~f2. We 
write these last two conditions: 

d i v v ( , , t ) = 0  in s v ( . , t ) = 0  on dr2. (8.4) 

By forming the scalar product of (8.2) with w", making use of (7.17)2. 3, and ap- 
plying (8.4), we find 

l~ n dr ( V  " W n)  ( t )  dr ( V  " W n)  ( t )  "-~ ( W  n" (0gZI 03 --  p (.O) X V) ( t ) ,  (8 .5)  

which is the desired functional-differential equation for (v  �9 w")(.).  
While in this work we do not analyze (8.5) in complete detail, we do note some 

of its simpler consequences which have particular bearing on questions raised earl- 
ier. The first such consequence is 

17" 
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Theorem 21. Let B be a second grade f luid with ct<0 undergoing canister f low in 12, 
and let v (. ,  .) be its velocity f ield with initial data v (. , O)= Vo (').  Further, assume 

that the container f2 is such that ~cj(~)= ~-~ for  some integer j. Then if  v( . ,  .) is to 
exist, it must satisfy 

I~ (v . w i )  (t) = ~ ( w j �9 (~zl t o -  p o )  x v> (t) 

for all t > O, and, in particular, the initial data must meet* 

(w~ �9 (~Vo + I ~1 (~-I-- zi too +too) • r e ) / = o .  (8.6) 

Proof. The proof is an immediate consequence of (8.5) and the hypotheses. A 

This theorem has no analog for the case c~>0, for then, since rn>0  , it is 

impossible to have (x.+-~-) - 0  for any n. 

Even when e <0,  this theorem is empty for canisters that are "small enough" 

to have ~1(O)< [el since we know that ~+1 <~i  for all i. Of course, it is exactly 
P 

these canisters for which Theorems 16 and 15 guarantee the unbounded growth 

of every solution v(. ,  .). Indeed, by those theorems, even if KL(O)= we will 
P 

have unbounded growth of v(- , - )  provided Vo(.)~0. Moreover, v(. ,  .) will not 
even exist unless (8.6) is met for j =  1. 

Further, since the eigenvalues are an increasing function of the domain size, 
and since, for any one canister, the eigenvalues form a decreasing sequence with 
limit zero, it is clear that there is an infinite set of canisters {On} with On--Q,+ 1 

such that ~c,(O,)= ~ ,  n=  1, 2 . . . .  For each member f~. of this set Theorem 21 

will apply and the orthogonality condition (8.6) for j - -n  will be necessary for the 
existence of a canister flow in On. Nevertheless, any solution will grow unbounded 
in time if the initial data is such that N(0)>0.  

We now return to (8.5) and specialize it in yet another way by supposing the 
flow v( . , - )  and/or the flow domain (container) O is such that 

( w  n �9 (~A t o - p  to) x v) (t) = 0  (8.7) 

for all t > 0  and for all eigenvectors w"(;). Since {w"} is complete in Sa, this con- 
dition requires (~tA t o - p  to)x v to lie in the orthogonal complement of Sa, and 
while stringent, it nevertheless can be satisfied in at least one of the following 
three ways: (i) v(.,  .) is irrotational (i.e., to=curl  v=0),  (ii) the fluid is Newtonian 

* Here tao(.)= curl re(.) denotes the initial vorticity vector. 
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and  e ( . ,  .) is a Bel t rami  field (i.e., ~ = 0  and to x v = 0 ) ,  and  (iii) wi( . ) •  e ( . ,  . ) = 0  
for  all integers i= 1, 2, 3 . . . .  * 

Now,  by  assuming  (8.7), we reduce (8.5) to  an o rd ina ry  different ial  equa t ion  
for  the pro jec t ions  which yields 

I t  

<v. wn>(t)=<Vo �9 w~> e p~,+ t, (8.8) 

0t 
where v0( ' )  is the init ial  da t a  v ( . ,  0), and  where we have assumed ~ : , # - - - .  

P 
I t  is clear  f rom earl ier  r emarks  tha t  this inequal i ty  is a lways true if ~ > 0, and ,  in 
fact,  can be viola ted  for  only  one value of n if ~ < 0 ,  in which case T he o re m 21 
applies.  

When  ~ > 0 ,  the exponent  appea r ing  in (8.8) is negative for  all n, and  so the 
pro jec t ion  of v ( . ,  . )  on  every wn(.) mus t  decay,  a resul t  tha t  is con ta ined  in Corol -  
lary  2 of Theorem 9. Moreover ,  since the  o r t h o n o r m a l  set {w ~} is comple te  on 
S~**, and  since v ( . ,  . ) ~ S a  for  all  t ime,  we have, under the strong assumption (8.7), 
the exact results 

v(x,  t )= <v o �9 wi> wi(x)  e ""+" , 
i = l  

l ivII2( t )  = [<So-w'>[2e ~"~'+~t, (8.9) 
i = 1  

_ 2 / t  

[ jgradel j2( t )=  J<eo'Wi>j 2 e p~,+ t 

i = 1  /~ i  

W e  observe tha t  (8.9) is also val id  for  Newton i an  fluids where ~ = 0. 

N o w  suppose  ~ < 0 and  rewri te  (8.8) for  r n # with ~ = - J a I : 
P 

g 
- t 

<v. w " > ( t ) = ( v  o �9 w"> e P(~"-- '~-) (8.10) 

�9 Condition (iii) is frequently satisfied in applications; e.g., simple shearing flow between 
parallel plates, Poiseuille flow down an infinite pipe, and Couette flow between two infinite 
concentric cylinders. Although the flow domain in these flows is infinite one may take for O an 
appropriately selected finite subdomain and, by exploiting the assumed periodicity of the motion, 
obtain null net effect from boundary integrals--thus making all our analysis applicable. Of 
course, we suppose that any physical boundaries are brought to rest at t = 0  and held fixed for 
all future time. In addition, we assume that whatever driving force was present on (--  oo, 0] is 
removed on 10,oo), for otherwise <w". grad P>=[=0. Under these conditions a usual argument 
for wi(.)x v(., - ) = 0  is as follows: One assumes v(., .) to have a given direction in terms 
of the geometry of the flow domain, i.e., v(x, t)=vl(x2, x3, t )e  1 for some fixed e 1 in both the 
simple shearing and the Poiseuille flow problems, or v(x, t)=Vo(r, t)e o for the Couette flow 
problem. Once this is done, it is then recognized that the analysis from Section 6 onward does 
not require the Poincar6 inequality for all functions defined on O, but only the analogous special 
inequality which is appropriate to those fields that are parallel Coointwisr to the assumed direc- 
tion of v(., .). That is to say, the eigenvalue problem (7.17) need be solved for (xi, w ~) only on 
that submanifold of S o which is composed of fields that are parallel to the assumed direction 
of v(-, -), thus yielding wi• v=0.  

�9 * Depending upon how (8.7) is in fact satisfied, we note that the set {w i} may be complete 
only on that submanifold of S~ described in the previous footnote. TtNa [3] has recorded 
several explicit solutions of the form (8.9) for which (8.7) is satisfied according to the condition (iii). 
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l a l  
Thus, since x t < rc a for all i, we see once again* that xl (f2)< -~-permits  no bound- 

ed solutions for the special flows of (8.7): the exponent in (8.10) is positive for 
every xn, and the projection of v(., .) on every eigenvector w~(.) that %(. )  had a 
projection upon will grow unbounded exponentially. The exact results of (8.9) 

I~1 I~1 also apply here with ~ replaced by - [ ~ I. On the other hand if ~:1 > and x~ 4: 
P P 

for any i, we have the following generalization of the Theorem 4.1 of COLEMAN, 
DUFFIN & MIZEL [6]: 

Theorem 22. Let v(. ,  .) be a velocity f ieM satisfying (8.5) and (8.7) with ~<0  and 

with xl > ~ - ,  ,r ~ for any integer j. Then, except for a finite-dimensional 
I 

family of  the form 
- -  I t  t 

u , (~,-.~!_) w'(x), (8.11) v(x, t )= Z (Vo " w') e 
i = 1  

where N is such that ~N + 1 < [Ot ] < Xn, every solution f ieM v ( . , . )  is unbounded of  
P 

exactly exponential order as t ~ co. 

Proof. The proof follows by use of the exact results (8.9) with ~ replaced by - I ~ ]. 
A 

Theorem 22 takes care of the situation ~ < 0 completely unless it happens that 

I~1 for some j. However, if this occurs, then Theorem 21, specialized by xj(a)= p 

assumption (8.7), implies that (w i .  v)(t)=-0 for this particular j. Thus, to ensure 
the existence of v(. ,-) ,  neither it nor its initial data may have any projection on 
w J(.). In addition, the result (8.11) of Theorem 22 again applies with N now equal 
to the largest integer less than the particular j. 

We conclude that for ~ <0  the formula (8.11) gives the most general bounded 
solution for canister flow that meets the condition (8.7). In particular, bounded 
solutions will decay and can occur only if the initial data is a finite linear combi- 
nation of eigenvectors w~(.). In contrast, if the initial data differs by even the 
slightest amount from a finite linear combination of eigenvectors, the solution 
will experience unbounded growth in time. 

9. The Asymptotic Stability of a Base Flow: z => 0 

In the previous three sections of this paper we have been concerned almost 
exclusively with the temporal behavior of a single solution of the field equations 
(6.3), (6.4), and (6.5) subject to the constitutive equations (6.1)1 and (3.15)s. Though 
most of our results may be interpreted as statements about the asymptotic stability 
of the rest state with uniform temperature, we have not generally emphasized 
such an interpretation. However, as in the theory of Navier-Stokes fluids, it is 
of fundamental interest to know when a given base motion is stable with respect 

* Recall Theorem 16. 
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to arbitrary disturbances. Thus, it becomes necessary to study the temporal 
evolution of the difference v ' - v ,  between a given base motion v and a second 
motion v'. 

To carry out the details of such a study, let (p, v) denote the pressure-velocity 
pair associated with the supposed given base flow, the stability of which we wish 
to examine, and let (p', v') denote another pressure-velocity pair with different 
initial data. It is convenient to introduce the difference field u (., .) defined by 

u(x, t)=--v' (x, t)--v(X, t). (9.1)1 

The domain of definition of u (., t) is necessarily the intersection, f2 t c~ f~, of the 
respective domains in which v(.,  t) and v'(. ,  t) are defined. We study the situa- 
tion here where Qt= f2't, or, equivalently, v= v' on c~f2 so that f2 t c~ Q~ = ~ t = D~  and 

u ( . , t ) = 0  on  ~Dt. 

Further, since v and v' are both divergence-free, then 

div u = 0  in f~t. 

(9.1)2 

(9.1)3 

We now develop the main field equation for u. To do this we note that since 
both (p, v) and (p', v') must satisfy the linear momentum balance (8.2), we obtain 
by subtraction 

pA u+(o~A u-pu)t+(o~,d ~ - p ~ )  x v+(~zl to' -pto ')  x u=grad(P' -P) ,  (9.2) 

where P and P '  are as in (8.3) for v and v', respectively,* and where we have 
introduced ~ - c u r l  u and to' =curl  v'. 

If we now form the scalar product of (9.2) with u and use (9.1)2 , 3 we find 

~(u. 11 u)+~(u./I u , ) -p(u,  u,)= - ( u .  (~A ~ - p ~ )  x v), 

and, after integrating by parts and once again using (9.1)2, we obtain 

2 ct .~--/7~ P ~  
~lrUil +TII311 + T  Ilull ----(u-(~A~--p~5)xv), (9.3) 

where U--gradu.  Now, since ~ is twice the axial vector of the skew part of U, 
we may write the right-hand side of (9.3) as 

0 , .  (~,~ ( v  - u r) - p ( v  - vr)) ,,), 

which, after integrating by parts, using (9.1)2,3, and symmetrizing, may be 
written as 

- T  + ~ -  { (u .  AA, u ) - ( U U  r. A , ) +  ( v r v .  A , ) - 2 ( V U .  At)}, 

* While (8.2) was derived for conservative body force fields, the result (9.2) holds for any b 
as long as we assume b----- b' and remove ~ from the definition (8.3). 
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where A 1 is the first Rivlin-Ericksen tensor for the base flow v. 
be rewritten as 

Thus, (9.3) may 

I1- H 2.p 
- ( U U  r" A a ) + ( U T  U " A x ) - 2 ( U U "  A1)} 

(9.4) 
_ 21~ i lUll2_(u.hlu)+~{(u.  AAlu) 

P p 
+ 2 ( U  r U. A 1 ) -  ( (U + Ur) 2. A1)}. 

The fact that A 1 and A A 1 are both symmetric allows us to introduce their 
respective (real) proper numbers 2~ and A t, which we order according to 21 < 22 < 23 
and A1 < A2 =< A3. Since A 1 and AA 1 are also traceless (e being divergence-free), 
we have 21 + 22 + 23 = A 1 + A2 + A3 = 0, which, in particular, implies 

21<0, 23>0, 23<21211<423. 

Thus, when 1211 (or 23) is small, then 23 (or 121 I) is small, and likewise, so is 
1221. If we now let 21 m (t) and 2m (t) denote the respective minimum and maximum 
of 2i(-, t) over f2, and similarly define Aim(t) and AiM(t), then the following 
estimates are immediate: 

- ( u  . Aa u) < -21mllull 2, 

(u . AA x u) < A3M Ilutl 2, 
(Ur  U. A t )  < 23MIIUII 2, 

- ( (U + Ur) 2, h i )  < - 2 1 ,  II U +  uT[I 2 = --221 ,, II UII 2, 

where the last equality holds by virtue of (9.1)2.3. Thus, when ~ > 0, these estimates 
along with (9.4) yield 

II~l~ dl-~ [I-~'~'~H ~2 (O~(23M'~-121ml)--~)[lUl12"~'(% A3M'~-]21m]) Ilu][ 2, (9.5) 

where we have written -121 m[ for 21 m since 21 m is non-positive. Recall that 
23M and A3M are both non-negative. 

We now have 

Theorem 23. Let (p, v) and (p', if) denote two pressure-velocity pairs satisfying 
the equations of motion for an incompressible second grade fluid having ~ > 0 (i.e., 
(p, v) and (p', V) satisfy (6.4) and (6.5) subject to (6.1)1). Let - m  and M denote, 
respectively, the minimum and maximum of the proper numbers of the tensor A i 
of the base flow v on f2 • [0, T), T< oo, and let N denote the maximum of the proper 
numbers of AA~ on f2x [0, T).* Then, 

Ilull2(t)+-~ llUII2(t)~ (llul12(o)+ ~p IIUII2(~ ~' 
* The numbers m, M, and N are necessarily non-negative. 

(9.6) 
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for all te [0, T), where u = v' - v, U = grad u, and where 6 is the number 

i p {_~_(M+m)+~(pN+m)_~_} ,  (9.7) 

I i f~(pN+m)<2(ct(M+m,-#).  

Here, ~ is any upper bound for the Poincar~ coefficient cp(f2t) on [0, T).* 

Proof .  Since ~ > 0  we m a y  apply the definitions of - m ,  M,  and  N to (9.5) and 
obtain  

for  all t~ [0, T). 

we now suppose ~(-~N+m)>2(~z(M+m)-#)and use If  the Poincar6 

inequali ty and the definition of ~, it follows that  

P 

where ~ is as in (9.7)1. When  the resulting differential inequality is integrated, 
we arrive at  (9.6) for  this case. 

Next  we note tha t  by direct applicat ion of the Poincar4 inequality we m a y  al- 
ways write 

2 (~(M+m)-#)IIUH2+ ( p  N+m) ]]ul, Z<p'[iU[, 2 

w i t h 6  as in (9.7,2. Moreover ,  if 0 ~ ( ~ - N + m ) < 2 ( 0 c ( M + m ) - # ) , * *  then this 

choice of 3 is positive and we need only note tha t  

2 <  P (llullZ +~_._ IIUII - -7 .  p IiUII2! 
to reach (9.6). A 

The exponential  est imate in (9.6) is of a decaying type only when fi <0 .  While 
this is possible only when the inequality (9.7)~ is satisfied, even then we must  

* By (A.2) of the Appendix we may choose the value ~ V(~)~ for ~, 

** When e = 0  this inequality cannot be satisfied, but then (9.7)1 will apply. 
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satisfy the additional requirement that 

> ( M + m ) + ~  g + m  , (9.8) 
P P 

on the interval [0, T), T <  oo. Thus, if the viscosity # is "large enough",  or if the 
stretching and its diffusion in the base flow are both sufficiently small (i.e. the 
proper numbers of A 1 and AAt are small), the flow will be asymptotically stable* 
relative to all disturbances, u, that vanish on the boundary of f2 t. 

Theorem 23 also yields the following two corollaries concerning uniqueness: 

Corollary 1. Let B be a second grade fluid having o~ > 0 with I2 a f ixed  reference 
configuration. Then any two flows of  B, agreeing on af2 for all t and having the same 
velocity distribution at t=0 ,  are identical. 

Proof. If we denote the two flows by v and v', then the estimate (9.6) applies 
with u as defined in (9.1)1. However, since u( . ,  0 )=0  and c~>0, then (9.6) implies 
that Ilu[12(t)= [[UII2(t)=0 for all t. A 

Corollary 2. Let B be a second grade fluid having c~ > 0 with s a f ixed reference 
configuration. Let v and v' be any two steady flows of B having the same steady 
velocity distribution on al2. Let - m ,  M, and N be as in Theorem 23 and suppose 
v meets (9.8). Then, the two flows are identical. 

Proof. We follow SERRIN [15] and observe that since both v and v' must be steady, 
then so too will be their difference u. But then, Ilul12(.) and liUl12(.) must be 
independent of time, while (9.6) requires their sum to be bounded above by a 
decaying exponential. Therefore, we conclude that Ilullm(.)= Ilu[12(0)=0. A 

Appendix 
We collect here some known results concerning the inequalities of POINCAR~ 

and KORN. While no formal proofs of the results quoted here will be presented, 
we, instead, offer an appropriate list of references or give a brief sketch of how 
a proof may be constructed. For  simplicity, we shall assume that the region of 
space under investigation, R ___ E a, is the closure of a bounded open set and homeo- 
morphic to a ball. Usually, however, such smoothness and connectedness are not, 
in fact, essential. 

Let T(R) denote a subset (to be defined in various ways below) of the set of 
all non-constant smooth, scalar-valued functions defined on R. The Poincar6 
inequality is the assertion that there exists a constant Cl,(R, T)~(O, oo) such that 

f I w~dv ] 
w(.)~r I adwl 2dr 

and therefore 
Iw2dv<epIIgradwl2dv Vw(-)eT. (A.lh 
R R 

In the following we record three main choices of T(R) for which (A.1) holds. 

* Taking T=oo. 
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Case (1). Let T(R) be the set of all smooth, scalar valued functions defined on R, 
vanishing on aR, and not identically zero. The existence of c e in this case is well 
known [28]; in fact, an elementary upper bound for it is given by d 2, where d is 
the width of any 3-dimensional strip containing R (see, for example, Section 1.1 
of [28]). A refinement of this bound is provided by the Faber-Krahn inequality 

\ 

c e < ( l )  2(  3--~]~V(R)~'\4~/ (A.2) 

which is particularly well suited for our purposes since the volume of an incompres- 
sible fluid is an invariant under any of its motions while d is not. We caution, 
however, that while equality actually holds in (A.2) if R is a ball, the estimate 
may be highly inaccurate if R departs severely from the general shape of bail; 
indeed, for some domains d 2 may actually be a better bound for ce. For a proof 
of (A.2) we refer to [27]. 

Case (2). Let T(R) be the set o'f all smooth, not identically zero scalar- 
valued functions on R that vanish in mean, 

Swdv=O. (A.3) 
R 

Here we see from PAYNE & WEINBERGER [29] that if R is convex, then 

ci, < O2/rc 2, (A.4) 
where D is the diameter of R. 

Case (3). Let T(R) be the set of all smooth not identically zero scalar- 
valued functions on R that vanish on a portion S of OR having positive area measure. 

In both Cases (2) and (3) the fact that cj, exists satisfying (A.1)I can be shown 
by first proving the result for a ball and then mapping R onto this ball. Thus in 
Case (2) we may pick the ball to be of the same volume as R and then use a map- 
ping that has a unit Jacobian everywhere in order to preserve the condition (A.3). 
The result for a ball may be obtained in a way similar to that employed by FRIED- 
MAN in [30]. For Case (3), the result may be shown by utilizing a coordinate 
transformation that sends R to a ball Rn while "stretching" S sufficiently to cover 
a hemisphere Sn of R n. Then, the method of proof which we referenced above 
for establishing the Poincar6 inequality for Case (1) will again apply to this ball. 

Finally, we note that since the conditions defining Cases (1), (2), and (3) are 
linear, we may, for any smooth vector-valued function w(.) defined on R, write 

S lwl2 dv<ce(R, T) ~ lgradwl2 dv (A.5) 
R R 

for all w(.)eT3(R)=T(R)• Here, ce(R,T) is as in our above 
discussion, and the direct product set T 3 (R) is structured from the set T(R) 
appropriate to each of the cases. 

Now let w(.)~T3(R) with T(R) as in either Case (1) or Case (3). Then the 
Korn inequality asserts that there exists a constant cx(R, T)~(O, co) such that 

~lgradwl2 dv } 
sup R . =cr(R, T), (A.6)1 

w(.)~r, ~[gradw+(gradw)rl2 dv 
R 
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and therefore 

~[gradw]2dv<cK~lgradw+(gradw)rl2dv V w ( . ) E T  3. (A.6) 2 
R R 

While in Case (1) the proof  that  c r  exists is trivial (see e.g. [37, p. 38]), Case (3) 
presents a far more difficult task [31]. In  the applications in the body  of this 
paper  w(-)  is divergence-free, which implies that  for  Case (I)  equality always 
holds in (A.6)2 with c K = �89 On the other hand, in Case (3) nothing beyond the 
existence of cr  seems to be known. 

One other impor tant  case in which the Korn  inequality, (A.6), is known 
to hold may be described by letting T3(R) now denote the set of all smooth  
vector-valued functions on R that  meet the normal izat ion* 

[grad w -  (grad w) r]  dv =0 .  (A.7) 
R 

For  this set, a proof  of (A.6) may be found in either [31] or  [32]. Indeed, in [32], 
PAYNE & WEINaERGEg are able to  show that  for a ball cr= 14/13. It  is also worth  
noting that  in the present case BERNSTEm & TOUVIN [33] have shown that  c K 
may be made arbitrarily large by taking for R a sufficiently long and thin circular 
cylinder. In  addition, for this case DAFERMOS [34] has shown that  if R 1 and R 2 
are two sets in E 3 with intersection of positive volume measure, and if the K o r n  
inequality holds for each of these domains with constants cr ,  and c r y  respectively, 
then the Korn  inequality holds for R1 u R2 with 

min (V(R1), V(R2) ) 
oK(R, u R 2 ) < c r , + c r 2 q  V(Rt c~R2) ([/~-~K' + [ / ~ ) 2 "  

Similar '" chain ing"  formulas are well known for  cv. 
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