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1. Introduction and statement of the results

It is a difficult task to solve the equations of dynamic linear viscoelasticity
and for that reason investigators often prefer to work with the simpler quasi-
static equations obtained by ignoring inertia'. We may expect the solution of
the quasi-static equations to approximate closely to the solution of the full
equations if the traction changes slowly, but it is not clear what meaning we
should assign to the qualifications ‘closely’ and ‘slowly’ and it is desirable to prove
theorems which make them precise?. My purpose is to show that certain estimates
on the kinetic energy, related to those I obtained in a study of the decay of energy
[3], can be made to yield theorems of the required kind, at least when the body
is one-dimensional and one of its ends is fixed while the other is subjected to a
prescribed traction.

In order to state and prove the results we use the following conventions and
notation. All functions of the time ¢ are understood to be defined on the line
— 0o < t < oo, with the expectation of the creep function k(¢) which is defined
only for ¢ = 0, and all functions of x and ¢ are understood to be defined on the
strip 0 < x < g, — oo < t <C co. All relations which involve an order symbol O
or o hold as ¢t — co. We denote derivatives with respect to x by writing x as a
subscript and we denote derivatives with respect to ¢ by a prime: thus £(x, ) =
f(x, )fox, f(x,t) = of(x, t)/ot, and k'(t) = dk(t)/dt. If f(¢) is continuous and
bounded we write

M(f) = lim inf% ft f(s)ds, M(f)=1lim sup% ftf(s) ds
1> o0 0 >0 i

1 LrrrmMaN & FisHER’S article [1] gives a thorough account of both the dynamic
theory and the quasi-static approximation.

2 DuvauTt & Lions [2] (section 6.7) prove such a theorem for Kelvin-Voigt materials
but there is no overlap between their theorem and my own results which, in their ter-
minology, are concerned with materials with long memory.
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for its lower and upper mean values, respectively, while if M(f) = M (f) we denote
the common value, called the mean value, by M(f). If f(x, 1) is continuous we write

r ¢ — 1/
M(f, x) = litm infT ff(x, s)ds, M(f, x) =lim Sup — ff(x, 5)ds
-0 ¢ t— oo i

whenever these lower and upper limits are finite and if M(f, x) = 117( £, x) we
denote the common value by M(f, x).

We identify the body with the interval 0 = x < g, we suppose that its density
¢ is a positive constant, and we suppose that its viscoelastic response is described
by a creep function k(¢) which is C? and meets the requirements (i) there is a
finite number, denoted by k(co), such that k(¢) = k(co) as t — oo, (ii) k(1) =0

as t—>oo, (iii) k() >0, k'(t) > 0, k”'(t) < 0, (iv) the integral » = f (k(o0) —
0

k(t) dt converges, (v) log (k(oo) — k(1)) is a convex function of z.
We note that

]

Of k'(t) dt = k(oo) — k(0), of

k') dt = K'©),
that

d?
0 = (k(c0) — k(t))2 log (k(o0) — k(1)) = (k(o0) — k() |K"'(2)| —Kk'(2)?
and, hence, that
f k' (t)2
o
The requirements (i), (i), (iii), (iv), and (v) say, roughly speaking, that k(z)

is a positive and concave function which increases steadily to the finite equilibrium
value k(co). They allow k(¢) to be of the form

N
v — Z z‘n €Xp (_lunt),
n=1

N

where the A's and u’s are positive constants and » > )] 4,, but they prohibit
n=1

purely elastic reponse (k(z) identically constant) and, as we shall see, there is

good reason why they should do so.

We denote the displacement by #(x, ¢) and the stress by o(x, f) and we suppose
that the strain &(x, t) = u,(x, t), the velocity u'(x, t), and the stress o(x, t) are C?
functions, that the stress and the stress-rate are uniformly bounded on the inter-
val ¢t =< O i.e. there is a constant 6 such that

loGx, )| + o', )| <8 O=x=Za 1£0),

and that the equation of motion
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the creep law

e(x, ) = k(0) o(x, 1) + ftk'(t — 5) o(x, s) ds,

and the boundary conditions
u(0,t) =0, o(a,t)=1(t),

are satisfied. .

The hypotheses on the creep function and on the stress history ensure the
convergence of the improper integral which appears in the creep law; they also
ensure the validity of a number of differentiations of improper integrals which
we shall need to perform.

We note that the traction must satisfy |z(¢)| + |z'(£)| < é (¢ = 0).

In the quasi-static approximation, the displacement u(x, ), the strain &(x, t) =
u,(x, t), and the stress d(x, t) are determined by replacing the equation of motion
by the equation

a

Ux = 0’
and retaining the creep law

&x, 1) = k(0)(x, £) + [ t k'(t — s5)o(x, s) ds,

and the boundary conditions
u(0,t) =0, o(a,t) = ().

We can integrate these equations immediately and we find that

o(x, t) = (),

&(x, 1) = k(0) 7(¢) + f' k'(t — 5)1(s) ds,

u(x,t) = x (k(O) 0+ [ tk'(t — 5 (s) ds).

Our task is to examine the extent to which a(x, ¢), e(x, t), and u(x, t) approximate
o(x, t), e(x, t), and u(x, t), respectively, on the interval t = 0. Theorems 1 and 2
say that under mild restrictions on 7(z) the quasi-static approximation always
delivers the correct mean values of o(x, ), &(x, t), and u(x, ), whatever the stress
history prior to t = 0.

Theorem 1. If 7(¢), t'(t), and ©''(¢t) are bounded on the interval t = 0, then,
Jor each x in 0 = x < a,

M(o, %) = MG, x) = M),
Me, ) = MG, x) = k(oo) M(2),
M(u, x) = M(is, %) = xk(o0) M(2),

and the equations obtained from these by replacing M with M also hold.
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Theorem 2 is an obvious corollary of theorem 1; since it asserts the existence
of the mean values of o, ¢, and u it can be regarded as an ergodic theorem.

Theorem 2. If, in addition, the mean value M(t) exists, then the mean values
M(a, x), M(e, x), M(u, x), M(c, x), M(¢c, x), and M(u, x) exist for each x in
0<x=<a, and

M(o, x) = M(q, x) = M(1),
M(e, x) = M(g, x) = k(o) M(7),
M(u, x) = M(u, x) = xk(oo) M(7).

In order for theorems 1 and 2 to hold we must restrict the creep function so
as to exclude elastic bodies. To see this we observe that if k(z) is identically equal
to a positive constant A the stress ¢ = ¢/A = u, /A, and the displacement satisfies
the wave equation c?u,, = u"(c =1/ Vgl) and the boundary conditions u(0, ) = 0,
u,(a, t) = Ax(t). To be consistent with our hypotheses u(x, ) must be C*, there
must be a constant § such that

lux, )] +

and 1(¢), 7'(¢), and 1"'(¢) must be bounded for ¢ = 0. However, it is not difficult
to construct such a u(x, ¢) and, at the same time, arrange that M(t) exists while
M(u, x) exists only at x = 0, in conflict with theorem 2. An example is provided
by taking

wx, )| <16 O<x=a1=<0),

u(x, t) = flet + a + x) — flet + a — x)
where f(x) = 0 (x =< 0) and

\

X X X . 3ax  3mx 3nx =0
%—Zcosza)— Sln—2;~7C057 (x: )

fix)y =27 <sin
The function f(x) has continuous derivatives of order 4 even at x = 0 and it is
easily checked that u(x, r) satisfies the requirements set out earlier in this para-
graph. Moreover,

, 92 [ . 3mct . mct
() = f'(ct + 2a) +f(ct) = Z—(sm—a-— — 3sin —a) (t=0)

and so M(z) = 0. On the other hand, a straightforward calculation shows that

lf’ d_27,7tct,mc ,3:rtct_37tx+ .
y u(x, s) ds = 27 sin 57 S5 + sin 2 S5, o(1),

and, thus, that M(u, x) exists only when x = 0. Of course, the failure of theorem 2
in this instance is to be ascribed to resonance; the traction has period 4a/c, which
is a characteristic period of the elastic free vibration problem: c*u,, = u",
u(0,t) =0, ula, t)=0.

Our third and fourth theorems require somewhat strengthened hypotheses
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Theorem 3. Suppose that &(x, t), u'(x, t), and o(x, t) are C*, suppose that there
is a constant & such that

loCx, )| +

and suppose that T'(¢), T (t), and ©"'(t) are bounded on the interval t = 0. Then, for
every x in 0 = x < a,

x|+ |0t ] <8 O=x=Zat=<0)

(G — 0)2, %) < yo*ad(a — %) (K'(0) M(x'?) + »2M(x"?)),

MG — ¢, X) < k(c0)? yo2a¥(a — x) (K'(0)* M(z'?) + »*M(z""?),

M — w?, x) < k(o) ye?a®x(ax — § x?) (K'(0)* M(z'?) + »*M(z""2),
where y is the dimensionless constant 32(k(c0)* + k(0)%)*/n*(k(c0) — k(0)*.

In the light of theorems 1 and 2, it is natural to interpret the upper mean value

M((6 — 0)*, x) as a variance and this interpretation suggests a corollary to theo-
rem 3 which resembles Tchebychev’s inequality in probability theory.

Given any large number 4, let S(4, x) be the set {r:7 = 0 and |o(x, ) — o(x, 1)
> A}. If m is Lebesgue measure we can regard

m(S(4, x) N [0, 1])
m([0, £])

as the fraction of time in the interval [0, 7] at which ¢ and ¢ differ at x by more
than A4, and we can regard

—;— m(S(4, x) N[0, £]) =

1
F(A4, x) = limﬂlp ' m(S(A, x) N [0, ¢])

as the fraction of the total time at which & and ¢ differ at x by more than 4.
Since

ft (o(x, s) —o(x, 8))* ds = f (0(x, 5) — o(x, 5))* ds = A*m(S(4, x) N [0, £])
0 5(4,90[0,1]

we deduce, on dividing by ¢ and letting ¢ — oo, the inequality
M((G — 0)?, %) = A*F(4, X)
which provides an upper bound for the fraction F(4, x).
Theorem 4. The fraction F(A, x) does not exceed
yo*a’(a — x) (k'(0)2 M(v'?) + »* M(z""'3)/42.

Clearly; there are two further results of this type, one for the strain and one
for the displacement, which can be proved in just the same way.
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2. Proof of theorem 1

The chief difficulty in proving theorem 1 is the technical one of showing that
the kinetic energy

1 a
K@) = e of u'(x, t)? dx

is O(2). If, for the moment, we take it that this estimate? is correct we can complete
the proof in the following way.

First, we integrate the equation of motion ¢, = gu”" and we appeal to the
boundary condition o(a, t) = 7(¢) and find the equation

o, ) =) —¢ [ u'(y,0)dy (1)

for the stress.
A further integration tells us that

t t

f o(x, s)ds = f (s)ds + o fa W@ 0 —u'(y,t)dy

0 0
t a

=) ds —¢ [ w1 dy + O),
where, according to the Schwarz inequality,

a 2 a a 2
( () dy) <@—x o0t dy=a [ w007 dy= ?" K(t) = 0().

In this way we arrive at the order relation®

—!—fta(x, s)ds=ift‘5(s) ds + o(1),
t 0 t 0

which, since 6(x, t) = #(¢), is enough to prove the equations M(c, x) = M(0, x)
= M(7) and the equations obtained by replacing M with M.
Next, we write the creep law as

&(x, 1) = k) o(x, t) + ft kKt —s)o(x,s)ds + n(x, t),
0
where

n(x, 1) = fok’(t — ) o(x, s)ds,

3 From our point of view, this estimate represents the crucial difference between
the viscoelastic body and the elastic body. As the example considered in section 1 shows,
the kinetic energy of an elastic body subjected to resonant traction behaves in such a
way that lim sup K(¢)/¢? is positive.

t—> o0
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and, in view of the hypothesis on the stress history,
0
[n(x, )| < 6 f k'(t — 5) ds = d(k(oo) — k(2)).
An integration tells us that
t t t s t
[ e(x,)ds = k() [ o(x,s)ds + [ [k'(s — & o(x, &) dE ds + [ n(x, 5) ds
0 0 00 0

and when we interchange the orders of integration in the double integral we find
that

fte(x, s)ds = ft k(t — s)o(x, s) ds + ftn(x, s)ds.
0 0 0

We now substitute for the stress from (1) and integrate by parts and we get

fta(x, s)ds = ft k(t —s)r(s)ds — jfk(t —s)u'(y,s)dyds + fn(x, 5)ds
0 0 0 x 0
= Of k(t — 5) ©(s) ds — ok(0) [ w'(y, 1) dy + ok(t) [ w'(, 0) dy

t a t
—o [[K@—9)u(,5)dyds+ [ 4(x,s)ds
0 x 0

and, hence,

ft &(x, 8) ds = k(o0) ft (s) ds + 0(x, 1),
0 0

where
0(x, t) =Of (k(t — 5) — k(o0) 7(s)) ds — ok(0) [ u'(y, t) dy

+ ok(®) [ w'(»,0)dy —¢ of [ K@ —s5)u'(y,s)dyds +0f n(x, ) ds.

If we choose a constant B such that [z(z)| =< B (t = 0) and estimate each of the
terms in the sum which defines 6(x, t) we find that

|6(x, £)| < B Of (k(co0) — k(s)) ds + k(0) (2aoK()) + k(t) (2a0K(0))
+ (ap)® oft K'(t — 5) K(s)t ds + 6 of' (k(oo) — k(s)) ds
< %(B + 8) + k(0) (2agK(£))* + k(co) (2a0K(0))%

+ (ap)t f' k't — 5) K(s)t ds = O(t}) + (2ap)t f k'(t — ) K(s)} ds.
0 0
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Since
t t
[k@—s)ystds< b [kt —s)ds = (k(t) — k(©0)) 12 < (k(oo) — k(0)) 12
0 0
we have
t t
[ k(@ — 5) K(s)kds = 0( [ k@ —s)st ds) = O(t}h)
V] 0
and we have shown that 6(x, t) = O(t%) uniformly in x, and, hence, that
1/ |
- [ &(x, s) ds = k(o) — [ w(s) ds + o(1)
0 0
uniformly in x. This order relation implies the equations M(e, x) = k(co) M(v),

M (&, x) = k(o) A_l(‘t) and, moreover, if we integrate the order relation and appeal
to its uniformity and to the boundary condition #(0, ) = 0 we find that

-1— ft u(x, s)ds = xk(oo)i ft'c(s) ds + o(1)
t 0 4 0

and, hence, that M(u, x) = xk(co) M(7), ﬁ(u, x) = xk(o0) M(2).
On the other hand, the quasi-static strain can be written as

&(x, 1) = k(0) ©(z) + 6[ k'(t — s)T(s) ds + 7(1),

where
() = fo k'(t — 5) ©(s) ds
and . -
@] S5 [ K@ —s)ds = d(k(oo) — k(1)
Thus

f &(x, 5) ds = k() [ ©(s) ds +0f Of k'(s — &) ©(&) dt + of 7i(s) ds
0 0

= ftk(t — 8)©(s) ds + ftf?(s)dss
1] 0

and
oft &(x, 5) ds — k(o) of w(s)ds = of (k(t — 5) — k(o)) T(s) ds + of 7(s)ds.

Accordingly,

f' &(x, 5) ds — k(o) ft w(s)ds|= (B -+ 9) ft (k(o0) — k(s)) ds = »(B + 0)
0 ]

0
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and, since u(x, t) = x&(x, t),
t t
[ i(x, 5) ds — xk(co) [ 1(s)ds| < xx(B + 9).
0 0
It follows that

1 fté(x, 5) ds=k(oo)—l- ft‘r(s) ds -+ o(1),
g ¢

1/ 1/
- [ i, s) ds = xk(o0) — [ w(s) ds + o(1),
0 0
and we deduce the equations M(E, x) = k(co) M(z), M(, x) = xk(oo) M(z) and
the corresponding equations obtained by replacing M with M. In short, the
theorem is proved once we have established that the kinetic energy is O(¢) and we

turn to establishing that fact.
We introduce the functions

1 a
Ki(t) =—o0 [ u'(x, 1)? dx,
2%
1 1
px, t) = —Z—k(O) o(x, 1)? + 5 f k'(t — s5)o(x, s)* ds,
1 1
i, 1) = 5 k(0) o'(x, 1)* + 5 [kt —s)o'(x,5)? ds,

Y() = faw(x, Ndx, ¥.\(t)= fawl(x, 1) dx,
0 0

E@) = K@) + ¥, E() =K () + ¥.0),

of which ¥(t) is a free energy, E(¢) is the total energy, and E,(¢) is a higher-order
energy. These functions and the kinetic energy have the properties:

k=22 [ 24y, @
T
W@, 107 < a [ &x, 1) dv < 2ak(o0) Ex(D), 3)
0
W) wla 1) = KO + [ o0x, 1) x, 1) d, @
0
(O u’(a,t) = K|(t) + fa o'(x, 1) e"(x, 1) dx, )
0
! ’ ’ 1 5 ’ "2
Of oe'dx =¥ +Wof (' — k(0) ¢")? dx, ()

a 1 a
[ o dx =¥ +— [ (¢ — k(o) 0’y dx. (7
0 2
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In order to prove (2) we need only note that the boundary condition #(0, t) = 0
implies that #’(0, ) = 0. A known theorem* then implies the inequality

a 4a2 a 4q° 4
Juvrdxs— [uldx=— [ &% dx,
0 0 70

which is equivalent to (2).

Next we observe that our hypotheses permit us to differentiate the creep law
and when we do so we find that

t
e(x, t) =k(Q)a'(x,t) + k'(0)o(x, t) -+ f k''(t —s)o(x, s) ds, ®)
and, on integrating by parts, that
t
&€x, ) =k@o'(x, )+ [k(t—s)o'(x,s)ds, ®

The Schwarz inequality implies that

G, ) — k) o'(x, 1) < ft k'(t —s)ds f tk’(t —8)o'(x, 5)* ds
= (k(o0) — k(0)) f k'(t —s)o'(x, s)* ds

= 2(k(o0) — k(0)) (%(x, £ — % k(0) o'Cx, ,)2)
and, therefore, we have
(¢ — k(0) o)?
2(k(o0) — k(0))
1, KO)( — k(o) o)
T 2k(oo) ¢ T 2k(0) (k(oo) — k(O))
= L g'?
= 2k(co) ~ ’

1
v =5 kO o +

and when we integrate with respect to x we arrive at the inequalities
a
[ &% dx < 2k(o0) ¥y < 2k(oo) E; .
0

On the other hand, the fact that #'(0, ¢) = 0 tells us that

a

ula, t) = f £'(x, t)ydx

0

4 See, for example, HArRDY, LITTLEWOOD &, POLYA [4], theorem 256.
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and a further appeal to the Schwarz inequality yields

a
u(a, ) <a [ &(x, 1) dx,
0

and we have proved (3).
Equation (4) is a standard result: we prove it by multiplying the equation of
motion o, = gu’’ through by u’ to get the equation

(ou), = ou'v” + o€’

and we then integrate with respect to x and use the boundary conditions.
We prove equation (5) in almost the same way: we differentiate the equation
of motion with respect to r and multiply through by " to get the equation

(o_ful/)x — Quuuul + 0"8”

and then we integrate with respect to x and use the boundary conditions again.
To prove (6) we differentiate the equation which defines y(x, #) and find that

»'(x, t) = k(0) o(x, t) 0'(x, £) + % k'(0) o(x, 1)*> + —%— ~ f t k't —s)o(x, s)? ds

and it is a straightforward matter to deduce, with the help of the formula (8) for
g'(x, t), that
3

1
o(x, 1) e'(x, t) = p'(x, £) + 5 _f

k"t — 5)| (a(x, 5) — a(x, 1))? ds.
1t also follows from (8) that
gx, 1) —k(0)a'(x,t)= f k'(t — s)(o(x, s) — o(x, 1)) ds

and, thus, the Schwarz inequality implies that

14

(e'(s, 1) —k(0) o'(x, ))* = f

=k© [

= 2k'(0) (o(x, ) &'(x, 1) — 9'(x, 1)).

k'(t — s)| ds f |k"(t — 5)| (o(x, 5) — o(x, 1)) ds

k"t — s)| (o(x, s) — a(x, 1))? ds

In other words,

o' =y + — k(0) ¢')?

1 ’
%0 ¢
and we arrive at (6) when we integrate with respect to x.

To prove (7) we differentiate the formula (9) for £'(x, t) and the equation which
defines ,(x, r) and obtain the equations

e’(x, 1) = k(0) 0" (x, 1) + kK'(0) o’ (x, t) + ft k'(t — s)o'(x, s)ds,

Pi%, 1) = K(0) o'Cx, 1) 0”(x, 1) + % K(0) o'(x, 1) + % i [ K — ) 0'x, 97 ds,
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from which the identity

7 (5 005, 1) = yil, 1) + 5 1R = 9| (00 5) — o'Cx, 1)) ds

follows. On the other hand, the formula (9) also tells us that
t
&(x, 1) — k(o0) o'(x, 1) = [ k'(t — ) (0'(x. 5) — ' (x, 1)) ds

and if we use the Schwarz inequality we see that

t k t
("0, 1) — k(o) 0'(x, 1))* = f k'SZt ))‘ f]k”(t—s)|(a (x,5) — o' (x, 1)) ds

t

- K(s)?
o‘/ | ”:s)ids [

— 00
t
=« [
— o0

= 2(0"(x, 1) " (x, 1) — py(x, 1))

i

k'(t —5)|(o'(x, ) — o'(x, 1)) ds

k‘

k"(t — 5)| (07(x, ) — o'(x, 1))* ds

and, therefore, that
| o' =y + (e — k(oo)a ).
An integration with respect to x now leads us to conclude (7).

In order to prove the required estimate for the kinetic energy we combine (4)
with (6) and obtain the inequality

1 a
(t)yu'(a,t) = E'(t) + m of (&'(x, 1) — k(0) G"(x, 1) dx.
Thus ' ‘
1 t a . t
E(t) + ) Of Of (&'(x, 5) — k(0) o'(x, 5))? dx ds < E(0) + of 2(s) u'(a, s) ds,

where the Schwarz inequality and the inequality (3) imply

t

¢ t 1 1
[ ws)u'(a, s)ds < ( [ «(s)? ds)2 ( [ w(a, sy ds)2
0 0

§a2<fr(s)2ds> (ffe(x, )zdxds),

and so

1 t a
EO) + 550 of of (5'(x, $) — k(0) o'(x, $))? dx ds

f 1 t a 1
< E©0) + ot ( [ =(s)? ds)§< [ [ &(x, 5y adx ds)z. (10)
0 0 0
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Next, we combine (5) with (7) and obtain the inequality
’ 1 4
T u'(a ) = E() + 5 [ (&'(x, 1) — k(o0) o' (x, 1))? dx
0
and, hence, the inequality

E\(t) + % Of of (£'(x, 5) — k(0) 6'(x, 5))? dx ds < E,(0) + of T (s)u'(a, s) ds.
(11

Now
t

f T u'(a,s)ds =T'(t)u'(a, t) — v'(0) u'(a, 0) — ft "(s) u'(a, s) ds,
0 0
where s
— [T u(a,s)ds < a%< f 7'(s)? ds)E ( f [ &(x, 5)* dx ds)2
0 0 0 6

and, according to (3) and the arithmetic-geonietric mean inequality,

T u(a, )= % ak(oo) T'(1)* + w(a, 1)’ = %ak(OO) T(1)* + Ei(2).

1
2ak(o0)

This last inequality permits us to cancel a term E\(¢) from each side of (11) to
get

—21— ft f (€'(x, 5) — k(o0) 0" (x, 5))* dx ds = E,(0) — v'(0) u(a, 0) + L ak(c0)T'(£)?
%3 6 2

+ gt ( Of’ T(s)? ds)% ( of' of &'(x, 5 dx ds)%. (12)
We use the inequalities (10) and (12) in the following way. Since
(k(o0) — k(0)) & = k(o) (&' — k(0) 0") — k(0) (¢ — k(o) o),
the Cauchy-Schwarz inequality tells us that
(k(00) — k(0))? &2 = (k(o0)? + k(0)?) ((¢' — k(0) 0')? + (&' — k(o0) 0')? )
and, hence, that

(k(oo) —k(0)?) [ 2, ,
o T RO J £ O dxds

< 2k'(0) ( E©) + a? ( f 7(s)? ds)% ( f f &'(x, s dx ds)%)
\ (] (1]

+ 2% (EI(O) —7'(0) #'(a, 0) + % ak(o0) 7'(2)?

+ gt ( of T (s)? ds)% (of of £'(x, s)* dx &)%).
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In other words, we have proved that

f fa e'(x, 8)? dx ds
60
< (c1 ( f 7(s)? ds)E + ¢ ( f 7(s)? a’s)i) ( ft fa &'(x, s dx ds)% + ¢35 + e'(1)?,
6 é 6 0

where ¢, ¢,, c3, and ¢, are known constants. However, the arithmetic-geometric
mean inequality and the inequality (p + ¢)* < 2(p? -+ ¢?) tell us that

(Cl (f"”(s)2 ds)% + o (f'r"(s)2 ds)f) (ft fas’(x, s dx ds|°
0 0 0 6

1 t 1 t L2 1 ta
g—(q( [ x(s)? ds>2 + c2< [ =(s)? ds)z) + = [ [ &, s dxds
2 0 0 2 00
t t 1 t a
< [o(sfds + 3 [v7(s) ds + 5 [ [ &(x, 5)*dx ds
o 6 60

and, thus, we have
‘;‘oft of &(x, 5) dx ds < o Of (s ds + ¢ of TR ds + ¢ + e, (13)
Since 7(¢#), 7'(¢), and 7”(¢) are bounded on the interval # = 0 we see that
oft ofa e'(x, s)* dx ds = O(t)

and, therefore, that the right-hand side of (10) is O(¢). Thus E(t) = O(t) and, since
K(t) =< E(t), we have K(r) = O(z) and the proof of theorem 1 is complete.

3. Proof of theorem 3

In the course of proving theorem 1 we derived two subsidiary results which
will enable us to prove theorem 3. Indeed, if we combine the inequalities (2) and
(13) we find that the kinetic energy satisfies the estimate
4q?

2 (c% of 2(s)? ds + cgof (s ds + ¢; - c4r’(t)2) (14)

oft K(s)ds = -

in ‘which

k(00) — k(0)) ¢; = 2ab(k(c0)? + k(O)) K'(0),

(k(o0) — k(0))? ¢ = 2a3(k(co0)* + k(0)?) %,

(ko) — k(0))* €3 = 2(k(c0)? + k(0)?) (K'(0) E(0) + (Ey(0) — 7'(0) u'(a, 0)))
(k(oo) — k(O))? ¢ = a(k(eo) + k(O)) k(oo) .
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Now let us suppose that the strengthened hypotheses of theorem 3 are in force.
As we have seen, the equation of motion implies that ¢, = gu’”’ and the strain-
rate ¢'(x, t) is determined by the stress-rate ¢’(x, t) through the creep law (9).
Thus, we can repeat our arguments but with u, ¢, and o replaced by «’, &', and o’,
respectively, and in this way we shall arrive at an estimate which is a counterpart
to (14) and will have the form
4 29 t t
> (c% [T ()P ds+c3 [v"(s)ds + ¢s + c4‘c"(t)2>

0 0

! a
<
of Ki(s)ds =—
in which the constant ¢ has replaced c;. If we return to the formula (1) for the
stress and recall that &(x, t) = 7(¢), we find that

a

(6(x, 1) — o(x, N)* = o ( [, dy) So¥e—x) [u'(y, ) dy

< 2(a — %) K,(1)
and, hence, that
t
[ (6(x, s) — o(x, 5))* ds
0
8 ! ‘
= —dd@—) (c% [y ds + G [T () ds + s + c4r"(t)2)-
0 0

When we divide through by ¢ and let £ — oo and use the fact that 7'(¢), T"(¢), and
7""(t) are bounded on the interval # = 0 we see that M((¢ — 0)?, x) cannot exceed

8 — —
?gzaz(a — x) (AM(E?) + GM@E"?)

and this is just the advertised estimate for M@ — 0)?, X).
To prove the estimate for M((¢ — )2, x) we observe that the creep laws

e(x, 1) = k(0) o(x, t) + ft k'(t — s)o(x, 5) ds,

&(x, 1) = k(0) 6(x, t) + f k'(t — 5)o(x, s)ds
imply that
&(x, 1) — e(x, 1)
= k(0) (6(x, 1) — o(x, 1)) + f k'(t — s) (0(x, s) — o(x, ) ds + n(x, 1)
]
and that

(E(x, 1) — e(x, ) — n(x, D)* = k(0)* (6(x, 1) — a(x, 1))* + 2k(0) G(x, 1) —a(x, 1)

X j k'(t — 5)(0(x, 5) — a(x, 5)) ds + ( f‘ k'(t — s5) (0(x, 5) — a(x, 5)) ds)z,
6 6
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where

0
nx, t)y= [ k'(t —s)(6(x, s) — o(x, 5)) ds

and, since

[6x, ) — o(x, 5)| = [5(5) — 0(x, )| < [6()] + |o(x, 5)| < 285 < 0),

0
[n(x, )| = 26 f k'(t — ) ds = 20(k(co) — k(2)),

and
ft n(x, s)? ds < 462 ft (k(o0) — k(s))? ds < 46%k(c0) f (k(c0) — k(s)) ds
0 0 1]

= 46%k(oc0) .

The arithmetic-geometric mean inequality tells us that

2Kk(0) (5(x, 1) — o(x, 1)) of‘ k'(t — 5)(5(x, 5) — o(x, 5)) ds

— 2k(0) of k't — 5) (8(x, 5) — o(x, 5)) (6(x, 1) — o(x, )) ds

=70 Of' Kt — 5) (805, 5) — o(x, ) + (6(x, 1) — o(x, 1))?) ds

— k(0) Of k't — s) (&(/x, 5) — o(x, ) ds + k(0) (k(2) — k(0)) ((x, £) — o(x, 1))?

= k(0) Oft k'(t — 5) (6(x, ) — o(x, 5))* ds + k(0) (k(o0) — k(0)) (6(x, £) — o(x, 1))?

and the Schwarz inequality that
t 2
( f k't —s5) (6(x, 5) — o(x, 5)) ds)
0
< ftk’(t —5)ds ft k'(t — ) (6(x, s) — o(x, 5))* ds
0 0
= (k(t) — k(0)) ft k'(t — 5)(6(x, s) — o(x, 5))* ds
0

< (k(o0) — k(0)) of k'(t — ) (6(x, s) — o(x, 5))* ds

and, thus, we have

(Ex, 1) — &(x, 1) — 5, 1)* = k(0) k(o0) (6(x, 1) — o(x, 1))*

+ k(o) ft k'(t —s)(6(x, s) — o(x, 5))* ds
0
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and if we integrate and interchange the orders of integration in the resulting
double integral we find that

t

f (&(x, s) — &(x, 8) — n(x, 5))? ds

0

< k(0) k(o) [ l (o(x, ) — o(x, 5))* ds
0
+ k(oo) of Ofs k'(s — &) (0(x, &) — o(x, &))* dt ds
= k(o0) f k(t — s5) (6(x, s) — o(x, 5))* ds
0

t
< k(o0)? [ (6(x, s) — o(x, 5))? ds.
6
Accordingly,

|2

[ G(x, 5) — e(x, 5))* ds

0

= of (8(x, 5) — &(x, 5) — n(x, 5))* + 2(x, 5) E(x, 5) — e(x, 5) — 7(x, 5))

+ n(x, $)?) ds

< [ G ) — e, 5) — nx, )7 ds
1]
t 1 t 1 t
+ 2( Of 7(x, 5)? ds>2 ( of (E(x, 5) — e(x, ) — n(x, s))zds)z—i—of 7(x, 5)? ds

< k(o0)? Of (6(x, 5) — o(x, 5))?* ds - 48k(co)T x%

1

X ( ft (6(x, 5) — a(x, 5))? ds)2 + 462k(o0) %
0

8 ! ! 1
< k(o0)? ?gzaz(a —X) <c% Of 7'(s)? ds + ¢ Of T7'(s)? ds) + 0(t2) 15

and we obtain the required estimate for M (¢ — €)%, x) on dividing through by ¢
and letting ¢ — oo.

Lastly, we note that, since u(0, £) = u(0,#) = 0,

X

il(x9 t) - u(x! t) :(5[ (é(y’ t) - 8(}’, t)) dy’

and, hence, the Schwarz inequality implies that

((x, t) — u(x, 1)) < xof G, 1) — e(y, D)) dy.
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It is easily checked, however, that the order relation (15) holds uniformly in x
and so

of (u(x, s) — u(x, s))*ds = x ofof &, ) — &(y, 8))* dy ds
= xofof &, 5) — &(y, 5))* ds dy

= orkereats(ax — 3 ) (@ [ Y6 o+ G 7 @) + Oh
0 V]

and this last estimate is enough to give us the stated bound on M (@ — ), x).
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