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1. Introduction

The purpose of this paper is to derive some inequalities of the form
(1.1) ,uk+R<lk for k = 1, 2,...
between the eigenvalues A; << A, = ... of the Dirichlet problem
Au+iu=0 in DCR",
(1.2)
u=0 on oD
and the eigenvalues 0 = pu; << u, < ... of the Neumann problem
Adv+puv=0 in D,
(1.3) ov
o
for some classes of N-dimensional domains D. Here 9/d» denotes the outward
normal derivative.

It is an immediate consequence of the variational formulation of the eigenvalue
problems that

on ¢D

ll’tkélk fork:1,2,...

PoLyA [6] proved that
‘Ltz < ll .

PAYNE [5] showed that when N = 2 and D is a convex domain whose boundary
oD is twice continuously differentiable,

Hepa <A fork=1,2,...

Convexity in two dimensions is characterized by the fact that the curvature,
which is a scalar defined on the boundary 8D, is nonnegative. In higher dimen-
sions there are N — 1 principal curvatures at each point of ¢D, and hence there
are a number of possible generalizations of PAYNE’S result.
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In Section 2 we shall derive a generalization of the form (1.1) for each integer R
on the interval [1, N] under conditions which depend upon the principal curvatures
of oD. The most important of these results is the fact that the inequality

Hean << A fork=1,2,...

is valid for all smooth bounded convex domains.
We also obtain the inequality

Uiy <Ay for k=12, ...

when @D has nonnegative mean curvature, which is a recent result of AviLgs [1].

In Section 3 we show that the conditions on the principal curvatures can be
stated in terms of their symmetric functions, which are the coefficients of the
characteristic polynomial of the curvature matrix. A simpler but more restrictive
set of such conditions is also presented.

The above results are derived under the hypothesis that the boundary D
has Holder continuous second derivatives. In Section 4 we establish a semi-
continuity result for the Neumann eigenvalues, which allows us to obtain the
nonstrict version of the inequality (1.1) for some classes of domains whose boundary
is not smooth.

In particular, we shall establish the inequality

,uk+N§lk fOl‘ k:1,2,...

for all bounded convex domains.

2. Inequalities for smooth domains

If D is a bounded domain in R" with smooth boundary, the curvature matrix
of a point P of the boundary D is defined as follows: Let »(x) be a continuously
differentiable vector field defined in a neighborhood of P with the property that
when x lies on ¢D, » is an outward unit normal vector to ¢D at x. The matrix

N
(2.]) KU = vi,j —_ IZ:I vi,k’ykvj

evaluated at x in called the curvature matrix of of D at x. It has the eigenvalue 0
with the eigenvector ». The N — | other eigenvalues of K; are called the principal
curvatures
= xS L= uyy

of 8D at x. (The symbol ; denotes differentiation with respect to x;.)

It is easy to see that the matrix Kj; is symmetric and that the ij entry is a
tangential derivative of v,.

Our results are based on the following proposition:

Proposition 2.1. Let D be a bounded domain whose boundary oD is of class
C>* for some ¢ (0,1). If for some integer RE [1, N] the principal curvatures
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of 8D at each of its points have the property that the sum of any N — R -+ 1 of
the set of N numbers

N-—1
(2.2) {7{1, Moy vy XN_1s Z %J}
ji=1

is nonnegative, then

(23) Ui 1R < }'k for k = 1, 2, N

Proof. We recall that [3, p. 399] if ¢ is continuously differentiable and

24 Jovidx =0 fori=12..,k+R—1,
D
where v, v,, ..., is an orthonormal set of eigenfunctions of (1.3) corresponding
to the Neumann eigenvalues 0 = p, < pu, = ..., then
2.5 [IVe?dx =y r [$ dx.
D D

We consider the set of functions

N

k
(2.6) ¢ = 21 au; + Zl by,
= pP=

where {uy, u,, ...} is an orthonormal set of eigenfunctions of (1.2) corresponding
to the Dirichlet eigenvalues 0 << 4; << 4, = ... Because the 4 are orthonormal
and satisfy (1.2), integration by parts shows that

k ow
2.7 [IVe|2dx — &, [ dx =3 a2 — ) + $w—dS,
b D i oD ¥

where we have defined

N
W = Z bpuk,p.
p=1

The sum on the right of (2.7) is clearly nonpositive. In order to see whether
the integral is also nonpositive, we note that

ow X
(2.8) Fv‘ == q’rzzl bquk,qr'l’,.
9 7
= qu ’V,‘é-‘x—q‘ - qux: uk,, - }.kukquwq.

Since u; vanishes on the boundary, the last term is zero and

auy,
(2.9 uk,,"v,—az— for I=1,..., N.
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Because the directional derivatives which appear in (2.8) are in directions tangent
to 8D, we can apply them to both sides of (2.9). Then (2.8) yields

ow ou 7 0 ou
- S‘ k — %
= b 5y b\ ax, Y0 ) " e

pqr 1
or
ow 0
wa—v:%fbpbq(v, ox, ~ Va3 )(vv [ Vu, |?)
L 2 17 0
(2.10) — 32b,b, | Vu|* |», v,—a?q—vqa—Xr v,

d d
— 7, E)xq — 7, o, v, | .

We see from the definition (2.1) of the curvature matrix K,,, that since |v| =1
on ¢D,

N é ] ] 0
rgl v |y, — o, "ax v, — ¥ v,.gx—q—vqa—x—r | =K, + 2K,

The divergence theorem shows that the integral over 8D of the first sum in (2.10)
is zero. Thus

(2.11) fwﬁ"ds_ —1 ZN‘, f %) ds
’ ep v et
where
auk 2
(2.12) Jog = (’a?) [K,y + (£ K,,) v ).

We recall that the vector » lies in the null space of the curvature matrix. It
follows that J,, has the eigenvalues

auk 2 3uk 2 3uk 2N-1 }
(213) {(—67) My »eny (W) HN—1s (6_1)) rgl Ky f -

We rotate the x-coordinates so that the matrix
(2.14) f Jpq dS
éD

on the right of (2.8) is diagonal, with its diagonal elements arranged in non-
decreasing order. By the first montonicity principle [8, p. 58] the ordered eigenvalues

of the (N — R+ 1)X(N — R + 1) matrix J(x) defined by
Ts(x) = Jp(x) foro,f=1,..,N—R+1

are upper bounds for the N — R + 1 lowest eigenvalues of the matrix J. We
add these inequalities and use the hypothesis that the sum of any N — R+ 1
of the numbers (2.2) is nonnegative to see that

N—R+1

(2.15) tr ()= 3 J,(x)=0.
r=1
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Since this is true at each boundary point, we have
N—R+1

(2.16) > $J,d5=0.

p=1 &D
To show that this inequality is strict, we apply the Gauss-Bonnet formula

¢}£dS:=IwN_1
oD*

to the convex hull D* of D. Here
=¥y ... HN——I

is the Gaussian curvature of oD*.

It is easily seen that » = 0 on oD*\ &D. Since the area wy_; of the unit
sphere is positive, there must be an open subset S of oD* N\ 9D on which » > 0.
Since D* is convex, all the »; must be positive on S. We therefore see from (2.12)
and (2.16) that the inequality (2.16) is strict unless ou,/ov =0 on §. In this case,
the Green’s function representation shows that the solution of Au 4 L,u =0
in a sufficiently small ball B centered at a point of S with boundary values u;
in DN @B and zero outside D coincides with u, in B/ D and vanishes out-
side D. Because solutions of Au 4 A4,u = 0 are analytic, this would imply
that #, =0 in D. Since this would contradict the definition of an eigenfunction,
we conclude that equality cannot hold in (2.16). That is,

N—-R+1

2 $J,4d5>0.
p=t &D

This clearly implies that the largest of the terms in this sum if positive. Because
the elements of the diagonal matrix (2.14) appear in nondecreasing order, we
conclude that

.17 [J,,dS>0 forp=N—R-+-1L,N—R+2..,N.
oD

We now choose the k + N numbers g; and b, so that they are not all zero
and that they satisfy the k¥ + R — 1 conditions (2.4) and the N — R conditions
by = ... =by_g = 0. We then see from (2.11) and (2.17) that the integral on
the right of (2.7) is nonpositive. The sum on the right is also nonpositive. Thus we
have

(2.18) [1V|2dx <2, [¢2dx.
D D

If ¢ =0, equality holds, so that the integral in (2.7) must vanish, which, in
turn, implies that b = 0. Since the u; are orthonormal, ¢ = X agu; =0 would
imply that a as well as b is zero, contrary to our construction. Therefore ¢ =E£ 0,
and (2.5) and (2.18) imply that

(2.19) iR = A

Equality holds if and only if both (2.5) and (2.16) are equalities. Equality in
(2.5) is valid only if ¢ is an eigenfunction of the Neumann problem, so that
Ap + ppyr® =0 in D and 9¢/dv = 0 on &D. As we have already seen, equality
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in (2.18) implies that b = 0 so that ¢ == 0 on 8D. As we showed in the derivation
of (2.17), these conditions imply that ¢ =0, which contradicts what we proved
above. Therefore equality cannot hold in (2.18), and the statement (2.3) of the
Proposition is proved.

There are two important cases in which the conditions of Proposition 2.1 are
easily verified.

Theorem 2.1. Let D be a convex domain in RY whose boundary has Hélder-
continuous second derivatives. Then the Neumann and Dirichlet eigenvalues satisfy
the inequalities

(2.20) ,uk+N< }'k for k = 1, 2, e

Proof. Since D is convex, all the principal curvatures x; are nonnegative at
each boundary point. Hence each of the numbers in the set (2.2) is nonnegative,
so that the hypotheses of Proposition 2.1 hold with R = N. Thus Proposition 2.1
implies (2.20).

The sum of the N numbers in (2.2) is
N—1
2 ¥ =2AN—-1H,
j=1

where H is called the mean curvature. Hence for R = 1 Proposition 2.1 yields
a result which is contained in a recent paper of AviLes [1].

Theorem 2.2 (AVILES). Let the boundary éD of the domain D be of class C**
and let its mean curvature be nonnegative at all its points. Then

(221) /4k+1<lk for k = 1,2,...

The conditions of Proposition 2.1 can also be simplified for other values
of T.

Theorem 2.3. If the inequalities
N—1
2.22) 2 X w—x;=20 forj=1,..,N—1
i=1

are satisfied and 8D c C>*, then
(223) Mk 12 < ﬂ'k for k = 1, 2, e

Proof. By adding the inequalities (2.22) we find that

N—1
(2.24) > %= 0.

i=1
The left-hand side of the latter inequality is the sum of the first N — 1 elements
of the set (2.2). The left-hand side of (2.22) is the sum of all the elements of (2.2)
except for x;. Thus (2.22) implies the hypotheses of Proposition 2.1 with R = 2,
and the Theorem is proved.
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Theorem 2.4. If R > 2, if every sum of N — R+ 1 members of the set
(2.25) {1, %2, ooy %n_1}
is nonnegative, and if oD ¢ C*~, then
(2.26) Hear << A, fork=1,2,...

Proof. Since », < x, = ... =< xy_,, the above condition is equivalent to
N—R+1
(2.27) -21 # = 0.
=

At least one of the terms in the sum must be nonnegative, so that

0oy gr1 =% re2 = - =#y-1-

Therefore
N—1

’21 % = %Ny
im

and the set (2.2) is ordered. Thus the hypotheses of Proposition 2.1 follow from
(2.27). This proves the Theorem.

Remark. It is easily seen that each of the Theorems 2.1 through 2.4 implies
Proposition 2.1 for the corresponding values of R.

3. Conditions involving curvature invariants

The eigenvalues of the curvature matrix K; are the zeros of the characteristic
polynomial

N-1
(3.1 det (A 6 — Kq) = Z (—l)k Si (15 ooy #y_1) INTE,
k=0

S,(¢yy ..., #y_y) is the kth elementary symmetric function, which is defined as
the sum of all products of & distinct elements of the set {x,, ..., %y_}. By definition
So(ty covy #,_1) = 1.

At least in principle, these symmetric functions can be found from the equa-
tion 3.1 without computing the eigenvalues »;. The hypotheses of Theorem 2.1
are easily seen to be equivalent to

(32) Sl(”l""’”N—l)zo fOI‘ lzl,...,N_l.
The condition of Theorem 2.2 is, of course, just
(3.3) S10e1s ooy y-) = 0.

We may restate Theorem 2.3 in a similar fashion.
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Theorem 3.1. Let oD c C**. If (3.2) is valid then

34) Hein <Ay fork=1,2,..
If (3.3) is valid, then
(3.5) .uk-{-l < lk fOl‘ k = 1, 2, ce

i
(3.6)
N1 N—1-1 .
ST (M) St ) 216 )20,
for j=0,...,.N — 2,
then
Upia <A fork=1,2,...

Proof. We have already shown that (3.2) and (3.3) imply (3.4) and (3.5),
respectively.

The conditions of Theorem 2.3 are that the (N — 1)X(N — 1) diagonal
matrix whose eigenvalues are 2S,(x,...,%y_;) — %; has nonnegative eigen-
values. This is again equivalent to the condition that the coefficients of its
characteristic polynomial have alternating signs. It is easily seen that this char-
acteristic polynomial can be obtained from the characteristic polynomial of the
(N — )X (N — 1) matrix with eigenvalues »; by replacing the variable 4 by
28y (%4, ..., %5_1) — A. The characteristic polynomial of the latter matrix is just
(3.1) divided by A. In this way we obtain the conditions (3.6) and the Theorem is
proved.

For other values of R we can use similar reasoning. The conditions of Theo-
rem 2.4 are equivalent to the nonnegativity of the symmetric functions of the

(g: ;) sums of N — R+ 1 distinct elements of {x, ..., xy_}.

Theorem 3.2. If R=3, oD¢c C>*, and

N—R+1 N-—-1
(3.7) Sj ({ Z ”I‘-:ll<12<"'<lN—R-|—l})—2—0 forj:],..., (R 2),
i=1 -

then
luk+R<lk for k=1,2,

We remark that because the left-hand sides of (3.7) are symmetric in the #;,
they can be written as polynomials in the elementary symmetric functions
Si(y, ..., %xy_1). When R = 3, the sums are all of the form
Si(#1, ..., #y_1) — %; and there are N — 1 of them. By a derivation like that
of (3.6) we find the following result:
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Theorem 3.3. If
3.8)

N—1-j f N—-1-—-1 Nel—ij
p) (—1)( ) S IS D 20

for j=12,..., N—2,
then
,uk+3<lk for k=1,2,...

We can now write down the conditions for the important case of 3 dimensions
in terms of the mean curvature H = (%; + %,)/2 and the Gaussian curvature
% = x%.%,. We see that

3.9 H=0
implies

(3.10) Prerr < Fg.
The conditions

3.11) H=0, 2=0
imply that

3.12) s <.
Finally, the intermediate conditions

3.13) H=0, 8H>+x=0
imply that

(3.14) Hrega < Ag.

It is easily seen from the proofs that for a fixed R, Theorem 3.1 or 3.2 is equi-
valent to Proposition 2.1. While it is therefore clear that the conditions of Theo-
rem 3.2 for a larger R imply those for a smaller R, the number

N—1

R—2

of these conditions is not monotone in R.
We shall provide a partial remedy for this situation by establishing a slightly

weaker result in which the number of conditions increases with R. We begin with
the following algebraic lemma.

Lemma 3.1. Suppose that for some (not necessarily ordered) set of numbers
s - .5 4y and some positive integer | < v
(3.15) Sy, o) =0 forj=1,...,1
Then

(3.16) Sipas oo p) =0 for j=1,...,1—1.
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Proof. It is easily seen that

(317) *gj(/uls "";uv) = ‘S}‘(Iuly ...,‘ll,,,l) + MVSj—I(,u]’ "',,uw——l)

where, as always, we define So(u;, ..., 4, ;) = 1. By using this identity, we find
that

‘Sji(,ul’ “'71“1}) ‘Sji(;ul’ ""/uv—l) - Sj+1(;“15 "'!Mll) Sj—l(iuh "'uuv-—l)
= 5}(/41, s 1) — Sj+1(/41’ cees fu1) Sj—l(,uh cees fy_y)

V4
TGO e D
jo—i=1 .
+ {m Sipss o> fo—1)
— Sl o5 po—1) Sjo1(pss ---,,uv)}~

Newton’s inequality [4, p. 104, Theo. 144] states that the term in braces is non-
negative. Therefore

Sj(,uls ---a,uu) Sj(ﬂl, ---n“v—1) = Sj+1(ﬂ1, cens Mv) Sj—l(ﬂls cees ,uv—l)

4
+ W—J-)Sj(m, s fyg)?

We now see from the hypothesis (3.15) that if j</—1 and if
Sy - po_y) = 0, then Si(uy, ..., u,_4) = 0. (Note that Su,...,u) =0
implies that Sy(us, ..., 4, 1) = 0.) Since Sy, ..., g 1) = 1 >0, the Lemma
is proved by induction.

Theorem 3.4. If @D < C>*, R=3, and at each point of eD

(3.18) Sips oy y_) =0 for j=1,..,R—1,
then
(319) ,uk+R < lk fOr k = 1, 2, N

Proof. Apply Lemma 3.1 R — 2 times to find that
S, - in—r+1) = 0.

Since 7%, = %, = ... = %y_;, this give the conditions of Theorem 2.4, and the
Theorem is proved.

When R =2 we find the following simpler result.

Theorem 3.5. If D€ C>* and if
SI(HI’ [RRY MN—I) ;. 0,

(3.20) )
SZ(%15 LR %Nﬁl) + SI(HI’ LS %N—l) 2 05

then
Hiar<<hy fork=1,2, ...
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Proof. Clearly

N-1

S, ((xl, ooy BN_ay i; xi,zN_l) 25115 s y_1) =0
while by (3.17) and (3.20)
So(ers vves tn s & 25 Ky 1) = Sa(%, ooy 1) + SiGepy ey 2y )2 =0,
Thus Lemma 3.1 shows that
Sy(Geys ooy 2%) =0,
and the result follows from Theorem 2.3.

We note that when 7, = —2,%, = ... =%, _, = 0,%y_, = 5, the conditions
(3.6) are satisfied while the conditions (3.20) are not, which shows that Theorem 3.5
is strictly weaker than Theorem 3.1. Similarly, the example », = —2, 7, — ...
coo=%y_g=0,%y_p.; = ...=2y_ =3 shows that when 3= RN —1,
Theorem 3.4 is strictly weaker than Theorem 3.2.

4. Extension to nonsmooth domains
We shall extend the inequalities (2.3) to more general domains by means of
a limiting process. We will have to give up the strictness of such inequalities in
the process.

We begin with an elementary lemma.

Lemma 4.1, Let a,b > 0. If v is a C* function on [0, a + b], then

atb aib
4.1 f v? dt < 2b cotha f @? + v'?) dt.
a 0

Proof. A standard variational argument shows that the maximum u of the
ratio of the integral on the left to the integral on the right is the largest root of
the equation

4.2) (' — D" tan (u=' — 1)'? b = tanh a.
The well known estimates
sing <9, cosg=1—1p2
show that

b (1 + 1 b tanh a)
<
u tanha+b(l‘|—%btanha):b60tha

IA

which yields (4.1) of the Lemma.
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As usual, we define the Minkowski distance d(A4, B) between the two point
sets 4 and B to be the infimmum of numbers § such that every point of A4 is with-
in distance § of B and every point of B is within distance § of 4.

We shall impose the following conditions on the domain D:

Condition .#". The boundary D can be covered by a finite collection of open
sets Z, such that

a) For some ¢ >0
\J (Z,) D {x:d(x, D) < 6}.

b) Each Z, is the image of the cylinder By_, x(0, 1), where By_, is the open
unit ball in RV ™1, under an invertible differentiable mapping x = y*(y, t) whose
Jacobian is bounded above and below by positive numbers. (Here # € By_,,
1€ (0, 1)).

c) There is a continuous function g* on By_; such that
4.3) DNZ,={x=y(n1):n€By 1,0 <1< gW)},

ODNZ,={x=y(n,1):n€ By_1, t = g'(n)},
x=g =4,

O<azsp<l
and

d) There is a positive constant s such that if x€ Z,\ D, d(x, D) is the Eucli-
dean distance from x to D, and x = v'(n, t), then
t — g'(n) < s d(x, D).

Our conclusions on convergence will be based on the following semicontinuity

lemma.

Lemma 4.2, Let the domain D satisfy the conditions A". Let D, n=1,2, ...,
be a sequence of domains, each of which satisfies a cone condition, and such that

4.4 D,>D
and
(4.5) lergo d(D,, D) = 0.

If w(D,) is the I Neumann eigenvalue of D, and u(D) is the corresponding
eigenvalue of D, then

(4.6) lim inf (D,) = (D).

Proof. We see from (4.3a) and (4.5) that when #n is sufficiently large, D, lies
in the union of D and the Z,. For such an n we shall derive a bound for the
difference in the integrals of y? over D and over D, for any smooth function
defined on D, in terms of the integral of »2 + |Vy|? over D,.
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In order to do this we note that

p? dx = [ @) Jdtdy

(D,~D)Nz, YDy~ DINZ,]

(4'7) ') +rm)

= [ [ Iwem)*Jdedy.

BN—1 gt

Since J is bounded above and r(5) < s d(D,, D) by (4.3d), Lemma 4.1 shows that
there is a constant ¢, such that

&) +rin g+r
pJdt<c,dD, D) [ @+ y})adr.
8@ 0
We substitute this in (4.7), transform back to the x-coordinates, and use the
fact that J has a positive lower bound to see that there is a constant ¢, such
that

p>dx < ¢, d(D,, D) [ (»* + |Vp|?) dx.

(D,—DINZ, D,NZ,

We add these inequalities to find that
(4.8) fy*dx — [y*dx = cd(D,, D) [(*+ |Vyp|?)dx,
D, D D,

where ¢ = L¢, with L the number of sets Z,.

Let wq, ..., w; be a set of infinitely differentiable functions which are ortho-
gonal on D, and which approximate the first / Neumann eigenfunctions of D,
so well that any linear combination

!

4.9) p(x) = ;1 cwi(x)

satisfies

(4.10) [1Vy|? dx < (u(D,) +¢) [y*dx.
D, D,

Select the constants in (4.9) so that they are not all zero and
fwv,-dx:O, i=1,...,1—1.
D
Then
4.11) wD) [ p*dx = [ |Vyp|?dx.
D D
We observe that
(4.12) [ |Vyp]?dx < f [V|? dx < (u(D,) + &) [ y*dx,
b D, D,

while by (4.8) and (4.10)
4.13) fv*dx= (1 — cdD,, D) [l + u(D,) +¢]) [yp2dx.
D D,
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Since the Dirichlet eigenvalue 4,(D) decreases as D grows [3, p. 409, Theorem 3],
we see that

(D) = 2(D,) = A(D).

Thus, if # is so large that ¢ d(D,, D) [1 + A(D) + ¢] < 1, we see from (4.11),
(4.12), and (4.13) that

Aul(Dn) _I— £
— cd(D,, SD) [1 + 4(D) + ]’

w(D) = i

Since this is true for any positive &, we have

:ul(Dn)

w(D) = =

We now let n— oo through a sequence to obtain the statement (4.6) of the
Lemma.

Remarks 1. 1f D is bounded and convex and 0 is any of its points, then a closed
ball of some radius R; centered at O lies in D and an open ball of radius R, cen-

tered at O contains D. If (r, w) are polar coordinates centered at 0, we can divide
the annular region between the two balls into finitely many *‘cylinders” with the
coordinates ¢ = (r — R)/(R, — R,) and % = y(w). Thus any bounded convex
domain satisfies condition N.

2. If D and D, are any convex domains with d(D,, D) small, there are dilations
of D with constants near 1, one of which takes D inside D, while the other makes

D contain D,. The above proof then shows that Jfor bounded convex domains
d(D,, D) — 0 implies that

wi(D,) — ,u,(D) .

3. We recall [3, p. 423, Theorem 11] that the Dirichlet eigenvalues are con-
tinuous in the sense that d(D,, D)-> 0 implies that A,(D,) — (D).
We can now obtain limiting forms of Proposition 2.1.

Theorem 4.1. Let the domain D satisfy the condition /" and suppose that there
is a sequence of domains D, D such that each D, satisfies the hypotheses of
Proposition 2.1, and let

lim d(D,, D) = 0.
Then the eigenvalues of D satisfy the inequalities

,uk+R§ﬂk for k:1,2,

Proof. Apply lemma 4.2 to the inequalities

Ui r(Dy) < 4(D,) = 4(D).
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A theorem of MINKOWsKI [2, p. 35ff.] states that a convex domain D can be
approximated in the sense of set distance by smooth convex domains D, D D.
This and Remark 1 after Lemma 4.2 yield the following result:

Theorem 4.2. If D is any nonempty bounded convex domain, then

(4.14) taon = A for k=1,2,...

It is not known whether there is a convex domain in N > 1 dimensions for
which equality holds in (4.14).

It is easy to find nonconvex domains for which the condition 4" can be veri-
fied, but it is difficult to determine whether a nonconvex domain is the limit of
a sequence of larger domains which satisfy the conditions of Proposition 2.1
for some R <C N. We present one class of domains where this can be done.

Let N=3 and let D be obtained by rotating a two-dimensional domain
D, about a coplanar line which does not intersect the closure of Dy. Suppose
that the boundary of D, is of class C** with the exception of a subset of the interior
of 6D N oD* where D* is the convex hull of D. By the Minkowski construction
we construct a smooth convex domain Dy > D, which is arbitrarily close to the
convex hull D§ of D,. We then construct a convex domain Dy with smooth bound-
ary such that 8Dy coincides with 8D, on the part of 8D, /\ @D* near the closure
of @D, \ éD*, and with @D, near the set where 8D, is not smooth. Let Dy’ be
the subdomain of Dy whose boundary consists of 8D, \ @DF and a part of Dy .
Let D’ be obtained by rotating Dy’. Then D'’ contains and is arbitrarily close
to D, and it has nonnegative mean curvature if this is true of 2D\ aD*. It is
easily verified that D satisfies Condition 4.

The same reasoning also works when D is obtained by rotating D, about a
line of symmetry.

We conclude from Theorem 4.1 that if D is a domain of revolution and if
oD\ eéD* is smooth and has nonnegative mean curvature, then

‘uk+1 élk fOI' k: 1, 2, e

The same result follows for an N-dimensional domain which is obtained by
rotating a two-dimensional domain about an (¥ — 2)-dimensional hyperplane.

It would be interesting to find a larger class of domains to which Theorem 4.1
can be applied.

It was observed by JosepH HEerscH that if a domain D’ is obtained from a
domain D by removing a set of measure zero, then A,(D) = 4,(D) while g, (D")
< m(D). Therefore if D satisfies the conditions of Proposition 2.1, then the eigen-
values of D’ still satisfy the inequalities (2.3). Since the boundary of D’ may not
even have nonnegative mean curvature, this observation makes one wonder
whether the inequalities (2.3) are not, in fact true for all domains.

However, numerical computation shows that u; > 4; for the two-dimensional
annular sector

D={r,0):1<r<20<0< 32}
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By Lemma 4.2 one can find smooth domains containing this D for which the same
inequality is valid. Thus the inequality (2.3) is not true for all smooth two-dimen-
sional domains.

Computation shows that u; <4, < u, for a disc and that u, <1, < us
for a three-dimensional ball. Thus gy., cannot be replaced by py, .., in the
inequality (2.20). On the other hand, one can show that there are constants
a>0 and ¢ > 1 such that for the N-ball

oV << Ay
This suggests that perhaps (2.20) can be replaced by a better inequality of the form

Bonpy < A

for convex N-dimensional domains.
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