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Abstract. The variational inequality arising from the one-phase multidimensional Stefan problem is discretized by piecewise-
linear finite elements in space and by backward-differences in time. Error estimates for the discrete free boundary at each
time-step are proved.

1 Introduction

The aim of this work is to study the rate of convergence of the discrete free boundaries to the
continuous one for the multidimensional one-phase Stefan problem. Some results on the convergence
of the approximate free boundary are known in the literature in the one-dimensional case (Berger,
Ciment and Rogers 1979; Jerome 1980; Meyer 1977; Nitsche 1978). Error estimates for the discrete
free boundaries are given in (Nochetto 1985).

Our results have been suggested by a similar analysis for elliptic variational inequalities, recently
given in (Caffarelli 1981; Brezzi and Caffarelli 1983). The Stefan problem is written in terms of a
parabolic variational inequality which is discretized by piecewise-linear finite elements in space and
backward-differences in time. We prove that the error between the free boundaries at each time-step
can be estimated by the square-root of the L®-distance between the continuous and the discrete
solution. Such a result rests on the non-negativity of the time-derivative and on non-degeneracy
properties of the continuous and the discrete problems.

An outline of the paper is as follows. Section 2 deals with the formulation of the continuous
problem in terms of a variational inequality and with some properties of the solution. Section 3
presents the approximate problem. Monotonicity properties of the discrete solution are proved in
Section 4, while Section 5 is devoted to the study of the rate of convergence of the approximate free
boundaries. In the Appendix some examples of L®-error estimates (though non-optimal) for the
solution are given.

Let us introduce some notations. pu will denote the Lebesgue measure in RY, dist the euclidean
distance in R¥, U, the j-th component of the vector UeR". Moreover, for any set ECRY, we set
int(E)=E—0OF and

S.(E)={xeR": dist(x, E)<e}, Ve>0.

2 The continuous problem

In this section we shall briefly describe the one-phase Stefan problem and its formulation in terms of
variational inequality. We shall then recall some properties of the solution which will be useful in the
following.
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Let G, and G, be open bounded domains in RY (N2> 1), with G, C G;. Let their boundaries, I’y
and T'; respectively, be connected C* hypersurfaces. Let Bg={|x| <R} be a large ball containing
G, and set G=G, ~Gy, Q=B —Gy, 2, =Q—G, Q=02x]0,T[ (T'< +0), and 8,0 = (I, UdBg)
x [0, T[u Q2 x {0}. Suppose that initially G is filled with water and Q —G is filled with ice at 0°C. We
denote by 3=23(x, ) the temperature of the water. We are given the initial temperature

I(x,0)=9(x) if xeG (1.1)
as well as the temperature along the fixed boundary I'y x 10, T'[
Ix, 0)=y(x,t) if (x,0)el,x]0, T, (1.ii)

where 9y(x) and ¥ (x, t) are given positive functions. We define the water region

P()={xeQ:9(x,1)>0}, >0, P=|) P@)x{t}, P=P;

O<i<t

and the free boundary

r©=r,, TI)=0P()-T,, >0, I,= r(ox{t}, I=TIy.

0=t

fiA

Let us suppose that the water-ice interface is given by the equation 7 = s(x). If 3, s are regular enough,
then

3 —A3=0 in P; (1.1i1)
3(x,1)=0, V3, t)xVs(x)=-1 if t=s(x), xe€; (1.iv)
s(x)>t, 9(x,H)=0 if (x,1)eQ—P; (1.v)
s(x)=0 if xeG. (1.vi)

The problem of finding, under suitable assumptions on 3, and y, a regular solution 9, s of (1) is called
the classical one-phase Stefan problem. The existence of a classical solution for a sufficiently small
time has been proved by Meirmanov (1981). In order to focus on the difficulties of our approximation
problem only, we shall assume from now on that

30eC®(G), Jo(x)>0 if xeG, 9=0onTy,

YeC(Tyx[0, T, Y(x,t)>0 if (x,t)elyx][0,T], )]
So(x)=1(x,0) if xel,

and

Amg, My>0: mo<|VI(x)|SM, if xel;. 3

Under these assumptions, in (Meirmanov 1981) it is shown that there exists ¢*, with 0 <t*<T,
depending only on mq, and M,, such that the problem (1) has a unique solution 9e&C*!(P,),
seCHQ), Vtel0, %),

If we choose the freezing index function

u(x,t)=f9(x,r)dr if (x,)eQ 4)
(4]

as unknown function, we can consider a formulation of the problem in terms of a variational
inequality. Setting

t
) {y(x,0dt if xel,, >0 )
X, 1) =10
9 0 if t=0 or |x|=R,
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(x) if xeG
f(x):{—o1 if xeQ-G, ©)

if 9, s is the classical solution, then (see Duvaut 1973; Friedman and Kinderlehrer 1975) u fulfils
the following inequality

fu(w—wdx+| VuxV(@—-wdx=| f(o—uwydx a.e. 1€]0,T]

2 o 2

: (7)
YoeW={veH'(Q), v=0inQ, v=gond,Q}.

Moreover {xeQ:u(x,1)>0}=P(¢) for every t>0. This suggests the following definition of weak
solution:

(P) Find ue W such that (7) holds.

It is well known (see Friedman and Kinderlehrer 1975) that, say, under the assumptions (2),
problem (P) has a unique solution u, such that

1,20 ®)

and with the further regularity ueL®(0, T; W*?(Q)), Vp< +o0; u,e L*(Q)nL>(0, T; H (Q));
moreover y, is a continuous function (Caffarelli and Friedman 1979). A consequence of the non-
negativity of u, is the embedding

P(YycP(t) Vt'>t>0. C))

Furthermore (see Friedman and Kinderlehrer 1975) we have that

G-—TyCP(t) Vi>0, (10)

which easily implies the following property

dist(I'(¢),I'))=c(t)>0 V¢>0. (11)
We can also prove the following result.

Proposition 1. The set P(t) is connected for every > 0.

Proof. Let us suppose that there exists a connected component D of the set P(¢) not intersecting G.
Since u(x, t)=0 on the boundary of D and the equality u, —Au= —1 is satisfied in D, hence D= ¢.
O
Finally, Caffarelli (1977) proves that the free boundary I'(¢) has zero Lebesgue measure, for any
t>0. Next, we will state some non-degeneracy properties near the free boundary. They follow from
similar results for elliptic variational inequalities (Caffarelli 1981), so that they will be proven only in
the set where Au=1+u,=1. However, this will not be restrictive because of the embedding (10). By
setting

E()=P(t)—-G, >0, E= ) E@)x{t}, (12)
o<t<T
A4,(N={xeQ,:0<u(x,1)<e}, >0, (13)

we recall the following properties (Friedman 1982):

P1. For any (x,t)e EUTI and for any r>0, if B,(x)nI';=¢, then
2

r
su 2.
x’ EE(t)rPBr(x) ux',1)2 2N (14)

P2. For any compact domain K C £2, with regular boundary 9K, there exist two positive constants
e(K) and C(K) such that

A1) nK)SC(K)e VeLe(K), Vie>0. (15)
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Remark 1. For any compact domain K C Q,, there exists a time #(K) > 0, such that 4,(f)n K< 4,(1),
Y0 <= ¢(K). So(15) does not give any useful information for small time. Luckily, due to the existence
of the classical solution over a small time interval, we can prove a result similar to the estimate (15),
but without dependence on the compact set K. We shall do that in the following lemma.

Lemma 1. There exist two positive constants & and C such that, for any ¢ <¢, and for any 1> 0, we
have

u(4.(1) = Ce. (16)

Proof. First we shall prove that assertion (16) holds for any ¢ < ¢*. In fact, since u, u, € C** (P,s) and I'»
is regular, we have that

g, >0, IC;>0: u(S,(I'(1)<Cig Veseg, Visr* 17
and, by the non-degeneracy property P1, we can prove that

e, >0, 3C,>0: A4.(1) CSe,.(I'(?)) Vese,, Veist* (18)
Properties (17) and (18) imply the existence of two positive constants C’ and ¢’ such that
u(A,(1))=C's  Vese, Visr* 19

Now we show that (16) holds for any 7> ¢*. Setting &3 = c(¢*)/2 [where ¢(¢*) is the constant in (11)], we
have u(x, t*)> 0 in S, (G). Let t;, be the minimum of u(x, *) on S,,(G). By setting K=Q — S, (G)
and g, = ]/umin/ 2, since u, =0, we obtain

A()CK Ve<e, Vi>r*. (20)

Then (20) and P2 imply that there exist two positive constants C” and ¢” [with &”=min (g3, )] such
that

w4 SCe Ve<e',  Vist*, | @1)
Hence (16) follows from (19) and (21) with g&,=min(¢’,¢”) and C=max(C’, C").

O

In (Friedman 1982), it is shown that for any compact domain K C Q., the (N —1)-dimensional
Hausdorff measure of I' () ~ K is bounded by a constant, for each 7> 0. Hence using again (17) and a
suitable choice of the compact set K in the quoted result, we can prove the following lemma.

Lemma 2. There exist two positive constants & and C such that, for any ¢<¢, and for any t >0, we

have

p(S.(I'(M)=Ce. (22)
O

Moreover if I'(¢) is locally Lipschitz continuous for any ¢ > 0, then there exist two positive constants &,
and C such that

A, () C ST (1)  Ve<s, Vi>0. (23)

For instance, such a result holds if G, is star-shaped (Friedman and Kinderlehrer 1975).

3 The discrete problem

We discretize problem (P) by backward-differences in time and by piecewise-linear finite elements in
space. .

Fix an integer m=1; k= T/m will be the time-step; t'=ik, i=1,...,m.

Let 1, be a collection of simplices 7, whose diameters are bounded by A and let {7,}, be a family of
decompositions of Q2 by simplices 7. We suppose that {t4}nis regular and quasi-uniform in the sense of
Ciarlet (1978). The discrete problem is solved in @Q,= {J . For convenience, we suppose that

TET,
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Q,=Q (namely, we are considering curvilinear elements at the boundary). Such assumption is
not restrictive, since we are interested in the behaviour of the free boundaries. Let now the nodes of
Ty, {%;}7-;, be numbered as follows:

{x;}re4 the nodes lying in G,

{x; };?‘znc +1 the nodes lying on Iy,

{x;}i=n,+1 the nodes lying in Q,,

{x;}2-,+1 the nodes lying on 'y UOBg.

Moreover let us suppose that if a simplex t has a node in G, then all of its nodes belong to G. Let us set
V,= ‘{X eC°(Q), X|. is a polynomial of degree<1 Vte T,,}

and denote by {qoj}j-’z 1 the usual Lagrange basis of V. In order to get a diagonal mass-matrix, we use a

suitable quadrature formula, such as, for instance

£ Y f(x;), 7tet, x;nodes of . 24)

I =
‘L'(f) N+1 xje‘[

Setting (u,v),= Y, I (uv), we introduce the matrices

M= {(‘Pja (pl)h};'l,l=1 = {mjl})
A={] V0,0 Vo) dxfjr fer={an},  A={an}ji=1, (25)

For every i=1, set

F"={{§2f(x)<p,~(x) dx—G}}-1, (26)
where

. P .
G}=l_z+1 ajlg(xl:tl)7 for j=1,. .., A, (27)

The discrete problem we consider reads as follows

Py U°=0
for i=1,...,m, find U‘eR" such that
Uiz0 (28i)
BU'ZkF'+MU'™! (28ii)
(BU' —kFi MU 1) Ui=0 (28iii)

It is well known that this problem has a unique solution (see Glowinski, Lions and Tremoliéres 1981).
The piecewise-linear function

Ua= 3 U@+ 3 905,109, ©9)

is the approximation of the exact solution u(-, t').
The assumptions on the finite element space and on the quadrature formula allow one to obtain
these formulas

P
Z aﬂ=0 for j=1,...,n, (30)
=1
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_ p{supp ;)

=N for j=1,...,n, my=0 Vj=*l (1)

From now on, we shall assume that for every 4 the decomposition 1, is of acute-type, that is

for each e 1, and for each vertex x;e1 the projection of x; on

the opposite hyperplane falls in the closure of the opposite face (32)
It is well known that assumption (32) yields
a“>0 for j=1,...,l’l, aﬂéo VJ#I (33)

so that the following discrete maximum principle holds (see Ciarlet and Raviart 1973).

D.M.P. Let 7, be a decomposition of acute-type and D be a connected union of simplices of 7,. Let
WeR? be such that

(AW);<0 for x;eint(D); (34)
then
max W;> max W;. (35)
x;€0D xj&int(D)

O

Remark 2. Since g(x,t) is a positive non-decreasing function in ¢, by (33) we have G}<0 for
j=1,...,n, and

Fi*'2F  for j=1,...,n. (36)

Moreover, for 4 small enough we have Gi=0 for j=ng+1,...,n, and

Fi>0 for j=1,...,ne, Fi<0 for j=ng+1,...,n. (37
Let us define the discrete positivity set -

P°=int( p) (_}‘L’), P={xeQ:uj (x)>0} for i=1,....m (38)

and the discrete free boundary

I'=opP'~I, for i=0,1,...,m. (39)

Also set

E'=P'—P° for i=1,...,m. (40)

Remark 3. There exist two positive constants sy, and C such that, for any A< h,, one has

w(G+POLCh, 41)

dist(I';, ') <h. (42)

O

In Section 5, we shall bound the distance between the free boundaries by means of the L®-error
between u and u,, ;. In order to do that, we will assume that the time-step & is chosen as a prescribed
. function of &, k=k(h); moreover we assume that there exists a function #(#) such that

sup flu(t?) —ug il l1o @ =0 (h)
15ism (43)

with lim n(h)=0, ”(h)>2 ]/yo for A small enough
h-0
[where, here and in the following, y, will be given by (59)].

The error in the free boundary will be estimated precisely in terms of #(k). Some remarks on the
behaviour of n(h) itself will be given in the Appendix.
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4 Monotonicity properties of the discrete solution

For the discrete problem, as well as for the continuous problem, the positivity set has monotonicity
properties. In fact we shall prove the following theorem.

Theorem 1. For i=1,...,m, we have

UizUi™t for j=1,...,n (44)
and
Ul>0 for j=1,...,n6. (45)

Proof. The proof is carried out by induction on the time levels.
Step 1. i=1. (28.ii) becomes (BU*);2kF} for j=1,...,n; then the inequality
bjjUjl>—k Z alellgO for j=1,...,l’lG (46)

I¥j
follows from (37) and (33); hence (45) holds.

Step 2. Suppose the property is satisfied for i. Let {xj}je » be the nodes internal to P'. By setting
D' t1=U""'-U' and by subtracting BU', (28.ii) yields

(BD** V), 2 kFi* ' —k(AU"); for j=1,...,n. (47)
On the other hand one has by (28.1ii)

(MU + kAU, =kF;+(MU'™Y); for jeN. (48)
Then, (36) and the induction assumption yield

(BD'*Y), 2 k(Fi™ —Fi)+(MD");20 for jeN, (49)
hence the assertion. O

Remark 4. 1t is casy to show that Ui> U;~* for je N', for i=1,...,m.

So, by Theorem 1, P*"! C P'and, in particular, P° C P, fori=1,. .., m. Thisresult guarantees the
monotonicity of the discrete positivity sets, but does not ensure that, at the first time-step ¢, the
discrete free boundary leaves OP°. Such a property is proved in the following proposition.

Proposition 2. For every k, there exists a positive constant /, such that, for any 2 < h,, we have U} >0
for j=ng+1,...,n;.

Proof. Setting ¢ =c(k)/2[where c(k) is the constant in (11) and f=k is the first time level], we have
u(x, k) 2 tnin >0 Vx € S,(G). Thus, there exists A, > 0 such that, for every h<h,, the error estimates
(43) yield [u(k) —uhx |1 = (@) < tmin, Which implies u} 4 (x;)>0 Vx;€S,(G).

|
So, by Theorem 1 and Proposition 2, G—I'o C P’ for i=1,...,m.
Finally, we also prove the following property.

Proposition 3. For any i =1, the set P! is connected.

Proof. Let D be a connected component of P* which does not intersect P. We note that D is a
connected union of simplices of 7, which satisfies the property U; =0 Vx;edD. In each internal node
x; to D, the inequality

(AUY); <0 (50)

holds [in fact, if U} >0, (50) follows from (28.iii), (37) and (44);if U} =0,i.e. x;€ 0D —0Disanisolated
point of the discrete free boundary I, (50) follows from (33)]. Then, by the D.M.P., U;=0Vx; e D, i.e.
D=¢. O
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5 Approximation of the free boundary

Now we shall prove a non-degeneracy property for the discrete solution which is similar to P1. Due to
Theorem 1 it will be enough to prove the property outside P° (as in the continuous case).

Theorem 2. There exist two positive constants y, and /o such that, for any i=1, for any A=< hy, for
any r=2h and for any node x, € E' with B.(x,)nI'; = ¢, we have

&U}>V072. (51)
xj€ B (xx) N E
Proof- Introduce the function 6*(x) = |x —x,|* and the vectors of its nodal values @* = {¢*(x;)}}=1,
6*={c*(x;)}?-,. Note that (sce Brezzi and Caffarelli 1983) there exist two positive constants d, &,
such that

8 | @;(x)dx<(A0*);< =6, | @(x)dx for j=1,...,n. (52)
Q Q
Let ;=1 and consider the vector
. . 1 *
iU @+ 53
Wi=U 5. (] (53)

Let D be the largest connected union of N-simplices such that x, € int (D) and int (D) C B,(x, )" E". In
each internal node x;, the equality

(BUY); =kFi+(MU'™Y); (54)
holds, hence

(A0%);. (55)

i-1_ qri
(AWi)j=FJi+(M _q__U_) 1

k)i 28
Then, from (44) and (52), for 4 sufficiently small we obtain
; 3 1
(AWY); = — _f @;(x)dx+3 f @;(x)dx<0. (56)
4 Q 2 Q
So, by the D.M.P., W' takes its maximum in D on a node x; of the boundary of D. Since W} = UL >0,

then W} >0, so that U; >0 and hence x; ¢ I"". Since (56) holds in each internal node to E*, hence there s
at least one neighbouring node x; to x; where W;> W;. Therefore it follows that

dist (x;, 3B, (x,)) <h. (57)
On the other hand the positivity of W; also implies
Uis— oF, (58)
25, -
By means of (57) we have @ =|x; —x,|* > (r —h)?, so that (58) gives U/ >~ " and (51) follows
with 200 4
1
Yo ~85," 59)

O
We will now bound the distance between the free boundaries by means of the L®-error estimates
between u and wu, ;. We shall first prove the following lemma.

Lemma 3. Set e, (h)=3n(h)/2 ]/% There exists a positive constant /4, such that, for any i>1 and
for any A< hy, we have

Q=P D (Q—P()) —Se, i T (t)). (60)

Proof. Set &, (h)=n(h)/)/ yo and §* = (Q — P(t)) — S, i (I'(1)). We shall prove now that Ui =0forany
node x, €S’ Obviously we have u(x,#)=0 if x€ B,y (x4) N2, hence from (10) it follows that
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B.,a(x4) "'y =¢; finally (43) implies that e, (/) =2 h for 4 small enough. If we suppose that U’ >0,
then Theorem 2 yields ‘
WP Ul peg3 () =1 (h) 61)

XEB iy (x) N Q2

which contradicts the error estimates (43).

We have proved that each node of S’ belongs to Q — P’. But a simplex 7 could exist such that
int (r) C P* with a vertex in S°. Hence, it is sufficient to remove a further strip of width 4 from S.
Globally we remove a strip of width & (k) from Q — P(¢'), so that (60) holds.

O

Under the regularity assumptions (2), (3) on the data, we can estimate the measure of the
symmetric difference P(r') + P' between the continuous and the discrete positivity set, at each time
level.

Theorem 3. There exist two positive constants 4, and C; such that, for any ;> 1 and for any h < hy, we
have

u(P(t)+PY= Cin(h). (62)

Proof. By (60) we have
P'=P(t)=(Q = P(t) —(Q = P') C S, (T (1"). (63)

On the other hand, if x € P(¢*) — P' then u}, , (x) =0, thus the inequality 0 <u(x, ') <52 (h) follows from
the error estimates (43). Therefore

P(ty—P C{xeQ—P°:0<u(x, 1) <n*(h)}. (64)
Since (22) implies

H(Sey o0 (T (1)) £ Cey (B), 65) -
then (16) and (41) imply

p{xeQ—P°:0 <u(x, ') <n?(h)} < Cy(h), (66)
the thesis follows due to (63-66). 0

Under the stronger condition that I'(r) is locally Lipschitz continuous for any ¢ > 0, we shall prove
that, at each time-step the discrete free boundary lies in a n(k)-neighborhood of the continuous free
boundary.

Theorem 4. There exist two positive constants A and C, such that, for any ;> 1 and for any h=<hy, we
have '

I CSeppa T (@), (67)

Proof. By (64), due to (23) and (42) we have
P(t') =P C{xeQ—~P°:0 <u(x, Y SnP(h)} C Sy, (L (1) (68)

with &;(A)=(1/(2 ]/y_o) + C)n (k). The thesis follows due to (63) and (68) with C,n(h)=¢, (h)+e5(h).
0

Remark 5. Estimates (62) and (67) could be derived by using Proposition 2 instead of properties (41),
(42). In this case (64) must be replaced by

P(t)) —P' C Ay (1Y)
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Setting, for i=1,...,m, u} —kAui=kf—ul™" and @, —kAui, 2 kf—u' "1, it can be proved (Nitsche
1977) that for any i =1

H ul—ﬁ;,H Lw(g)é Ck_lhzllgl’l ﬂ, (75)

with C independent of i, A, k; hence
|0 —1dh || oy S Ch T R |Igh)* + || ™~ || Lo o) < Ch ™ WP lg h]* < Ck 212 |1g h] . (76)
Concluding, we obtain the estimate

sup |u(t’) —uj | Lo S C(kM* + 1k ~2|1g h|*) (77)
1ZiZm

which gives #?(h) ~h*5|Ighl¥, if k~h*>.
A similar error estimate can be obtained when the boundary data is positive [and constant in x].
Clearly both (71) and (77) are far from being optimal. Their improvement would immediately

produce a better estimate for the free boundary error [in terms of powers of 4 and k] through (43)
and (62), (67).
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