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Introduction

In this paper we discuss the existence and uniqueness of strong solutions in
L, spaces (1 < r < oco) of the initial value problem for the Navier-Stokes equa-
tions
oufet + u,VYu—Adu=f—Vp in Dx(0,T),

divu=0 in Dx(0, T),
I
® u=>0 on SX(0,T),
u(x, 0) = a(x) in D.

Here D is a bounded domain in R” (n = 2) with smooth boundary S;
u = {(x, )}, and p = p(x, t) denote, respectively, the velocity and pressure,
while f= {fi(x, )}/, and a = {a/(x)}/~; denote the given external force and
initial velocity.

There is an extensive literature on the solvability of the initial value problem
for the Navier-Stokes equation in L, spaces; see LADYZHENSKAYA’S monograph
[18] and further papers cited there. HOPF [13] proved the existence of a global
weak solution, using the Faedo-Galerkin approximation and an energy inequality,
but the uniqueness and regularity of his solution are still open problems for n = 3.

Another approach to problem (I) is to use semigroup theory. KaTo and Fusnrta
[5], [16] and SoBoLEVSKII [24] transformed equation (I) into an evolution equation
in the Hilbert space L,. They proved the existence of a unique global strong
solution for any square-summable initial velocity when n = 2. On the other hand,
when n = 3 they proved the existence of a unique local strong solution if the
initial velocity has some regularity (roughly speaking, they assumed that the initial
velocity has square-summable half derivatives). Other contributions to the prob-
lem also have assumed some regularity of the initial velocity, see for example
SOLONNIKOV [27] and Heywoop [12].

Our aim in this paper is to prove the existence of a unique strong solution
without assuming that the initial velocity is regular. To do this, we develop an L,
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theory generalizing the corresponding L, theory of KATto and Funrta. The L,
case is the most important because we need only to assume that the initial velocity
has an integrable n-th power. In addition, SERRIN [23] has raised the question
of existence of strong solutions if n>4. Our present work also answers
his question.

Recently voN WAHL [28] and MivAkAwA [21] have discussed L, theory
(r > n). Their treatments depend on the fact that the Stokes operator generates
a bounded holomorphic semigroup in L, spaces. This result was derived by
SoLoNNIKOV [27], vON WAHL [29], and MivAkawa [21] from the estimate of
SOLONNIKOV [26]. Moreover, a completely different proof and a more precise
result were obtained in [9]. Our present work indeed relies on this more precise
conclusion. Finally we improve their L, theory by using the results of [10]. (We
note that Weissler’s treatment [30] of L, theory is weaker than ours, and additional-
ly assumes that D is a half space of R".)

The essential step in our work is to estimate the nonlinear term (u, V) u in
(D. In [9] GiGA constructed the resolvent of the Stokes operator, applying the
calculus of pseudodifferential operators. Moreover, the paper [10] characterizes
explicitly the domains of fractional powers of the Stokes operator; see also [11].
Using this result, we shall estimate the term (u, V) u (Lemma 2.2 in Section 2).
This estimate generalizes that of KATOo and Funta ([5], [16]) and SOBOLEVSKiI
[24]. Finally in Section 3 we show that our solutions are smooth up to the boundary
if the external force is smooth.

In [4], FaBES, LEwis and RiviERe discussed the Navier-Stokes initial value
problem by using parabolic singular integral operators. They proved the existence
and uniqueness of a local weak solution in L, (r > n). We show in Section 2 that
their solutions exist globally if the data are small.

In [25] SoBoLEVSKIl announced results similar to ours, but without complete
details.

We express our thanks to Professors DAISUKE FUNIwWARA and ATSUSHI INOUE
for suggesting to us the use of L, theory for the Navier-Stokesinitial value problem.
We also wish to thank Professor WOLF vON WAHL who kindly permitted us to
see [29] in pre-publication form. The authors are grateful to Professor EDwIN HE-
witT for expository advice.

1. Preliminaries

In this section we recall some results on the Stokes operator. Let D be a bound-
ed domain in R" (n = 2) with smooth boundary S. Let Wi(D) (s€ R, 1 << r < o0)
be the Sobolev space of order s such that WD) = L.(D) (see [19]), and let
Iwls, be the norm of w in W3(D). Set

X, = closure in (L,(D))" of {u€ (C3(D))"; divu = 0},
G, = {Vp; p€ W}(D)}.

We then have the following Helmholtz decomposition (see FustwarA and Mori-
MOTO [8])

(1.1) (L(D))" = X, ® G, (direct sum).
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Let P, be the continuous projection from (L,(D))" to X, associated with this de-
composition, and let B, be the Laplace operator with zero boundary condition,
ie.,
B, = —A with D(B,) = {ve (WXD))"; vls = 0}.

We define the Stokes operator 4, in X, by 4, = —P, A, with domain D(4,) =
X, N D(B,).

CATTABRIGA [3] showed that 4, has a bounded inverse and that A, is a close
linear operator in X,; see also [9]. Concerning the semigroup {e~*r; t = 0} we
have

Lemma 1.1 ([9], [21], [27], [29]). The operator — A, generates (in X,) a bounded
holomorphic semigroup of class C.

Concerning the dual operators 4¥, P¥ and the dual space X;*, we have (see
[8])
(1.2) A¥ = 4, PF =P, XF = X, A/ =1—1/r).
Lemma 1.1 allows us to define the fractional powers 4] (x € R) in the usual way.
We introduce a scale of Banach spaces {D(4;); € R} by defining

(1.3) D(A%) = D(47%)* for & < 0.

Since (A9)* = A3, (x€ R) by (1.2), we see that D(4°) (8 < 0) is the completion
of X, under the norm | 4%v|y,, namely the space H*" of WEISSLER. On the other
hand, Lemma 1.1 implies

Proposition 1.2. | Aje || < C,t™* for =0, t>0.
It follows that {e~**; r = 0} extends uniquely to a bounded holomorphic semi-
group in D(4;) for all « € R. Concerning D(A47), « = 0, we have

Lemma 1.3. ([10], [11]). For any «, 0 =< x < 1, the domain D(A;) is the complex
interpolation space [X,, D(4,)],.

Lemma 1.3 shows that D(A47) = X, /\ D(B;) (see [10]), a fact proved earlier
by Funta and MormoTO [6] for r = 2. Moreover FUIIWARA [7] showed that
D(BS) (x = 0) is continuously embedded in the space of Bessel potentials (H>*(D))"
Thus we get

Proposition 1.4. For any o« = 0, the domain D(A7) is continuously embedded
in X, N (H¥D))"
2. Existence and Uniqueness in X,

In this section, we study the Navier-Stokes initial value problem (I) in the
space X,. Applying P, to (I), we get

an duldt + Au = Fu + Pf, t>0; u0)=a,
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where Fu = —P,(u, V) u. We consider this equation in integral form
t
(111) u(t) = e “a+ [e "9 {Fu(s)+ Pf(s)}ds, t>0.
0

(Here and in the sequel we drop the subscript r attached to 4 and P.) To estimate
Fu we need

Lemma 2.1. For each j, 1 <j= n, the operator A~'?P(0[ox;) extends uni-
quely to a bounded linear operator from (L, (D))" to X,.

Proof. According to Proposition 1.4, (8/0x;) I4~'?: X,— (L{D))" is continuous
for each r, 1 < r<Coo, where I denotes the injection X, C (L,(D))". Since
I* = P,, we get the desired result from duality and (1.2).

Lemma 2.2, Let 0 <6< 1/2 4+ n(l1 —r~1)/2. Then
| 4=°P(u, V) vllo, = M || Aullo, || 4%llo,

with some constant M = M(9, 0,0, r), provided that 0 -+ 0 + o = nf2r + 1/2,
6>0, 0>0, 04+ 06> 1/2.

Proof. Assume that 0 <X ¢ << n(1 — r—1)/2. Proposition 1.4 and the Sobolev
embedding theorem imply that the operator

Ay X —> DALY —> X, 1)s" = 1[r"' — 2e/n, U/r + 1/r' =1,

is bounded, since (Ly(D))" N X, is the same as X. By duality, this implies that
A, ¢ extends uniquely to a bounded operator from X, to X,, where 1/s = 1 — 1/s’
= 1/r + 2¢/n.

Consider first the case ¢ = 1/2. Since P(u, V) v is bilinear in u, v, it suffices
to prove the estimate on a dense subspace. From now on we may therefore assume
that « and v are smooth. Since divu =0, we get

n

(u, V) v =, o(u'v)/ox;.

i=1
Take & =0 — 1/2 and recall that A, ° is a bounded operator from X| to X,.
Lemma 2.1 implies that

14=°P(u, V) vllo, =

> ATVEP d(ui)fox;
j=1

= Clllul - [vlllos-
0,r

By assumption we can take p and g such that
1p=1/r—20/n, 1/g=1/r—20/n, 1p+1llg=1js, 1<p, g< co.
Proposition 1.4 and the Sobolev embedding theorem yield
Wl 1olllos < llullo, 0log = C 1 Aulo, | A2,
which is the required result for § = 1/2. In particular,

| 47"2P(w, V) oo, < M| A%ulo, | A%%lo,, O+ B Z nj2r,0>0,8>0.
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Similarly we find
12, V) vllo, = Cllullo, | Vollog < M ([ A ullo, || 47120,

where 1/p + 1/qg = 1/r, the required result for é = 0.

The two foregoing estimates show that the map v — P(u, V) v can be regard-
ed as a bounded operator from D(4?) to D(47'%) and from D(4°*'?) to X,.
Lemma 1.3 and (1.3) allow us to apply complex interpolation theory to obtain

| A=°P@, V) v 0, = M [ A'ulo, | A%]o,s 0 =B+ 112+ — 9,

for 0 =< 6 =< 1/2. This completes the proof.

Remark. Lemma 2.2 generalizes the results given by a number of writers for
the case r = 2. We list these results here for the reader’s convenience.

n é [} 0
KaTto-Funra [16]
SOBOLEVSKII [24] 2 1/4 1/4 1/2
KaTto-Funta [16] 3 0 1/2 3/4
Funta-KAaTo [5]
SOBOLEVSKII [24] 3 1/4 1/2 1/2
INOUE-WAKIMOTO [14] 4,5 0 0 >00 >1/2,

0+¢=(n+2)4

We will use Lemma 2.2 to prove an existence theorem for the integral equation
(IIT) in X, (1 << r<<oo). To this end we introduce the iteration scheme

t
uo(t) = e a4+ f e =91 Pf(s) ds,
0
@1 ‘
1) = Uo(t) + [ €™ Fu(s)ds, m= 0.
0

The following arghment is similar to that of KAto and Funta [5], [16]. We denote
the norm in X, by ||+|. Moreover, for a Banach space Y, C(I; Y)denotes the space
of Y-valued continuous functions defined on an interval 7.

Theorem 2.3. (i) (Existence). Fix v and choose 6 =0 such that
n2r—12<y<1, —y<d<<l—|y|.

Assume that a is in D(A?), and that | A=°Pf(t)| is continuous on (0, T) the initial data
and satisfies

N A7°PAO)| = o(t"+°~ ") as t— 0.
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Then there is a local solution u(t) of (I1L) such that
@ ue ([0, T,); D(A), u(0) = a,
(b) ue (0, T,]; D(A%) for some T, >0,
© A% =0t ast >0 foral x,y <<a<<1-—2d.
(ii) (Uniqueness). Any solution of (111) satisfying (a) and
(b) ue C((Q, T,]; D(4%),
©) N 4Pu@®)| = o(t”~") for some B, |y| < B
is unique.
Remarks. Theorem 2.3 improves the result of WEeISSLER [30]. He considered
equation (ITI) with Pf= 0 when D is a half-space and proved the local existence

of solutions when n/2r — 1/2 <y, —1/3 <y < 1, a more restrictive assumption
on y than ours. We will show that our solution exists globally if a and Pf are small.

The case r = 2 of Theorem 2.3 was treated by KATo and Funra [16], who
proved (i) for n =2, d =1/4 and n =3, § = 0, and by INOUE and WAKIMOTO
[14], who treated the cases n =4, 5.

Proof of Theorem 2.3. (i) We begin by estimating the term uy(f) in (2.1).
Proposition 1.2 gives

t
| 4"ue(Oll < | 4%~ al| + of |42~ =4 || A7°Pf(s)|| ds

t
< || A% al + Cops [ (¢ — 5) || AT°PA(s)] ds
. 0
S Kttt *fory=sa<l—94,
with
(2.2) Ko =supt* 7 ||A% "|a+ Cy s NB(l — 6 — &,y + &),
o<t<T
N = sup t' "2l AT°Pf(1),
0<t<T
and where B(a, b) is the beta function. Here we have used the assumption y -+
6>0.
Suppose that for some m =0, u,(¢) is defined and satisfies
(23) (AU = Ko™ (y =<1 —19).

We shall estimate || 4%u,,1(t)]| by using (2.1). To estimate the term || 4 ~°Fu,(s)]|
we choose 6 and ¢ so that

frotd=14y yp<b<1—06 yr<o<l—4,
>0, . 0>0, d+4+0o>1/2.
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This is possible because 6 <1 — |y|. Since y=nf2r —1/2, n=2, and
8 << 1 — v we easily find that 8, g, § satisfy the assumptions of Lemma 2.2. Using
Lemma 2.2 and (2.3), we get | A °Fu,(s)| £ MKy, K,,s*"°"!. Therefore (2.1)
implies that

t
A" 1 (]| = Kaot”™" + Cips of(l‘ — 5)7* | A Fup(s)|| ds

SEKm?’T =<1 —0)
with

(24) Ka,m+1 = Bao + Ca+6MB(1 — 04— x, Y + 5) KGmKQIn'

Thus u,(t) is well-defined for each m =0 as an element of C([0, T]; D(4"))
N C((0, T]; D(A%)) for all & such that y << & << 1 — §; moreover u,(?) satisfies
(2.3) with K,,, defined recursively by (2.2) and (2.4).
Put
ky = max {Kop, Ko}, €y = max{Coys, Cois}

B, =max{B(1—6—0,y+9), B(1—06—o0,y+ 0}
Then (2.4) implies that
ki1 < ko + CiMBK2,.
An elementary calculation shows that if
2.5) ko << 1/4C,MB,
then for each m =1,
kn< K={l — (1 — 4C,MB,k,)}/2C,;MB, < 1/2C,MB,,
2.6) Komi1 = Koo+ CopsMB(1 — 6 — o,y + 0) K> =K,
A%, (D] = Kut”™".

Assuming (2.5), we prove that the sequence {u,(#)} converges. Set

?
W) = 1) — un(t) = [ e {Fup(s) — Fup_y(s)}ds (m=1).
V]
The estimate
| A~ Futyy — Ftty_1}|| = M(| A°Wu 1|l | A% || + || A°thy—s || | AW 1D
together with an induction on m, gives
| A* W)l < 2KC, s QC,MBKY" ' B(1 — 8 — &,y + 8) £

for each x such that y <x <1 — 4. Since 2C;,MB,K<<1 by (2.6), this
implies the existence of

u(t)€ C(I0, T); D(A)) N C(O, T]; D(A7)) (¥ <a<1—9)
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such that
| A”{u(t) — u(t)}| — O uniformly on [0, T},
| A*[{u,(t) — u(?)}]| — O uniformly on every [, T] 0 <e<<T)
as m->oo, Moreover
(AU < Kt7™* p<a<1-—29).
This in turn yields for s€ (0, T)
| A Fu(s) — FulD} < M| A%t — W)l | At | + | A%]] | A%t — 1)) — O

as m—oo, and
| A~ Fun(s)} < Cs7+°71,

with a constant C > 0 independent of m.

Applying the dominated convergence theorem to the scheme (2.1), we see that
u(t) is a solution on [0, T]. Thus we have proved the existence of a solution under
assumption (2.5). Since a € D(4?), Proposition 1.2 implies that t*~7 || 4%~ *4a||—0
as t—0 for « >9p. If T >0 is chosen sufficiently small then K,, (v < & <
1 — 6) becomes small and k, satisfies (2.5). This shows the existence of T, >0
with the desired properties (b) and (c).

We now prove (ii). First note that for any simple of numbers 4, u, v with
1 <A< p<v the estimate

14%0] < C || %) * [ 470" 0= — W) — )

holds with a constant C independent of »¢€ D(4”). This follows immediately
from Lemma 1.3, (1.3), and the convexity property of norms on interpolation

spaces ([2]).

Let u, v be two solutions corresponding to the same quantities Pf and a. By
the above estimate, we may assume without loss of generality that there exists »,
|y} < %< 1—4, such that

4@ = o(t"™"), [ A" = o(t"™") (t—0)
for all &, y <<x =<32. Set

w(t) = u(t) — o(t) = f e~ (Fy(s) — Fu(s)} ds
0

and & =1 — %; then |y|<x implies 6"< 1 —|yl. Note that y + 8’ >
y + 6 > 0. As in the proof of (i), we can choose 6 and o, |y| < 6, 0 < x such
that

@7 AW = Coys, M of (t — 977" {| 4"w(s) || 4u(9) ]

+ [ 4%(s)|| | 4°w() ][} ds
for y <& <. :
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Let K{(t,) (tc€(0,T,]) be a constant such that, for x =0 and x =¢ we
have
[A™ @) = K(to) 777, | 4" = K(to) 1777, (1€ (0, t0)),
where
K(to) = 0 as t, — 0.

By induction, we see that (2.7) implies
[A™w(D)]| = 2K(t0) 2K(to) C:MB)" 177" (1€ (0, To))

for each m =1 and for & = 0, 9. Choosing ¢, > 0 sufficiently small, we may
assume 2K(z,) C;MB, < 1. Hence w(t) =0 on [0, t,]. Repeating this argument
on [ty, Ty ], one finds a sequence ¢, << f; << ¢, <..., such that w(t) =0 on
[0, #;] for any j. Since 4%u(t) and A“v(t) (« = 0, g) are continuous on the closed
interval [to, T ], it is easily seen that the sequence {t; — #;_} is bounded away
from 0. Thus we have w=0 on [0, 7], which completes the proof.

Proposition 2.4. Let u be the solution given by Theorem 2.3. Then A™u (y < «
< 1 — 0) is Holder continuous on every interval [e, T,} (0 << & << Ty).

Proof. It suffices to prove the Holder continuity of 4%v, where
t
o(t) = [ e " {Fu(s) + Pf(s)} ds.
0

Using the estimate [(e™* — ) A™"| < C /" (0 < u < 1), which was obtained
in [5], we have for h >0,

| 4% + By — A*o(t)]
= J | A+ e " — Iy e O |{| A2 Futs)| + | A°Pf(s)II} ds
t+h
L [ AP HOe =4 | A= Fu(s)| + || A°Pf(s) [} ds
t+h

3
SCEe™—DAa| [(t—s) 0 ds 1 C, [ 4+ h—s5)T 0 ds
0

t
S CHBU— 8 —x—py+ 8 "+ Ch (1 — & — w),
O<p<l—26—0),

where C, = sup {|A™°Fu(s)|| + [[A~°Pf(s)|}. This completes the proof.

ext<T,

Theorem 2.5. If Pf:(0,T]— +X, is Hélder continuous on each subinterval
e, T] 0<<e<<T), the solution u of (I11) given by Theorem 2.3 satisfies equa-
tion (II) on [0, T, 1. Moreover we have u(t)c D(A) for t€ (0, T,].
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Proof. We need only show the Holder continuity of Fu(?) on each subinterval
[e, T,] (0<<e<T,). An elementary calculation shows that u(¢)€ X, and

u(t) = e C"My(e) f e~ =91 (Fu(s) + Pf(s)} ds,

te e, T,])- Since Pf is continuous on [e, T] we have ||Pf(?)]| = o((t — &)™
(t—¢) for any « > 0. The uniqueness of #(¢), ensured by Theorem 2.3, shows
that

uc C([E’ T.]; DA)HYN C(e, Ty 1; D(Aa))s
[Au@®)] = o((t — &)%) (e for n<a<1,

where 7 = max {y, 0}. Thus Proposition 2.4 implies that A"u(r) (n <a <1)
is Holder continuous on every subinterval [e, T, ] (0 < & << T). Since we can
choose 0, o such that

6+o=1+7 n<0<1, max{y 1/2}<o<]1,

Lemma 2.2 (with é = 0) shows that Fu(z) is Holder continuous on every [g, T]
(0 < £ << Ty). This completes the proof.
From (2.2) and (2.5) we get the following result.

Theorem 2.6. Let ac D(A”) and Pfe C((0,00); X,) be as in Theorem 2.3.
Then the solution u(t) given by Theorem 2.3 exists on [0, 00) provided that

CollA"al| + Cysupt!™"° | A °PA)|| < 1/4C, MB, .

Here Cy = max {Cy_,,C,_,}, and C,_, is the constant given in Proposition 1.2.
8 Y e—7 Y p

Remark. In Theorem 2.3 we considered only the case n/2r — 1/2 << 1. When
n/2r — 1/2 = 1, our iteration argument fails. In the latter case, however, since
Sobolev’s Theorem shows D(4”) C X,, if ¥ = nf2r — 1/2 >0, we can appeal
to X,-theory.

3. A Regularity Theorem

The purposes of this section is to show that the solutions given by Theorem 2.3

are smooth on D X 0, T,) if Pfis smooth on Dx (0, 7). For simplicity, we assume
Pf=0; the proof when Pf= 0 is essentially the same. First we give some
lemmas.

Lemma 3.1. ([3]). Let u€ D(A) and Au=f. If fisin (W (D))" (1 < r < o0)
for some integer m =0, then u is in (W™ (D))" and satisfies

”u”m+2,r é Cm,r ”f”m.r

with a constant C,,, > O independent of u and f.
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Let C*([0, T]; X) denote the space of Holder continuous functions on {0, 7]
with exponent 4 and with values in a Banach space X. Similarly let C*((0, T]; X)
denote the space of functions which are Holder continuous on every subinterval
[e, T] of (0, T'], with exponent g. The following result is proved in [5], Lemma 2.14.

Lemma 3.2. Let f(t) be in C*([0, T]; X;), for some O < u << 1. Then the func-
tion

u(t) = 6fte"("‘)Af(s) ds
is in C’((0, T1; D(A) N C' (0, T); X,) for every v such that 0 <v < p.
Lemma 3.3. (i) If uc (W;(D))" (1 < r < oo) for some integer m =0, then
Py belongs to (W (D)Y' N\ X, and satisfies
| Peflme = Conp | 8llm,rs

where C,,, > 0 is independent of u.
(ii) For m > nfr, there exists a constant C,, >0 such that

1P, V) 0llmyr = Cone |4l 10 llm-41,r
Jor every ue (W7 (D)Y', ve (W (D))" (1< r< o).
(iii) When r > n, we have
I P, V) o, = C, ullse llvlls,s

for all u, ve (WXD))"

Proof. (i) When m = 0, the assertion is obvious from (1.1). When m =1,
it is known [8] that Py = u — Vp, where p is a solution of

3.1 Ap=divu in D, épfov =v-u on S.

n
Here v is the unit outward normalto Sand » - u = 2, »%/. Since divue W"~ (D)

j=1
and v-uc WmV(S), the equation (3.1) admits a solution p& W™(D) which
is unique up to an additive constant, such that

IV Pllmr = CUAIV tt]lm—1,r + [lu] W;"—“'(s))

(see e.g. [20]). Since the right hand side is bounded above by [ju],,, the result
follows.

(ii) It is known (see [1]) that W} (D) forms an algebra if m > n/r. Thus the
assertion follows immediately from (i).

(iii) Since r > n, the Sobolev embedding theorem shows that WD) C C(l—)),
with a continuous injection. We thus find

1P, V) vlo, = C | V) llo,
= Cllull_w IVolo, = Cllulls, vl

Our main purpose in this section is to prove
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Theorem 3.4. If Pf =0, the solution of equation (II1) given by Theorem 2.3
belongs to (C*(D x (0, T,])".

In proving this result, we may restrict ourselves to the case r > n, a€ X,.
To see this, note that the solution u(¢) given by Theorem 2.3 satisfies

(3.2 u(t) = e M y(e) + fte_(’_s)AFu(s) ds
0

on every subinterval [e, T,] (0 <&<<T,). (See the proof of Theorem 2.5.)
Theorem 2.5 shows that wu(¢) € D(4). Suppose now that 1 << r=<n. Since
0=n2r—12<y <1, we have D(4") C X, so that D(4) C X, for some
s > n. This means, by (3.2), that we may assume r >a#n and a¢ X, for some
r>n.

Thus we have only to prove the following

Proposition 3.5. Let r >n and let ac X,. Assume that the solution u(t) of
(IIT) (with Pf = 0) given by Theorem 2.3 exists on [0, T]. Then u € (C*(D x (0, T))".

We prove this in several steps. Let us fix r>n and write [-[o, = [-].
The proof of Proposition 2.4 shows that A%u(t) (0 << x << 1) is Hélder continuous
on every subinterval [e, T], with exponent u, 0 < u <1 — «. ‘Lemma 3.3 (iii)
implies that

Fue C*(0, T]; X,) for all u, 0 << << 1)2.

Lemma 3.2 and Lemma 3.3 (ii) now imply

Lemma 3.6. uc C*((0, T]; D(4)) and ' = duj/dte C*((0,T); X,) for all
#,0 < u < 1/2. Moreover Fu belongs to C*((0, T]; (W} (D))").

Lemma 3.7. We have u' € C*((0, T1; D(A'?) for all u, 0 < u < 1/2.
Proof. From (3.2) we get
?
APu(t) = e 4 2u(e) + [ Ae™“94 4712 Fu(s) ds

== 412 y(e) 4 o(r).

Since e “79M4'"2 u(e) € C*((e, T); X,), we need only consider o(¢). Integrating
by parts, we get

. t . .
(3.3) o(t)= [ (d/ds) e =94 4=\ Fu(s) ds
= A2 Fu(t) — e 94 4712 Fy(e)

t
— [ e U712 (Fuy (s) ds,
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where (Fu) (s) = (d/ds) Fu(s). Since u(s)€ D(4) (0 <s<=T), we have
Fu(s) = — Y P(8/0x;) {#/(s) u(s)}. Hence by Lemma 2.1
j
T4~ (Fuy ()| = || XA~ P@fox;) @ u + w') ()]
= Cllu )] - [u@|l = Cllu(s) g 1)
= Cl AP u(s)| [u'(s)-
This relation together with Lemma 3.6 shows that 4~ (Fu) € C*((0, T]; X,).
Lemma 3.2 and (3.3) now imply that v € C*((0, T]; X,). The proof is complete.
Since D(A'?) C (W:(D))", Lemmas 3.1, 3.6, 3.7 and the identity u =
A~ (Fu — ') show that
(34 u€ CH((0, T1; (WX(D))").

We complete the proof of Proposition 3.5 by induction. We shall say that
u(t) has property (P),, (m=1) if

u™ e CH(0, T1; D(4"?),
uPec CH(O, TY; (Wit =Dy, 1<j<m—1,
ue C((0, Tl; (W3 (D))",

for all u, 0 < pu << 1/2. Here u = (d/dt)’ u. Lemma 3.7 and (3.4) show that
u(t) has property (P);. Proposition 3.5 follows immediately from

Lemma 3.8. (P),, implies (P),,11-

Proof. By Leibniz’s rule we get
E= 3 (1) P, vy s,
=1 \J
so the assumption (P),, and Lemma 3.3 imply that
(Fu)™ ¢ C*(0, T]; X,) for all u, 0 < p << 1/2.

This allows us to differentiate the equation u’ + Au = Fu m times with respect
to ¢, giving

t
U () = U= 4 (g) 4 [ == (Fu) (5) ds

on all subintervals [¢, T] (0 << & << T). Thus Lemma 3.2 implies that

™ € (0, T1; D(4))
3.5
( ) u(m+1)€ C"((O, T]; Xv)
for all u, 0 << u << 1/2. As in the proof of Lemma 3.7, the conditions (3.5) give

(3.6) u™ e C*((0, T1; D(A'?)).
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Since 4P = A-Y((Fu)® — uU*V), 1<j<m—1, we obtain from (3.5) and
Lemma 3.3 (ii) the relation

3.7 ude CHO, T; Wy 27D)), 1sjsm— 1.
Now the property (P), implies, by Lemma 3.3 (ii), that
Fue CY(0, T]; (W '(D)Y).
Again using the identify u = 4~'(Fu — '), the relation (3.7) with j = 1 gives
(3.8) ue CH(O, TT; (W H(D)Y).

Property (P),, follows from (3.5), (3.6), (3.7) and (3.8). This completes the proof.
The following result is proved similarly.

Theorem 3.9. Let f€ (C°°(5>< 0, TD)". Suppose a and Pf satisfy the assump-
tion of Theorem 2.3. Then u belongs to (C*(DX(0, T,1))".

Remarks. In [22] Serrin proved that a weak solution of the Navier-Stokes
equations is smooth in x € D if it belongs to L, , = L,(0, T; (L,(D))") for some
g, rsuch that n/r + 2/q << 1. This result was later improved by KANIEL and SHIN-
BROT [15], who proved that the above assumption for weak solutions implies

smoothness in (x, 7) € Dx [0, T] when n = 2,3 if the initial data are smooth

on D, LADYZHENSKAYA [17] discusses interior regularity in (x, ¢). The solutions
given by Theorem 2.3 belong to the above L, , space if n/2r —1/2 <<y, butnot
necessarily if #/2r — 1/2 = y. It should be noticed that our solutions do not in
general belong to the class of weak solutions if #n/2r — 1/2 <y < 0. Even

in this case, Theorem 3.4 guarantees the smoothness of our solutions in D x (0, 7.

Note. This research was done at the Department of Mathematics University of Tokyo.
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