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Abstract

A general method is presented for finding asymptotic solutions of problems in wave-propaga-
tion. The method is applicable to linear symmetric-hyperbolic partial differential equations
and to the integro-differential equations for the electromagnetic field in a dispersive medium.
These equations may involve a large parameter A. In the electromagnetic case A is a characteristic
frequency of the medium. The parameter may also appear in initial data or in the source terms
of the equations, in a variety of different ways. This gives rise to a variety of different types
of asymptotic solutions. The expansion procedure is a “ray method”, i.e., all the functions
that appear in the expansion satisfy ordinary differential equations along certain space-time
curves called rays. In general, these rays do not lie on characteristic surfaces, but may, for example,
fill out the interior of a characteristic hypercone. They are associated with an appropriately
defined “group velocity”. In subsequent papers the ray method developed here will be applied
to the analysis of transients, Cerenkov radiation, transition radiation, and other phenomena
of wave-propagation.

An interesting by-product of the ray method is the conclusion, derived in section 6.3, that
the theory of relativity imposes no restriction on the speed of energy transport in anisotropic
media.
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1. Introduction

In recent years asymptotic methods have been developed for the solution of
certain boundary-value and intial-value problems for linear partial differential
equations. These problems involve a parameter, and the methods provide one or
more terms of the asymptotic expansion, say for large values of the parameter,
of the solution of the problem. They are often applicable to problems for which
no exact solution method is known, and even for problems which can be solved
exactly it frequently happens that only the asymptotic expansion of the solution
is sufficiently simple to be useful in practical applications. Furthermore, it is
invariably true that the methods which yield the asymptotic expansion directly
are very much simpler than the procedure which involves first finding the exact
solution and then its asymptotic expansion.

An important class of asymptotic methods is characterized by the fact that
certain curves, often called “rays™, play a central role in the theory. The rays are
of fundamental importance because all of the functions which make up the various
terms of the expansion can be shown to satisfy ordinary differential equations
along these curves. Often these equations can be solved to yield explicit formulas
for the asymptotic solution of a given problem.

The “ray method” has been extensively developed, primarily by J.B. KELLER
and his co-workers at New York University, for certain linear elliptic partial
differential equations involving a parameter. When applied to the reduced wave
equation or the time-reduced form of Maxwell’s equations the method yields a
“geometrical theory of diffraction” [7] which generalizes the classical theory of
geometrical optics. The extensive literature on the asymptotic theory of the reduced
wave equation and Maxwell’s equations has recently been unified and sum-
marized in [/2].

More recently ray methods have been applied to linear hyperbolic partial
differential equations [9, 10, 11, 13] such as the (time-dependent) wave-equation

U, —c*(X)4u=0. 6))
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This equation involves no parameter, but a parameter may appear in the data of
a problem or in a source term which is not indicated in (1). Other hyperbolic
equations such as

U —c2(X)du + A b*(X)u=0 )

may involve a large parameter A.

From the standpoint of the asymptotic method, (2) and (1) are the simplest
representatives of two important classes of linear hyperbolic equations, namely
the “‘dispersive” and “non-dispersive” hyperbolic equations that conserve energy.
Ray methods for these two classes have several important differences, the most
striking being the nature of the rays themselves. In both cases, the rays are space-
time curves, but for non-dispersive equations they lie on “characteristic hyper-
surfaces” and are called “bicharacteristics”. For dispersive equations they do not
lie on characteristic hypersurfaces, and may, for example, fill out the interior of a
characteristic hypercone. Applications of the ray method to various problems for
(1) and (2) have recently been treated in [/1] and [10].

The purpose of the present paper is to study the application of the asymptotic
theory to equations more general than (1) and (2), and to develop a method of
solution which is applicable to a large variety of problems in wave propagation.
In order to avoid undue complications and to maintain close contact with physical
problems we have not attempted to find the most general class of linear hyperbolic
equations to which our method is applicable. Most of the hyperbolic systems of
equations which are important in mathematical physics fall in the class of “sym-
metric-hyperbolic” equations [3]. We shall show, in section 2.3, that our method
applies to “asymptotically conservative symmetric-hyperbolic equations”. But our
main emphasis in this paper is not on these equations.

Perhaps the most important classical problems in wave propagation are con-
cerned with electromagnetic waves. The electric and magnetic fields satisfy Max-
well’s equations which, for free space, are symmetric-hyperbolic equations. But
for dispersive media the equations are not symmetric-hyperbolic, in fact they are
not even differential equations. The time-dependent form of Maxwell’s equations
for dispersive media are integro-differential equations. They are discussed in
section 2.1. In order to encompass this important class of problems we have
formulated our theory in terms of a “general system of equations’ which includes,
as special cases, the integro-differential equations of electromagnetic theory as well
as the symmetric-hyperbolic differential equations. The “general system™ is de-
scribed in section 2.2.

As pointed out in section 2.1, in the electromagnetic case, the large expansion
parameter A is a characteristic frequency of the medium. The true meaning of our
asymptotic expansion is better understood, however, by introducing an equivalent
dimensionless parameter 1g=21 ajc> 1. Here “a” is a characteristic dimension of
the problem and c¢ is the speed of light.

Let us indicate briefly the steps involved in the asymptotic method which is
described in chapter 3. For problems which can be solved exactly (such as those
discussed in chapter 4) examination of the asymptotic expansion of the solution
shows that it consists of a sum of terms, each of which is an asymptotic power
series in A™! involving a “phase function” and an infinite sequence of “amplitude
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functions”. For complex problems, we therefore assume that the solution is also
given by a sum of such series. By inserting such a series into the general system of
equations, we find first that the phase function satisfies a first order partial dif-
ferential equation, the ““dispersion equation”, which can be solved by the method
of characteristics. The characteristic curves are the rays which we have mentioned.
The characteristic (ordinary) differential equations which define these curves will
be called “ray equations”. By the method of characteristics, the phase function
can be obtained by integrating a simple ordinary differential equation along the
rays. We also find that the amplitude functions satisfy ordinary differential equa-
tions along the rays and that, in the most important cases, these *‘transport
equations™ can be solved. In order to find the rays, and the phase and amplitude
functions, initial conditions for all these ordinary differential equations are required.
In some cases the required intial conditions follow directly from the data of the
problem. In others the initial conditions are obtained by an “indirect method”.
Here one solves a ““‘canonical problem” which has the same local features as the
given problem. It is, however, sufficiently simple to be solved exactly. The required
intial conditions for the given problem are obtained by examination of the
asymptotic expansion of the solution of the canonical problem.

The indirect method was originated by J.B. KELLER for the solution of “dif-
fraction™ problems for the reduced wave equation. In these problems ““diffracted
rays” are produced when ordinary rays are incident upon edges or corners of
boundary surfaces, or are tangent to smooth surfaces. Then the initial conditions
for the diffracted rays are determined from a canonical problem involving a
boundary with local features resembling those of the given problem. These canonical
problems are often quite difficult because of the presence of the boundaries. In
our work we consider systems of equations much more complex than the reduced
wave equation, However we are concerned here with problems of ‘“‘radiation”
from sources, which are much simpler than the diffraction problems*. Thus the
canonical problems we must consider are not complicated by the presence of
boundaries. They are problems for the general system of equations with constant
coefficients, in infinite space; whereas the original problem may involve variable
coefficients and boundaries. Chapter 4 is devoted to the solution of the canonical
problems which we require.

In chapter 5 we find the asymptotic solution of two representative radiation
problems. These two problems are intended only to illustrate the asymptotic
method. A much larger variety of problems for (1) and (2) are discussed in [/]]
and [Z0]. Other problems for more general systems of equations are under investiga-
tion by the asymptotic method. In particular, these involve intial-boundary value
problems for symmetric-hyperbolic equations [4], and the very interesting problems
of “Cerenkov radiation” [5] and “transition radiation’ [2] for the electromagnetic
field equations and other equations.

In chapter 6 we investigate the special features of our asymptotic solutions
which appear when the general system of equations is non-dispersive. In particular
we find that we may then superpose asymptotic solutions to obtain one which

* Problems involving reflection and refraction by surfaces and interfaces are considered
in [4]. A diffraction problem for (2) is described in [/]. Diffraction problems for more general
equations have not yet been investigated.
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involves an arbitrary “wave-form” function. Such “progressing wave” solutions
have been studied for a variety of hyperbolic equations [3, 13]. In [/1] progressing
waves are applied to problems for the wave equation (1) involving amplitude-
modulated waves, radiation from moving sources, and reflection by moving
surfaces. Although specific problems are not treated in chapter 6, the discussion
there illuminates the relationship between the dispersive and non-dispersive cases.

The introduction of the general system of equations in chapter 2 was largely
motivated by the electromagnetic field equations for dispersive media. In chapter 7
we return to those equations in order to demonstrate that the general theory which
we have developed is indeed applicable to the electromagnetic case. In section 7.2
the solution of the transport equations for inhomogeneous isotropic media is
analyzed in detail. This leads to a discussion of the rotation of the electric polariza-
tion vector,

Throughout the paper certain conditions are imposed on the equations con-
sidered in order that the asymptotic method may be applicable. These conditions
are listed for ready reference in appendix H. A brief summary of notation is given
in appendix G.

The historical development of the asymptotic theory of ordinary differential
equations has proceeded in two stages. First methods were developed for obtaining
formal series solutions of certain problems. In many cases this formal theory has
been supplemented by an analytical theory, wherein the asymptotic nature of the
formal solution is rigorously proved. The asymptotic theory of partial differential
equations is still mainly in the formal stage, and the work presented here is
entirely of that nature. Nevertheless there is abundant evidence of the validity of
our methods. This evidence has been obtained mainly by comparing our results
with the asymptotic expansion of the solution of numerous problems which are
sufficiently simple to be solved exactly. In every case that has been examined the
asymptotic expansion of the exact solution agrees perfectly with the results
obtained by methods such as those presented here. These investigations [1, 4] yield
not only confidence in the validity of our method but also an appreciation of its
relative simplicity.

2. The General System of Equation

2.1. The electromagnetic field equations for dispersive media
In Gaussian units, Maxwell’s equations take the form

iD—cl7xH=—47z.I, iB+cl7xE=0, (1)
ot ot
V-D=4np, V-B=0. )]
The source terms p (¢, X) and J (¢, X) must satisfy the continuity equation
dp
71—+V-J—0. 3
From (1) and (3) we see that
i(l7-B)—0 —a—(V D—-4rp)=0 C)
at BRI mPI=0- )

Arch. Rational Mech. Anal., Vol 20 14
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Hence the equations (2) are automatically satisfied if they are satisfied at any
given time ¢, For a non-dispersive medium equations (1) and (2) are supplemented
by the constitutive equations

D=¢E, B=uH. )

Here &, p are scalar or matrix functions of X =(x,, x,, x;) which characterize the
medium. It is well known that the solution of (1, 2, 5) with given source terms p,
J satisfying (3) is uniquely determined by the initial values E (0, X), H(0, X) of the
electric and magnetic fields, say at £=0. If the initial conditions satisfy (2), then
those equations are satisfied for all =0.

The fourier (time) transforms of E, H, D, B, p, J satisfy the “reduced equations”
which are given by (1), (2), (3) and (5) with 6/0¢ replaced by —iw. Here @ is the
transformation variable. However, dispersive media are characterized by the fact
that ¢ and pu are functions of @ as well as X. It is important to note that then
equations (5) do not hold. For dispersive media, the constitutive equations for the
time-dependent fields are convolution integral relations. If, for convenience, we
replace E, H by U,, U,, D, Bby V,, V,, and ¢, u by &,, &,, then for dispersive
media the constituitive equations for the transformed fields are given by

V(6 X)=5,(6,X)U,(&,X), v=1,2. (6)

It follows from elementary properties of fourier transforms that the time-dependent
fields are related by

‘/v(taX)=jfv(T,X) Uv(t_TsX)dT; V=1,2. (7)

The functions £, (¢, X) are, of course, fourier transforms of the dielectric permea-
bility &, =& and the magnetic permeability &, =p:

5, X)={ f,(t,X)dt, v=1,2. (8)

These equations, which are thoroughly discussed in [8], have an interesting physical
interpretation: We see from (7) that at each point X, the fields ¥, depend on the
fields U, only at earlier times, provided we assume that the real functions £, satisfy
the causality condition

£,@¢,X)=0 for t<O0. ©)]

This equation has important consequences for the analytical properties of the
functions &, which are discussed in [8].

In Gaussian units &, and &, are dimensionless. Since @ is a frequency, &, must
be a function of &)/A where A is a characteristic frequency of the medium*. Thus
we may set

&, (0, X)=¢,(w, X); w=o/i. (10)

Then from (8) we find that

fv(t,X)=%_fe—““"Ev(w,X)dw; v=1,2. (11)

* Specific examples of ¢, are discussed in appendix D.
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The time-dependent form of the electromagnetic field equations for dispersive
media are now given by

aVl .
Fr —cVxU,=—-4nl, —E—-HVXUI_O’ (12)

V,(t,X)=[f,0,X)U,(t—7,X)d7;  v=1,2. (13)

Here we have omitted equations (2) since, as we have seen, those equations will
be satisfied automatically if they are satisfied at a given time. It is clear that the
initial values of the fields E=U, and H="U, do not uniquely determine the solu-
tion of this system of equations, since the function ¥, depends on the values of the
functions U, for t<0. In the absence of any existence and uniqueness theorems we
assume that an appropriate problem for this system of equations is as follows:
Source functions p and J satisfying (3) are given for all ¢ and X. Prior to some
initial time, say ¢=0, fields V, and U, satisfying (2), (12), and (13) are given. We
are then required to find the values of ¥V, and U, for #>0. In the simplest case, the
sources and fields are identically zero, for #<0, and the sources are “switched on”
at t=0 or later.

Much of our work in the later sections will be concerned with the solution of
such a problem, asymptotically for A—co. (The functions f, and &, depend on this
parameter.) Since 4 has the dimensions of a frequency, the physical meaning of
our expansion will be clarified if we can find an equivalent dimensionless expansion
parameter, A,. In order to do this we define a characteristic length*, a. We then
introduce dimensionless space and time variables X, =X/a, ty=ct/a, and set

oV,

Voolto: X)=V,(6,X);  Uyolto, X)=U,(tX),  fuollo. Xo)=—/(1.X),

(14
=ctla,  Eo@X)=H(@,X),  Jolto,Xo)=I(1,X).
Then (11), (12) and (13) become
frolto, Xo) =3 [ 40000%, (0, Xp)dw;  v=1,2; (1s)
aV“’—170><U20=—4n10, aVz°+17(,><U“,=o; (16)
to ato
K-O(tO’XO)=jfv0(TOsX0) U,o(to—70,Xo0)d7o; v=1,2; 17)
where
Ao=Aajc. (18)

It is not difficult to see that if we find the asymptotic expansion for 1;—> o0 of a
solution of (16, 17), the result is equivalent, under the above transformation, to
the asymptotic expansion for A+ of the corresponding solution of (12, 13). We
conclude that the correct interpretation of our expansion is that it is valid for
1<io=Aa/c.

* For problems with boundaries, we may choose a typical boundary dimension as the
characteristic length, a. For problems involving inhomogeneous media we may use an average
& (@, X)
| P&, (w0, X)|

value of the functions . Then g, changes by a small fraction of itself over distances

small compared to a.
14*
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Before proceeding to our discussion of the asymptotic solution of (12, 13), we
shall rewrite that system of equations in matrix form. The matrix notation has
several advantages. It is not only compact and suggestive, but more important,
it will enable us to include in our general discussion a large set of equations, of
which (12, 13) is a special case. In particular, we will show that this set includes the
important class of (weakly dissipative) symmetric hyperbolic partial differential
equations. The notation used is explained in appendix G. We first introduce
column vectors u, v, f with 6 components, defined as follows:

u=(U19U2)=(EsH)=(E1 ’EZ,Es,Hl ,H, ’H3)’

(19)
v=(V,,V), f=(-4nJ,0).

Corresponding to any 3-vector Z=(zy, z,, z3), we introduce a 3 x 3 matrix (Z)
given by

0 _23 22
@)=z, 0 —z]|. (20)
-z, z; O

Then if V is any 3-vector, in column form, (Z) V=Z x V. We now set K=(k, k,, k3)
and define three 6 x 6 matrices A, 4%, 4% by the equation

> v__ 0 _C(K)
Tha _[C(K) 0 ] 1)

Here we have used matrix block notation. (Since k,, k,, k5 are arbitrary, we may,
for example, choose k, =1 and k,=k;=0. Then (20) and (21) give 4%, etc.) We
now note that the matrices 4" are constant and

3 _3 o0 . 10 —cMU, | [—cPxU,
v;A ux"_v;avau_[c(V) 0 ][Uz]_[ CVXUl], @

hence (12) takes the form

3
v+ ZlA" u, =f. (23)

Next we set

[Hax o - [a@X o
F(t,X)—[ N fz(t,X):I, é"(w,X)—l: 0 Ez(w,X):I' (24)

For anisotropic media &, and f, are 3 x 3 matrices. In the isotropic case they are
scalars, and in (24) they muitiply the 3 x 3 identity matrix /; which we omit.
Now (11) and (13) become

F(t,X)=%je'“‘“é;(w,X)dw, (25)

and
v(t, X)=[F(t,X)u(t—1,X)dz. (26)
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If we increase the number of space dimensions from 3 to n, then X=(xy, ..., x,)
and (23) becomes

v+ > Au. =f. ()]

v=1

Equations (25—27) are the matrix forms of (11 —13).

2.2 The general system of equations

In the succeeding sections of this paper we shall discuss systems of equations
of the form (2.1.26, 7) where u, v are column vectors of dimension m and A°,
F and & are m x m matrices. The matrices A” are hermitian and, in general, may
be functions of X. In this paper we require that 4* and & be smooth* functions of
X in the infinite X-space. If appropriate boundary conditions are specified on
boundary surfaces, or if 4* and & are discontinuous at interior surfaces called
interfaces, our methods must be modified by introducing reflected, transmitted,
and diffracted waves. These features are discussed in [/, 2, 4, 7, 11, 12].

In addition the function & =& (w, X; A) is required to satify five “basic condi-
tions™ which are listed in appendix H. The significance of these conditions (and
the other “special conditions™) are best appreciated by examining the role they
play in later sections. For the electromagnetic field equations in isotropic media,
examples of the dielectric and magnetic permeability functions satisfying these
conditions are discussed in appendix D.

2.3. Symmetric-hyperbolic partial differential equations

In this section we shall show that, for an appropriate choice of &, consistent
with the basic conditions, (2.1.26, 7) reduce to a system of symmetric-hyperbolic
partial differential equations. We first note that (2.1.25, 6) yield

v(t,X)=j'F(t—s,X)u(s,X)ds=%je"““’"'”é;(w,X)u(s,X)dwds, ¢))

and the fourier integral theorem implies that

u(t,X)=%j'e"‘“’""’u(s,X)dwds. @)
We now set
E=6—(i)"'9, £=A(X)+%(X), @=£§)X—), 3)

where A is positive definite ** and Bis anti-hermitian (i.e. B*= — B). It follows then
from (1) and (2) that
w=Au,+ABu+Cu, “)

* A “smooth” function posesses sufficient continuity or differentiability properties to justify
the operations performed with it.,

** The matrix Q is positive definite (or non-negative) if (x, Qx)>0 [or (x, Qx)=0] for every
non-zero vector x,
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hence (2.1.27) becomes
Au+ Y A'u, +ABu+Cu=f. 5)

v=1
Since A4 is positive definite and the 4" are hermitian, (5) is a ‘“‘symmetric hyperbolic”
system [3]. The asymptotic theory of such systems is discussed in [4]. There we
see that the condition that B be anti-hermitian is essential. Such systems will be
called *““asymptotically conservative™.

Since
=2 (we)y=4
—m(w )_ ’

it is easy to see that (3) satisfies conditions 1, 2, and 4 of appendix H. To see that
condition 5 is satisfied we note that G=o/—w A, where &/ =k, A"—iB. & is
hermitian because B is anti-hermitian. Thus the roots w=~h of det G=0 are
“principal values™ of the hermitian matrix &, with respect to the positive definite
matrix A4; and it follows that such roots are real. Condition 3 imposes an additional
restriction on the matrices 4%, 4, and B.

3. Asymptotic Solution of the General System of Equations

3.1. The asymptotic expansion

In this section we shall develop a method for obtaining asymptotic solutions
of the general system of equations (2.1.26), (2.1.27) with f=0. For convenience
we introduce the summation convention (see appendix G), and frequently we shall
not indicate explicitly the dependence of various functions on the variable X.
Thus we may write the general system of equations in the form

v,+A"u, =0, §))
v()=[{F(n)u(t—7)dr. 2

From (2.1.25) we see that
F(t)=A# (A1), #(y)=2—1n—j'e'"‘”’c§(w)dw. 3)

If we introduce the transformation A=y, then (2) becomes
o()=[H (Y)u(t—y/Ddy. 4)

We now assume that (1) and (2) have solutions given by asymptotic power
series of the form

u(t,X)=e'1s®% i G "z, X). 5)
m=0

We shall determine the phase function s and the amplitude function z=z, by
inserting (5) in (1) and (2)*. We introduce the convenient notation **

kv=sxv(t’ X)s w= _St(t3 X)s (6)

* Presumably, the lower order terms, z;, z,, ..., can be obtained by a similar procedure.
** This notation is motivated by the consideration of ‘“plane-wave” solutions. (See the foot-
note to section 3.2.)
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and expand u(t—y/A) for large 4. In order to do so we first note that

fAs(t=yld) _ jids+ioy] | yzs” 0(A~2 7
e =e ——274' (CE R 7

and "
Z (D "2, (t—y/D)=2()+( D)~ [z,(D—iyz, (D] +0(A7?). (3

Hence = °

u(t—y/N=e O (4 (1) 20— iy 2,0 -1y 5, 2] +0E7H}. (9
From (3) we see that
E@=[e >’ H(y)dy, E,=[iye®’H()dy, E,,=—[y*e"’ H()dy, (10)
and we apply condition 1:

E(@)=8(@)—({ ) ' 2(w)+0(172). (1)
Then (4), (9), (10), and (11) yield
v()=* (@) z+ (N [E(0) 2, — D(0) 2—E, 2,415, 80 0 2] FO(ATD)}. (12)
By differentiating (12) and (5) we obtain

v,(t)=e“‘{—ilcoé’z+

(13)
+,:épzt—wgzl+w@z+wngt—%sngwwz+gww12]+0(;l.—l)},
and _
Ay = *{idk, A 2+ [A 2, 4k, A 2] 407N} (14)

We may now insert (13) and (14) in (1) and equate to zero the coefficients of A
and A°. The resulting equations can be written more simply if we introduce the
matrices

4 G=k,A"—w&=k,A"(X)— 0 &(w,X) (15)
an
A’=(w&),=—G,. 16)
Then (@4) (
A=A 0,= -5, [0 &, 0 +2E,], )
and (1), (13), and (14) yield
Gz=0 (18)
and
Gz,+A%2,+ A"z, +3 A’ z4+02D2=0. (19)

From (18) and (19) we shall derive the equations which determine s and z. In
order to do so we must first examine some properties of G.

3.2. The eigenvectors of G
From (3.1.18) we see that the vector function z can be non-trivial only if

det G=det [k, A"(X)— o &(w, X)] =0. (1)
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For real values of w, X, and K, this equation defines a functional relation between
these quantities which we call the dispersion relation*. The same functional relation
can also be expressed in the form

w=h(K,X). @
Then, in general, 4 is a multiple-valued function of K and X, defined by (1).
For each value w=Ah, the hermitian matrix G is singular, therefore there exists

a positive integer g<m, and q linearly independent null eigenvectorsr?, ..., r? of G,
such that

Gr'=0; j=1,..,q. 3)

The integer q is the nullity (or the multiplicity of the zero eigenvalue) of G. The
nullity corresponding to each value of (2) may be different. In our work we shall
require that, for each value of (2), ¢ is independent of K, so that we may differen-
tiate (3) with respect to k,. This requirement is a consequence of condition 3 of
appendix H.

By condition 2 the matrix 4¢ is positive definite for all real . Therefore for
each value of (2) we may orthonormalize ** the null eigenvectors by the condition

(ri’AOrj)=6ij; l:.]=1’,q (4)

The inner product used here is defined in appendix G. é;; is the Kronecker symbol.
If we differentiate G=k, 4°—w & with respect to ¢, and recall that

0
A0=6—w(0)é"),

we obtain
G, =A"—g, 4% v=1,...n; (5)
where
dw 0Oh
gv—gk—v—ﬂv—(K,X), v=1,...,n. (6)
Hence differentiation of (3) yields
Gri,+(4"—g,4%)r=0, )
and from (4) _
(ri,A"r’)=gv6ij; i,j=1,...,q; v=1,...,n. ®

This basic identity will be used repeatedly in our further work. From (4) we see
that it holds also for v=0, if we define

go=1. 9

The eigenvectors r', ..., ¥ are not completely determined by (3) and (4), for
if we set

. q
;l'__Zﬁivrv; i=1,---,q, (10)
v=1

* In case 4* and & are independent of X, and &= &, the dispersion relation can be obtained
by assuming “plane wave solutions™ of (3.1.1,2) of the form a=zexp{i A(k, x,—® t)} where
z, k,, and @ are constants.

** This orthonormalization may, for example, be accomplished by the Gram-Schmidt method
using the inner product [x, yl=(x, 4°y).
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where (B;,) is any g-dimensional unitary matrix, the #' still satisfy (3), (4), and
even (8). Let us now suppose that condition 6 of appendix H is satisfied. Then if
we set a;;=(r', 0 Dr’), the g-dimensional matrix (a;;) is hermitian. If we should
now take (f;,) to be the unitary matrix which diagonalizes («;,), then we would
find that the new eigenvectors #* would satisfy the identity

(ri9w@rj)=’1j5ij; i,j=15"~aq' (11)

Therefore, if condition 6 holds, we may choose eigenvectors rl, ..., r?! which
satisfy (3), (4), (8), and (11).

3.3. The dispersion equation and the ray equations

The dispersion relation, introduced in the last section, is a functional relation
between o, K, and X. Since w= —s, and k,=s,, (3.2.1 or 2) is also a first order
partial differential equation for the phase function s(¢, X). We call that equation
the disperion equation. Some readers may find it convenient to view the dispersion
equation in the form (3.2.2) as a Hamilton-Jacobi equation. In any case it may be
solved by the “method of characteristics” [3]. Thus we introduce the characteristic
(Hamilton’s) equations

dx, __oh_ dk,__3h.
dt  ®T38k, Tdi . ox,’

v=1,...,n. )

An immediate consequence of these equations, and the fact that the hamiltonian h
is independent of ¢, is

do dh _0h dk,  0h dxv_0

dt —di ok, dt Tox, dt 2)

From (1) we see that
ds 0ds dx, O0s

A~ ox, At Tl )
where { is the lagrangian
oh
t’—kvgv—w—kvakv—h. @

(1) is a system of 2 first order ordinary differential equations for the 2# functions
x,(1), k,(t). Each solution of this system defines a curve [t, X(t)]=[t, x4, ..., x,]
in space-time which we shall call a ray*.

If initial values for X and K are known, then, in many cases, the ray equations
(1) may be solved to determine a ray: Along this ray we see from (2) that w is
constant and from (3) that s may be obtained by integration. In this process it
is clear that we require initial values for X, K, w, and s. Let us examine how
such initial values are obtained:

We shall find that in typical problems the values of s are known on some
manifold ** .#. Thus, for example, .# may be an n-dimensional hypersurface given

* Sometimes the term “‘ray” is used for the projections X(¢) of these curves into X-space.
** The manifold .# is closely related to the source region. The discussion in this section will
be clarified by examining the concrete examples in section 5.
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parametrically in terms of » parameters @ =(¢,, ..., ¢,) by

X=Xo(®), 1=1(D). )
Then s is given by
s[T(D), Xo(P)]=50(P) (6)
where s, is a known function. By differentiating (6) we see that
ot Oxo, 05g
- v = s 7
op; 0p; Oo; O

and then for each @ (7) and the dispersion relation provide #+ 1 equations for the
determination of the initial values wy, kg1, ..., kg, Of the n+1 quantities w,
kiy.... k.

But, in general, the manifold .# may be of dimension r<n. Then, for the
purpose of our asymptotic method, we shall require the solution s of the dispersion
equation which is equal to s, on .#, and for which the corresponding rays all
emanate from .# with increasing 7. This solution is, in general, multiple-valued,
not only because the dispersion relation defines @ as a multiple-valued function
of K and X, but also because, for each value of w, more than one ray emanating
from .# may pass through a given space-time point (¢, X). In order to construct
this solution, s we note that (7) and the dispersion relation with X=X,(®) now
provide r+ 1 equations relating the n+r+ 1 quantities

@P1sees@Pps Doy k01’~-'5k0n' (8)

We may then introduce any n of these quantities or any » functions

?j=yj((p1s---s(pr9w03kOl"">kOn) (9)

of these quantities as independent parameters, provided the #n+r+ 1 equations (9),
(7), and the dispersion relation, can be solved to obtain the quantities (8) as
functions of I'=(y,, ..., 7,). The functions (9) can, in general, be so chosen that
@1y eees @ps Wo, koys -5 ko, Will be single-valued functions of I'. Then, from (5)
and (6) we shall have the initial values X, 7, 5o, 0o, K, given as single-valued
functions of I'. Furthermore, to each value of I', there corresponds one branch
of the multiple-valued function 4 for which wo(I)=h[K,(I), X,(I)]. With this
branch of & we may solve the ray equations (1) and obtain the solution

X=X(t;I, K=K(7TI). (10)

This solution satisfies the initial conditions X (z; I =X, (I), K(z; =Ky (I').

The parameters I' lie in a certain parameter space % which is determined as
follows: In (5), the point (¢, X)=(t, X,) ranges over the manifold .# as ®=
(¢, ..., @,) ranges over some space &. Then £ consists of all values I' =(y,...,7,)
assumed by the functions (9) when @ ranges over & and w,, K, take on all real
values that satisfy (7) and the dispersion relation.

For I in 2, and t=1(I), the equation (¢, X)=[¢, X (¢; I')] defines an n-para-
meter family of rays. On each ray, o has the constant value

w=wo(M)=h[K(:; ), X(t; ]. (11)
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Now if we set

g8t D)=h [K(@t; 1), X@; D)];  v=1,..,n (12)
and
£t; D=k, (t; 1) g,(t; I—wo(I); (13)
then (3) yields by integration
s(t; N)=s[t, X(t; D)]=s,(D)+ [ £(¢'; D)dt’. (14
w(r)

This equation provides the required multiple-valued solution of the dispersion
equation which is equal to s, on .#, and for which the corresponding rays all
emanate from .# with increasing ¢.

Note. In this and succeeding sections the symbol f(¢; I') denotes the value of
the function f(¢, X) on the ray [¢t, X (¢; I')] at time ¢; i.e.

St D=f[t, X(t; ]. (15)

For fixed ¢, f(¢, X) may be multiple-valued although f(¢; I) is single-valued because
more than one ray may pass through the point (¢, X).

3.4. The ray transformation

For each fixed value of ¢, the function X=X(¢; I') defines a transformation
from the parameter space 2 to X-space. The jacobian j(¢; I') of this ray trans-
Sformation is defined by

Jj(t; I)=det [i)%t—ﬂ] (0

The jacobian may vanish at certain space-time points called caustic points. The
locus of all such points is called the caustic of the ray family.

A complete study of j(¢; I') would require the solution of the ray equations to
obtain the function X(¢; I'). However, we can obtain valuable information about
the behavior of j near .# by means of an expansion of X(¢;I') for small
[t—1(I)]. From the ray equations (3.3.1) we obtain

u

Xy (t; D) =xo, (D) + [t =t ()] by, [Ko (D), Xo (D] +O[(t—7)*]. )
Then
0
3’?‘—:= aaxy‘:‘" —1, b, +0(t—1). 3)
From (1) it follows that
j(r)=j[t(F);F]=det|:6axy°" —ry“hkv]. @

If j(r)=0 for some value of I then the point (¢, X)=[1, X(z; I')] is a caustic
point, and we find from (3) that there is a positive integer v such that

jt; D)=(t—1)"j(z; D+0[(t—)"*1], (5)
where

j(z; D)=lim (t—7)""j[t; T]. (6)
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The quantity j is non-zero and finite. It can be obtained from further terms of the
expansion (3). It is of practical importance to note that v and j can be obtained
from the ray equations (3.3.1) and the initial conditions X,(I'), K,(I') without
solving the ray equations explicitly. In general, the integer v, which is the order
of the zero of j(t) at t=t(I'), is a function of I'. If j(7)+0 then the point [z, X (z; )]
is not a caustic point. However (5) and (6) remain trivially valid with v=0 and
j(z; I)=j(z; I). Thus v and j are defined at all points on every ray, and in general
v is a non-negative integer.

It is interesting to note that, since g, =4, ,

1 g1 - &n -l
0xo1  0Xgn
™oy o7,
j(r)y=det| . e e )
o OXo1 . 9%,
| " 0. 0yn |

This equation follows from (4) by simple determinant operations. From the ray
equations, we see that the first row-vector of (7) is tangent to the ray [¢, X (¢; I')]
at t=1t(I'). The remaining row-vectors are tangent vectors of .#. If, at a given
point, the n tangent vectors are linearly dependent, then either that point is a
singular point of .# or . is of dimension less than n. In either case j(t) vanishes
there, hence the point is a caustic point. If at a given point, the » tangent vectors
are linearly independent, then we see from (7) that j(t) vanishes if and only if
the ray at that point is tangent to ..

3.5. The transport equations

In the preceeding section we have seen that the phase function s can be obtained
by solving a system of ordinary differential equations, the ray equations. In this
section we shall show that the amplitude function z can also be obtained by
solving a system of ordinary differential equations.

From (3.1.18) we see that the vector z lies in the null space of the matrix G,
hence is a linear combination of the null eigenvectors r?, ..., r* of G. Thus there
exist coefficients o, ..., 6, such that

q
z=Y o, )}
m=1
If we take the inner product of (3.1.19) with ¢/ and note that (¥, Gz,)=(G¥F, z,)=
(0, z,)=0, we obtain
(F, A7z, ) +1 (', A7 2)+(F, 0 D 2)=0; (Z) 0))
j=o0

Here, for convenience, we have set
xO =t,. (3)
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We now insert (1) in (2) and simplify the resulting equation by using the basic
identity (3.2.8). Thus we obtain
n q
gi(0)x, + (rS A 12) 0, +1(F, AD 1) 0, + (F, 0 D 1) 6, =0, (Z, ) ) C))
j=0 m=1

oOm

But from (3.3.1) we see that

d d
z 800, = (o0 + 2(0,», i,

hence (4) may be written in the form

q
‘;‘;’+ Z Tno,=0; £=1,...q (5)
where met
Ym=y (A HL0A M)+ 02r7);  Lm=1,..4. (6)
j=0

(5) is a system of g first order ordinary differential equations for the coefficients
i, ..., 6, which determine z. These equations are called the transport equations.
The solution of (5) yields the values of a4, ..., g,, hence the value of z, along a
ray. In the next four sections we shall obtain the solution of the transport equations
in several important special cases. From (3.2.11) we see that if condition 6 holds,
the last term in (6) is

(r{,wgrm)='1[6(m' (7)

3.6. Homogeneous media

We shall say that our general system of equations (2.1.26,7) describes the
propagation of waves in a homogeneous medium if the matrices 4°, &, and 2 are
independent of X. In this case it is possible to show that if condition 6 holds, the
system of g equations (3.5.5) uncouples. In fact it follows from the theorem of
appendix A that

Tlm=[% VG+"(] 5{m; VG: Zl(gv)xv; (1)
and we obtain the uncoupled equations
d g,
C+ (s 1] 0=0,  £=1,....q. @

For homogeneous media 4 and g, are independent of X. It then follows from
the ray equations that the functions &, are constant on each ray, i.e.

kv(t;r)=kv0(r). (3)
Then, of course,

w(t;N=w,(MN=h[Ky(I)], g, (t;N=g,o(N=h, [Ko()], “

and the solution of the ray equations (33) is given by

xv=xv(t;F)=xv0(r)+[t_1(r)]ng(r)' (5)

Thus the rays form an #-parameter family of straight lines in space-time.
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From (3.3.4) we see that the lagrangian has the constant value

{(t;D)=£o(0)=k, 08,0~ ©
on each ray, hence (3.3.14) becomes
s(t;T)=so(D)+[t—t(D)]{o(T). )
The solution of (2) is given in (12) of appendix C. There we see that

Jjte; )
i)

Here j is the jacobian defined by (3.4.1), and #, is given by

’11(F)=["l(r)s o D (m,) "'(F)]§ "I(F)="l(wo » Ko)s
wo=wo(l); Ko=Ko(I).

+
ae(t;l‘)=az(to;1‘)[ ]eXp{—(t—to)m(I‘)}; f=1,...,9. (8)

®

(8) provides the value of o, at any point on the ray [¢, X (¢; I')] in terms of its value
at a given point ¢=1,. From (3.5.1) and (3.2.8) we see that o,,=(r"™, 4°z), therefore
(3.5.1) and (8) yield

. + q
z(r)=[’(‘°’] 3, exp{~(t= 1)} 3t "

i) | m=
A (10)

- l:j.]((t;))) ] mglexp{ - (t - to) ”m} [rm’ A‘O z(tO)] .

Here, for the sake of brevity, we do not indicate the dependence on the para-
meters I'. If condition 7 of appendix H is satisfied the functions #,,; m=1, ..., q;
are all equal. Then (10) becomes

: %
z(t)=[’j((’;’))] exp{~(t—to)n} 2(to). (11)

These equations provide the explicit solution of the transport equations for
the case of homogeneous media.
It is interesting to note that for homogeneous media

ox,(t, I

OV
hence the jacobian (3.4.1) is a polynomial in ¢ with coefficients which are functions
of I'. The degree of the polynomial is at most n. If 7,(I'), ..., 7,(I') are the roots

of this polynomial, then the factor j(#,)/j(¢) which appears in (8), (10), and (i1)
is given by

=(xv0—‘cgv‘;))y,,+(gv 0)7,,,t5 (12)

Jto) _ (to—711) ... (to—70)
08 : 13
e =t)...(t—1,) (13)
(If the degree of the polynomials is less than 7 then some of the roots 7; in (13)

are infinite.) The points ¢=1;(I') are, of course, caustic points. At those points
(13) becomes infinite and our formulas for the amplitude z are invalid. In the
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neighborhood of a caustic point, a different asymptotic representation of the
solution is required *. If 7 and ¢, are separated by one or more caustic points then
(13) may be negative. In such cases the factor [j(z,)/j(#)]* in (8), (10), and (11)
is ambignous. The ambiguity may be removed by the “phase-shift rule” which
will be discussed in appendix F.

3.7. The energy density

We turn now to a consideration of the transport equations (3.5.5) without
assuming that 4°, & and 2 are independent of X. We first note that the basic
identity (3.2.8) implies

(r, A r™y+ (!, APy + (AL Py = (¥, A° r™),= (5, ,,),=0; )]
hence, from (3.5.6) and (3.2.8)

UmtTar= 2 [ A L)+, , A )]+, 0(2+9%) r]
v=1

n @
= D[4, (4L, 4 [F (@ + 9% 7]
= 7§t [F (@ + 2% "]~ T (¢, AL "), )
where -
V-G= ;l(gv)xv . (4)

Next we introduce the energy density function
W=(2,AOZ)=0f0f<Z> &)
=1

which is discussed in appendix B. (The second equation in (5) follows from (3.5.1)
and (3.2.8).) The transport equations (3.5.5) now yield

dw

TR =07 (Tt Tme) O (6)
Comparison of (6) and (3) shows that we may obtain a single ordinary differential
equation for w provided conditions 7 and 8 are satisfied. (We note that condition 8
is trivially satisfied if the matrices 4* are independent of X. Furthermore, con-
ditions 7 and 8 are obviously satisfied if the nullity is g=1.)

Under these conditions, (6) now becomes
dw
—+[V-G+2Ren+p)]w=0, D

and the solution of this equation is given in appendix C. From (C.10) we see that

J(to;T)
j@; )

w(t; D)=w(ty; I

* See [6].

eXP{—{I [Re'l(t';F)+ﬂ(t';I')]dt'}- ®)
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As in the preceding section we note that j vanishes at caustic points and therfore w
becomes infinite at such points. Except for the exponential factor, (8) would imply
that w(t; I') j(¢; I') is constant; i.e. independent of 7. Let dX(¢) be an element of
space, each point of which moves according to the solution X=X(¢; I') of the
ray equations. Then dX(t)=j(¢; I') dTI", and the element of energy w(t; I') dX ()=
w(t; I j(¢; T') dI is independent of z. Thus energy is conserved in dX(¢). Since
dX(¢) vanishes at a caustic point, it is not surprising that the energy density
becomes infinite there.

The energy density w is by definition a non-negative real quantity. However
J(to)[j(t) may be negative if ¢y, and ¢ are separated by a caustic point. In this case
the derivation of (8) in appendix C is not valid. However, it follows from the
discussion of appendix F that (8) is valid for all # except caustic points, provided
we replace the ratio of jacobians by its absolute value.

In this section we have obtained a formula for the energy density w, but not
for the amplitude function z. For many purposes this formula suffices. (We recall,
e.g., that often optical intensities, i.e. average energy densities, are measurable
whereas the corresponding fields are not.) As we shall see in the next two sections,
further progress can be made in the important special cases g=1 and ¢g=2.

3.8. Nullity one
If g=1 then conditions 7 and 8 are trivially satisfied with

n@=[r,0o2r] and f=-1% E::I(r, AL p). €]

From (3.5.5, 6) we see that the transport equation becomes

do
7 Tho= 0 )
where
o=, (A r )+3(r, 47D +n. 3)
j=0
Let $=arg 0. Then '
o=|c|e?®, @)
and (2) yields
die| . ds _
[T+l|al—dT +|a]1e=0. (5)
By taking the imaginary part of (5) we find that
ds ! 1
W:—Imro, hence 9(1)=9(t0)— [ Imzo(t)dt'. (6)

From (3.7.5) we see that |¢|=]/w, hence (3.7.8) yields

. .* t
lo)] =10 (to)] [’j((’;’))] exp{—; [Ren(#)+B()] dt'} : 0
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Thus from (4), (6), and (7)

. + t
a(t)=a(ty) I:Jj((t:)) ] exp { - ;[ [Ren(t)+B(t")+ilmzy(2)]d t'} . 8)

Since (3.1.17) shows that 4? is hermitian, we see that (r, 4°r) is real. Hence,
from (3),

Ren+ilmty=n+il ©)
where
{=ImY (r,A’r,). (10
j=0

(If 4%, ..., A" and & are real, then the eigenvector r is real and {=0.)
From (3.5.1) and (3.2.8) we see that

z=or and o=(r,A°z). ¢h))
Therefore (8), (9), and (11) yield

. % t
z(t)=[1j((’;‘))] exp{ — § [n)+ BE)+iL()] dt'} [F(to) A0 2] r (). (12)
o

Here, for the sake of brevity we have not indicated the dependence on I' of all
the functions in (12). Again the ambiguity of the factor [j(z,)/j(¢)]* may be removed
by the “phase-shift rule” of appendix F.

We note that the eigenvector r is determined only up to a unitary factor e’
where « is an arbitrary real number. It can be shown?*, however, that (12) is
independent of «.

3.9. Nullity two

In important applications of our theory, such as the electromagnetic field
equations for isotropic media, the nullity g of the matrix G is two. In such cases it
is possible to solve the coupled transport equations, provided we impose condi-
tions 6, 7, 8, and 9. Then we may choose the eigenvectors r! and r? to be real,
and it follows from (3.5.6, 7) that 7,,, is real. In this case (3.7.2) implies that

T11=T732=74 1
where
7,=3V-G+n+p. 3]

Similarly, we see from (3.7.2) that 7,,+1,, =0, hence (3.5.6, 7) yield

T12==T21 =T, (3)

* Suppose F=el%r. Then 7=z, ﬁ:ﬂ, and 7x,=jay, ei*r+e'%r,,. Hence (, Alr )=
(r, AVry )+ iox, g;, where from (3.2.8) g;=(, Air). It follows that

CA=C+%—':— and ff(t')dt’= fe@Hydt +a(®—alty).

But

exp { —i[a(®)—a(to)]} [F(to), A° () (1)1 F () =[r(t0), A°(to) z(t)] ¥ (2) .

Arch. Rational Mech. Anal., Vol. 20 15
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where

=) (r AT e ) +3(r AL ).

j=0
The transport equations (3.5.5) now take the form

do d
#+110’1+120’2=0, —do‘—tz——120’1+1102=0.
These equations can be simplified by introducing the quantities
- 0y 02
=+|)w, =, =,
P l/ B P B P

Then, since p=w, we see from (3.7.7) that

d
2p 417 G+201+P)1 97 =0,

hence (2) yields

dp

“ar +1,p=0.
By inserting (6) in (5) we obtain

d d
%‘FTZBZ:O: dﬁtZ _72ﬁ1=05

and it is easily seen that the solution of (9) is given by

B1(6)=P1(to) cos 6 () — B (to) sin 6(2),
B2 (1) =B1(to) sin 6(£)+ B> (to) cos 6 (1)

where .
é(t)= j T,(t")d¢t.
to

Here B8, (t)=p,(¢; I') is the value of B, at the point [t, X (¢; I')], etc.

Now, from (6) and (3.7.5) we see that

|B1|2+]ﬁ2|2=(w)—1[|0'1|2+|02|2]=1 >
while (3.5.1) and (6) yield

z(O=0,(t) (1) +a, (O )=}/ w(®) [B, () r' )+ B (O (D]

Furthermore (6), (3.5.1), (3.2.8) and (3.7.5) imply that
g — (r", A% z) ", A°2) )

"V Ve
By inserting (3.7.8) in (13) and by using (3.7.5) we obtain

m=1,2.

j@®

_ j(to) t _ : ’ ' 4 Y %
z(f)= exp ,j [n(&)+B()]dt r [2(to), A° (o) 2(to)]* x
x[B()r' O+ B (O (1)].

4

&)

(6)

(M

®)

)

(10)

(11

(12)

(13)

(14)

(15)
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We now set )
Bu(t)=[2(t5), A° (1) 2(to)]F Bu()=]/W(t0) ().
Then f, and B, satisfy (10), while (14) and (15) yield

Bult)=[r"(te), A°(t) 2(t0)];  m=1,2 (16)
and
. 3 t N A
z(t)=[%] exp{ — § In()+B(1)] dt'} Bor©+h0rOl. a7
Thus if z(¢,) is given, (16) and (10) yield f}l (¢) and ﬁz (2), and then (17) determines
z(t).

3.10. Generalized formulas for the amplitude, z

In sections 3.6, 3.8, and 3.9 we have derived formulas for the amplitude func-
tion z(¢; I in terms of its values z(#y; I') at some point t=¢,(I') on each ray.
We have seen that z becomes infinite at caustic points because the jacobian
vanishes there. Thus our formulas are valid only if #, is not a caustic point.

In section 3.3 we derived the formula (3.3.14) for the phase function s in terms
of its values on the manifold .#, which consists of those points on the family of
rays for which ¢=1(I'). In general, these points may be caustic points.

For applications of our theory we require formulas for z and s in terms of
their values on the same manifold .#. If r=1(I') is not a caustic point, we can
merely set f, =1 in our formulas for z. However, if t=1 is a caustic point z(z, I)
is infinite and we must modify our formulas for z appropriately. That is the object
of this section.

We shall make use of the analysis of the behavior of the jacobian near ./#,

discussed in section 3.4. In particular we shall use (3.4.6). Thus if we let ty—1
tend to zero through positive values in (3.7.8), we find that

v D= D X D expl - f [Rens D+pws Dlar}. @

where , )
w(t; M= lim @G—-7)w(; ). )

(t—7)—0+

(The limit is taken through positive values of 7,—7 in (3.7.8) because if f, <1<,
then ¢, and ¢ are separated by a caustic point and (3.7.8) is not valid.)

The positive function w describes the asymptotic behavior of w as t—z. If
y=0, then t=1 is not a caustic point, w(z, [)=w(z; I'), j=j, and (1) reduces to
(3.7.8). Equation (1) is valid under conditions 7 and 8.

If we let (f,—7) tend to zero through positive values in (3.9.10, 11, 16, 17), we
obtain

Y + t - -
z() =[%] exp { = n@)+p(tH]d t'} B 'O+, 0] 3)

15*



214 ROBERT M. LEWIS:

where
Bu(t)=  lim (=) Bu(O=[r"(0), A°DE@]; m=12; )
(t-1)=0+
F)=2z(x;N= lim (-0 z(;1); )
and (¢t—1t)—0+

B1(5)=B1(x)cos 5(1)— B, (1) sin 6(1)
B2(1)=p(7)sin6(1)— B, (r) cos 6(1)
Equations (3), (4), and (6) are valid under conditions 6, 7, 8, and 9, for the case
of nullity g=2. If Z(z; I') is known, then (4) gives the values of B.. (0), (6) gives

the values of B,,(¢), and (3) determines z(¢; I'). If v=0 then Z=z, j=j, and the
formulas reduce to those of section 3.9, from which they were derived.

If we let (t,—1) tend to zero through positive values in (3.8.12), we obtain

}; 5(t)=[ 1, (¢)dr. (6)

t
2()= [’ 8] exp{—j [(8)+B(E) +iL()]) dr’} [r(@, L@E@]r@, )
where 2 is again given by (5). Equation (7) is valid for the case of nullity g=1. It
provides the value of z(r) directly in terms of Z(t), and reduces to (3.8.12) if v=0.

For the case of homogenous media, we may let (f,—17) tend to zero through
positive values in (3.6.10, 11). Then if condition 6 holds, we obtain

z()= I:j((t;:l Z exp{—(t—7) 1} [r" A°Z(D)] " (8)
from (3.6.10). Here 7,,, ™, and A° are constant on a ray and 1,, is given by (3.2.11).
If condition 7 is also satisfied (3.6.11) yields
¥ 4
z(t)=[’.(—t)] exp{~(1—D)n} £(r). ©
i®
In (8) and (9) Z is again given by (5). If v=0 (8) and (9) reduce to (3.6.10, 11).
From (3.4.6) we see that j(7) and j (¢) have the same sign provided 1<¢<7,
where t=1'(I) is the location of the next caustic point on the ray X(¢; I'). For ¢
outside this interval j (t)/](t) may be negative. We assume then that (1) remains
valid with j/j replaced by | jlil. We also assume that the other formulas of this
section may be interpreted according to the *“phase-shift rule” of appendix F.
It is interesting to note that for homogenous media o, K, r™, 11, and A° are
constant on each ray, while §=0. Then it is easy to demonstrate that (3) reduces
to (9). (The demonstration follows from (3.6.1) which implies that 7, =0, and from
(6) which implies that B; and B, are constant.) It is also easy to show that (7)
reduces to (9) if condition 6 is satisfied, for in this case the theorem of appendix A
shows that 7, is real and (3.8.9) implies that {=0.

3.11. Asymptotic Solutions
Equations (3, 4, 6), (7), (8), and (9) of the preceding section provide formulas,
valid under different conditions, for the amplitude function z(z; I') in terms of
Z(r; I'). In addition (3.3.14) provides a formula for s(¢; I') in terms of the value
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§o(IN) of s on .#. By inserting these results into (3.1.5), we obtain
u~e* G024, 1) 6))

for the leading term of the asymptotic expansion of u. This equation, and the
equation
X=X(;I), 2

which is obtained by solving the ray equations, provide a parametric representa-
tion of u(t, X) with »n parameters I'=(y,, ..., y,). For a given value of (¢, X) (2)
may have zero, one or more solutions I'. It is understood that for each (¢, X) (1)
is to be summed over all values of I' which satify (2). (In geometric terms, we sum
over all rays of the n-parameter family which pass through a given space-time
point.)

We have yet to answer a very important question: How do we determine the
functions s, (I') and Z(t; I') which we need to determine s and z? It is possible to
give at least a partial answer here.

Obviously s, and Z must be determined from the data of a suitable problem for
our system of equations (2.1.26, 27). Often these data consist of the values of the
source function f. In problems involving boundaries, the boundary values also
provide data. In initial value problems, which are appropriate for systems such
as those described in section 2.3, the initial conditions also are part of the data
of the problem.

In some cases, the values of s, and Z can be determined directly from the data.
This is true, e.g. for initial-value problems with “oscillatory initial data™ discussed
in [1, 4, 9, 10].

In other cases, such as those which we shall discuss in chapter 5, . is of
dimension r<n hence consists of caustic points. The values of s, on . can be
deduced from the data of the problem, but z is infinite on .#, and the values of Z
must be obtained by an indirect method. In that method, we complete the con-
struction of the solution (1, 2) with the function Z(r; I') unspecified. Then we
specialize our problem to one with constant coefficients, i.e. with 4” and & (w)
independent of X, in unbounded X-space. (The constant values chosen for 4’
and &(w) are the values of A*(X)and & (w, X) at the point X=X (z, I').) Thus for
each different value of X(r; I') we obtain a problem with constant coefficients.
This canonical problem™ is, however, much simpler than the original problem;
and it can be solved exactly. (This is done in chapter 4.) Then the asymptotic
expansion of the solution of the canonical problem is found to be identical to
the result obtained above (and specialized to constant coefficients), except that
Z(t; I') is now given explicitly. If we assume that Z depends only on the local
value of the coefficients, the Z obtained for the canonical problem can be used to
complete the construction of the asymptotic solution of the original problem. The
details of the indirect method are best understood by examining it in specific
applications such as those of chapter 5 and [/, 2, 4, 5, 7, 10, 11, 12].

* The term “‘canonical problem”, and the idea of the “indirect method” were introduced by
J.B. KELLER in studying asymptotic solutions of the reduced wave equation and the phenomenon
of diffraction [6, 7, 12].
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4, Exact Solution of the System of Equations with Constant Coefficients

4.1. The fourier integral representation

In chapter 3 we presented a method for obtaining asymptotic solutions of the
system of equations (2.1.26, 27). With constant coefficients that system becomes

v+ Y A'u, =f(1,X), 6))

v(t,X)={F(t)u(t—1,X)dz. ¢))

Here u and v are column vectors of dimension m, X=(x,, ..., x,), and
A —-ilot g

The constant m x m matrices A” are hermitian, and the m x m matrix & (w) satisfies
conditions 1 —5 of appendix H. As explained in section 2.1, we consider the follow-
ing problem for (1, 2): The source function f is identically zero for 1 <0. Itisrequired
to find a function u(z, X) which satisfies (1, 2) and the “initial condition”

u(t,X)=0 for t<O. 4

It can be shown that the leading term of the asymptotic expansion of the
solution u of this problem is determined by the first two terms of the expansion

E(w; N=E&(@)—( D) 12 (w)+0(1"?) (5)

of & The “dissipation term” 9 (w) introduces considerable difficulties into the
exact solution of the problem. Since the modifications of the asymptotic solution
produced by this term can be obtained by the method of chapter 3, we shall take
2=0 in this chapter. Therefore we may replace &€ by & in (3)

In order to solve (1, 2, 4) we set K=(k,, ..., k,) and introduce the fourier
transform

u(w,K)=[exp{—il(k,x,—oD}u(t,X)dtdX. (6)

Then

u(t,X)=<%)n+1jexp {i Ak, x,—o )} u(w,K)dodK. @)

Similarly we introduce the fourier transforms v(w, K) and f (o, K). From (3) we
see that & (w)=¢&(w) is the one-dimensional fourier transform of F(¢). Because
of the convolution integral relation (2), it is easy to show that

(0, K)=¢&(w)i(w,K). ®)
From (1), we find that

—idlwd+ilk,Ai=f, ©
hence from (8),

Ga=(i)"'f, (10)
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where
G=k,A’'—wé&(w)=G6(w,K). (1)

Thus, from (7) we obtain the representation
nt+1 n
u(t, )=@Gn~! (%) [exp{ilk,x,—0 1)} G "(0,K) f(,K)dwdK. (12)

We assume that f(z, X) is sufficiently well-behaved as [X|— o0 to justify the
interchanges of integrations we have performed. For the behavior of f as t— o0 we
require only that each component £, of the column-vector f is such that for all X

_Flfv(t, X)e **'dt<oo (13)

for some a,=0. Then f (o, K) is an analytic function of @ in Im w>ay.

In (12) it is understood that the variables k,, ..., k, are integrated over the
real axis from — oo to + co0. The variable w is integrated over a countour C parallel
to the real axis, and lying in the region Im w>a,. From condition 4 we see
that & and hence G are analytic in that region, and it follows from condition 5
that G~ !(w) is also analytic there. If we now insert (12) in (1, 2) we obtain

v+A° uxv=<%[—)n+ 1 JdK [ dwexp {i Ak, x,—w )} flo,B)=f(t,X), (14)

by standard theorems on fourier integrals. Thus equations (1) and (2) are satisfied.
Since f=0 for <0,

f(co, K)=jd§?d‘cexp{—ii(kv (im0} f(r,Odrdé;, Imo>a,. (15)
]
We now insert (15) in (12). This yields

w6 0= | faK dgom (12wt} fdr (- D) 1. 16
where

I (o, K)=

211”, é[exp{—ilwa}G"(w,K)dw. 17

For 6 <0 we may close the contour C by an infinite semi-circle in the upper half
of the w-plane*. Since G~ is analytic in Im @ >a,, we conclude that

T =0 for o<0. (18)
From (16) and (18) we see that #=0 for t<0, i.e., u is the required solution of
the problem (1, 2, 4). We also see that for >0

w(t, X)= (== ) [ d K d& exp {i ALk, (x,— E)} [ de T(t—7, K) f(5,8). (19)
2n 0

* From condition 4 we see that, uniformly with respect to arg w in 05 arg <=, det G=
O(w™), as | w]—> 00, while the cofactors of G are of order @™~ L. It follows that G~ 1(w)—0 as
| |00, and the integral over the infinite semi-circle vanishes, by Jordan’s Lemma, {/5].
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In section 4.3 we shall evaluate the integral (17) asymptoticaily by obtaining
residue contributions from the singularities of G~ !(w). It is clear that, for
Imw>28,(B,<0), these singularities occur either at the zeros of det G(w) or
at the poles of £(w). We shall demonstrate that the poles of £(w), which (by
condition 4) are all real, do not produce singularities of G~ ! (w): From condition 1
we note that £(w) and hence G(w) is hermitian for real w. Therefore there exists
a unitary matrix U(w) such that G=UTI'U* and I'(w)=(y; d;;) is a diagonal
matrix. The reciprocals 1/y;(w) are bounded in a neighborhood of each pole.
Since the elements of a unitary matrix are bounded in absolute value by unity,
G '=Ur-1U* has singularities, in Im w>2f, only at the (real) zeros of
det G(w).

4.2. The eigenvalue problem for G

In order to obtain the residue evaluation of (17), we shall introduce the
representation of G™! in terms of the eigenvectors and eigenvalues of G.

For real w and K, G=k, 4° — 0 &(w) is hermitian, therefore posesses a complete
set of mutually orthogonal eigenvectors r!, ..., r™ such that

Gr=yr; (¢, r)=0; ij=1,..,m. (1)

Let y(w)=7(w, K)=y!=---=97 be an eigenvalue of multiplicity 4. By condition 3
of appendix H, g is independent of w. By differentiating (1) with respect to o
we find, for j=1, ..., ¢, that
—A° P4 G =y P yrl, )
where
AO=_Gm=(wén)a)' (3)
Then, since (r!, Gri)=(Gr', ri)=y(r}, i), we see from (2) that
A’ y=—y, (P, r); i, j=1,...,q. 4)

Since, by condition 2, A° is positive-definite, we may normalize the eigen-
vectors by the condition (r/, 4°r))=1. Then (4) yields

—‘)’m(ri’ rj)‘—‘(risAorj)=6ij; i’j=1,---sq9 (5)
and .
Vm'_‘—[(rJ’rl)]‘l; ]=135q (6)
Of course, if w=h(K) is a zero of y(w), then, at w=A4,
Gr=0; j=1,...,q. @)

4.3. Residue evaluation of the integral representation

For an arbitrary column vector f, and for real w, we may introduce the ex-
pansion of f in terms of the complete set of eigenvectors of the hermitian matrix
G(w):

1= 3 b P@). 0
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Then
G () f= Zl[bj(w)/?j (@)] ¥ (). )
j=
At least one eigenvalue 7/ vanishes at each real root w=# of det G=0. We order
the eigenvalues so that y' =-...=9%=y vanishes at w=~h. From (4.2.6) we see that

Yo (M) *0; i.e., y(w) has a simple zero at w=h.

For ¢>0 we shift the contour C in (4.1.17) to the line Im w=f,<0 below
the real axis. This yields residue contributions from the singularities of G~ ! (w),
which, as we have seen at the end of section 4.1, occur only at the (real) zeros of
det G(w). The integral over the new contour is a remainder of order e*“#, which,
since f,<0, we neglect* for A—c0. Since the contours which yield the residue
terms encircle the zeros in the clock-wise direction, we see from (4.1.17) and (2)
that the residue contribution from the point w=~h to (g, K) f is given by

—exp{=i1ho} 3. [b,(R)ra(] V(). ©
But, from (1) and (4.2.1, 6), ’
(7, £)=by(#, )= = byfr; @

hence, summing over the real roots w=Ah(K) of det G, we find that
7@K f~ T ew{-i100) 3 [F0).117@). )
We now insert (5) in (4.1.19). The result is, for >0,
u(t, X) ~<—l—)"_[ dKd f_ftdt X
x Y exp{iilk,(x,—&)—w(t—1)]} Z[r’ [, O]r.

o=h(K)

©6)

Here, for each K, we sum over the real roots w=/4(K) of det G(w, K)=0, and then
over j=1, ..., q; where ¢ is the nullity of G(h, K) and r',..., ¥? are the null
eigenvectors of G(h, K). From section (4.2) we see that they satisfy the equations

G, K)r'=0; [, A°0)F]=6;  ij=1,....q. )
The eigenvectors are uniquely determined by (7), up to a unitary transformation
of the form Fi= Z o ¥/, where (x; ;j) is a unitary matrix | which leaves the value

of (6) unchanged Slnce equations (7) are identical to (3.2.3, 4), we may, for the
case of constant coefficients (and 2=0), identify the eigenvectors of chapter 3
and this chapter. For that reason we have used the same notation in both chapters.

* From (4.1.19) we note that c=1¢— 7 lies in the interval 0< o< t. Therefore, in a neighbor-
hood of =0, the neglect of the remainder would be questionable. However, we shall be interested
only in points (¢, X) outside of the “source region™, i.e. the support of the function f. Because
of the finite time of propagation, & at such points cannot depend on f(z, &) for values of 7 in a
neighborhood of r=r. Hence we may delete a neighborhood of =0, and the neglect of the
remainder is justified.
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Our asyptotic solution (6) of the problem (4.1.1, 2, 4) is the main result of
this chapter. For various choices of the source function f(¢, X) (which may depend
on 1), the integrals with respect to K, £, and 7 in (6) may be evaluated asyptotically
by the method of stationary phase, leading to formulas for # which are free of
integrals. Two representative examples are discussed in chapter 5. Others are
treated in [2, 4, 5].

5. Radiation from Sources

In this chapter we consider the problem

ot 3 A u =fX), ot X)=] Fs, X u(t—1, X) dr; 0
v=1
u(t,X)=0 for t<O0. )
Here f(t, X)=0 for t<0 and
F(t, X)=-2%je'“‘”'é;(m, X)do. 3)

The matrix & and the hermitian matrices 4* are smooth functions of X in all of
X-space, and & satisfies conditions 1 —6. The source function f may depend also
on A. It is possible to obtain the leading term of the asymptotic expansion for
A—> o0 of the solution u(z, X) of (1, 2) for a variety of types of source functions f.
In order to illustrate our theory, and in particular to demonstrate the “indirect
method” outlined in section 3.11, we shall consider two representative examples
in this chapter. Others are discussed in [/, 2, 4, 5, 10].

5.1. Rapidly varying source
The source function f will be called “rapidly varying” if it is of the form

F&, X)="" g[A(t—1), A(X=X,)] 4)

where 7 is a positive constant and X, is a constant vector. An important example
of (4) is obtained by setting

8(t, X)=6(1) 6(x1)...0(x,) go=5() 6(X) go &)
where g, is any constant vector. Then, since A §(1x)=05(x), (4) becomes
J(t,X)=6(t—1) 6(X—-Xo) go- (6)

In general we shall assume that the function g(z, X) has “compact support™,
i.e., vanishes outside of a bounded region in #, X-space*. Then as A—c0 the
support of f(¢, X) shrinks to the manifold .# consisting of the single point (¢, X)=
(1, X,). We now proceed as outlined in section 3.3: Since .# consists of a single
point, s has some constant value s, on .#. This constant value may be absorbed
into the undetermined function Z therefore it is convenient to take s,=0. Since
the dimension r of .# is zero, there are no conditions (3.3.7) and we may choose

* This assumption can be weakened. It is sufficient to assume that g decays sufficiently
rapidly at infinity for the integral (31) to exist.
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as our parameters

V=Ko ;; j=1,...,n. )
This yields the initial conditions
X=X,(=X,, t=t(D=t, K=K,)=I, s=s,(I)=0. (8)
The initial value
w=wy(l) ®
is determined by the dispersion relation (3.2.1) or (3.2.2) in the form
det G=det[y, 4" (X¢)— o E(wg, Xo)]=0 (10
or
wo(D=h{T,X,]. (11)

(11) is, in general, a multiple-valued function of the vector I' which may be thought
of as a point in n-dimensional space, E". We may make w, a single-valued function
of I, by letting I be a point in a parameter space £ consisting of several duplicates
of E”, one for each value of (11)*. By this simple device we conform to the presenta-
tion of chapter 3, in which X,, 7, K,, 55, and w, were assumed to be single-
valued functions of I.

From (3.3.14) s is given by

s(t; I')=_[tt”(t'; rydt (12)
where i
t(t; N)=k,(t;T) g,(t; I)—wo(I) (13)
and
g,(t; D)=h K@ D), X(t;1)]; v=1,...,n. (14)

Here X(¢;I'), K(¢; I') is the solution of the ray equations (3.3.1) with initial
conditions (8). From these equations we find, as in section 3.4, that

x,(t; I =xq,+({—1) by (T, Xo)+0[(t—‘c)2], (15)
T =(t=1) Iy, (T, Xo)+ O[], (16)

and ’
j(t; Dy=(t—1)"det[hy (T, Xo)]+ O [(t—7)"*1]. 17

It follows that v=n and
j(; y=det[hy,, (T, X)]. (18)

We recall that, in chapter 3, we were able to solve the transport equations if
the nullity ¢ of G is 1 or 2. If g=1, z(t)=z(¢; I') is given by (3.10.7). If g=2
then z(z) is given by (3.10.3, 4, 6) provided conditions 6, 7, 8, 9 are satisfied. In
either case it is necessary to determine z(r; I’) which appears in these formulas
for z. Let us suppose that we have determined z. Then with s given by (12), the

* To be more precise each space E" is restricted to those values of I" for which the correspond-
ing value of (11) is real.
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asymptotic solution of (1, 2, 4) is given parametrically by
u~e G0 2(1;T); (19)
X=X(;TI). (20)

(As in section (3.11), for each point (7, X), (19) is to be summed over all values of
I’ which satify (20), i.e. over all rays through (¢, X).)

To determine Z we use the “indirect method” outlined in section 3.11. We first
consider the ‘“‘canonical problem” with constant coefficients, 4*=A4"(X,) and
&(w)=~&(w, X,). For this problem, we find (as in section 3.6) that the solution
of the ray equations is given by

k,(t;N)=y,; x,(t;N=x0,+(t—1)g,; g=hII;X,], (21

and (13) becomes

£(t; =y 8,—o, (22)
with @ given by (11). Now (12) takes the form
s(t; D=0t~ {=01-1)[y g,—]. (23)
As pointed out at the end of section 3.10, z is now given by (3.10.9), i.e.
z(1) =[%TCXP {=(—Dn}2(v). 29
We see from (21) that (15— 18) now hold exactly with no remainder terms, hence
l:—j%:r=(t—t)_*". (25)
Thus (19) and (20) become
u~exp{i A[(t—7) (3, gy~ )]~ (=]} =) "*"Z; (26)
Xy=Xg,+(—1)8g,. 7

The next step in the indirect method is to compare (26, 27) with the asymptotic
expansion of the exact solution of the same problem*. To do this, we first insert
(4) in (4.3.6). Then

uwﬂ(;;)" JAY(dr [do 3 exp{ialn (e, =3 -o(t=a)]}x

. : 28
x Y (P (D), g[Mo—1), A(Y-Xp)]} #(I);  1>0. (28)

Here we sum over every real zero o=h(I'; X,) of det [y, 4’ (X)) — o & (w, X)]1=0,
and then over j=1,2 if g=2. If g=1 we may omit the index j. We now introduce
the transformation

t'=A(c—1), X'=MY-X,), dt'=ides, dX'=A"dY, (29)

* As in chapter 4 we now take 2=0. Then, to make the comparison, we shall take n=0
in (26).
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in (28). The result is

“~<2/1—n> far ;hexp{il[vv(xv_xvo)—h(t_r)]} Y[FID),ath, D] (30)

where
A(t—1)

a(h,)={dX' | dt'exp{i[ht'—v,x;]} g(t',X")~
—At
0 for t<r1 31
TVfdx' [ dt exp{i[ht ~y,x.]} g(t',X") for <t

We note that (the asymptotic form of) a is simply the fourier transform of g.
It is independent of A. For the special case (6) we see from (5) and (31) that
ah,[)~g,.

We now apply the method of stationary phase* to obtain the asymptotic
expansion of the integral (30): We introduce the function

(p(r)=?v(xv—xv0)_h(t_’r)- (32)
Then
(py\,=xv_xv0_(t_r)gv; gv=hk‘.([‘; XO) (33)

Stationary points are determined by the condition that (33) vanish for v=1, ..., n.
At the stationary points,

xv=x0v+(t_‘c)gv’ (34)
o=01-1)[r8~-m], o=h({T;X,), (35)

and
Oyyp, === by 1, (5 Xo). (36)

Therefore, for <t the stationary phase formula yields

in
u N(%) ( —1:)*"«,2::,,[ |det (hy, )] 7% x

x exp {i A[(t—1) (7, 8.~ wo)] —in/4 sig(hy, )} Y. [r,a(h, )] r.

(37

Here sig(/,,,) denotes the signature of the matrix (#,,,). At each point (z, X)
we must sum over all I satisfying (34). Alternatively, if we adopt the extended
definition of the parameter space introduced earlier in this section, we may omit
the first summation sign in (37). It is then understood that (37) is to be summed
over all I' in & that satisfy (34), as well as over the index j.

We now compare (34, 37) with (26, 27) for n=0. We find that they are identical

provided

+n
E(t;l‘)=(%> [idet (b, , )] ¥ e 4 Gk S [P, a(h, D] ¥ (38)

* A simple discussion of this method, in n dimensions, is given in [10].
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Here
62

h=h(F,X0) and hkvkuzw

h(K,Xo)lc=r>

where w=4(K, X,) is the (multiple-valued) solution of det{k, 4*(X,) — @ &(w, X,)]
=0. Furthermore, we see from (4.3.7) that the vectors /= /(') satisfy the equa-
tions

Gr=0; j=1,...,q; G=y,A'Xo)—hé&h,X,); (39
and

(F,A°( =6, i j=1,...,q. (40)

These equations determine the r/ except for a unitary transformation which leaves
(38) invariant.

With Z given by (38) we may now, in principle, complete the solution of
(1, 2, 4). Of course this requires the solution of the ray equations, which is not
in general possible by analytic means. Under special assumptions about the
functions (4" (X) and & (w, X) this is sometimes possible* and our method leads
to explicit formulas for the asymptotic solutions. We shall not carry out the
details of this procedure here for any problem with non-constant coefficients.

5.2. Oscillatory source

In this section we shall, for convenience, restrict our attention to three-
dimensional space (n=3) and we shall assume that the dispersion relation is
isotropic, i.e.

o=hK,X)=h(k,X); k=|K]|. §))

We further assume that the multiple-valued function (1) has (for each X) a single-
valued inverse

k=m(w)=m(w; X); m’(w)=+0. )]

The function (2) is defined for w in some subset 2(X) of the real axis. For each X,
Q(X) consists of all (real) values which (1) assumes when K takes on all real
values (or k takes on all non-negative real values). We shall see in chapter 7 that
the above assumptions are suitable for electromagnetic waves in isotropic media.

We now consider source functions of the form

F,X)=1g[A(X—X,), ] e *®;  g=0 for t<O. 3)
If we take
g(X,n=0(X)go(®), C))

St X)=5(X~Xo) go(D) e ™" **®. )

then (3) becomes

(5) represents an oscillatory point source. If g, is constant and g (¢)=V ¢, the
source is time-harmonic with frequency  A. If g, is not constant but g,(*)=y ¢,
we may call it an amplitude-modulated time-harmonic source of frequency ¥ A.

* See, e.g., [1].
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We assume that, in general, g(X, ) has compact support* for each ¢. Then as
A— oo the support of (3) shrinks to the one-dimensional manifold .#, defined
parametrically (with parameter 1) by

X=X,, t=t; 720. (6)
From (3) it is reasonable to assume that on .#, s is given by
s, Xo]=—40(1). (7)

We shall verify this assumption shortly by comparison with the solution of the
canonical problem. Differention of (7) yields

w=4,(7). ®)

Proceeding as in section 3.3 we choose, as independent parameters, I' = (z, «, 7),
where o and y are polar angles defined by

[cosa,sinacosy,sinasiny]=A4,=Kq/ko; ko=|K,!. )

The initial values of X, ¢, s, o, K are then given as functions of I" by (6), (7), (8),
and
Ko=kodo; ko=m(w; Xo)=m[qo(2); X,]. (10)

Since m(w) is single-valued, all the initial values are given as single-valued functions
of I', as required in section 3.3, and the parameter space & consists of all values
of I for which ¢,(7) is in 2(X,), =0, and the polar angles are in the intervals
0Lu<sn 0<5y=<2n.

We now denote by X=X(¢; I'), K=K(t; I') the solution of the ray equations
(3.3.1). (For each value of I'=(z, a, y) we use, in the ray equations, that value
of the multiple-valued function (1) for which #[m(q,, X,); Xo]=4,(z).) We note
that, since @ is constant, (8) holds along every ray, and we set

A(t; D)=(ay,a;,a)=k™ ' K(t; N)={m[w; X(; )]} ' K@ 1), (11)
g=h,=h'(K)a,=[m' ()] " a,;

, _ (12)
G=(81,8:,8)={m'[o; X(t; )]} " A@t; ),
and
f(t;r)=K-G—m=%—w. (13)
Then
: : B
s(t; T)=—qo()+f¥(r'; I)ar'. (14)

As in section 3.4 we see that the ray equations may be used to obtain the
expansion

X(t) T)=(x1,X2,X3)
t—1
m’[qo(7); Xo]
* It is sufficient to assume that g—0, as | X|— o0, sufficiently rapidly so that the integral (30)
converges.

(15)

=X, + [cosa,sinacosy,sinasiny]+O0[(t—1)*].
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By differentiating (15) we find that
X _<6x1 ax, 6x3>

9t \ 9t > ot ' ot 16
=_[1+(t—1:3nrln do/m'] [cosa,sinacosy,sinasiny]+0(t~1),
0X d 0 t— . .
W:(%ﬁ‘ , 6);2 , 6);3)= mf [—sina, cosacosy, cosasiny]+0[(t—1)*], (17)
and
0 t— . . .
%}:—=(6‘;;‘ , (76);2 , (,;;3>= m,T [0, —sinasiny,sinacosy]+O[(t—1)*].  (18)

From these equations it is easy to compute the jacobian,

0x; 0x, 0x,

ot 01 0t
o 0x; 0Ox, 0x,
Jj(t; I)=det E 7% da . (19)
0x, 0x, 0x,4
dy dy 9y
The result is*
. —sina " ’
](t;[‘):w (t—1)° [1+¢—Dm qO/m]+O[(t—r)3] (20)
or
) —sina
i F)=W(t—r)2+0[(t—r)3]- (3]
It follows that v=2 and
—sina —sino

jz; D)=

(m’y” {m'[40(D); Xo]}3 . @2
Just as in section 5.1 we can now, in principle, complete the asymptotic solution
of our problem if g=1, or if g=2 and conditions 6, 7, 8, 9 are satisfied; except
that Z=2(t; I') is undetermined.

In order to determine Z, we again consider the canonical problem. We set
A’'=A"(X,) and &(w)=4&(w, Xy). Then m(w)=m(w; X,), and on each ray,

w=4o(x), k=m@)=m[§o()], K=k4,

. o (23)
A=A,=[cosa,sinacosy,sinasiny].

Furthermore
G=A|m'(0), s=—go@+({t-7)¢; {=[m()m (®)]~-0, (24
* In (16) and (20) the term (#—1) m” gy/m" could be omitted since it is of the same order as

the remainder. We keep it to facilitate our later discussion of the problem with constant coef-
ficients.
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and the rays are given by
X=X,+(t—-1)4/m'(w). 25

We now find that (16—20) are valid for all >t with the remainder terms equal
to zero. Hence

ia) i—(t—f)‘1[1+(t—f)m”(' )do/m'(q0)]* (26)
i |~ qdo0)40 qo .
Now (3.10.9) yields

z2()=(t—0) " [1+(@—1)m"(do) do/m'(do)] *exp{—(t—D)n} Z(x) (27)
and from (3.11.1, 2) we have

u~(t—0) " [1+(—1) m"(do) do/m' (d0)] " x
) m(q . -
X exp {l A [(t—f) ( ,(q.°) —qo>— qo(f)]—(t—f) 11} z(r); (28)
m'(q,)
X=X, +(—1)A/m'(q,).
We must now compare this result with the asymptotic expansion of the exact
solution of the canonical problem. Therefore we insert (3) in (4.3.6). We then

introduce the transformation X’'=A(E—X,), dX'=1i3dE, of the integration
variables. Thus we obtain

3 t
u(t, X)~<—2%) _[dKé[ dt zhexp {iA[k,(x,—x,0)—@(t—=1)—qo(1)]} x

x 3. [F(K), a(K, )] ' (K),
where ! .
aK,n)=fe " g(X',1)dX". (30)

In (29) we sum over all values of (1). If g=1 we omit the index j. If g=2 we sum
over j=1, 2. In the special case (4) we find that a (K, 7) =g, (). We now apply the
method of stationary phase [I0] to the 4-fold integral (29): We introduce the
function

p=k,(x,—X,0)—h(t—1)—qo (7). (31)
Stationary points are determined by the conditions

(pkv=(xv_xv0)—(t—1'-)gv=0; V=1,2,3

(32)
(gv = hkv = h’(k) av; av = kv/k)9
and .
¢.=h—q0(1)=0. (33)
At the stationary points,
o=0t—1)[k, g,—h]—qo(@=(—1) [k h' (k) —h]—go(D); (34
and the second derivatives of ¢ are given by
¢kvr=hkv=h'(k) ay; Q.= _qO(t)7 (35)
and

k

Arch. Rational Mech. Anal., Vol, 20 16

e, =— (=D by = —(t—r)[h"(k)av o+ 8 5, —a,a ] (36)
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We now introduce the matrix
Dirky Pryky Pryks Prye
¢= (szkl (pkzkz (pk2k3 (sz‘t i (37)
(okgkl (pkjkz (Pk;gk_'; ()ok;;r

(prkl (Ptkz (Ptkg (Pt‘t

By choosing a co-ordinate system in which 4 =(a,, a5, a;)=(1, 0, 0) (35) and (36)
simplify greatly, and it becomes easy to evaluate the determinant of (37). We find

that na o
det¢=—(’_’,):2(h) [1—(’””‘ ‘10]. (38)

(h')?
In order to determine the signature of () we may find its eigenvalues. They

are the solutions, x, of the equation det (¢ —x I)=0. This determinant is also
easily evaluated, and the equation for x factors into the two equations

W 2
|:(t—r)7+x] =0, (39)

[(t—7) "' +x] [do+x]—(#')*=0. (40)

The two roots x= —(t—1) #'/k of (39) vanish at t=7, and for t>1 sgn x= —sgn 4’

= —sgn m’ [§,(t)]. The two roots of (40) do not vanish at r=1 and are given by

2x=—Go+V/(§o)* +4(1)*. (1)

It is clear that one of these roots is positive and the other is negative. Hence in

a neighborhood of t=1(¢>1); i.e., up to the next caustic point, sig &= —2 sgn 4’
= —2 sgn m’'(qo)-

The stationary phase formula now yields for (29)

i , (WY —DR Gy
““Zx Z{(“T) (kz) [1‘0 G ]} g

xexp{iA[(t—=1) (kW' —h)—qo]—in/2sgn h'} [r(K), a(K, 7)] ¥ (K), (42)
h=é0(1)i xv=xv0+(t_‘t)hl(k)av; K=kA=k(a1’a2’a3)-

and

Since

vy 1 v M (@)
h(k)—m and h (k)—- W’

this becomes

Y s
une T (-0 mdo) [rn'(éo)]2[1+(r—r) M} x @)

ml

X €Xp {i A [(t—r) ( m —cjo)—qo]— im/2sgn m’} [r(K),a(K,7)] ¥ (K);

K=m(4o)4; X=X,+(t—1)A[m (qo).

In (42) u(z, X) is represented parametrically with parameters 7, and K= (k,, k,, k3).
These parameters are not independent, because they are related by the equation
h=4q4 (7). In (42) the indicated sum is to be taken over the values of (1) as well
as over the indexj (if g=2). In (43), u(¢, X) is represented parametrically by 3
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independent parameters. These parameters are 7 and two angles which determine
the unit vector A. They may be taken as in (23). In (43) the indicated sum is to be
taken only over the indexj (if g=2).

We may now compare (28) (with #=0) and (43). We see that they agree
exactly if we set

(5 D)= m(Go) [ G ™+ @ 3 [1(K), a(K, 9] (). (44)

Here K=m[q,(1)]A, A=]cos a, sin & cos y, sin a sin y], and I'=(z, «, ). As in
section 5.1, (44) may now be used to complete the asymptotic solution of the
problem (5.1.1, 2), (5.2.3) for the case of non-constant coefficients.

It is interesting to note that, for the case of constant coefficients the jacobian
has not only the zero of order 2 at =7 but also a zero of order 1 at the caustic
point t=¢, >, determined by

1+(t,—7) m"q'o/m'=1—(’1—_(2—)hrq—°=o. (45)
Such a point exists if and only if #”’ §,>0. Then for t>¢, the signature of @
changes. To find sig @ we write (40) in the form

x*+Bx+C=0; B=(t—-1)h"+4,, C=({—1)h"go—(N)>.  (46)
Then
2x=—B+|/B’-4C, @7

and sgn C=sgn (¢—¢,). Thus for r<¢, the two solutions (47) have opposite
signs, while for #>¢, they both have the sign of —B. However (46) shows that
sgn B=sgn h"'=sgn g,, since k"’ §,>0. It follows from the stationary phase
formula that, for r>¢,, (43) must be multiplied by a factor

.7 . n o
i—[2sgn(—B)] —i=sgnqo
e? =e 2.

(48)

Our result (48) can also be obtained by applying the “phase-shift rule” of
appendix F.

6. Dispersive and Non-dispersive Systems

6.1. Non-dispersive systems

We shall say that our general system of equations is non-dispersive if & = A(X)
is independent of w. If, furthermore, £=&—(i 1)~ ' 9, where

é(w,X)=A(X), and D(w,X)=CX)/o, 6]
then, from section 2.3, we see that the general system of equations (2.1.26, 27)
becomes the symmetric-hyperbolic system

Au+ )Y Au, +Cu=f. 2
v=1

We also see that A°=(w &),=A and the dispersion relation becomes
det G=det(k, A"—w A)=0. 3

By condition 2, 4 must be positive-definite.
16*
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It is now easy to verify that the dispersion equation (i.e. the partial differential
equation (3) for s, with w= —s, and k,=s, ) is the characteristic equation*, the
level surfaces of s(¢, X) are characteristic hypersurfaces*, and the rays are the
bicharacteristics* of (2).

If we express the dispersion relation (3) in the equivalent form
w=h(K; X), C))

we see from (3) that the (multiple-valued) function 4 is homogeneous of degree
one in K; i.e. for all real ¢
h(eK; X)=¢h(K; X). 5)

From the Euler equation for homogeneous functions it follows that
{=k,h,—h=K-G-w=0, ©6)

hence from (3.3.3) we see that s is constant on rays. This verifies the fact that the
rays are bicharacteristics, i.e., they generate the characteristic hypersurfaces.
In section 3.3 we pointed out that the term *“‘ray” is sometimes used for the
projections X=X (¢; I') of the space-time curves (¢, X)=[t, X (¢; I')] into X-space.
For non-dispersive systems we shall refer to the space-time curves as bicharacteris-
tics and to their projections as rays. By differentiating (6) with respect to k,
we find that

Zlkv hkv ku=0’ (7)

and from this equation it follows that the matrix (f,,,) is singular, i.e.
det(hy,,,)=0. 8)

Since a non-dispersive system is a special case of our general system, the
results of this paper apply with very few exceptions, and we may construct asymp-
totic solutions of (2) according to the general theory of the preceeding chapters.
Of course, the parameter A no longer appears in the system of equations (2),
but does appear in the data of the problem (i.e. the function f, initial data, boundary
data, etc.). The asymptotic theory of (2) with f=0, and with oscillatory initial data
of the form

u(0, X)=¢"*5® 20(x), )

was first discussed by Lax [9].

It is interesting to note that although the non-dispersive system is certainly
simpler than the general system, singularities appear in the special case which
do not occur in general. Thus, for example the discussion of section 5.1 is not
valid for non-dispersive systems, for then we see from (8) and (5.1.38) that Z is
infinite. On the other hand, the discussion of section 5.2 is valid for non-dispersive
(isotropic) systems, and the results in this case simplify considerably by virtue
of the fact that 4" (k)=0.

For non-dispersive systems the factor j(#,)/j(¢) which appears in all of our
formulas for z has a special geometrical interpretation which is most easily

* See [3].
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examined in the case of 3 space dimensions (n=3): Since s is constant on bi-
characteristics,

s[t, X(t; D] =so(I). (10)
Let us choose our parameters I'=(y,, 7,, 73) so that
so(N)=71. 11

Then for each fixed value of y,, (t, X)=[¢t, X(¢; v, 72, ¥3)] is the parametric
equation of a characteristic hypersurface with parameters (¢, y,, ¥;) and for each
fixed value of (¢, y,), X=X (¢; 71, ¥z, 73) is the parametric equation of a surface*,
with parameters (y,, 7;). The vectors

oX 0X

X,=="-, = 12
2 a,yz 3 a'}’g ( )
are tangent to the phase-front. Now differentation of (10, 11) yields
K' aX =K'X1=1, K‘X2=K'X3=0, (13)
071
hence K is orthogonal to X, and X,; i.e.
szX3=bK, (14)

where b is a scalar.

For fixed y,, let y, and y, vary in infinitesimal intervals of length dy, and dy;.
Then, for fixed ¢, the point X(#; y,, y2,73) varies in an infinitesimal region on
the phase-front of area do, and the rays vary in an infinitesimal “tube” of rays
of cross-sectional area da. Since the vector G is parallel to the rays, it is easy to
see that

q gda=X,%xX,-Gdy,dy;=bK-Gdy,dy, (15)
an
kdo=X,xX,-Kdy,dy,=bk*dy,dy,. (16)
Here g=|G| and k=|K|. Now, by definition,
JO=jit; N=X,-X,xX;=bK-X,=b. 17)
Hence (6), (15), (16) and (17) yield
. g da 1 do
t —_— =— . 18
0=y dy,dy; k dy,dys (19
Since w, dy,, and dy, are independent of ¢ we find that
Jj(to) _ g(to) da(ty) _ k() da(ty) (19)

j® g da(@®) " k(t) do(t) *

Here j(t)=j(t; T), k(t)=k(;T) and g(¢)=g(t; ). da(t) is the area of the
portion of the phase-front intersected by the tube of cross-sectional area da(z).
It is important to note that, since y, was held fixed, the tube of rays is formed
from rays associated with a single characteristic hypersurface, i.e., projections
of bicharacteristics which lie on a single characteristic hypersurface. Since G
is parallel to the rays and K is normal to the phase-front we see that if 3 is the

* This surface is called a “‘phase-front”. See section 6.3.
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angle between these two vectors, then

da K-G o
%—COS s—k—g——k—g (20)
in agreement with (18).
For the non-dispersive system, either of the expressions (19) may be sub-

stituted for j(¢,)/j(¢) wherever it appears in our earlier formulas.

6.2. Progressing wave solutions of the non-dispersive system
We have seen in section 3.3 that the function
u=e**C0z(t;1);  X=X(;I), (1

is the leading term of the asymptotic expansion of a solution of the (homogeneous)
general system of equations. In the non-dispersive case that system of equations
becomes (6.1.2) (with f=0). Since, in that case, the equations are independent
of A, we may multiply (1) by an arbitrary function é(4) and then integrate with
respect to A. Thus we obtain the formal solution

u=el[s(t; N]z(;I); X=X(; I, 2
which involves the arbitrary “wave-form™ function,
e(s)=[e(R) e**da. 3

(According to our usual convention, at each point (¢, X), (2) is to be summed
over all values of I' for which X(¢; I''=X, i.e. over all bicharacteristics which
pass through the point.)

Equation (2) is the leading term of a formal series solution of the non-dis-
persive system. It is easy to see, from (3.1.5), that the successive terms of the
series involve successive integrals of the function e(s). Such solutions are called
progressing waves. Applications and interpretations of the formal series are dis-
cussed in [11, 13]. Here we mention only that in using progressing waves to
obtain solutions of specific problems for the non-dispersive system of equations,
the data of the problem yield not only the initial values of s and z, as we have
seen earlier, but also the wave-form function e(s).

6.3. Group velocity, phase speed, and wave-speed for dispersive
and non-dispersive systems
In this section we return to the consideration of dispersive system, but we shall
make some comparisons with the non-dispersive case. Many dispersive systems
satisfy condition 10 of appendix H. The system of electromagnetic field equations,
with a dielectric permeability function of the kind discussed in appendix D is
of this type. For a system which satisfies condition 10, it is convenient to refer
to the system with & replaced by its limiting value 4 and with D=0 as the cor-
responding non-dispersive system. (The latter system is given by (6.1.2) with C=0.)
From the ray equations (3.3.1) we see that the space point X =X(¢; I') which
remains on a given ray as ¢ increases moves with a velocity X= G=(gy -5 &
The vector G is often called the group velocity (or ray velocitiy) vector, and its
magnitude g is called the group speed (or ray speed).
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From (3.1.6) we see that the vector K=(k,, ..., k,) is identical to the vector
Vs=(Sy,, ..., 5x,). Hence for each fixed ¢ the unit vector

A=(ay,...,a,), a,=kjk, k*=K-K; )

is normal to the level surfaces of the phase function s(¢, X). These level surfaces,
which are defined by the equation

s(t, X)=constant, ¢=constant 2)

are called phase-fronts. As t increases the phase-fronts move through space.
Let X=X(t)=(x,, ..., x,) be a point constrained to remain on a phase-front (2).
By differentiating (2) with respect to ¢ we find that

—w+kd-X=—-o+ka,x,=—w+k,x,=0. 3)
The quantity

|pl=

%(:(sgnw)%=(sgnw)A-}.{=N~i{ 4)

which is the component of the velocity X of the constrained point, in the direction
of the unit normal vector N=(sgn w)A to the phase-front, is called the phase
speed. From the dispersion relation (3.2.1) we see that p is a solution of the equation

det(a, A'—p&)=0. ®)

There is one phase speed corresponding to each value of A, i.e., corresponding
to each value of the multiple-valued function s. For the corresponding non-
dispersive system the phase speeds are the normal speeds* |v| which satisfy

det(a, A*—v A)=0, (6)
and from (6.1.6) we see that

6. NeG. g 58 _ o]

k —‘k—=|P|=|U|- @)

This equation, which asserts that the component of the group velocity in the
direction of the normal to the phase-front is equal to the phase-speed, holds
only in the non-dispersive case. For the general case (subject to condition 11)
it is replaced by an inequality which we now derive:

Since a, A® is hermitian and 4 is positive definite, there exist vectors s, ..., s
such that

m

(a,A"—v; A)s’=0; (s,As)=6;;; i j=1,...,m. 8)
vy, ..., U, are the roots of (6). An arbitrary vector r may be expressed in the form
r= lejs". 9
I=
It follows easily from (8) and (9) that

(ra, A=Y v;p;, (nAN=7Ypj. (10)

Hence =t =t
[(r,a, A" )| SOnax (1, Ar);  Up=max [v;]. (11)

o Jj
* See [3].
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Now let r be one of the null eigenvectors of the matrix G (section 3.2). From the
basic identity (3.2.8) we see that

A-G=a,g,=(r,a,Ar), (12)
while condition 10 and the basic identity (with v=0) imply that
r, ANZ(r,A°H=1. (13)
(11), (12) and (13) now vyield the inequality
|G- N|=0may (14

which is the required generalization of (7). It is well known that v,,,, is the normal
speed of a wave front, i.e., a moving surface which represents the first arrival
of non-zero values of a solution u(z, X) of (6.1.2). For this reason we refer to
Umax @S the wave speed. Thus (14) implies that the component of the group velo-
city in the direction of the normal to the wave-front does not exceed the wave
speed of the corresponding non-dispersive system. [For the electromagnetic field
equations, the wave speed is ¢.] For isotropic media, G, K, and N are parallel,
and (14) implies that the group speed g does not exceed the wave speed. However,
for anisotropic media, (7) and (14) impose no upper bound on the magnitude
of the group speed. Since we have seen, in section 3.7, that energy is transported
with the group velocity, we conclude that the theory of relativity imposes no
restriction on the speed of energy transport in anisotropic media.

7. Electromagnetic Waves in Isotropic Media
In chapter 2 we motivated the introduction of the general system of equations
by discussing the electromagnetic field equations for dispersive media. We return
now to those equations in order to see how our general results apply to them,
We consider here only the case of isotropic media. This means that the dielectric
and magnetic permeability £, and &, are scalar functions of @ and X. Then from
(2.1.24) and condition 1 of appendix H we see that &,=¢,— (i 1)~ 1§,+0(A™?) and

100
I, 0 5,1, 0

é'=[81 3 ] g):[ 13 ] L=0 1 of.
0 &1, 0 06,1, 00 1

We also impose conditions 2—35 which are listed in appendix H. They imply
obvious contitions for ¢, and ¢,. Specific examples satisfying these conditions
are discussed in appendix D.

7.1. The dispersion equation and the null eigenvectors

The matrix G=k,4A”—® & may be obtained from the above expression for
& and from (2.1.21). Thus

| —we Iy —c(K)
G‘[ c(K) —wezls]' O

Let us denote the null eigenvectors of G by r=(R,, R;) where R; and R, are
3-vectors. Then the equation Gr=0 becomes

we R +cKxR,=0, cKxR, —weR,=0. 2)
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We first note that (2) is satisfied with =0 and KxR;, =K xR, =0, i.e., ®=0
is a root of the dispersion relation det G=0. However for this root the group velocity
G=(g,, 82, 83) is zero because g,=0dw/dk,=0; hence the rays never leave the
“source region” (i.e., the projection of the manifold .# into X-space). Thus the
zero root does not contribute to the asymptotic solution outside of the source
region and is therefore uninteresting.

If ¢,(w) vanishes for some real value w=w,, then (2) is satisfied with w=w,,
R,=0, and R, parallel to K. For such solutions the group velocity is also zero
(because w is independent of K), and the corresponding asymptotic solution is
again uninteresting. We shall not consider either of the solutions @=0 or w=w,
further.

If we,+0, (2) implies that

R,-K=0 3)
and

R,=

oo KxRy. @)
The last equation determines R, in terms of R, and from (3) we see that there
are two linearly independent eigenvectors r!=(R}, RY), r*=(R%, R2); i.e., g=2.
If we insert (4) in (2), expand the vector triple product, and use (3), we obtain
(w?e e, —c?k?) R, =0. This implies that the dispersion relation is given by

o’ e (0, X) e, (0, X)=c* k> (5
The matrix 4° is given by
I 0
A= (w8, =| @2 , ©)
0 (wey)1s
hence the orthonormality condition (3.2.4) becomes
(w&;), Ry - R{+(we,), Ry - RS =4, (M
But (4) implies that
P S I TR
5 R (——)fR R——Rl-Rl. ®)
Hence
R!-R}=R}-R3=0, 9)
and
e1(R{)*=e,(R)*=¢ (10)
where
P (wsl)a) ((1) 82)(0 :I_ Wey &y
Q = + = . 11
RS @e) @8, +@e)@E), (t
We also note that
(r,w2r)y=w[5,R|-Rj+5,R,-R}]=n3,;. (12)
Thus condition 7 is satisfied with
n=o[8,(R])+8,(RY*]= wc[ ‘22] (13)
2

Conditions 6 and 9 are satisfied provided e, and 6, are real; and condition 8
is satisfied with §=0 because the matrices 4* are constant.
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From the dispersion relation (5) it is clear that w is independent of A=K|/k.
The function w=~h(k, X) is defined implicitly by (5) and is in general multiple-
valued. The inverse function is however single-valued and is given explicitly by

k=m(w;X)=@Vel_e;. (14)

It is defined for all real w such that ¢,(w) &, (w)=0. From (11) and (14) it is easy
to show that

m

C='2w7 (m'=m,). (15)
Since gv=F£~=h’(k) a,, a,=k,[k, we see that

and G=(g1,8:,8)=h"(k)d=A|m'(w), (16)

5 1 40?0 40
8 =G -G=——3= 7 . 17

m m €&

Thus ( ) 192

G=gT, T=[sgnm' (w)]A, (18)

where g is the positive root of (17).

7.2. The polarization vector

In the preceding section we have seen that conditions 6, 7, 8 and 9 are satisfied
with =0 and 5 given by (7.1.13). Furthermore we found that g=2. Therefore
the formulas (3.10.3, 4, 6) for z(¢) are applicable. However, rather than use
these formulas, we prefer to return to section 3.9 and derive equivalent formulas
for z, in which the physical interpretation is emphasized.

The unit vector T is a function of (¢, X). Let T, N, and B be mutually ortho-
gonal unit vector functions of (#, X) which satisfy*

B=TxN, N=BxT, T=NxB. (1)

From (7.1.3) we see that we may choose any two directions for R} and R? which
are orthogonal to K= +k T. Therefore we set

R}=I/——C:B, R§=Vizv. )

€y &y
Then it is easily seen that
Ri=-|/5 N, Rr=|/LB, 3
3 €
and (7.1.3, 4, 7) are satisfied. From (3.5.1) we note that
z=(Z,Z,)=0,r' 40,1 )
Therefore -
Zl=l/‘££’(alB+UzN), ZZ= Ei(—o'lN'l'JzB). (S)
1 [‘ 2

* From (7.1.18) we see that the unit vector T is tangent to (the space projection of) a ray.
Later we shall take N and B to be unit normal and binormal vectors to the ray.
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We now introduce the (complex) polarization vector,
P=(f,B+§,N)=P'+iP", Q)]

where P’ and P are vectors with real components and f,, f, are defined by
(3.9.6). Then (3.9.12) implies that

(P +(P")?=P*- P=|B, |’ +|B,|*=1, (D
and from (1) and (5) we see that

zl=|/‘:—fp, ZZ=‘/—W£AXP. ®)

By taking the real and imaginary parts of (6) we find that

P'=BB+p,N, P'=BB+p5N )
where
Bi=B1+iBy, B.=Br+ip;. (10)
It is clear that B}, f5 and fBY, B3 satisfy (3.9.10), therefore
IP'|=)/(BD*+(B)*=p", |P"|=V/ (B +(B7) =p", (11)
where p’ and p"’ are independent of ¢. Thus
P'=p'[Ncosa'+Bsina’], P"=p”’[Ncosa’’+Bsina''], (12)

where p’ sin o’ = 1, p’ cos a’ = f§5, etc., and from
(3.9.10) (with ¢, replaced by 1) we find that

o (T)—o' () =a"(r)—~a'' (1) =5=_[ttz(t') dat'. (13)

The real and imaginary parts P’ and P’ of the
polarization vector are illustrated in Fig. 1.
The lengths p’, p”’ of the vectors and the
angle o' (£)—a'’(¢) between them are fixed,
but as ¢ increases the pair of vectors rotates Fig. 1
around the ray direction T, according to (13).
[We shall shortly investigate the geometrical significance of the quantity 7, that
appears in (13).]
From (3.10.1) we recall that the energy density w which appears in (8) is given by

w(t)=®(t)%exp{—25n(t')dﬂ}, (14)

and if we let t—t in (3.7.5), (4), and (8) we find that
WO)=E A D =[@e) 2] Z, +(0e,)u Z5 - Z,], (15)
i=[Z,,Z,], (16)

and

’ 2 r — —_ 81 7
P'(0)+iP"(1)=P(x)= 'rv—c_Z" (17)
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Our results so far enable us to determine z(t)=(Z,, Z,) along a ray in terms
of the value of Z(t). (The determination of Z is discussed in section 3.11 and is
illustrated in chapter 5.) Let us summarize these results: From (15) we may
determine w. Then (17) and (12) (at =1) may be used to determine the constants
P, p” and o' (1), o’ (7). Once 7, is computed (13) yields the values of o' (¢) and
a’'(2), (12) yields the values of P(¢t)=P'(t)+iP"(¢), and (8) and (14) provide
formulas for Z,(¢t) and Z,(¢).

It remains to compute the value of 7, which, from (13), determines the rate
of rotation of the real and imaginary parts of the polarization vector P: From
(7.1.6,9) we find that

(r', 42 r)=0 (18)
therefore (3.9.4) yields
3

=0 A°r)+ Y (', A" r2). (19)
v=1
But from (2.1.21), (2), (3), and (7.1.17)

3
Y (r',A'r2)=c[R}-VxR:—R} -V xR:]= —|/% [N-VxN+B-VxB]
v=1 192

(20)
=—4g[N.-VxN+B-VxB].
By using (E.13) of appendix E and (7.1.18), we now find that
3
Y (', 4’r2)=~-gN-(T-V)B=—N-(G-V)B. Q1)
v=1

From (7.1.6), (2), (3) we see that the first term of (19) is
(", A°r)=(we))o Ri - (RD,+(we)o Ry - (R3), =2, B-N,—a,N-B,, (22)
where a,=({/e,) (w &,),. From (7.1.11) we see that «, +a,=1, thercfore
(r',A°r})=oay(B-N,+N-B)—N-B,=a;(B-N),—N-B,=—N-B,. (23)
By inserting (23) and (21) in (19) we obtain
12=—N-[%+G-V:|B=—N-%lti. 24)

In (24) d/d¢ denotes differentiation, with respect to time, along a ray. We now
choose N and B to be unit normal and binormal vectors to the projection of that
ray, which is a space-curve. Since T is a unit tangent vector to the projection,
T, N, and B satisfy the Frenet equations

aTr dN dB
—_— —_— - —_—— N .
do kN, do kT+1,B, da Ty 25
Here x is the curvature and 1, is the torsion of the projected ray; ¢ denotes an
arclength parameter. But (7.1.18) and the ray equations imply that
dx dx

oy -O=gT=g5> (26)
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hence do =g dt. Thus (24) and (25) yield

dB
‘52=—8N"217=870s (27)
and from (13),
t a(t)
d=fgrodt'= | 10do. 28)
T a(r)

Thus we see that the rate of rotation of the vectors P’ and P" is determined by
the torsion t, of the projected ray. If this space curve is a straight line (as it is
for a homogeneous medium) 7, is zero and the vectors P’ and P’’ are constant
on the ray. If the projected curve is a plane curve, 1, is again zero and the vectors
P’ and P remain fixed in the T, N, B-frame.

Appendices
A. A theorem for homogeneous media

Theorem. If A* (v=1, ..., n) and & are independent of X and condition 6 holds,
then
T{m=[% V. G+"(] 5(m'

Proof. Our assumptions imply that
G=Y k, A" —0é(w)
v=1

is independent of X. Therefore the roots w=Ah(K) of det G=0 are independent
of X, and it follows from the ray equations (3.3.1) that k,, w, and G are constant
on each ray. Thus the null eigenvectors r™ of G may be so chosen that they are
constant on each ray, and

z d
e =——r"=0; m=1,...,q. 1
vgog T q (1)
. dw Oh .
Since G,= — A° and gf:a—kfa—k,.’ G,,=A’—A%g;. Hence

(AT =0, G T+ (g, A°rD);s Lm=1,.,q; j=1,...n. (2
From (3.5.6, 7) and (2)
Tlm_%(r{’ A?rm)—rllalm=(r[, AO r;no)+ Z (l’l, Aj r:'_,
n =, 3
=Y (r, G, )+ Y (r,g,A4°r2).
i=1 v=0
But from (1) we see that the last term in (3) vanishes. Furthermore, since G, Jr’+
G rij=(G r’),,1=0,
j;l(rl, Gy, )= —j;l(rf‘ L Gry). )
Hence (3) and (4) yield
T:t'—‘%("’,A?"m)""h‘s{m“ ZI(G";_,,’I':;)' (5)

j=
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Since k;=s,, is constant on a ray

L _ & ok _dk; _
sxjx°+v;1gVSXJxv_vZ gv ax dt —07 (6)
therefore .
Th z kv Z (AV_AO gv) Seyx; = Z A Sxyx;e (7)
v=1 ax v=1 v=0
Furthermore
m_ o om 0k; < -

i=1
Now (3.5.6), (8) and (7) yield
Trm—3 (0, AP =1 Gy = Z o, A" r})

l
M= 1

Z (r[7A sx_,xv rkj)

0 j=1

(r(’ GXJ rkj - Z(rxj’Gr;:;)

<
]

©)

[

il
i

= —JZ:I(G rij, re)-
(The last equation in (9) follows from the fact that G is hermitian.)
We now compare (5) and (9) and find that
Tm=Tme - (10)
Then (10), (3.7.3), condition 6 and (3.2.11) yield the required result,
Un=3[TmtTn] =3V -G) 6+ (¥, 02 r")=[4V-G+n,] 5 . (11

B. Generalized energy density and Poynting vector
If u is any real solution of the general system of equations (2.1.26, 7) we define
the generalized Poynting vector S=(S,, ..., S,) corresponding to u by
S,=2(u,A’uw); v=1,...,n. (D

For real solutions u=(E, H) of the electromagnetic field equations we see from
(2.1.21) that if K is an arbitrary vector,

3
K-S=3 k,S,=2c[H-KxE~E-KxH]=4cK-ExH )

hence v
S=167Sg;, where SE=-4c—nExH. 3)

But S; is the usual “Poynting vector” of electromagnetic theory. For this reason
we have called S the “generalized Poynting vector”.

For complex solutions we define S in terms of the real part of u. Thus
S,=2(Reu, A’ Rew)=3[(u+u™), A’ (u+u*)]

4
=3[(u, A" u)+@*, A, w*)+@*, A" u)+(u, A" u™)]. @
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Throughout this paper we have studied complex asymptotic solutions of the
form e’#** z. For such solutions (4) becomes
S,=1[(z, A" 2)+ (2%, A 2%+ 2 *5(z*, A’ )+ e ?'*5(2, 4" 29)]. )

We note that the last two terms in (5) contain oscillatory factors, hence if we average
(5) over a short time interval*, the average of the last two terms will be asymptoti-
cally zero for A—»oco. Thus the average value of S, is given by

(S>=1[(z, ") +(z* 4"z")]. ©

If we assume that A" is real for v=1, ..., n, then (z*, 4"z%)=(z, A’ 2)*=(4"z, z)
=(z, A’z), and (6) becomes
(8,>=(z,4"z). 0)

The vector {S>=({S,), ..., {S,>) is the average Poynting vector of the given
asymptotic solution.

We now introduce (3.5.1) in (7), and we use the basic identity (3.2.8) and the
definition (3.7.5) of w. We find that

<Sv>=gv 0'[*O'I=ng, (8)
(S>=wG. )

hence

We also find, from (3.7.7) that
dw
W,+ V. <S> =Wt+(w gv)x\,:"gi-'i'(gv)xv w= —Z(Re n +ﬁ) w. (10)

Thus if our system is conservative and the matrices A, ..., A" are constant,
then n=F=0 and
w,+V-{8>=0. (11

This equation is the well known energy-conservation equation. It explains why
we have called w the “energy density”. To be more precise we should call it the
average energy density. From (9) we note that the Poynting vector {S) has the
direction of the (projected) ray and the magnitude w g, where g is the group
speed. Thus it is particularly clear in the asymptotic theory that the Poynting
vector measures the energy flux. From (3) we see that the average energy density
of the electromagnetic field is given by

wp=w/167. (12)

It is interesting to note that equations 1, 4, 5, 6, 7, 8 remain valid with v=0,
hence w=<{S,> where Sy;=2(u, Aou). Now the matrix 4,(w) and the above
quantity S, are defined only for asymptotic solutions, because then w= —s,
is defined. For exact solutions S, is undefined unless the system is non-dispersive,
for then A,=¢ is independent of w. For the non-dispersive electromagnetic
field, it is easy to show that S, =167 S, g, where S, ¢ is the usual electromagnetic
energy density,

1
SOE=W[8E2+;1H2]. (13)

* A space-average or space-time average will yield the same result.
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For dispersive systems it does not appear to be possible to give a satisfactory
definition of the energy density in terms of exact solutions, but only in the frame-
work of the asymptotic theory. A similar remark applies to the group velocity
vector, G.*

As we have seen in section (3.11) an asymptotic solution is often given by a
sum of terms of the form

w(t, X)=Y ugy;  wg=e 0z, (14)
J

(Each ray that passes through the point (, X) contributes one term to this sum.)
For such solutions, (4) becomes

S,=4 Y YA T Or el (z ), Az ) e BTN (2F AV 2 + 15)
im

+ e A s Tsem] (zfj) ,AY z(m)) 4 Al =sem] (z(i) ,A z?‘m))} .
We assume that |s;|+|s,| for j+m. Then by averaging (15) we find that
So=% Z {zo, A2+, A7 203} =Z (2, A" 2(5) - (16)
Thus ! g
<s>=z Suyw a7
J

where {S;» is the average Poynting vector for the asymptotic solution u ;=
e'**wz . 1f wy;, is the energy density of the same solution, then (11) implies that

Thus we see from (17) and (18) that
w,+V-{8>=0 (19)
where
J

From (19) and (20) we conclude that the energy density of an asymptotic solution
consisting of a sum of terms (14) is the sum of the energy densities associated
with each term.

C. Solution of the equation for the energy density
The energy density function w satisfies the equation (3.7.7)

dw

— 7 G+2(Ren+)]w=0. )
In order to solve this equation, we set
t
w=7ya; v=eXP{—2§[Ren(t’)+ﬂ(t’)]dt'}; 2
to
then it is easily seen that « satisfies the simpler equation,
do
m“l‘(V-G)d—O. (3)

* <« Approximate” definitions, under special conditions, are sometimes given. See, e.g. [8].
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We now set t=x,, go=1 and introduce the (n+ 1)-vectors

G=(g0, 1500 gn)=(g0 ’ G)a

. i, 0 0 0
V—<6x0 T ax, T 6xv>_<6x0 ’ V>'

19-(aé)=ﬁa-é+a(ﬁ-é)=%+a(v- G)=0. (5)

Let ¢ be an arbitrary point set in the ;
space & of parameters I' which label 1
the rays (¢, X)=[t, X(¢; I')]. Let J be 7
I .

/ .

/ "
0= [V (2 G)dxodx,...dx, 7
7 (6) X

the set of points in space-time filled by /
=j'aC;‘-1\AldS, Fig. 2
&

4)

Then from (3)

the “tube’ of ray segments for which I'
is in ¢4 and t,<t<t,. The region J is g,
illustrated in Fig. 2. N T

We now apply Gauss’ theorem to the
region Z. From (5) it follows that f

where N is the unit outward normal vector to the surface & of 7. On that Qortion
of & generated by rays G - N=0. On the hyperplanes t=¢; and t=7, G- N=
+go= =+ 1. Hence (6) becomes

{f—1}adx,...dx,=0. )
But dx,...dx,=j(t; ) dy,... dy,=j{t) dI', therefore
g![Ot(tz)J'(tz)—ﬁt(H)j(tl)] dr=0, ®)

and since %, ¢, and ¢, were arbitrary we conclude that «(¢) j(¢) is constant on a
ray, or

Jj(to)
D=a(t,) T2, 9
Now (2) implies that w(¢y)=a(t,), therefore from (2) and (9) we find that the
solution of (1) is given by

w()=w(ty) jj((tto)) exp {—2 _[' [Ren(t)+B()] dt’} . (10)
In order to solve equation (3.6.2) we set w=0? and $=0. From (1) we find that
1
' %+[7 V-G+r,:]a=0, (11)
while (10) yields
it T :
o—(t)=a(to)[ HO) ] exp {— fn@) dt’}. (12)

Since (3.6.2) and (11) are the same, (12) is the required solution.
Arch. Rational Mech. Anal., Vol. 20 17
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D. The dielectric permeability function

Theoretical derivations [/4] of the dielectric permeability for isotropic media
with a single “resonance frequency” lead to formulas of the form

(P2
él((f”x)—1=ﬁ—A- (1)
pr—o—ive

Here, as in chapter 2 and 7, & denotes the frequency and &; denotes the dielectric
permeability. @2 is proportinal to the number density of oscillators of resonance
frequency p, and v is proportional to the damping force. ¢, p, and v may be
functions of X, and v=0. For media with » resonance frequencies, the right side
of (1) is replaced by a sum of » such terms. For an isotropic plasma, (1) is valid
with p=0. Then ¢ is called the “plasma frequency” and v the “collision frequency”.
If @ is independent of X, we set A=¢. Otherwise we take A to be some average

value of ¢ (or an average value of p) and we set r=p/A, p=¢/A. Then

p=Ar(X), ¢=1pX). 2
As in section 2.1 we set
o=oft; &w,X)=¢(0,X). 3)
Then
- p?
81_1+r2-—w7—iwv/l° @)

We now expand (4) for large 4 and find that

gi=e,—()" 16,4017 s)
where
p2 (DVPZ
a=l-Giom h=gas ey ©

If we take the magnetic permeability of the medium to be &, =1, then from (2.1.24)

- &1, 0 e I 0 5.1, 0
eg’=[‘ ’ ]:g—(u)“@w(rz), g:[‘ 3 ] @:[ 1 ] )
0 I, 0 I, 0 0

Thus we see that condition 1 of appendix G is satisfied. From (6) we find that

pr(0*+717)
(@*=r")*

L (@ey=1+ ®)

hence

0
Ao=%(w$)216,

where I, is the 6 x 6 identity matrix. Since
lim&=1I 6

we see that condition 10 is satisfied with 4=1I,. Condition 2 then follows from
condition 10. Condition 4 is easily verified from (7) and (6).
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In order to examine condition 5 we may compute the roots of det G=0,
with ;=1 and &, given by (6). Proceeding as in section (7.1) we find, in addition
to the roots

0=0, o==+)p+r} 9)

which are independent of K (and therefore uninteresting); the roots w= +#, (k),
o= th,(k), where

2(h )Y =K +r*+pH) 1)/ (P KZ+r*+ p)F—4c2 k2 . (10)
2

Since the roots are all real, condition 5 is satisfied.

Condition 3 may be verified by explicit calculation of the eigenvalues of the
matrix G. There are two eigenvalues of multiplicity one and two of multiplicity
two. They are distinct except at @ =0%*.

E. Some vector identities
We begin with the standard vector identity

Vx(Ad;x A3)=A,(V-A3)~A3(V- A))+(A;-V) A, —(4,- V) 4;. €y
If A,, A,, A5 are orthonormal then (1) yields
A, Vx(A;x43)=4,-[(4;-V)4,~(4,- V) 4;]. V)
We now apply (2) to the vectors T, N, B which satisfy (7.2.1). This yields
N.VxN=N.Vx(BxT)=N-[(T-V)B—(B-V)T], 3)
B-VxB=B-Vx(ITxN)=B-[(N-V)T—(T-V)N], @)
and
T-VxT=T-Vx(NxB)=T-[(B-V)N—(N-V)B]. )
But
N-(T-V)B+B-(T-V)N=(T-V)(B-N)=0, ©)
T-B-V)N+N-(B-V)T=(B-V)(N-T)=0, (D
and
B-(N-V)T+T-(N-VP)B=(N-¥)(B-T)=0. ®
If we add (3) and (4) and subtract (5) we find that
N-VxN+B-VxB—T-VxT=2N-(T-V)B. ©
Now, by definition, K=k 4, hence
VxK=VkxA+kVxA (10)
and
A-VxK=kA-VxA. 5]
Therefore, since K=Vs,
A-VxA=%A-VxK=%A-Vsz=O. (12)

* The confluence of eigenvalues at special points is a phenomenon that requires further study.
17*
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But T=+A4; therefore T- V' x T=0 and (9) becomes
N-VxN+B-VxB=2N.-(T-V)B. (13)

F. The phase-shift rule

In chapter 5, we have evaluated the integral (4.3.6) asymptotically, by the
method of stationary phase, for two choices of the source function f=f(z, X; A).
If we perform the integrations first with respect to & and 7, we are led to a sum
of integrals of the form

u(t,X)~{g(K)e**®dK, (1)
where

oK)=k, x,—h(K)t—f(K). )
In fact, whenever the source function is such that the integrals with respect to &
and 7 can be performed (exactly or asymptotically) we are led to integrals of the
form (1, 2)*. Furthermore, integral representations of the solution of initial-value
problems for linear hyperbolic equations also lead to integrals of the form (1, 2)
when all integrations except those with respect to K are performed*.

We now evaluate (1) by the method of stationary phase [/0]. At a stationary
point,

_ 0 __ Sh  of _
(Pv-*akv—xv a—kv‘t ﬂj_o’ 3
hence
of Oh

x,=8+gt; &=77- v=1,...,n. (4)

Furthermore, at the stationary point,

b, *h o*f 0x,

P ok,0k, ok,0k, | Ok,0k, 0k, va=lonn, 0O

and
where
. i,
so=kyds~f=ky g F. ™

The stationary phase formula then yields

i 4 {(hvgv—h) t+s0} i sig J@)

271' in -3 )
u-~ T |det(¢vu)l g(k)e s xv=6v+gvt’ (8)

where sig J(¢) denotes the signature of the matrix

ox,

J(t)=(—<pw)=<w>.

We now suppose that K is a function of a parameter I'=(y,, ..., y,) i.e.

kv = kv(r) . (9)
* See, e.g. [4, 5, 10].
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Differentiating this equation with respect to k, yields

ok, 0y;
=" . 1
b=y o (10)
But
ox, 0x, 0v;
P =" . 11
ok, dy; 0k, (11)
Hence

dox, \_{ 0x,\( 0k, -1
J(t)=<5ku)_<6vj><6vf) ' (12

If we introduce the new parameter I', we may rewrite (8) in the form

u~eils(t;r)z(t; I'); xv=€v+gvt’ (13)
where
s=(kvgv_h)t+50’ (14)
and
1 —i ZsigJ ()
2 D=z(=———re * a(l. (15)
i®*
Here a(I') is independent of ¢, and
0x ok,
j()=j(t; I')=det det (o, ,) det 16)
Jj®=jt; I) (fM) (@) ) <5vu> (

We now compare (13) with (3.11.1) and (15) with (3.10.9) (with #=0). For
t<t<1 (where 7' is the first caustic point past =7 on the ray), j (t)/j(¢) is positive,
and (3.10.9) and (15) agree if we set

—iz SIgJ(t)

Z(r)=e aDj@F;  <t<r. 17

We note that J(¢) is constant between caustic points, but may change discon-
tinuously at such points. For ¢ larger than 7’ (but smaller than the next caustic
point '"), (17) and (15) yield

i@
jC)

By comparing (18) with (3.10.9) we arive at the following rule* for the inter-
pretation of the ambigious factor [j (z)/j(£)]*.
i@

Phase-shift rule*:
[ﬂz)_]* _|i®.
j® j@®

* Note that the phase-shift rule has been derived here by examining the asymptotic solution
of problems with constant coefficients. Since problems with variable coefficients may be
approximated, in the neighborhood of a caustic point, by problems with constant coefficients,
we assume that the rule remains valid for the general problem. (This, then, is another application
of the “indirect method” outlined in section 3.11.) In general, the functions x,=x,(¢; I') and
k,=k,(¢; I') which appear in (20), are the solutions of the ray equations of section 3.3.

—l [sngJ(t +0)-sigJ(z'—0)] . ,
4 z; T<t<t”, (18)

z()=

k3 _,‘p;
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For t<t<1’, p=0. p is constant between caustic points. At a caustic point =1,
p changes discontinuously by the amount

[p]=p('+0)—p(x'~0)=1[sig J (z' +0)—sig J(z'-0)], (19)

ox,\ _[0x,\ [0k, \*
J“’=(a—kj>‘(a—v,-) (W) ' 20

(Since [sig J(z'+0)—sig J('—0)] is an even number, p is always an integer.)

where

G. Notation

In the system of equations studied in this paper, the independent variables
are t and X. X is a vector with n components. The dependent variables # and v
are column vectors with m components. In general, 4 denotes an n-vector with
components A4,, ..., A, or ay, ..., a,. If n=3, A is an ordinary 3-vector. a denotes
a column vector with m components. To save space we often write the components
horizontally rather then vertically. Thus a=(ay, ..., @,). A denotes an mxm
matrix or a scalar. Thus Aa is a column vector. a denotes a scalar or (rarely) an
n X n matrix.

The inner product of two column vectors a and b is a scalar defined by
(a, b)= Z a;‘ b_]'
j=1

The star denotes the complex conjugate (or the hermitian conjugate for matrices).
The following properties of the inner product are used. They follow easily from
the definition

(a, b)*=(b9 a)9 (ca, b)=C*(aa b)7 (a’ cb)=c(a, b),
(a, Ab)=(4*a, b); if A is hermitian (a, Ab)=(4a, b).

The summation convention with respect to repeated indices is used. Usually
the indices run from 1 to n. If not, a parenthetical note is inserted. Thus

a,b, denotes ) a,b,,
=1
q Y q
a;b;, (Z) denotes Y a;b;.
=1 =1

Some column vectors @ with 6 components are defined by an ordered pair
of two 3-vectors. Thus a=(4, B)=(4,, 4,, 43, B, B, By). The symbol (4, B)
is not an inner product. Only column vectors a, b appear in inner products.

H. Summary of conditions
The following basic conditions are imposed throughout this paper:
1. é;(a), X; D)=2&(w, X)— (1)~ *D(0, X)+0(A™?). For real w, & is hermitian.

] ..
2. For real w, A%(w, X)=%(wé"’) is positive-definite.
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3. For real o and for K=(ky, ..., k,) with real components, the multiplicity
of each eigenvalue of the matrix G=k, 4"(X)—wé(w, X) is independent of w
and K.

4, For each X, &(w,X) is a meromorphic* function of w in a region
Imw>28, (,<0) which includes the upper half-plane and the real axis, and
all the poles lic on the real axis. As |w|— o0, &(w, X)-4(X) uniformly with
respect to arg w in 0<arg w <x; where 4(X) is positive-definite.

5. For K=(ky, ..., k,) with real components the solutions w=~Ah(K, X) of the
determinantal equation det G=det[k, 4*(X)— wé&(w, X)]=0 are real or lie in the
region Im e < fy(8,<0).

Conditions 1, 2, and 3 are used repeatedly in the expansion procedure of
chapter 3. Conditions 4 and 5 are used in obtaining the fourier integral represen-
tation of chapter 4 and its residue evaluation.

The following special conditions are required for certain purposes (rl,..., r?
are null eigenvectors of G):

6. For real w, 2 is hermitian.

7. [, 0D(w) Pl=n(w) §,;; i j=1,...,q.
8. =Y (r, A%, r™=2B6,,; {,m=1,...,q.
v=1

9. The hermitian matrices 4'(X), ..., 4"(X) and &(w, X) are real (hence
symmetric) for real w.

10. For real o, 4%(w, X)= A(X); i.e., the matrix 4°— A is non-negative.

Conditions 6, 7, 8, and 9 are required for the solution of the transport equa-
tions in the various cases discussed in sections 3.6 —3.9.
Condition 10 is used in section 6.3 to derive the inequality (6.3.14).

This research was supported by the Air Force Cambridge Research Laboratories, Office
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