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Summary. Models of epidemics that lead to delay differential equations often
have subsidiary integral conditions that are imposed by the interpretation of
these models. The neglect of these conditions may lead to solutions that behave
in aradically different manner from solutions restricted to obey them. Examples
are given of such behavior, including cases where periodic solutions may occur
off the natural set defined by these conditions but not onit. A complete stability
analysis is also given of a new model of a disease propagated by a vector where
these integral conditions play an important role.
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1. Introduction

In a certain class of models of epidemics and population growth that lead to delay
differential equations one encounters natural integral conditions that are dictated
by the interpretation of the model. For example, a population model studied by
Cooke and Yorke [3] leads to the delay differential equation

x'(6) = glx(n] — glx(z — L)].

Here, x(¢) is the population size at time ¢, g[x(¢)] is the rate of addition to the
population at time ¢, and since it is assumed that all individuals have a constant
length of life L, g[x(r — L)]is the rate of removal at time 7. This equation has a first
integral

T

x(t)=a+ f glx(s)] ds,

t—

with g an arbitrary constant. However, for the correct interpretation of the model
one must take a = 0, since the size of the population is equal to the total number of
those that were born before time ¢ and have not passed away by time . The choice
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a = 0 gives the proper integral condition in this example. A major purpose of the
present paper is to show some of the effects of such conditions and to provide a
number of guiding examples that illustrate the main types of conditions that are
mandated by models of epidemics. Most of the examples used here are taken from
models that have previously been studied in the literature but often without special
attention being given to the proper integral conditions. However, a new model of a
disease propagated by a vector is also studied, and the role of the invariant integral
conditions is brought out in detail in this case.

The paper is separated into two parts. The first deals with a new model of a
disease propagated by a vector in which there is a delay between the initial time of
exposure to the disease and the onset of infectiousness. A stability analysis is given
for this model and the effect of the integral conditions is discussed. In the second
part of the paper, several examples dealing with models already studied in the
literature are discussed. The emphasis here is on pointing out the proper integral
conditions for these models and on studying the effects of the imposition of these
conditions. Finally, the relation between the present approach and an alternate
formulation described by Hoppensteadt [11, pp. 47—49] is also discussed. The
paper is written so as to allow the two parts to be read independently without loss of
coherence. In particular, readers who are not interested in the details of the vector
propagated disease model, after perusing section two up to the start of the proof of
Theorem 1, may proceed to the third section without loss of continuity.

The first use in the literature on epidemic models of the type of invariant integral
condition that concerns us seems to be in the already quoted work of Cooke and
Yorke [3]. A subsequent paper of Hale [8] dealt in detail with the behavior of
solutions which satisfy such conditions, and in particular studied one of the
equations in [3] as a special case. However, there does not seem to be a wide
recognition of the basic nature of these conditions and a number of studies in the
literature seem to totally neglect them. One of the objects of the present paper is to
try to convince the reader that these conditions are often needed in the proper
interpretation of mathematical results arising from some models. Most of these
models can be formulated from basic principles as integral equations incorporating
these side conditions. If these integral equations are studied directly, then the
difficulties associated with invariant integral conditions in a delay differential
equation model can be avoided. However, there are advantages to the delay
differential equation model when one uses Lyapunov functional techniques
because most of the literature on such techniques is devoted to the differential
equation case. These techniques are often useful in establishing global stability
results, and the availability of a well posed delay differential equation version of the
model can be valuable.

2. A Disease Propagated by a Vector

Consider a disease propagated by a vector affecting a population of constant size N,
and assume the following governing hypotheses.

(a) The disease is not lethal and it imparts no immunity.

(b) The vector population is large, and the number of exposed vectors is directly
proportional to the number of infectious persons. This supposes homogeneous
mixing of the vector and human populations.
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(c) There is a delay T > 0 between the time that a person is exposed to the
disease and the time that the person becomes infectious.

(d) The infective individuals are cured and return to the susceptible pool at a
rate proportional to their number.

The population is partitioned into three classes : those who are susceptible, those
who have been exposed, and finally, those who are infectious. Denote by y, z, and x,
respectively, the number of individuals in these classes normalized by dividing by
the constant total size of the population. Then,

x+y+z=1,

and by hypothesis (b) the number of infected vectors is equal to b, x(z), by > 0. If the
variables x, y and z are treated as being continuously differentiable in the time
variable ¢, the following equations describe the dynamics of the above model for
t>0.

DO _ ot = Tt - T) - exto)
dt
% = cx(t) — bx()y(),
d.
z(tt) = b[x(Oy(1) — x(t — T)y(z — T)], @

where b = b, b,, and b, > 0is the contact proportionality constant between vectors
and susceptibles.

It appears from the form of equations (1) that the first two of these may be
solved independently of the third, and then the fact that z = 1 — x — y can be used
to find the proportion of the population in the exposed class. That this is not the
case becomes clear when we note that the solutions of (1) that are significant in the
light of the model are those where 0<x<1, 0<y<1, 0<z<1 and
x + y + z = 1. Moreover, all solutions initially obeying the above restrictions must
do so for all subsequent time. However, we shall show in the sequel that, if
b(1 + bT/4) < c, the solution (x(), y(£), z(t)) with initial data (3,3, 0) on re [~ T, 0]
approaches, as f — o0, the constant solution (0,1 + 57/4,0), thus violating the
above restrictions. In this sense, the problem consisting of (1) together with the
initial condition that x, y and z lie between zero and one and that they add up to one
initially, is not well posed.

In order to remedy this situation we introduce the following restriction on the

solutions of (1):

xOH+yy=1-5 J x($)y(s) ds. 2)
t—T
The epidemiological interpretation of this condition is that at any time ¢ = 0, the
proportion of individuals in the exposed class should equal those who entered this
class in the past and have not yet left it, that is, z(¢f) = bfi_, x(s)y(s) ds. This
restriction plus the requirement that x + y + z = 1, yields the condition (2). From
the mathematical viewpoint, (2) arises out of the observation that the variable
o(t) = x(t) + y(¢) obeys the differential equation dw(?)/dt = b[x(t — T)y(t — T)
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— x(1)y(#)] which has a first integral x(¢) + y(t) = w(t) = a — b |_, x(s)y(s) ds,
where a is an arbitrary constant. The choice of the constant a = 1 is again dictated
by the model. In order to bring out more clearly the effect of the integral condition
(2) on our model, we rewrite this equation in the more general form

t

x(O+y(H)=a—->b J x($)y(s) ds. (2a)

t—=T

We take a = 0, since in the contrary case x + y < 0, a situation that is ruled out by
the interpretation of the variables x and y.

An alternative formulation of the model which also avoids the above difficulty
uses integral equations for # < T and the equations (1) for ¢ > T. This approach is
described by Hoppensteadt [ 11, pp. 47 —49] and its relation to the present one will
be discussed at the end of the next section.

We are now prepared to give our main result on this model where the value of
the constant a should be taken equal to one.

Theorem 1. Let xo(1), yo(f) be continuous functions on [— T,0], satisfying
0 < xo(t) <@, 0< po(t) < a for te[— T,0], and

0

x0(0) + yo(0) = a — bf xo(5)yo(s) ds,

-T

i.e., equation (2a) at t = 0. Then, if (x(¢), (1)) is the solution of (1) with initial data
(x(), (D)) = (x0(0), yo(0)) for te[ — T,0], the following holds:
D 0 < x(t) < a, 0 < y(f) < aand (x(1), W(9)) exists for all t = 0 and satisfies

(2a) on t = 0.

(I) If 0 < ab < ¢, then all solutions of (1) lying on the positively invariant set
G, = {(x,y): with x,y continuousont = 0; x = 0,y = 0 and (x, y) satisfying (2a) on
t = 0} approach (0,a) as t > .

(1) If 0 < ¢ < ab, then the solution (0,a) is unstable and all other solutions
(x(®), ¥(2)) # (0, a) that lie on G, approach the solution (Lab — c]/b(1 + ¢T), c/b) as
t— 00.

Before embarking on the proof of this theorem we shall point out its
epidemiological implications, paying attention to the effects of the integral
condition on the interpretation of the mathematical result. First, if we takea = 1, as
required by the situation that we are modelling, the above results lead to the
following conclusions. All initial conditions that obey the natural restrictions (2)
and

0<x<l, 0<y<l, 0<z<l, 0<x+yp+z<l], 3

lead to solutions that obey (3) for all ¢ = 0. Moreover, if the cure rate c is large
enough: ¢>b>0, all such solutions tend to the constant solution
(x,¥,z) = (0,1,0), that is, to a state where the epidemic dies out completely. If,
however, the cure rate is smaller than a fixed threshold: 0 < ¢ < b, then for all
solutions that obey (3) initially, with the exception of the solution
(x,¥,2) = (0,1, 0), the proportion of susceptibles tends to the constant level ¢/b < 1.
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Thus, if ¢ < b, there exists a nontrivial endemic level which is approached in all
cases except when the population starts totally free of the infection. The endemic
levelis (1 — ¢/b)t/(r + T)where T = 1/cis the average length of infectiousness, and
t/(t + T) is the ratio of infectious time to infectious plus incubation time.

We now turn to the effects of the integral condition (2). If (3) is imposed as a
condition on the initial data, but (2) is not; for example, if initially
(x,¥,2) = (3,3, 0), then (2a) is satisfied at f = O witha = 1 + bT/4 > 1. In this case,
our result shows that if b < ¢ < b(1 + bT/4) = ba, the proportion of susceptibles
will tend to the constant endemic level ¢/b, rather than to one as in the case when
¢ = b and the epidemiologically correct condition G defined by (2) is imposed. If,
however, a < 1, asis the case if the initial data for (x, y, z) equals (3, 0, %) (here @ = §
from the relation (2a)), the relation between the solutions on G and the solution
starting with this initial condition is reversed whenever ab = b/3 < ¢ < b. Here, all
solutions on G; yield a proportion y of susceptibles that tends to ¢/b, while the
above data yield a solution that has the susceptibles tending to one. Of course, if
¢ = b/3, the correct limiting value of the proportion of susceptibles is equal to 3,
which is far from the limiting value one for the susceptibles in the solution starting
at (3,0,%).

It may be pertinent to point out the importance of the integral condition in
numerical integrations of equations (1). Suppose that one wishes to study the
biologically interesting case a = 1. However, one does not ordinarily know initial
conditions Xy, ¥y, zo that would be biologically realistic. If x¢, ¥, zo are chosen to lie
between 0 and 1, butif (2)is not satisfied at ¢ = 0 (i.e., (x, o) are not in G ) thenitis
automatically true that (2a) is satisfied at 1 = 0 for some value 2 # 1. By Theorem 1,
the resulting solutions must satisfy (2a) for all ¢ = 0 and the limiting behavior of
such solutions, as indicated above, depends on a. Thus numerical integration of the
delay differential equations without attention to the integral condition would lead
to incorrect limiting values; or even to the erroneous conclusion that different
initial conditions may result in different equilibrium values. In the case of more
complicated models, for which rigorous analysis may be impossible, it will be
particularly important to take account of the appropriate integral conditions before
numerical integration is performed.

At this point, those who are not interested in further details on this epidemic
model may, without loss of coherence, proceed to section three. We note however,
that following the proof of Theorem 1 we discuss a model that has the above model
as well as that discussed in [4] as special subcases.

We next give the proof of Theorem 1. The proof breaks up into two parts. The
first gives the invariance of the condition (2a), while the second part deals with the
stability analysis of the constant solutions of the differential difference equations.

Proof of Theorem 1. From (1) we see that for ¢ > 0,

d
27 X0 +3(0] = blx(t = )yt — T) = x(Oy(1)],

t

x() + y(0) = x(0) + y(0) + bf Lx(s — T)y(s — T) — x(s)y(s)] ds
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¢ 1—T

x()y(s)ds + b J x(s)y(s) ds

0

= x(0) + y(0) + bj

-T

—-b ft x(s)y(s)ds

t
=q- bJ x(s)y(s) ds,
t—T
since (2a) is assumed to hold at ¢ = 0. So, any solutions which initially satisfy (2a) at
¢t = 0 must satisfy (2a) for all ¢ > 0.
Now, from (1) we also have

1

x() = e “x(0) + bj e 0x(s — Ty(s — T)ds,

0

3 1

MO~ Hx(g) ds, h(f)= —b j x() ds.

0

$0) = $0) + ¢ J
0

Since 0 < x(s), 0 < y(s) for se [ — T, 0], these equations imply that x(¢) > 0 for all ¢
in [0, T7 for which it exists. Now, the expression for y(¢) implies that y(f) > 0for the
same values of 1[0, T]. But, x(¢), y(¢) being non-negative implies from (2a) that
they are bounded by a. So, they exist on all of [0, 7], and from the above argument,
are non-negative on this interval. Repeating this reasoning we see that the same
conclusion holds on [0, k7] provided x(¢) and y(¢) exist and are non-negative on
[0, (k — 1)T7]. By induction, 0 < x(¢) < a,0 < p(¢) < afor all¢ > 0. This completes
the proof of (I).

We note, parenthetically, that if x(¢*) > 0, y(r*) > 0 for some 7* > 0, then the
above argument can be adapted to show that x(?) > 0, y(¢) > 0 for all 1 > ¢*.

Next, we consider the stability of the constant solution (0, a). Letting u = x,
v + a =y in (1), we get the following equations for u and v.

d’;(t’) — (¢ — abu(t) — bu(t)o(). @

The characteristic quasipolynomial (see [1], pp. 99 —102) of the linear part of the
equations is p(1) = A(A — abe™*T + ¢). If ab # ¢, A = 0 is a simple root of p, and
letting A = « + if8 we see that the other roots must satisfy

a+c—abe TcospT =0, B+ abe *TsinBT =0.

If ab < c the first of these implies that « < 0. Now, if & = 0 and ab = ¢ we get
cos BT = 1, hencesin BT = 0, and the second of the above relations gives § = 0. So,
when ab = ¢, A = Oisaroot and is the only root on the imaginary axis. Moreover, at
A=0, (d/d)[i—abe ™ *T +c] =1+ abT >0, so A =0 is a simple root of this
factor. So, if ab = ¢ there is a double root of p at A = 0, and all other roots have
negative real parts. We note that the same result can be obtained by using Hayes’
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theorem (see [17, p. 444). Now, if ab = ¢, the linearized equations for # and v admit
only the arbitrary constant solutions (x°,y°) and, hence, the eigenspace cor-
responding to 4 = 0is two-dimensional. From all this we can conclude that the zero
solution of the linearization of (1) about (0, @) is stable if ab < c. Of course, since
A = 0 is an eigenvalue, this does not imply that the solution (0, a) of the nonlinear
equations is stable, and the stability analysis will be pursued via Lyapunov
methods.

Next, if ab > ¢, and if we seek a solution A = o + i0 of p(4) =0, we get
o = abe™*T — ¢, which always has a solution a > 0. So, in this case the constant
solution (0, @) of (1) is unstable.

In order to study the local stability of the solution ([ab — c1/b(1 + ¢T), ¢/b) set
u+x*=x,v+c/h=y, x°=[ab~ c]/b(1 + cT), to get the following equations
for u and v:

fyZdW~ﬂ—%M+WW“J“”W“nW—H
dl;l(tt) = — bx®u(z) — bu(to(). ®)

The characteristic quasipolynomial for the linear part of this system is p(4) =
(4 + bx°)(4 — ce™*T + ¢). Clearly, 4 = 01is a root of the second factor, and setting
/= o + iff in this factor, we get the following two equations:

a+c[l —e *TcospT]=0 and B+ ce *'sinBT =0.

The first of these implies that o < 0. Just as before, 2 = 0 is seen to be a simple root
of this factor. So, the roots of p(1) satisfy the following: 4 = 0 is a simple root,
A= —bx"=[c—ab]/(1 + cT), and Re A < 0 for all the other roots. Hence, if
¢ < ab the zero solution of the linearization of (1) about ([ab — c]/b(1 + ¢T), c/b)is
stable. If ¢ > ab, p() has a positive real root and the constant solution
(lab — c]/b(1 + cT),¢/b) of (1) is unstable. When ¢ < ab, the presenceof A = Qasa
root of the characteristic equation precludes the conclusion that (x°, ¢/b) is a locally
stable solution of the nonlinear equation. The stability of this solution will be
analyzed via Lyapunov methods.

We next consider the global behavior of solutions on the set G,. In order to do
this, we employ the invariance principle of LaSalle as formulated in Theorem 3.1,
page 119 in Hale [9]. First, assume that 0 < ab < c¢. Let C be the space of
continuous functions on [— 7,0] with uniform norm, and use the notation
x(8) = x(t + s)forse[— T,0]. Letf = (fi, f») € C x Cand define the functional ¥
by:

- 1 1 [
Wﬁ=gﬁ@+5jqﬁ®ﬂ
The derivative V" of V along solutions of (1) is:

, 2b
") = l:ff(o)”*;fl(o)ﬁ(— D) (= T) + fi(— T)}-

1
2
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If this expression is considered as a quadraticin f1(0) and f1(— T), itis seen that it is
negative definite if | f2(— T)| < ¢/b. Now, if 0 < f; < a, i = 1,2, this inequality is
satisfied whenever ab < c.

Let G* = {f = (f1, /)€ C x C: 0 <f; < a, and f satisfies (2a) at t = 0} = {f;:
feG,}. From the proof of part (I) of the theorem G is seen to be positively invariant
under the flow induced by (1). Moreover, if ab < ¢, V() is negative definite for all
feG* = G*, the closure of G*. Let S = {fe G*: V(f) = 0}. From what was shown
in the previous paragraph, if ab < ¢, § = {fe G*: f;(0) = fy(— T) = 0}. By the
invariance principle, if fe G¥, the solution (x(2),(¢)) of (1) with (xg,Y0) =7
approaches S as ¢t — o0, in the topology of C. That is, x, —» f; with f;(0) = fi(— T)
= 0. But, x,(0) = x(¢), so x(f) » 0 as £ > oo. From (2a) it then follows that, since
0< () <a, y(t) > a as t > o0. So, all solutions that start on G¥ tend to the
solution (0,a) as t —» oo. If ab = c, then the set S also includes {fe G*: f1(0) =
+ fi(— T), and fo,(— T) = a}. By the above arguments, either x(¢) — 0 or y(f) - a
as ¢t — o0. In this latter case, using (2a) as above, we again get x(t) — 0 as t — 0.

We next assume that 0 < ¢ < ab. Let G* be as before, and for fe G* define V' by:
V(f) = 1 /2(0) — ¢/b]*. Then, along solutions of (1) we have

V(7)) = [£20) = ¢/b11>(0) = — bLf2(0) — ¢/b]*f1(0),

and (f) < Ofor fe G*. By the invariance principle, if fe G¥*, then the solution (x, y)
with (x(2), () = (f1(2), /2(8)), te [ — T, 0], obeys (x,, y,) = S = {fe G¥: V(f) = 0}
as t — co. But, F(f) = 0 implies that either f;(0) = 0 or f5(0) = ¢/b, that is, x(£) —» 0
or y(f) — ¢/b. We need to consider more closely the first of these two cases.

Now, suppose that x(f) - 0 as t — . Since 0 < y < g, from (2a) we see that
¥(t) = a as t —» oo. From (1) we get y'(f) = x(f)[c — by(¢)], and given & > 0 there
exists * > O such that y(¢) > a — ¢/b, and hence, y'(f) < x()[c — ab + &]fort = ¢*.
Since ¢ — ab < 0, if we let ¢ = (ab — ¢)/2 we get y'(£) < 0 for all ¢ = r*. So, ¥(¢) is
monotone non-increasing for 7 = *, 0 < y(f) < a, and y(f) > a as t —» . Thus
(&) = a for t = t*. So, for ¢t = t* we have y'(f) = 0 = (¢ — ab)x(¢); hence since
¢ —ab # 0,x(f) = 0for t = t*. From (1) we have 0 = x'(¢t) = bx(t — T)y(t — T)for
t = t*, and hence, x(t ~ T)y(t — T) = 0 for ¢ > ¢*. From this and the continuity of
y there exists # > 0 such that y(¢) > 0 and x(r) =0 for te{r* — 5, c0). Since
Y () = (¢ — by(®))x(r), we get ¥'(¢) = 0, hence, y(¢) = aon te[* = y, c0). From the
above argument we see that the supremum of all such # > 0is y* = min[¢*, T]. If
n* = t* we have (x(¢),¥(t)) = (0,a) on [0,c0), and if #* =T, on [* — T, o).
Repeating the above argument starting with all ¢ > ¢* — 7, then ¢ =¥ — 27T, and
so on, we get (x(1), y(©)) = (0, @), on [0, o). So, the only solution that tends to (0, a)
starting from G* is the one that is identically equal to (0,a) on [0, ).

So, if (x(1), y(©)) # (0, a), we have y(¢) — ¢/b as r - co. We need to show that
x(f) = x° in this case. Integrating the second equation in (1) from ¢ — T to ¢ and
rearranging, we get

t t

x(s)y(s)ds = y(t — T) + cf x(s) ds.

t—T

y(t) + bj

t—

From this and (2a), we get
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Dx, = x() + cj xds=a—yt—-1),
t—T
where D: C[ — T,0] — R is the linear difference operator defined by Df = f(0) +
c |2, f(0)db.
Let t* be a fixed real number and let u*(f) = x(r + *) — x°, h*({) = ¢/b —
¥t + t* — T), and note that since x° = (ab — ¢)/b(1 + ¢T),

Du* = h*(f).

The characteristic equation of D (see [9], Section 12.3) is 1 +c(1 —exp(—AT))/4
= 0. Since ¢cT # — 1, A = 0isnot aroot, and it is readily seen that all roots of this
equation obey Re A < 0. Now, in any vertical strip &« < Re 4 < f, this equation has
only a finite number of zeros, so there exists § > O with Re 1 < — § < Ofor all zeros
A of this characteristic equation. From Theorem 4.1, page 287 in Hale [9], we can
conclude that there exist constants @ and b, independent of 4*, such that

u¥| < be~uo| + b sup |h*(s)].

0<ss<t

So, as t— o
lim|x(8) — x°| = im|x(r + *) — x°| = lim[u*(?)|

< bsuplh*(0)| = bsup|y(t — T) — ¢/b] -0 as * — 0.

0<t [l 4]
Hence, x(1) —» x° as £ — co. This completes the proof of (IIl) and of the theorem.

We note that the above proof can be easily adapted to yield the global behavior
of the solutions of a somewhat more general model where the time spent in the
exposed class is not a fixed value 7, but is given by a probability distribution. The
results in this latter case are analogous to those given above.

The model that we have analyzed above is a special case of a slightly more
general one where it is assumed that there is a delay T > 0 between the time of
exposure of the vector carrier to the disease and the time when it becomes infective.
This isindeed the case with malaria. This more general model leads to the following
system of governing equations for the same variables (x, y, z) as before.

dx(t)
——=bx(t — T — Ty(t — T) — cx(1),
dt
d
D — extt) — bate — Tp00),
dz(t)
P bx(t — T)y(1) — x(t — T — Ty)y(t — T)]. (6)

The correct integral condition now becomes (with a = 1):

x()+y(t)=a— bjt x(s — T)y(s)ds, t=0. (7a)

t—
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When 7 = 0 this reduces to the model we have been discussing. When T = 0, (6)
reduces to the single delay differential equation dx(z)/dt = bx(t — T1)y(t) — cx(1),
and the algebraic condition x(f) + y(¢f) = a which is the reduced form of (7a). The
integral condition is, hence, not present in this case and we effectively have a single
equation dx(#)/dt = bx(¢t — T1)[a — x(£)] — cx(f) describing the situation with the
subsidiary restriction 0 < x <a. So, it is seen that the condition (7a) is a
consequence of the presence of a group of individuals, those who are exposed,
which essentially acts as a holding tank for the population for a fixed time T. The
equation for T = 0 has been analyzed by Cooke [4], while a generalization of the
same model allowing for seasonal variations in the vector population, by letting b
be a non-constant periodic function of ¢, was studied by Busenberg and Cooke [2].

For the full model with two delays T > 0, T; > 0 we have the following results.

Theorem 2. If ¢ = 0, a > 0, then all solutions of (6)—(7a) with initial data obeying
0 < x(s), 0 < )(s), for se[— Ty — T, 0] and with (7a) holding at t = 0 behave as
Sfollows:
(I) Either x(t) =0, y(fy =a for t 2 0,
(A1) or, x(f) approaches a monotonically while y(f) approaches 0 monotonically as
t - 00.
If a = 0, only alternative (I) can hold.

The proof of this result is elementary and is omitted.

The epidemiological implications of this result are very simple. It says that, if
there is no recovery from the disease, then either the whole population is healthy for
all time or else the whole population approaches the infective condition as time goes
on. The next result is more interesting.

Theorem 3. Let xo(f), yo(£) be continuous functions on [— Ty — T,0] satisfying
0 < xO(t) < a, 0 < yO(t) < aafor te[— Tl - T,O], and
(4]

x0(0) + y0(0) = a — bJ x(s — T1)yols) ds,

ie., (7Ta) at t =0. Then, if (x(¥),y(t)) is the solution of (6) with initial data
(x(0), () = (x0(2), yo(D)), for te[— T — T, 0], the following hold:

(D) 0< x(2) < a,0 < ¥(1) < a, and (x(2), Y(1)) exists for all t > 0 and satisfies
(7a) on t 2 0.

(ID) If 0 < ab < ¢, lim,, (x(2), (1)) = (0,a) for all solutions lying on the
invariant set G, = {(x,): with x,y continuous on t 20, x>0, y 2 0 and (x,y)
satisfying (7a) on t = 0}.

(IIN) If 0 < ¢ < ab and ¢ < min{l/T,2/(Ty + T)}, then the constant solution
(0,a) is unstable and the trivial solution of the linearization of (6) about
(x°,3°) = ((ab — ©)/b(1 + ¢T), ¢/b) is stable.

Remarks. The behavior of the equation when 0 < ¢ <ab and ¢ >min{l/T,
2/(T; + T)}appears to be rather complex. A number of numerical experiments that
we have undertaken suggest that periodic solutions may exist in this parameter
range. However, our analysis of this model is as yet not complete.

Proof. The proof of (I) proceeds in a manner identical to the proof of (I) in Theorem
1, and so, we omit the details. The proof of (II) is again based on LaSalle’s
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invariance principle. We let C = C[— T; — 7, 0] be the continuous functions on
[— Ty — T,0] endowed with the uniform norm. Let f = (fi, f,) € C x Cand define
the functional V' by

0

1 1
V) =2 /30) +5 J JHOED

-T-T;

The derivative V of ¥ along solutions of (1) is given by

o 1 2b

Vi) =— 5 |:ff(0) “7f1(0)f1(— Ty — DfA=T)+ /U= Ti — T):|
Viewing this expression as a quadratic in f;(0) and fi(— T, — T), we see that it is
negative definite if |f5(— T)| < ¢/b. Now, if 0 < f; < a, i = 1,2, this is satisfied
whenever ab < c.

From this point on, the proof proceeds in exactly the same manner as the proof
of (II) of Theorem 1, and so, the details are omitted.

The proof of (III) involves the analysis of the characteristic equation of the
linearization of (6) about the constant solutions (x,y) = (0,a) and (x,y) =
(x% ¢/b) = ((ab — ¢)/b(1 + cT),c/b). In the first case, the characteristic quasi-
polynomial is p(4) = A[A + ¢ — abe™ *T*TV7] and setting 4 = u + 0i, we get the
following equation for the real roots of p: u[u + ¢ — abe ™ *T*T] = 0. If ab > c,
this always has a positive solution, hence, the constant solution (0, @) is unstable.

The characteristic quasipolynomial for the linearization about the root (x°, ¢/b)
is:

p(A) =22 — Ale(e " MT*+TY — 1) — bx°] — cbx’[e 2T — 1].
Since ab > ¢, x° > 0and if 1 = u + iv the imaginary part of the equation p(1) = 01is

2uv — v[e(e T cos (T + Ty) — 1) — bx°] + uce T *Tgin (T + T)

+ ¢cbx®e ™ *T'sinvT = 0.
This can be rewritten as
u = {ve(e T Tcos (T + Ty) — 1) — bx°(v + ce*F sinvT)}
x {2v + ce "I+ Tsino(T + Ty)} L.

Noting that the right-hand side of this expression does not change when v is
replaced by — v, we consider the case where v > 0. Since ¢ < min(1/T,2/(T + T,)),
if we assume that u>0, we have e " Tocosu(T+ T;)~1<0,
— bx%v + ce "TsinvT) < 0, and 2v + ce “T*Tsinw(T + T;) > 0. So, the right-
hand side of the equation is negative, implying that u < 0. This is a contradiction,
and hence, all solutions of the quasipolynomial must obey Re A < 0.

We next note that A = 0 is a root of p and that p'(0) = bx°[1 + ¢T,] > 0 if
x° # 0, which is the case when ab > c. So, A = 0isasimple root of p. This completes
the proof of (I11I) and the theorem.

We note that the neglect of the integral condition (7a) leads to the same type of
difficulties in this more general model as it did in the case where 7, = 0.
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For example, one may have 0 < b < ¢, hence, all solutions on G, approach (0, 1) as
t — co. While, if ab > ¢ (a > 1) the solution (0, a) is unstable.

3. Invariant Integral Conditions

In the first part of the preceding section we saw the form and the effects of an
invariant integral condition in an epidemiological model. The type of condition that
was encountered there always appears whenever a model contains a compartment
(the exposed class in the model of section 2) which holds individuals for a fixed time
T. If y(¢) denotes the number of individuals in this compartment, then one must
have dy(e)/dt = h(t) — h(t — T), as the governing differential difference equation.
This equation has a first integral y(f) = a + [:_, h(s)ds, which is the correct
invariant restriction. Note that a restriction of this sort is needed for each
compartment of the above type. The importance of these restrictions was illustrated
in the previous section and will not be discussed further at this point.

The next point that we take up is the question of what is the appropriate integral
condition in models that allow for removal, say due to death, from a holding
compartment such as the one discussed above. We proceed by first looking at a
particular model that has been studied by Z. Grossman [7] who recognized the
importance of restricting the initial data in his model. In this model, we consider a
population having a birth rate u, a death rate u, and broken up into three
components: those susceptible (S), those who are infective (/), and finally the
immune (M). It is assumed that there is a fixed delay T between the time of entrance
in the infective class and the time of departure from it into the immune class. Since
the birth and death rates are equal, the population remains constant and the
variables S, I, and M are normalized by division by this constant total population to
get the relation

I + M) + S = 1. ®)
The equations describing the dynamics of this model are [7]:
S(#) = p — uS(1) — BUS(),
I'(2) = BEOS(t) — e™*"pI(t — T)S(t = T) — p(0),
M'(Hy=e *BI(t — T)S(t — T) — uM(?). ©)
It would appear from this formulation of the model that the first two equations

of (9) can be solved independently of the third, and then (8) used to get M as a
function of t. Of course the solutions that one seeks must obey (9) as well as

0<S®, 0<Iy), 0<MQ@). (10)

The difficulty with the above approach is that (8), (9) and (10) do not form a well
posed problem. In order to see this, note that, if initially one has S() = 3,
) = — /2T, M(t) = (1 + t/T)/2, te[— T,0], then (8) and (10) are satisfied on
this initial interval, but from (9) we get I'(0) = — e *TBS(— TV[(—T) =
— e *TB/4 < 0, so there exists ¢ > 0 with I(z) < 0 on (0, ¢), violating (10).

In order to remove this difficulty, we note that the second equation in (9) has the
first integral, with an arbitrary constant a,
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1
1) = e #a + ﬁj " 70(9)S8(s) ds, (11a)

t—T
We now note that in this equation a = 0 is the correct value of the constant. The
heuristic way of viewing this condition is the following: The total number of
infectives should be exactly equal to the number who have entered the class in the
past and have not left either via natural death or because of the fixed residence time
Tin this class. The correct interpretation of the mathematical results obtained from
this model must incorporate this integral condition. We have the following resunlt
that shows that the condition (11a) makes the problem well posed.

Theorem 4. If B, i and T are positive and if a > 0, then all solutions of (9) with initial
data satisfying (8) at t = 0 must satisfy (8) for all t = 0 for which they exist. If,
moreover, the initial data satisfy (10) for te[— T,0], and (11a) at 1 = 0, then the
solution through that initial data exists and satisfies (8), (10) and (11a) for all t = 0.

We postpone the proof of this theorem until the end of this section, and proceed
to another model found in the recent literature where integral conditions play an
important role. In this situation, the integral condition determines whether or not
certain periodic solutions have biological significance. This model, which is studied
by D. Green [6], is concerned with an epidemic where the population can be
separated into three classes: Those susceptible (.S), those who are infective (J), and
those who are recovered (R) but have, for limited time, developed immunity to the
disease. The model assumes a fixed time ¢ during which infectiousness lasts and a
fixed time ¢ during which immunity lasts. Tt is a special case of a model proposed by
Cooke [5] and studied in detail by Hoppensteadt and Waltman [10]. The dynamics
of the model are described by the following equations which are used in [6],

S = — lSE + it — T)S¢ —T), T=0+ o,
I'(t) = rI(HS@) — rit — 6)S(t — o). (12)

However, the form that the Hoppensteadt-Waltman equations take in this special
case is

I)=b+r Jt 1(s)S(s) ds, (13a)
SO+ I(t)=a - rf_a I(5)S(s) ds, (13b)
t—T

witha > Oand b = 0 being the appropriate values for the constants in the biological
interpretation of these relations.

Even though any pair of constants («, ) solves (12), this is not the case with
(13a,b). In fact setting b = 0, and assuming (S, I) = («, ), we conclude that

@H=@0) o (uf)= <i,”"’ - 1>.

ro rT

In [6] the case where r = 0.2 and ¢ = 1 is studied with ¢ used as a parameter.
Values of w, and (o, ) are sought for Hopf bifurcation to occur and periodic
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solutions to exist. With the correct integral condition the constant solutions have
B =0ora=1/(r6) = 5. However, in all of the cases considered in [6] f # 0, « # 5,
so the periodic solutions found in that work have no direct relation to the biological
situation that is being modelled. However, there do exist periodic solutions that
obey the correct conditions. In fact, setting w = ¢ = 1 and using ra as a parameter
one can show, using the methods of Green [6], that at ra = 1.4, approximately,
Hopf bifurcation occurs at the constant solution (1/r,0.2/r) which satisfies the
correct integral condition. Since the method of establishing this fact is the same asin
[6] we shall omit the details.

There is another difficulty involved in writing the equations of the model in the
differential form (12). For, the biological interpretation of variables [ and S implies
that I(¢) = 0 and S(¢) = 0 for all 7 = 0. If, however, one chooses the initial data
I(t) = — Ni/T), S(H) = N[T + ¢1/2T, te[—T,0], then I(t) =0, S(5) =0,
I() + S() < Nonte[— T,01, where N is taken as the total population. However,
since 1(0) =0 and I(— 0)S(— 0) = N>0w/(2T)* >0, we see from (12) that
I'(0) < 0, and I(¢) is, hence, negative for small values of # > 0. Again, one can show
that the integral conditions remove such difficulties. In fact, we have the following
result.

Theorem 5. If r, 6, w and a are positive and if b = 0, then all solutions of (12) with non-
negative initial data satisfying (13a,b) at t = 0 exist for all t = 0, satisfy (13a,b) on
t = 0, and are non-negative and satisfy S(f) + I) < a for all t = 0.

The proof of this result is very similar to that of Theorem 4, and so will be
omitted.

We next consider the model of Cooke and Yorke [3] that was mentioned in the
introduction. Our treatment relies on the methods and the discussion of the same
model that was given by Hale [8]. The equation that we treat is

t— Ly

x()=a+ '[ g(x(s))ds = a + L{g(x)) (14a)

t—Ly—Ls

where a > 0 is a constant. In the population model considered in [3], the correct
value for a is zero. The function g is assumed to be three times continuously
differentiable and to satisfy g(x) = 0 for x < 0, and for x > 1, while g(x) > 0 on
0 < x < 1. If x = ¢ is a constant solution of (14a) it must satisfy ¢ = a + L(g(c)),
and we denote by ¢, any solution of this equation. Linearizing (14a) about such a
constant solution c,, we have the following equation for # = x — ¢,:
1— Ly
u(t) = g'(c,) J u(s) ds.
t—Li—La
The characteristic equation of this equation is
A= b[e——Lll _ e—(L1+L2)/l:|’ (15)

where b = g'(c,). The roots of this quasipolynomial have been studied by Cooke
and Yorke [3]. One of their results yields the following: If 0 < b < L, thereis one
simple negative root, the root at 4 = 0, and no other real roots. Moreover, all
complex roots have negative real parts.
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In the discussion that follows we shall need the following lemma.

Lemma 1. There is an interval of values of b of the form by < b < O with the following
property: If be(bo, 0), equation (15) has a simple root A = 0 and all other roots of (15)
satisfy Re A < 0. At b = by, (15) has a single pair of simple pure imaginary roots, the
root 4 =0, and all other roots satisfy Re A < b* < 0 for some b* < 0.

The proof of this lemma requires a lengthy but elementary consideration of
equation (15) and is not given here. Finally, we need the following result from Hale

[8].

Lemma 2 (Hale). Suppose that the roots of (15) satisfy the following condition. For
some fixed value of b, say b = by, there are two complex conjugate pure imaginary
roots and all other roots A of (15) satisfy Re A < b* < 0 for some b* < 0. Then, there
are functions g* close to g for which the equation x'(f)= g*(x(t — L,)) —
g*(x(t — Ly — L)) has a nonconstant periodic solution. Here the functions g, g* are
of class C* on [~ Ly — L,,0], and |lg|| = sup{}?_, llg’(/)I|: fe C[— Ly — L,,0],
llg ()|l denotes the supremum norm of g(f(s)) on se[ — L, — L,, 0], and the other
norms || || denote norms of linear and multilinear operators on C[— L, — L,,0]}.

After all this, we can return to our example. Here, if b = b,, then the conditions
of Hale’s result hold. So, there are functions close to g for which non-trivial periodic
solutions of the delay differential equation exist. Recalling that » = ¢'(c,) depends
on the value of ¢ entering in the integral condition (14a), we note that this condition
plays a role in deciding whether or not periodic solutions exist.

We now conclude by giving the proof of Theorem 4.

Proof of Theorem 4. From (9) we get
S0 + I'(1) + M'(1) = p[1 — S() — M(1) — 1(1)],

and letting x = S + I + M, we have x(0) = 1, x'(r) = u(1 — x(#)). So, x(¢) = 1 for
20, and (8) holds for all > 0. We note also that the solution x =1 is
asymptotically stable.

Now, if the initial data satisfy (11a) at ¢ = 0, then for all > 0 where 7, Sand M
exist we have from the second equation in (9)

I(t) = e™™1(0) + B t eI K(s5)S(s) — e *TI(s — T)S(s — T)] ds
= e "J(0) + B t X5~ [(5)S(s) ds — ﬁf_ "= [(5)S(s) ds

(1

=e “J0) + p e“CTI($)S(s)ds — B r e I()S(s) ds.

i

Since (11a) is satisfied at r = 0, we have

0
ﬁJ e*CTI(5)S(s) ds = e M [I(0) — a],
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and using this in the above equation, we get

t
I(f) = e “a + BJ "7 0[(5)S(s) ds.
t—T
So, (11a) is satisfied for all such 7 > 0. From this, we see that 1(¢) > 0 whenever
I(s)S(s) exists and is non-negative for se|t — 7, £].
From the first equation in (9), we have

S(?) = exp [— f (u + BI(s)) ds:| [S(O) + J‘t HEXD {r (u + plw) du} ds]
0 0 0

So, S(#) = 0 for all ¢+ > 0 such that I(s) exists for se[0, ¢].
From the third equation in (9) we get

t

M(t) = e M(0) + ﬁj e " DI(s — T)S(s — T)ds.
0

So, M() > 0 for all >0 such that I(s)S(s) exists and is non-negative for
selt—T,t].

We now consider two separate cases: @ > 0 and a = 0. First, let ¢ > 0, and
suppose that I(t}) =0 for some ¢>0. Then from (lla) we see that
{1 I()S(s)ds < 0, 50 I(s)S(s) < O for some se[r — T, 7]. But, S(s) > 0 from what
was said before, so I(s) < 0for some s < 1. It is clear from the above arguments that
the infimum s* of all such s must be nonpositive. Now, since a > 0, and 1(s)S(s) = 0
on[— T,0], I(0) > 0 from (11a). So, s* < 0, and I(s*) < 0 contradicting the non-
negativity of the initial data. So, I(¢) > O for all ¢ > 0 where it exists.

Next, consider the case a = 0. Suppose that I(¢) < 0 for some ¢ = 0. From (11a)
we have I(5)S(s) < 0 for some se[t — T, ], hence, as before I(s) < 0 for some s < .
Again, the infimum of all such s is nonpositive. Now, if I(0) = 0 we have from (11a)
1(5)8(s) = 0 for se[— T, 0]. So, we must have from (9) I'(t) = BI(1)S(?) — ul(t) for
all 1[0, T'], implying that, I(f) = 0 for &[0, T']. Repeating this argument we see
that I(¢) = 0 on [0, «0). Here, we note that S(¢) exists and is nonnegative for all ¢
where I(?) exists.

So, I(f) = 0 onits whole interval of existence ¢ € [0, «). Hence, S(#) and M(¥) both
exist and are nonnegative on this same interval. But, I(¢) + S(#) + M(f) = 1, so they
are all bounded by one on this interval. From standard continuation results we see
that o = 00, and the theorem is proved.

The proof of Theorem 4, and other similar results, would be greatly simplified if
one could conclude that nonnegative initial data lead to nonnegative solutions if
(11a) is satisfied. Of course, if (11a) does not hold, we have shown already that
nonnegative data need not have this property. It would be useful to have available
general results, along the lines of those of Seifert [12], that yield the nonnegativity
of solutions when invariant integral conditions like (11a) are imposed. The nature
of (11a) seems to rule out the application of the results in [12], while those
extensions of such results that we have been able to establish do not reduce the labor
needed in proving propositions similar to Theorem 4.

We next consider the relation between the present invariant integral approach
to this type of model and the approach described by Hoppensteadt [11, pp.
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47—497]. For the model which is described by equations (1) —(2), this alternate
formulation leads to the following equations:

t

2(f) = 2%(8) + b[ x(8)y(s) ds,
0

t 0
dz"(s) et g,

0

x(1) = x(0)e™ ¢ — J

@) =1—x(1) - 2(1), (16)

when 7€ [0, T'], and z°(¢) is non-increasing on [0, 7] and zero on [T, o). Here z°(¢)
is viewed as the proportion of those who are initially exposed and are still exposed at
time ¢. For ¢ > T the following equations are used

xX'(6)=bx(t — T)y(t — T) — cx(2),
Z'(1) = blx()y(t) — x(t — T)y(t — T)],
W) =1—x() — z(0). 7

This formulation of the model does not seem to imply the integral condition (2).
However, (17) implies that (1) holds for 7 > T while if we define initial data
(XT(S)a yT(S)a ZT(S)) = (X(S + T)9 y(S + T)s Z(S + T))a SE[_ T7 0]7 where (X,y, Z)
satisfy (16), we see that (since z°(T) = 0)

T

X(T)+y(T)=1- bf x(s)y(s) ds,
0

and condition (2) is satisfied at ¢ = T, hence, for all z > T. So, solutions of the
formulation via (16)—(17) must also satisfy the invariant integral condition on
t = T. Hence, the study of the asymptotic behavior of such solutions involves the
same considerations as those we have been discussing. Incidentally, the observation
that (2) is satisfied at ¢ = T provides, through Theorem 1, a proof that this alternate
formulation of the model is well-posed in the sense that solutions remain non-
negative and satisfy x(f) + y(¢) + z(t) = 1 for all t = 0.

We next show that solutions of (1)—(2) are also solutions of (16)—(17) for
appropriately chosen z°. In fact, let (x, y, z) satisfy (1)—(2) and define

0 if t>T

20 = (18)

z(0) — br x(s — TYy(s — T)ds, te[0,T].

That s, view z%(¢) as the proportion that is exposed at r = 0 minus those leaving the
exposed class before ¢ < 7. Clearly, z°(¢) is non-increasing on [0,7T], and
2%T) = z(0) — b [T x(s — T)y(s — T)ds = 1 — x(0) — y(0) — b {° ; x(s)y(s)ds = 0,
by condition (2). So, z°(?) = 0 in [0, T] and satisfies the hypothesis imposed on
(16) —(17). Since we have already shown that (1) — (2) implies that (17) will hold for
all 1> 0, we only need to show that (16) holds for 1[0, T]. Now, from (18)
dz°(t)/dt = — bx(t — T)y(t — T) when t€[0, T'], and hence from the equation in
(1) we get
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t

x(t) = x(0)e™ < + bJ‘ e U x(s — Ty(s — T ds

0

t d 0
= x(Oe @ — | e~ ) ds.
0 ds

Thus, the second equation in (16) holds for &[0, T]. Next, from (2) we have

t

) =1—x(0) —y(0) = bJ x(s)y(s)ds

t—T

T

= bf x(&)y(s)ds + b_j x(s — TYyy(s — T ds — bJ x(s — T)y(s — T)ds,
0

o] 4]
so, using the fact that b {7 x(s — T)y(s — T)ds = z(0) — z%(T) = z(0),

t

2()=b jt x(s)y(s)ds + z(0) — bj x(s — Dy(s — T)ds

0 v o

t
= bj x()y(s) ds + z°(2),
0

for te[0, T']. That is, the first equation in (16) is satisfied. The last equation in (16)
follows from (2) and the fact that z(r) = b | _ . x(s)y(s) ds. It should be noted that the
model formulated via equations (16) —(17) satisfies (1) —(2) on ¢ = T but need not
satisfy condition (1) —(2) on te [0, T]. This is due to the fact that the choice of the
initial function z° is fairly arbitrary and may not reflect any of the specific dynamics
of the situation being modelled. It is hence interesting to note that the additional
conditions needed to have (1) —(2) satisfied on ¢ > 0 are rather simple. In fact, if we
assume that, in addition to (16) —(17), x'(¢) and y'(¢) are continuous at t = T, z° is
continuous at ¢ = 0 and dz°/dt is integrable on [0, T] (it, of course, exists almost
everywhere and is measurable since z° is monotone), then it follows that (1) —(2) are
satisfied on [0, o). To see this, note that in this case, (16)—(17) imply that

(1) = = ex(T) = ) () ~ ex(T),
that is,
ED b0y 0) 19)
Now define (xo(£), yo(t), 2o(t)) for e[~ T,0] by
D30 F0  —bxo@yel) = e (T 4 1)
Xo(0) + y(0) =1 — z°(0). 20)

The conditions that (20) imposes on x, and y, at zero are satisfiable since (19) is
assumed to hold. Now the second equation in (16) yields for 1€ (0, T),
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t

x(1) = x(0)e™ + bJ e "Ixo(s — T)yo(s — T)ds,

0
hence, x'(#) = bxo(t — T)yo(t — T) — cx(f), since — bxo(t — Tyt — T) =
dz°/dt (¢t + T) was assumed to be integrable. The first equation in (16) yields
dz°(9)

T bx(Oy(t) = — bxo(t — Tyol(t — T) + bx()y(D),

() =

and using the third equation in (16) we now get

V() = ex(t) — bx()y(2), te(0,T7].

This shows that (1) holds on (0, 7] with initial data given by (20).
We next verify that (2) holds at ¢ = 0. From what was just shown, on 1 (0, T,

d
77 P40 + (O] = blxo(t — Diyo(t = T) — x()y(1)],

hence, using the continuity of x and y at t = 0,

x(0) + ¥(0) = x(T) + y(T) — bJ Xo(s — Tyols — T)ds + bJ x(s)y(s) ds

0
0

=x(T) + ¥(T) - bj xo(8)yols)ds + 2(T) — z%T)

=] — bJ‘_ Xo(S)yO(S)>

since z°(T) = 0 and x(T) + ¥(T) + z(T) = 1. So, from Theorem 1, (2) must hold
for all ¢ > 0, hence (1)—(2) hold on (0, co).

The above arguments can be adapted to show that these two approaches to all
the models we have been considering are essentially equivalent. When the approach
in [11] is taken, the transient behavior on [0, T) may differ from that obtained via
the invariant integral formulation. However, the behavior on [ 7, oo) is the same. In
particular, in studying stability questions, periodic solutions, or other behavior for
t > T, the analysis must be restricted to solutions obeying the proper invariant
integral conditions.
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