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Abstract. Given a general balance statement we derive an expression for the associated crack tip flux integral. The
conditions under which the integral is physically meaningful and yields a non-trivial result are outlined. To illus-
trate the approach a number of well known integrals in use in fracture mechanics are derived. It is demonstrated
that complementary analogues to these integrals can be derived in a similar fashion and a result indicating the
equality of dual integrals under quite general conditions is presented. We discuss the domain integral method as
an alternative means of representing crack tip integrals and we show that the method may be interpreted as a par-
ticular form of Signorini’s theorem of stress means. A discussion of some associated integral identities is presented.

1. Introduction

In this paper we present a perspective on crack tip integrals from the point of view that these
integrals can be simply derived from appropriate balance laws. The approach has its origin
in a crack tip integral expression for the elastodynamic energy release rate proposed by
Atkinson and Eshelby [1] and independently derived from the field equations by Kostrov and
Nikitin [2] and Freund [3]. It has since been recognized that the result is also valid for general
material response [4, 5]. We build upon the approach taken by Nakamura et al. [5] to obtain
some general results.

We begin with a general balance statement and derive an expression for the associated
crack tip flux integral in Section 2. Then we examine the conditions under which this integral
is physically significant (namely path-independent in the crack tip region) and yields a
non-trivial result. In Section 3, the general result is specialized to particular balance laws and
a number of crack tip integrals currently used in fracture analysis are derived. No a priori
restrictions on material response and crack tip motion are required in the derivations. To
illustrate the approach, the fundamental crack tip energy flux and energy release rate
integrals are derived in this manner for both total and mechanical energy balance statements.
We then derive a general dissipation integral from a variational form of momentum balance
and show that it reduces to the C(r) integral (e.g., Bassani and McClintock [6]) for power
law creeping solids. Also crack tip integrals for conduction/diffusion problems are discussed.

In Section 4, we illustrate that the complementary counterparts of the above mentioned
crack tip integrals can be derived using the same approach. For nonlinear elastic response,
Bui [7] has shown that the energy and complementary energy release rates are equal. We
establish in a direct manner that Bui’s observation is valid for quite general material response
and for all dual crack tip integrals under discussion. The implication is that no new
information can be extracted from complementary integrals which is not already provided
by their counterparts. However, in certain circumstances, the pair of integrals, referred to as
dual integrals, may be employed to obtain a bound for the crack tip parameter.
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In Section 5, we show that Signorini’s theorem of stress means may be used in conjunction
with a general momentum/flux tensor to yield integral identities from which a number of
useful results may be extracted. The numerical evaluation of crack tip contour integrals
poses a fundamental problem. The limiting contour (shrunk onto the crack tip) cannot be
defined due to the finite spatial discretization. In addition it is precisely near the crack tip
that the field quantities are least accurate. Domain integral methods have been introduced
to circumvent this difficulty. We show that the domain integral representation of crack tip
integrals is a particular application of the general result based on Signorini’s theorem and
some associated integral identities are discussed.

2. Balance law — crack tip integral

We consider a general balance statement and derive an expression for the associated crack
tip flux integral. The development closely follows that of Nakamura et al. [5] who derived
an expression for the crack tip energy flux, valid for arbitrary material response and crack
tip motion. In the following section we will extract a number of useful integrals from the
general result. The general balance statement is written as

¢, = ¥. 2.1)

A comma (,) denotes a partial derivative with respect to a spatial coordinate and a
superposed dot (') denotes the material time derivative. We will see later that appropriate
choice of the field quantities ¢, and ¥ leads to some useful results in fracture mechanics.
Integrating the expression (2.1) over an arbitrary volume ¥ and applying the divergence and
transport theorems yields'

d
LV ¢m dS = - fy Y dV — fay yro;m; dS, (2.2)

where my; is the outward unit normal to the surface ¢V and v; is the instantaneous velocity
of 6V. We now specialize this result to the case of crack propagation and, for purposes of
clarity, focus our attention on the planar crack problem.

Consider a two-dimensional body with an extending crack oriented along the x, axis of
a rectangular Cartesian coordinate system (see Fig. 1). The cracked body lies in the x,~x,
plane with the crack plane given by x, = 0. The crack extends in its own plane along the
x, axis with instantaneous speed v. We isolate the vanishing small crack tip region with a
small contour I' which is fixed in size and orientation with respect to the crack tip and is
translating with the crack tip at speed v. At a given instant, the area bounded by the fixed
material curve C, and the translating curve I is denoted by A(#) and is free of singularities.
If ¢, does not vanish on the crack faces the contour C, is taken to include the crack faces.

* We have assumed that the fields are sufficiently smooth so that the divergence and transport theorems may be
applied. In particular the fields must be free of shock-like discontinuities which can develop in wave and dynamic
crack propagation problems.
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Fig. 1. Crack tip conventions. Domain A is enclosed by I, C,, C_, and C,. Unit normal m; = n,on C,, C_
and Cy, and m; = —n,onT.

The expression (2.2) thus becomes

[ ¢mdc = % [, ¥ dd — | (@ + yod,)m, dT. (2.3)

It is noted that the only non-vanishing velocity on the boundary of A(¢) of consequence in
(2.3)isv; = vonT. Often y will be a physically significant quantity such as energy. The term
on the left-hand side of (2.3) is then the rate at which energy is being input into the body;
the first term on the right hand side is the rate of increase of internal energy and consequently
the last term is the instantaneous rate at which energy is being lost from the body due to flux
through I'. We denote this quantity as F and write, for n, = —m, on T,

FT) = [ (¢, + Yoo, )n, dT. (2.4)

There are two contributions to this flux integral. The first term represents the usual contribu-
tion from the flux vector ¢, and if I' were a material curve this would be the only contribu-
tion. The second term represents the contribution due to the flux of the material across T.
The limiting value of F(I')/v as the contour I is shrunk onto the crack tip, is defined by ¢
and will be loosely referred to as the crack extension force. The precise interpretation will
be made in the context of the actual application. (One subsequent identification of ¢ will be
the energy release rate.) For this concept to have physical significance, the limiting value, ¥,
must be independent of the actual shape of I in the limit I' — 0. In other words, the value
of % must be path-independent in the limit I’ — 0 (i.., in the crack tip region). We now
consider conditions under which ¢ is non-vanishing and path independent in the limiting
sense described.

2.1. Conditions for local path-independence

Consider the closed path formed by two crack tip contours I', and I', and the crack face
segments which connect the ends of the two contours. We assume, for simplicity, that ¢, = 0
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on the crack faces. Application of the divergence theorem to the closed contour integral and
using (2.1) yields

FT) — FT) = [, (¢ + wdy),dd = [ @ + op,)d4 2.5)

where A, is the area enclosed by the contour. If the integrand in (2.5) is o(1/*)" then
F(I,) — F(I'}) = 0as I}, I, > 0 and the path-independence of F in the crack tip region
(I' — 0%)is established. This condition is indeed satisfied if any field quantity f satisfies the
following relation

f+ of, = o(f,) asr— 0F (2.6)

where r is the radial distance from the moving crack tip. Condition (2.6) can be interpreted
as a condition for locally steady state behaviour. (Indeed many known solutions for growing
cracks in elastic and inelastic solids confirm such steady conditions are approached asymp-
totically at the crack tip.) In particular, if y satisfies (2.6) then for ¥ of order 1/r we have

v+ o, = o(1/r) asr— 0" 2.7

and path-independence in the crack tip region is assured. The condition (2.7) may also be
viewed as an integrability condition. Given local path-independence, it follows on choosing
I" to be a circular contour, that (2.4) yields a finite value of F if the integrand of (2.4) is of
order 1/r, i.e.,

(¢, + ¥03,) ~ 4,O)r + o(lr), asr— 0 2.8)

for some 4;(0).

We reiterate that for field variables,  and ¢,, satisfying a balance law of the form (2.1)
and for which the local conditions (2.6) and (2.8) hold, the integral given by (2.4) is
path-independent within the local crack tip region. A special result which has important
applications is easily extracted from the general derivation. We note that ( f+ of ) is the
time derivative of f with respect to a coordinate system which translates with the propagating
crack and is zero for a steady state problem. Thus the right-hand side of (2.7) vanishes
identically under steady state crack propagation conditions and (2.4) provides a globally
path-independent integral for this class of problems for any material response.

With the understanding that the limiting value of the flux F(I'), denoted by #, is
independent of the shape of the contour I' as it is shrunk onto the crack tip, we write

F = lim [ (¢ + vyd,)n, dT. (2.9)

We will call # the general crack tip flux integral and we will show that the identification of
¢; and  with relevant field quantities will lead directly to explicit representations for crack

t We assume that the crack tip fields can be written in separable form i.c., f ~ B(0)r* + o(r*) for some field

quantity f and furthermore that the derivative of f with respect to r is of order r*~'.
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tip integrals. For convenience we introduce a general tensor H,;, with x, component H,;. A
general representation for the crack extension force, %, is written as

_
% = = = lim[ Hyndl (2.10)

) o0 Vo
where it follows from (2.9) that H,; is defined by the asymptotic relation
H; ~ (¢, + vyé,)fv asr— 0. 2.11)

The above relation is not written as an equality since the local steady state condition (2.6)
will necessarily be invoked in defining H;;. Assuming that the field quantities defining H,; are
sufficiently smooth, and noting (2.1) and the asymptotic conditions (2.7) and (2.11), the
conditions for ¢ to be finite (but non-vanishing) and locally path-independent can be
restated as

H;~ A,@)r + o(lfr) and H,, = o(l/*) asr > 0. (2.12)

2.2. Extension to three-dimensional crack front

Consider a crack front defined in rectangular coordinates by &,(s, ¢), at any time ¢ where
s is the arclength measured from some arbitrary point. The crack velocity is denoted by
Ec(s, D) = w(s, 1)v.(s, 1) where v(s, ) is the crack speed and v, (s, #) is the direction of crack
propagation. Now consider the tubular surface S, enclosing the crack edge and moving with
it. This surface may be defined as follows. In the plane, normal to the crack front at s
define a small crack tip contour I', which begins on one side of the crack and ends on the
other (Fig. 2(a)). The tubular surface S, is then specified by the condition that its intersection
with the plane normal to the crack front is given by the same contour I'(s) for all time, ¢ (see
also Fig. 2(c)). The flux through S, is given by

F o= lim [ (& + ¥¢)n dS (2.13)

where the limiting process consists of shrinking the tube radius to zero. We note that the local
steady state condition (2.6) is now given as

S+ 18 = of,¢) asr—0* (2.14)

where r is the radial distance from the crack, in the plane normal to the crack front. Now
in analogy to (2.11) define H; as

Hyvi ~ (¢, + y&)/v(s) asr — 0*. (2.15)

The conditions (2.12) for local path-independence now refer to the contour integral T'(s)
taken in the plane locally perpendicular to the crack front. For a length L of the crack front,
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Fig. 2. (a) Conventions at curvilinear crack front. (b) Virtual crack advance between s, and s,. (c) Inner tubular
surface S, and outer arbitrary material surface .S,.

we write

F = | o)y, lim [ jm) Hyn, dl“} ds (2.16)

and the pointwise crack extension force %(s) is given by %(s) = v, G, [8] where

G, = lim [ Hyn dr 2.17)

I'-o0

is the vector form of the integral (2.10) (see [9, 10] for the case of energy release rates). If the
crack advance is written as [, = A(s)v,(s) (Fig. 2(b)) then the crack extension force (defined
above as the projection of G, in the direction of crack advance) is given by

%) = lim [ v (s)Hn, dT. (2.18)
An approximate expression for %(s) may be obtained as follows [8, 11]. Introduce

g

[, %(5)A(s) ds
, (2.19)
= [, LHyn, dS.
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Now assume that %(s) is approximately constant over some region of the crack front
s, < § < s,. Perturb the crack front an amount /, = A(s)v,(s) in this interval, where 4 = 0
outside of the interval. Then, using (2.18) and (2.19), we obtain

9s) = [, LHyn dS/ [ A ds. (2.20)

A more accurate procedure for evaluating the pointwise value %(s) along a three-dimensional
crack front is discussed by Li et al. [12] and Shih et al. [13] in the context of energy release
rate calculations using finite elements. This approach is based on the domain integral
representation of the contour or surface integral. We discuss the domain integral method in
Section 5. In the following section we will present results for the planar case (2.10).

3. Example integrals

When ¢; and Y are appropriately identified a number of crack tip integrals, in current use
in fracture analysis, can be extracted from the general approach of the previous section. To
illustrate the general approach we derive the crack tip energy flux and associated energy
release rate integrals and comment on some specializations of these results. Using a similar
approach we derive an integral expression which reduces to the C(¢) integral for power law
creeping solids. Crack tip integrals for conduction/diffusion problems may be derived using
the general approach outlined above. We illustrate with an application to heat conduction
in a cracked body.

To facilitate interpretation of these integrals, it is useful to comment briefly on conser-
vation integrals. For reversible processes, the thermomechanical response of a continuum is
determined by the free energy. A prototype for this class of response is the elastic solid.
Under isothermal or adiabatic conditions, a strain energy function, W, may be defined, and
the stress is given by

_ oW (ey)
o; = 5_811 (3.1

and the Eshelby—Rice elastic energy-momentum tensor is written [14]

P, = Wi, — o,u,. 3.2)

For inherently dissipative systems, the free energy alone is insufficient to describe the
response of the continuum. In this case the dissipation function ® supplements the free
energy. We refer to a process as purely dissipative if the thermomechanical response is
determined solely by the dissipation function. A prototype for this class of response is the
viscous fluid, where ® depends only on the rate of deformation &, i.e. ®(¢,) = 0;¢;. Here,
the thermodynamic force associated with the flux ¢; is proportional to the stress tensor, €.g.,
for a power law viscous material

090G

o, :
Y 0¢;

(3.3)
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where 4 = n/(n + 1). In this case we can define a dissipation tensor analogous to the
energy-momentum tensor (3.2) (see Kachanov [15] for example)

P, =

]

lq)ék/ - O-I:/I;li,k' (3'4)

The conservation law associated with the above energy momentum and dissipation tensors
follows from

0

3€S PyndS = 0 (3.5)

where S is a closed surface, not enclosing any singularities or inhomogeneities. In crack
problems the energy momentum tensor, (3.2), yields the energy release rate integral, while the
dissipative counterpart, (3.4), yields the increase in dissipation per unit crack advance [15].

3.1. Crack tip energy flux — J-integral

We restrict our attention to small strains and the strain displacement relation takes the usual
forme; = (u,;, + u;,)/2. In the absence of body forces the equation of motion (or balance
of linear momentum) is written as

0 = pil (3.6)

where ¢ is the mass density, ;, = ¢, is the Cauchy stress and a superposed dot denotes the
(material) time derivative. We take the inner product of (3.6) with the velocity field, #,, and
rearrange the resulting expression to give

(O-jiz’.li),j = piu; + Gji".li,/'
3.7
= (L + W)

where W = [ ¢,é; dr is the stress work density and L = { pij,u, d¢ is the kinetic energy
density. Equation (3.7) is a differential form of mechanical energy balance, valid for
any material response. Referring to (2.1) we make the identifications ¢; = o,% and
Y = (W + L). The mechanical energy flux to the crack tip is given by (2.9) as

# = lim jr (W + L)vs, + o, ]n; dT. (3.8)

Using (2.10), the energy release rate expression is obtained by invoking the steady state
condition #; ~ —wu,,, giving

% = lim [V + 1), — o,u,In, dT. (3.9)
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The result in (3.9) was proposed by Atkinson and Eshelby [1] and subsequently derived by
Kostrov and Nikitin [2] and Freund [3] for elastic solids. The generalization to arbitrary
material response was discussed by Willis [4] and by Nakamura et al. [5]. Various special-
izations of (3.9) are discussed in [35]. In particular it is shown that for a stationary crack in
a homogeneous nonlinear elastic material (3.4) reduces to Rice’s path-independent J-integral
[16, 17] and H); can be interpreted as the x, component of Eshelby’s energy-momentum
tensor [14] (see also (3.2)). A J-based phenomenological approach to the initiation of crack
growth and subsequent quasi-static crack growth in elastic-plastic solids has been reviewed
by Hutchinson in [18].

The total energy flux/release rate integral is obtained on using total energy balance instead
of mechanical balance in the derivation above, i.c.,

(ot — ), = U+ L (3.10)
where £, is the heat flux vector and U is the internal energy per unit volume. We make the
identifications ¢, = 0,1, — h;and y = U + L and from (2.10) we obtain

% = lm [ U + L)éy, — (o,uy + h/o)ln, dT. (3.11)

The above expression for the energy release rate was given in [2] and was further discussed
in the review articles [4, 19]. For a discussion of thermodynamics of crack growth and the
role of the total energy flux to the crack tip see [4, 20, 21].

3.2. Dissipation integral for inelastic response

The energy integrals (3.8) and (3.9) above and integral results derived from these by
appropriate restriction on crack tip motion and material response, have led to many
important and useful results in fracture mechanics. Among these are results on the form of
crack tip singularities and the strength of singular fields in elastic, elastic—plastic and
sufficiently rate sensitive inelastic solids. These successful applications have a common
feature, namely the behaviour at the crack tip is dominated by the instantaneous response
of the material. In problems where the form of the crack tip fields is influenced by the
material rate sensitivity these integrals do not appear to be adequate. For inherently
dissipative systems, where the near tip fields are influenced by the dissipative behaviour, we
consider a dissipation integral in which the tensor H,;involves an additional time derivative.
The C(¢) and C* integrals which have applications to viscoplastic solids including power law
creeping solids, follow immediately from the general result which is derived below.

For convenience we denote the velocity field as v,. Taking the inner product of the
equation of motion with 9, and rearranging the resulting expression, a differential relation
of the form (2.1) is again obtained, where now we identify ¢, = 0,9, and y = W + L, with
W = ["0,dé and L = [' po,9; dr. The expression (2.9) yields

2 = lim [ (W + Dyws,; + 0,,]n, dI. (3.12)

where we have used the symbol £ (instead of %) to denote the crack tip flux. Employing the
steady state condition (2.6) for the time derivative of the velocity field we write (2.10) as
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(using the symbol ¥ instead of %)
¢ = lim [ (7 + D)8, — o0, ), dT. (3.13)

We now show that the C(r) integral for power law creep can be formally derived from the
crack tip integral expression (3.13). The integral (3.13) may be appropriate for an elastic-
viscoplastic material where the natural time of the material response has a role in determin-
ing the nature of the crack tip fields. It is well known that for a material deforming according
to an elastic-power law creep relation (e.g., Riedel and Rice, [22]), the creep strain rate
necessarily dominates at the tip of a stationary crack when the power law exponent # is
greater than unity. Under this condition

n y
i ij

é.o~ ¢ and W~W* = — ¢
n 4+ 1 i

i i

asr — 0% (3.14)

where W* is the creep potential, and a superscript ¢ denotes the creep part of a quantity.
Note that W* is n/(n + 1) times the dissipation per unit volume. In this sense we refer to
(3.12) and (3.13) as dissipation integrals. In the absence of inertial terms and noting the result
(3.14), the integral in (3.13) reduces to the C(¢) integral for power law creeping solids which,
using (3.14), is written as

. n : .
C(1) = lim [m Oy 0y — o,ju,-’l} n; dI'. (3.15)

r-o T

It may be noted that the first term in the above integral is the creep potential only when (3.14)
holds.

The above integral was employed by Bassani and McClintock [6] to investigate the creep
relaxation of crack tip stresses in an elastic-nonlinear viscous solid subject to a (quasi-static)
step loading at + = 0. Under steady state conditions, ¢t — oo, the creep potential W* is
applicable everywhere and it follows that (3.15) is independent of the contour path (see also
(3.4)). The steady-state or long-time value of C(¢) has been denoted as C* and is the creep
analogue of the path-independent J-integral [22-24]. In the cited references, C and C* are
interpreted as the amplitude of the HRR-type singularity fields. In other words the role of
Cand C* in creep crack growth is analogous to the role of J as the characterizing parameter
for crack initiation and limited amounts of growth in an elastic-plastic solid. Riedel [25] has
reviewed the use of K and C* parameters for correlating creep crack growth rates under
small scale and extensive creep.

3.3. Conduction/diffusion problems
Crack tip integrals for a class of conduction/diffusion problems can be readily derived using

the general approach. To illustrate, consider the case of heat conduction in a body with an
insulated crack or strip. The governing equation is

—h, = cd (3.16)

5.t
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where £, is the heat flux vector, 3 is the absolute temperature and c is the specific
heat. Multiplying (3.16) by 3 and following the usual steps, we make the identifications
¢;= ~hd,and y =¥ + &, where ¥ = —["h;3 dr and & = [' ¢33 dz. It follows
from (2.9) that the associated crack tip integral can be written

2 = iimj (¥ + L)vd,; — hYn, dT. (3.17)
Using the steady state relation (2.6), write § = —v3, and (2.10) yields

& = lim [ [+ £)8, + h9,)n dT (3.18)
where we have used & = 2/v. For steady heat conduction . = 0. Assume heat conduction
is governed by Fourier’s Law, i.e., 5, = — k3 where « is the conductivity. In this case ¥ is
a potential for the heat flux vector ie, b, = —d¥/03 ;. If in addition, the material is

homogeneous in the x, direction it follows that (3.18) is globally path-independent.

The case of electric current conduction in a cracked body can be treated in an analogous
fashion. In this case we replace 4, by the electric current vector and 3 by the electrostatic
potential. For & = 0 (steady current flow) and with ¥ as defined above, (3.18) corresponds
to the j*-integral derived by Saka and Abé [26].

4. Complementary integrals

Complementary integrals for arbitrary constitutive response have been discussed by Carlsson
[27] who restricted attention to steady state formulations. Under the assumption of nonlinear
elastic material response, Bui [7] has shown that the energy release rate and complementary
energy release rate are equal. In this section we illustrate how the complementary counter-
parts of the integrals in the previous section can be derived from the general balance
approach. In the following subsection we demonstrate that Bui’s observation holds under
quite general conditions.

We take the inner product of the rate form of momentum balance with the displace-
ment field «, and write the resulting expression in the form (2.1) with ¢, = ¢,u, and
Yy = (W + L) where W* = ¢,¢, — Wand L = g9,u; — L are the complementary stress
work and kinetic energy densities respectively. The associated crack tip integrals are derived
following the procedure in Section 2. In particular (2.10) yields the complementary energy
release rate integral

g = —lm [ (W + L)3, — a;,u]n, dT (4.1)

where we have used the local steady state condition (2.6) for the material time derivative of
the stress field, i.e. 6, ~ —vo,, as r - 0%. A minus sign has been introduced into the
definition of %° for convenience. We refer to the energy release rate integral (3.9) and its
complementary counterpart (4.1) as dual integrals.

Similarly we introduce the enthalpy per unit volume, H = U — o,¢,, into the total
energy balance relation (3.10) and rearrange the resulting expression to obtain the form (2.1)
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with ¢, = 6,1, + h, and ¥ = (L° — H). Following the usual procedure, the associated
crack tip integrals are given by (2.9) and (2.10). The latter is written
‘ , . h,
g = - lrmg [(L( — H)oy — 0y,u; + j} n; dT (4.2)

where L° = g9,u; — L is a complementary kinetic energy distribution. A minus sign has
again been introduced into the definition. The integral (4.2) is the complementary total
energy release rate.

To derive the complementary counterpart of (3.13) we take the inner product of the rate
form of momentum balance with the veloc1ty field v,. The dpproprlate identifications are
¢, = o,v;andy = (W + L) where W* = 0,8 — Wand I = g9,0, — L. The resulting
integrals are obtained from (2.9) and (2.10) in the usual manner and we write

% = —lm [ (7 + [958, — 0,,9,]n, dT. (4.3)

Again, a minus sign has been introduced. We note that an identical argument to the one
made in Section 3 leads to the complementary form of the creep integral. Here, for creep
dominated response, W ~ o,,¢;/(n + 1) and in the absence of inertia terms we obtain

1
C(r) = — lim jr [m b0y — 0',:,-‘11'4,] n, dr. (4.4)

r-o

Taking the rate form of (3.16) and multiplying by 3 we obtain the following expression
for the complementary integral &

6 = —lim [L[(¥ + £)3; + h; 9], dT". (4.5)

where W¢ = —{"h,9,dr and ¢ = [ c39 dr. The above integral can be specialized to
steady state heat conduction governed by Fourier’s Law in an analogous fashion to the
treatment of the expression (3.18). Similarly /, can be identified with the electric current
vector and & with the electrostatic potential as outlined in the previous section, and (4.5)
represents the j¢ integral for electric current conduction [28].

4.1. Equality of dual integrals
We now demonstrate the equality of the dual integrals considered above. First consider the
energy release rate integral (3.9) and its complementary counterpart (4.1). We write the
difference between these dual integrals as

1 = %—% = lm| [ + oiu)n — (0,u),m]dl. (4.6)

Using the equation of motion as well as symmetry of o, we rearrange (4.6) as

I = lrlgg - [(o,u;) ;n — (o u),m]dl. 4.7)
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Letting f; = o,u;, (4.7) can be written as

I = lim[ [(V-f)n, —n-f,]dl (4.8)
r-o /T
The above result (4.8) is also obtained on subtracting the complementary total energy
integral (4.2) from the total energy integral (3.11). The difference between the rate integrals
(4.3) and (3.13) has exactly the same form upon setting f; = o;%, while for the conduction/
diffusion integrals, (4.5) and (3.18), we take f; = — A, 3. A finite value of the crack tip integral
is obtained if the integrand is order 1/r. We note that the integrand of (4.8) is divergence free
and therefore I is globally path-independent. However we will illustrate that 7 is identically
zero under quite general conditions thus demonstrating the equality of the dual integrals.
We write f in the form

f = fe + fie 4.9)

where r is the radial distance from the crack tip and 6 is the angular coordinate measured
from the x,-axis, and take I" to be a circular contour of radius » with outward unit normal
n = e,. Noting that

— = cos@i——smg—a—
ox, or r a0

we can write (4.8) as

I = [ [(f sin6) + (f;cos6)]do
(4.10)
f,sin 0", — f, cos 0]"

where a prime denotes differentiation with respect to 6. From (4.10) we have the result / = 0
if f.(+ ) is bounded and fy(n) = f,(—n). Indeed the result / = 0 can be expected for most
crack problems. For example, if the crack faces are traction free, or if the crack face loading
is bounded we have f,(+ ) = 0. Thus we have established, in a direct manner, the equality
of the dual integrals considered, under quite general conditions. The implication of the result
is that no new information can be extracted from the complementary integrals that is not
already given by the more standard integrals. Nevertheless for certain problems and
formulations, it may be more convenient to use the complementary integral. As noted in [7],
when a variational principle exists dual integrals may be employed in conjunction with
approximate and numerical field solutions to provide approximate bounds for the crack tip
parameter.

5. Domain integral representation

The path integral (2.10) may be equivalently expressed in terms of an integral over a finite
area of the solid. Similarly the surface integral in (2.20) can be expressed in terms of an
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equivalent volume integral. We refer to these alternative representations as domain integrals.
We will show that the domain integral representation is a particular application of Signorini’s
theorem of stress means (see Truesdell [29], for example). The integral identities generated
by this approach may be useful from both an analytical and a computational point of view.
We will return to these aspects after the derivation, below.

Consider the identity

(ijqi),j = Hgq,,;, + H,,q (5.1)

where g; is an arbitrary, sufficiently smooth function defined over some portion ¥ of the
volume, Contracting on the indices i and k£ we obtain

(H,q0), = Hyq,; + H,q,. (5.2)

Integrating (5.2) over the volume ¥V and using the Divergence Theorem we obtain
L Hyqn, dS = JV (Hyqi; + begi) AV (5.3)

where we have written, H,;;, = b,." Various identities can be derived from (5.3) by appro-
priate choice of the function g,. This approach has been utilized in computational fracture
mechanics where (5.3) forms the basis for an efficient and accurate means of calculating
energy release rates [12, 13]. We discuss this aspect below.

The evaluation of crack tip contour integrals in numerical studies is a potential source of
inaccuracy. The limiting contour integral (I' — 0) can only be approximately defined due to
the finite nature of the spatial discretization. In addition it is precisely in the crack tip region
that the field quantities are least accurate. The result (5.3) may be used to represent path or
surface integrals in domain form which is ideally suited for efficient and accurate evaluation
of the crack tip quantity. To illustrate we consider the form (2.20), in which any of the
integrals above may be expressed. We take S to consist of the tubular surface S, surrounding
the crack and a remote fixed material surface S, as depicted in Fig. 2(c). For simplicity we
ignore crack face contributions. Now choose ¢, = [, on S,, ¢, = 0 on S, and varying
arbitrarily but smoothly in the enclosed volume V. Referring to (2.19) and (2.20), and using
(5.3), it follows that

g = — JV (ijqk,j + bygq,) dV (5.4
with
%(s) = fé/ { 2s) ds. (5.5)

This approach was first adopted by Li et al. [12] and in the work of Shih et al. [13] some
further developments were presented. As indicated in the above mentioned works the
domain integral method is a suitable means of extending the virtual crack extension method

T If we regard this last expression as a partial differential equation then (5.3) is its weak or variational form, and
the steps above can be regarded as a virtual work type argument.
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(VCE) (for example, see Parks [11]) to arbitrary crack tip motion and material response.
Previous treatments were in connection with the calculation of energy release rates. The
treatment here outlines the approach for arbitrary integrals stemming from quite general
balance laws.

Integral identities, derivable from (5.1) and (5.2), have recently been discussed by Hill [30]
in the context of finite elastostatics where H,; is the energy momentum tensor. Here we are
interested in a general momentum or flux tensor H,,;. For example if we choose ¢, = x,
in (5.1), where x; is the position vector of a material particle, and integrate over the volume
V, we readily obtain the following expression for the mean value of H,; throughout the
domain, i.e.,

_ 1
i, = I_/[js X, Hyn, dS — | Xy dV] (5.6)
It is noted in [30] that for the case of energy release rates, the term

JV beg, dV = Js Hy;q,n; dS — L, (Hy;q,,) dV (5.7

may be interpreted as the energy released due to the arbitrary variation of the distributed
heterogeneities in the volume V. For the general case being considered here, this term may
be regarded as the energy released due to arbitrary variation of the non-conserved contri-
bution b,, or alternatively the energy dissipated in the volume.

6. Conclusions

The fundamental crack tip energy flux integral was derived by Kostrov and Nikitin [2] and
Freund [3]. Nakamura et al. [5] extended the derivation to arbitrary material response. An
extension of these earlier works has been presented in this paper. Given a fundamental
balance law, an expression for the associated crack tip flux integral is derived. The conditions
for which a physically meaningful result is obtained are examined. A number of crack tip
integrals in current use in fracture mechanics are derived to illustrate our point of view that
crack tip integrals follow directly from the fundamental balance laws. Complementary
integrals can be derived in an analogous fashion. Bui [7], showed that for elastic solids the
complementary energy release rate and energy release rate integrals are equal. We have
shown that complementary integrals are equal to their counterparts under quite general
conditions and thus provide no new information in themselves.

The crack tip integrals presented here form the basis for the derivation of appropriate
crack tip integrals for various material response and crack tip motion. These aspects have
been dealt with more thoroughly elsewhere (see Nakamura et al. [5] and Shih et al. [13] for
example). In the general case only local path independence holds (i.¢., in the crack tip region
r — 07). The evaluation of the contour integrals (3.9) and (3.15) for example presents a
fundamental problem in numerical application since it is precisely in the crack tip région that
the field solutions are less accurate. Finite domain integral representations have been
introduced to circumvent this problem. This approach has been presented in detail by Li
et al. [12] and Shih et al. [13]. We discuss the domain integral representation of arbitrary
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crack tip integrals in the context of Signorini’s theorem of stress means and we show how
some associated integral identities may be derived. The application of crack tip integrals to
fracture mechanics problems and further details of the domain integral representation have
been given by Moran and Shih [31].
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Résumé. Une expression pour 'intégrale de flux a ’extrémité d’une fissure est obtenue sur base d’un état général
d’équilibre. On souligne les conditions pour lesquelles I'intégrale a un sens physique et ne méne pas a des résultats
triviaux. L’approche adoptée est illustrée par Iétablissement d’une série d’intégrales bien connues, utilisées en
mécanique de rupture. On démontre que ’on peut tirer d’'une maniére similaire des contreparties complémentaires
a ces intégrales et on présente un résultat indiquant que les intégrales doubles ainsi établies sont égales dans des
conditions trés générales. On discute de fa méthode d’intégration sur un domaine comme variante de représentation
des intégrales a I’extrémité d’une fissure et on montre que cette méthode peut étre interprétée comme une forme
particuliére du théoréme de Signorini des contraintes médianes. On présente enfin une discussion sur diverses
formes d’intégrales associées.



